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§1.1 HEZRIRER

N T ITERGE, BA 5 mIBT— LEAT S A TRAR I R

(A) HA=ZE, B EHSHER
G ANEGQ, BHEWT T SR HUILR K e A, TA T RRX A
AN R BRI QTSR R S8 3 o AREL, A5 e 2

(1) Qeg;
(2) AeF= A€,
(3) AkES,k:1,2,~“:> U A € 5.

k>1

MRFHEEATTR NN, ERMNAEN TR NNHAEE, § Fa&rEEl
%ﬁﬁﬁ FENATHEBTE. PREF — [0, 1] ERIRE, FRERTTHREHLF R A 1A
REPE. FRATARE LR, W3 2 I A+

(1) XHMEEA € §, P(4) > 0;
(2) P(0) =0, P(Q) =
(3) Ay €3,k =1,2,- - HAMZ=P(U Ap) = X P(Ap).

k>1 k>1

/J\n/|\lzk$}1~$:/ﬁ:1417 A R MSL I, FHHAEREE, 2 < k < nANFEF8L, B
XT{E‘WZ—'A“,"' Tk

P(Ai, Aiy - Aiy) = P(A;))P(Ay,) - P(Ai,).

FEEGENNENFEMA, B. BUEEMFBRAENMEFNIE, BAEFIFBRAE
A3 T A AR RIS AT BER (FENL A T 2 AHBER)

P(A|B) = P(AB)/P(B).

AN L, BEHLFAE N B2 F R AT LR VR — DR REAR 2 (M Q<% /N 9 BJE K.
BENLF AR AT a0 T B2 AS TS A 5
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AR H e IR s IETJQ W ARAEE—DHEYLFAFA

ji:HDzin
k=1
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(2) (FRIEAR) AHEEPABEHLFEA, B,

P(AB) = P(B)P(A|B).
(3) (MM-Hr A WHALELEDB,, -, BLAFEART RQH—AN 73], A

B P(AB;)
PBIA) = S B A3 BBy

WA, FENLEFET L MR P = H B AE— AN, ROV 25 1],
1E(, 3, P).
(B) £ANBENEE R XZIE

PR UIEREAR 2 (M QR S 18] (Q, §, P)) B B (SR BR X (w) NBELAE B, 255t
T8 2z €R,

lwe X(w) <z} ={X<z}eF.
W LT RN X, Y, Z. BN R X, Y LTS (EEX 2 Y),
BP(X =Y) =1. ek
F(z) =P(X < 2)

NBEHLAS T X (R0 AT R F A0 A e BACS P RS, Bl AR P (—o00) =
0, F(+00) = 1.
(Bl) HEALBENL AL &

A BEATL AR B AT R 1) IR 2 A IR BRT B SR O A BUE — — k31
K (FIFE), A ZBERLAS SRRy B EN . BB B B LA & X I R] BEHUE A

an'rlv"' 7xn,"' *

FAIFR
NX HIREZ I A6 5 (B R A1) B
E(X*) = ixfpi, E>1
=0

NXHIER (R )R, iR B AL RSRAE 2 . Rk = 1, BROVX % 10
H(EH). K

oo

Var(X) = (z; — E(X))’p;

=0
HNXWITT 2.
TN TFRATIZZS LA T 5 B o A (AR ).

(1) PimoAi: X AEHFEUEO, 1, 945N (¢, p) HO < p=1—¢g < 1.
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(2) ZHrAiib(n,p): X €{0,1,--- ,n}, S3AG5 (po, p1, -+ pa) AT
pp=ChpFg"™%  k=0,1,---,n, p=1-q€(0,1).
3) JUTHT: X € {1,2, - my- b AT (1o pny - VA
pe=pg"", k>0, p=1-qe(0,1).
(4) WA AT (SR NN): X €{0,1,2,-- ,n,---, }, D5 (po, p1, - s Pny - -+ )IHAE

)\k
pw:yaﬁ k>0, A>0.

(B2) ES AL &
FAFAEAE SRR B f () 45 BE AL 2 X 1R 50 A7 R 4L

F) = [ ",

D7 it AL A8 B XA S 2 TRE (1), AR BRI () A X PR 0 A1 2 i bR B

WHEEE > 1, FR N

E(X*) ::/ 2* f(x)dx
RXBIERY (5 ), a5 B AR A B . R FRE (X)) A X A B (31E).
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wmm:/'@—wxwﬂmm

HNXWTT 2.

— S TR TR A A (R W
(1) Y210 45 XM (a,b) BI040, 2590 A % B pR 8

_J1/(b—a) z € (a,b)
fla) = {0, S

(2) $5HAT: XHA(0, 00) B HONN > OWITE R i, F5 85 LR EON

e x>0
flo) = {0, S

(3) T-2345: XHRM(0, 00) EFIRZ Ha > 0, RFESEIN > OfIT (a, \) 734, 455 FE R

ﬁ 1
Az Az
fy=q T A2
0, FHoAth.
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(4) I XIRMR ESME A0, 52 N0 RIS 734, 45 3% L PR L

fla) = ——se™
r) = e 22 .
V2mo?

(C) BIRZBEHZE
[R5 25 FEFEAR B [ QMER 22 0] (Q, 3, P)) ERENLE & X, -, X, EEFK

X = (le"' 7Xn)
NnToBEHLR R, IC/EX € R Zn > 1N, GiHCNZ Tohibl AR, NRRTTE, A7
WX = (Xy, -+, X,,) AndEa) BAEFEHLAS & (FFR Oy M) S AE AR &),

(C1) Bk& oA Bhs %=
B X A B FEN AR, IR AL RRELS (21, 20, -+, ) [T

F('rlax27" , L / dtl/ dt2 / f tlat27 ) n n-

MRAZZ TCRELf N (X, -, X)) B S 25 LR A OIS PR 5 A BEATL A B X 1) 70 A
BRI 3
Fx,(z) = P(X; < 2)

AR S0 LB (115) S0 X O AT B RE B ., () (B A1) 005 %)
LR, T L

Fl(‘r):/ dtl/ dtl/ f(tlaatl7atn)dtn7
fl(x) :/ dt1"'/ f(tl’... ,x,~~~tn)dtn.

X1, Xy, -, X, WO B EBENLAL &, 0T AT BRI HUEL
{xij, i=1,--- ,n,j=0,1,---}.
WA XIERE 7365
Dhey kg, ki, = P(X1 = @1k, X2 = Takyy - » X = Tk,
HH L BENLAR & X, K32 bR 43 A 4]

p():P _:E’Lk? Z Z Xlzl'lk;l,"‘7X7;:-'I;7;k,"'7Xn:xnkn)'
=1,r =0

nE&*ﬂﬂ%gXﬁﬁuiﬁg(X) = g(X1, Xa, -, X, R E SON

fjooo e ffooo g(xla U 7xn)f(x1a e 7$n)dx1 o 'dxnv j\%giiu

E(g(X)) = .
( ( )) {Z?—l Z;j:og(xlkuu' axnkn)pkhm,knv %%ﬁ[iﬂ



§1.1 HEE®BHE 5

EEMWABENA R Z BT 2
Cov(Xy, X;) = E((X; — E(Xi)(X; — E(X;)))

_ { 7 @ = EQX))(y = E(X,) fig (@, y)dedy,  ELER
o o @ik, — (X)) (@, — ECOXG)PLY, BEHCR,

KR (x,y), p,i”,jg%% HT X, X 53K P AN BE AL AS B P 4 81 ARV BB 15 20 A 5 bR K Ik
GBIl B JTFED = (Cov(Xi, X;)) An M BENERE X, Xy, -+, X, BT 2
R

nICIES AT — DN EEDES M L UG A, Hn = 2B AT (X, Xo) iR
M TCIEZ oA, A E AT £ 73 A1 5 L R A

1 1 (Jf—ﬂl)z T— 1Y — H2 (y—,u2)2
flz,y Z—exp{— ( ~2p + )}
(@y) 2no1094/ 1 — p? 1—p? o? o1 09 o3

=

,H\:E'jﬂl = ]E(Xl),,U/Q = E(XQ), U% = Vaer,ag = VarXQ, p = COV(Xl,XQ)/(O'lUQ)j"j
MR ZRE 51205 Z5ERE
D= CT% pPO102
a pPO102 U% '

HA|D] = ofoi(1 - p?),

D11< 5 —00102) _ 1 ( ar’ —,001_102_1)'
|D| \ —po1o2 0% 1—p2 \ —poytoy!  o3”
WWx—p) = (z— pa,y — po) T, IBAFIFIFERE IR —JC 1R 7041 % 2 bR 0] 5 B

1
2m+/| D]

— B TCIESHENLAS R (X, - - -, X, ) OB B B EUE SN

1
fteer o) = oy 71D

HADAIEEHEME, x —p= (v1 — p1, T — )5 p1, - o A EL SO ST

Bi, B(X;) = p;, MHDEEX, -, X, Z BB 7 Z 5 R,
NHIEANMFAHE T SECH (01, p2, -+, pm) I TL IS0

1.1 [ ANEET BIORE T, A VNS MR A, pr 4 p = 1

ST HUIn IR, DAX RN VE NN T I T BE R AL SR(X, Xo, -+, X)) HUBR

G

8 Dhn RSB N ETFIENE L 840 <ng <n, MHny + - 40y, = n. BEL

4

e~ 5(x=) D (x—p)

flz,y) =

e*%(xfu)TD”(xfﬂ)’

(Xi=mn;i=1,2,---,m)
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LW allP) M —1 —
C Cn —nq "'Cn—nl—m—nm_g -

1-702- m:

HH S0 HR AT [F) ATV W] R — LS R A O Jappy? - - pre, BRI

P(X; =ng,i=1,2-,n)= TPV PE P e > 0,370 ni =,
K3 (2] 3 ) ) 0’ E'E,.
R & PAERATRI (k< m) 534651
n! k
B(X, = mpi = 1,2, ) = ot P1 PR 2 00 s,
0, HE,
Hrhge =1 - Zle Pi, Mg =N — Zf:l 1. O

(C2) BEALAS &7
B NBENA B X, Xy, -+, X e MO, RS E =, 20 € R,

P(X) <21, X9 <29, , Xy, <) =P(X1 <21)P(Xo < 2) - P(X,, < yp).

LT ZABENZEX,, -, Xy, - AHSLH), BHXHEREE > 2, X1, Xy, -+, X2
SR,
X1, X NESTIFENIA R, IBAX, Xo, -, X J037 24 HACS AT e
BEELET %E*Fp@ﬁlﬁ’}%%\, 01

f(xla‘rQa e 79377«) = fX1 (l’l)fxz(xg) e an(SCn)

I AT 25 B A T (R R B T HE B 22 ST B AL AR B S .
EX1.2 WX, = (Ko, Xig)y =1, n, ARk, -k AEMIBENI A B,
AN > 1. RETTHNAEX,, -, X, BHSLH, BB M2, € (—oo, +00),
Hil<j<k,1<i<n,

l

—

P(Xij <@ij,1<j<k,1<i<n)= HP(Xi,j <5, 1 <J< k).
i=1

FH 2 JERAHLAS BORSL I A A SCRTA, 5 BENLA R X, -, X ST, 44 A R
SRR RAL, KA B 2 eV B, LMEXy, - Xy, AR 2T
BEHLAL Bt RS, IR ELBENLAR Y, = £i(X0), i =1, k, HAI TR
(C3) ML B o KU 4 A

WnICHENLEEX = (X, , X)) MBEXECAD, ¢-MND FA € RPFAT T
L, nTEBEALERY = (Y3, ,Y,) = ®(X), T4



§1.1 MEHER

(1) %X%%ﬁﬁg7 Xﬂ‘{f%’?y = (yly' t ;yn)a &‘b—l(y) = (xla o axn)a ;jB/Z\

PYi =y, Yo =yn) =P(Xs =21, , Xy = 7).

(2) B XFREEEMENA &, ¢iESE. " H JacobifT #1x{

Jo =

6$j

i,j=1,n

AEREANN0, Forbry Ko B @RI R DB I ARMER (uy, -+ un) € A,
fx (@7 ua, - un))

|J<I>‘<1> T, up)

Hrfy, fx D HFRRY, X FIBA % R 5L

fY(U17"' 7Un) =

)

BIL.2 BTk > LRI GBS R TIW,, i > 1} RIS, BT, = 55 W,
=1
BT, T BB RSN

/\"e_M", O<ty <ta<--- <ty
broeee £) =
fT( 1 ) n) {0’ ;H\:'_E

AW, i =1, n, IRASECINTEE A7 FATE AL
WERR & XA = {(tr, 1) 1 0 <ty < tp < -0 < £ PRIRT UMUM@, (815

(I)(tlat27 e atn) - (tlatQ - t17 e ;tn - tn—l)-
SEIROIEIELE . T G AT R L, JacobifTH13lJe = 1H.

(le"' aWn) = (I)(Th 7Tn)

BRI (W, -+, Wy ) TERT BRI 25 2 oR 3
fr(®~ (1‘1’ L, Ty))
w1, e, -, x,) = Taloror o)

- fT( (1‘1, : 7:1;71)) = )\"e_)‘zzlzl xi.
UM FT STV, 04346 1
S (1) :/ dzs - / Ae AT, Tz, = Ao,
0 0
FMAATHEHAF W, 0 > 2, B FEN

fw, () = Ae 72
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EJi:e .
fW(zlam% ce 7l’n) = HfW@(‘Tl)
AW, i =1, n@ RS EBOINRHR B AT BB R 70 A BN AL & O

(C4) FL7 B 1% B PR RN 5 B AL ) 29 A
Fi X, Y ML HA AT R B BN Fx () FFy (y), BAX + YDA R EG(2) =
P(X +Y < 2) Al BTN, G = Fx « Fy, BIXHMEEz e R

e Px (k) Fy(z —x) X NBEHBEIAZ R,
[ fx (@) Fy (2 — 2)de, X AESHEIALE.

R, B X, Y BTN A &, A X + Y W E SRR B AL &, 20 A1 2

Y .
2) = / fx (@) fy (= — 2)da

EX1, X, -, X RMOSL R A IBENL AR &, LR A NF, IATHER2 < k < n,
X1+ Xo 4 -+ X W40 R AL

G(z) =Fx x Fy(z) = {

Fp(2) =P(X1 + Xo+ -+ X,, < 2) = F**(z) = F** 14 F,

HApt = F. FFEEERES, BAX) + Xo + - + Xi IR0 40 5 & bR L

/ fe—1(2) f(z — z)dz

Horhfy = £ SR EATT R AR A s IME IR 43 A1 B B3 53 N
Fuax(2) = [F(2)]",  Fain(z) =1- (1 - F(2))",
BRI A
fuax(2) = n[F]" 7 f(2), fmin(2) = n(l = F(2))" 7 f(2).
1.3 ()5 X1, Xo, -+, X BIRMT (a1, \), T(ag, A), -+, T(an, \) 7 Fi (A7 B

A&, 4
X1+ +X,~T(a1+ -+ an, ).

() X1, Xy X R IRMN (1, 0%), N(pz, 03), -+ N(pin, o) 53 A0 KRS B
PLAZE, A4

X1+"'+XnNN(M1+"'+MnaU%+"'+0'72L)~

VERATT ISR, 5Ja BTG R B B AP A A S
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(1) FBEHLARX (IS TE, ThATHERs > 0
<20 a0 s,

xP
(2) HHEHLAREX, Y ZBrHE#R AL, T4
E(XY)]* <E(X?)E(Y?), (Schwarz AZER).

P(X| > z) <

%S5
11 B X0, Xo, -, X A2 MRS LAT 445 ST [543 A AL A8
P(X1=k)=¢"'(1-¢q), k>1

KX+ Xo + -+ X, 5040 5.
1.2 X1, Xo, X2 R (0, 1) L3551 50 A ST AL AR &

(1) S BIX ), X, Xy R IER R, JLAME BN, SRENTHIBEA
5 B

(2) R(XT, X2, Xo + Xa) I3 L R AL

1.3 W JuENEEX = (X1, Xa), Y = (Y1, Yo)WOL. EBIX, 5Y BT, FE2561 150
WX, Xy A LAAINAL.

1.4 FSchwarz A5 IR 4 X B B HA7AE, IBAP(IX] > 0) > [E(X)]?/E(X?).
L5 HRMEEER >0, {a,(k),n > 1PRAE AR H hm an (k) = a(k), IEMH

Z a(k) = nhﬁn;o Zan(k)
k=0 k=0
1.6 FIFH > /851510 45 18 VI B
(1) & BB LR & X I EUE R0, 1,2, - ~, HAE(X) = 300 | P(X > k).
(2) & XRAFOESFENAR R, WBAEX) = [[°P(X > z)dz.
L7+ FIH T 5E’Jéémﬁﬁﬁ(%aﬁX%ﬂﬂﬂ/\ﬁﬁmﬁmﬁ/\iﬁ)
() ARHMEEn, k, by, e AEFSEEL, UERH Z Z bn ks = Z Z bn k-

n=1k=1 k=1n=k
(2) %5 f (@, y) AT RREREL, A [° e [y f(@,y)dy = [~ dy fyoo f(z,y)dz.

1.8 WAL AN B X BB F, FRS = {z : P({x}) > 0y AT FII 4R,
FAAEAE T SEEd > OfE15S € {nd : n > 0}, WIFRX HRAKE T 040, A7 E B2
K g, k > 0fF RS = {ned, k > 0}, WIRCHFHIP K. IE T S oMK
SAFAE HME—.

1L.9* WIEEH L, kR K ARECN. IEFEIEELN, Yn > NIFEIE
TBEE ey, -, coffifind = c1ky + coko + -+ + ok, (BER] d = ring +rong + -+ + roms.
Wrt, -, >0, 141, ,7s < 0. 18g = —(rg1nyp1 4 - +7sns) > 0. ATIGIEXTEEn > (¢/d)?,
%L@EZL.)
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XME BRI R X, A 182 B UK AL 1, JATHE K 1 8 A 20 m 2 1)
—A R EE B ERE R, X ERATR S A AR EE RS — —
FATEE A

(A)BENEHTHFHIHEHE
FEREENPANBENAER (X, Y), FIFIHISE B A REALEF N K2 BERE
AR, FERAHY € APRAERZFA T X I 047 R 80N

P(X <zY € A)
P(Y € A)

TE R BB T AR SR RSB R A S 8] L RO, DAL R ATIE 4]
SEMERIR S ST VR 2 AT AR PRE R R IR, L, fEY e AZAF R BATAT LA
5E X B8 B g (X)) IECA TR N

Fyja(z) =P(X <z|Y € A) =

Y, 9(@)P(X=z,Y€EA) e
EgX)y e A)=d — Fven o XA
12 g(@) fx, A)de,  XTESE.

Horb f (@, A) A0 R E x4 () IR 26 PE BRI
2.1 ¥ (X, V)M (0,1) x (0,2) LI EI 4, SRE(X]Y > 1).
i A= (1,00). H(X,Y) NIELLFEHLAS R,

[a flz,y)dy
7 dw [, fz,y)dy’

ol f (o, y) BOX, Y MIBR A B LA BT (X, Y) IR0, 1) x (0,2) 9550 46,

flz,A) =

flr,y)=1/2, 0<z<1l,0<y<2.
ONTEE
flz,A)=1, O0<z<l.
NI
1
E(X|Y>1):/ xf(z,A)dz =1/2. O
0
Reoll, 45 PGB BN AL B (X, Y), yRY M— AT RefE. fEFENLFIY =
Yy, X (GRAF) 734 51

B B _]P’(X:‘T,Yzy)_ E»(X:%Y:y)
P(X =zl =y) = P(Y =y) .. P(X=uxY=y)




§1.2 & FHE 11

HorbaFoR X WA BEBUE. ERNLFIHY = g} 5640 T, XIGRIR) BN

Y L2P(X =2,Y =y)
PY =y)

E(X|Y =y) = Zﬂ» =Y =y) = (1.2.1)

TR (X, Y ) ERENLEAHY = o} 55 T AP (X, ), AT (6P B 8 Dy

> P,y P(X =2,V =y)
P(Y =y) '

E(®(X,Y)|Y =y) = Z(I)a:y X=zY =y) =

B2.2 BX, X, 50 3 A =I5 A5 b(n, p) b (m, p) BBOL, m < n. 3R
E(X|X + Xi =n).

B AY = X + X1, WY ~ (n+m,p) T5A.

S KP(X = kY =n)

E(X|X + X, =n) =E(X|Y =n) =

P(Y =n)
Y ey FP(X =k, Xy =n—k) 7 (n—k)CECmE
- P(Y = n) - Cil'm '
/E%'?UZ;C 0 Cm b= C':Ln+m 1
ny e, Ck_Ccm=*F Clm1 n?
EX|X+ X, = = = . 0
( | + X n) Cm =n cm n+m

n+m n+m

(X, Y )& ZIuIE LRI AR R, BAREENL Y = o} R0, Hil
FISEREAAR AT R, BRI FRATRT DL 51 BEX f () 5 5 b 4k

 flxy) o flx,y)
T =520 = T fayde

Hoff(z,y) BX, YRR S H LR L NMAEREILEMY = o} 60T, XK
) B 8 E SON

o0 < zf(z,y)dx
E(X]Y =) = / xf<x|y>dx=w

TS — e D (X, V) EREHLEAHHY = o} 56 TR

(1.2.2)

B =y - [ " 8(e,y) f(aly)dz

f512.3 FHMEZy > 0, RE(X|Y =v), HH (X, V)RBEAEE RSN

flz,y) =6/(1+z+y)*, 0<zy<oo.
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B W EZEr >0
f(x y) _ 3(14y)?

o) = = fas ~ G e vyt

Pt

3x 1+y
Tr = .
14+z+y)* 2

MXY—ywiémthMx—u+yPAw<

(B)FEHEE THIF AR FHAE
—RIME, BRMFEM{Y = y RN, X R ECA I R AR, A
MEATAT LA TH— M — RGBT, MR € Q,

weQ —EX|Y=y) Hey=Y(w). (1.2.3)

SR XA AT BE A BRI, BN H (1.2.1)81(1.2.2) K940 BEN0, FIBEREX|Y = y)i%
=X AB A

y_ {{y :P(Y =y) > 0}, Y L,
{y: frly) #0}, YiEZE,

LKy ={w: Y/ ) €V}, MAWIELEEQy R, nTATH).
FEX2.1 W(X,Y)EESR B H — ol &, XA EAAE. A ER
Gl = VAL
(1) ZHRENAEY F e EL, BIFAE R B g 1T Z = g(Y);
(2) XHLE%"Tw S Qy,
2) = oV (@) =B(X|Y =y) b y=¥(w) (1.2.4)
WFRZ X KT RN AR Y (2 A B 8, AR 2 A B .
MR E IR e AT iR gl A TRy € Y, g(y) = E(X|Y =y). i
—, SRR I Z R REORIEAEQy BRI, ME— 1 XQy SMw, & RS I

B AR EESR DR 2R AR i I EE ] B2 AN — (1Y), (RLIXAE o8 SCH SR IR = > ]

Qy =\ Qy ={w:Y €{y; fy(y) =0}}.

B
P(Q,) = P(Y € {y; fr (y /fy )y = 0,
A = {4 fy(y) = 0}, K WIHE L2 148 I IOAE B P B, Bt

NEMFR R EATREA RIS, e 4 — B, ED215Z2R%2%5¢$Hﬁ. —RBnE,
MER FAFATENTT 18, JU-F- A A AR5 (i RE AL A & (1 2255 7T L2 PRtk
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2.1 TP AE R ST, 8 2.0 R AR R o — (1. T
= EAECEIN SRR (X|Y). SR U S Sk AR B R FL PR ), 35 B
AL LA AL ST X — R i N ELR, BIER T — DR AR, XL B %O

2.4 45 EFEARTEQ = (0, 1) LA G&E R AR FIMEER, S50 HME R (a,0) C (0,1),

P((a,b)) = b — a.
WX, Y EEQ RS & 2

0, w e (0,1/4)
X(w) = {_L YR Vw)=4q1, w=1/4,
1,  well/2,1), 2,  we (1/4,1).

KRE(X|Y).
fif i UP(Y =0)=1/4, P(Y =1) = 0HP(Y = 2) = 3/4. FIkY = {0,2}. Mifi

P(X=-1,Y =0)+P(X =1,Y =0)

B o PX=-1,Y =2)+P(X =1,Y =2)
g9(2) = E(X|Y =2) = FY =2) =1/3.
At
B[y~ {90 =1 we /1),
g(2) =1/3, w e [1/4,1),
XEFRANHNTE(E H) & XE(X|Y)Ew = 1 /4118 N1/3. O
f512.5 & X, Y A 4Em LA &, BeG 200 2 B R, SRE(X|Y).
flz,y) = \/gﬂe—%(gﬂ_myﬂﬂ)’ (z,y) € R2.
iR ER . .
flz,y) \/gﬂe%(zfy/zpef%’
BLHE AT S _ o
fr) = [ e = et
At .
f(x\y) _ f(x,y) _ 1 o= (m—;;{f) ’

fry) /372
HILH1HY = R, HXMEEy € R,
y

o) =By =) = [ " ef(elyas = ¥,
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LIS EBw, E(X|Y)(w) = g(Y(w)) = Y(w)/2. BIE(X|Y) = Y/2. O
f512.6 (X, Y)HIBLE AT EEREONf (x,y). Ha <b HP(a <Y <b) > 0. i

/ "E(X]Y = )y (5)dy = E(X|a < Y < 5P(a <Y <b),

o fy (y) Y (3% FERR AL
WERR BEALFITA = {a <Y < bPRAFMT, HENIAZ B X 15 R 80N

2 fla,y)dy
12 [0 f(a,y)dady

fxja(z) =

ES):4

I da [P af(z,y)dy
I J2 e, y)dady

S da [ af (x,y)dy
B P(A) '

E(X]a<Y <) = /OO zfxja(z)ds =

A=, ILE(X|Y) Ng(Y), IA4

[y =nmwn = [ [ aren
= [mdx/a zf(x,y)dy

[t
Pla<Y <bHE(X|a<Y <b) = /bE(X|Y =y) fy (y)dy. O

BEALAZ BN 1) SR AR JHEE A R E .
PMERR2.1 R DN U S SR U I e e L
(1) HXHYMAL, WEX]Y) = E(X).
(2) #a<®(X,Y) <b, Ma <E(@(X,Y)|Y) <b, NIME(a]Y) = a, Ha, bNHEL
(3) E(3 a:Xi|Y) = 32 aB(X|Y), Horba, AEBEHL.

=1 =1

(4) [EXY)] <E(X]]Y).
(5) E(X) = E(E(X|Y)); (&MEAN).
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(6) MTEw € Q, ity = Y (w), H4
E(®(X,Y)|Y)(w) = E(2(X,y)|Y =y).
FEADHMERFENLAE & Z = f(X), W = g(Y)
E(f(X)gV)Y) = g(VE(SF(X)Y),  E(g(V)Y)=g(Y).
UERR FRAIAL LS A BEHLAS BN BIE T (1), (5) F1(6).

(1) FZUEHT G T2 I B Rt RATH FEOIEIINERw € Qy, AL
SERPET. AR R w € Qy, 1ty = Y(w),

B(X|Y)(w) = ECXIY =y) = [ " 2f(aly)dz
= /_00 zfx(z)dr = E(X),

Hor o () R ANBEHLAR 2 X P 4341 2 R 5K
(5) HEAHHAS

E(E(X|Y)) = / T EXY = )y (9)dy

— [ stelmassriy
/ / flz,y)dady = E(X).

(6) NBUATE ., M5 EXMER LS E My Rt o, () := ®(z, y) K TR RHITEIE.
PEINAEZ = ©(X,Y), IBA(Z,Y) G 7041 % L BRACHN

2,y) = : )
96 = {5 @ sy

RIS B BEHLAZ BN 26 PR E X

foo zg(z y)dz

B@(XY)Y)(w) = BZIY)(w) = B =) =~ =0

R ER S = ¢, (2), A

J75 oy (@) f(, y)da
Joo fz,y)da
@@ y) fzy)de

O f@y)de

E(@(X,Y)[Y)(w) =

=E(2(X,y)|Y =y).
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HAliE S B e, 2 gk 2-4. O
Bl2.7 oA T B BEAEA =D TTRI A, G55 1A TR IEE AT 2/ ol 215k
AT, PR T IEIE R R3S /N A [R5, B BEER 3 AT RIEIE 5 H
FESAS/INI i [ 2 SR RS IX AT AR BEAL e B — N1, il fh 358 22 43
IR SOl GIPEE 24

R AL XN T RIK 2 AN 8], NOWH™ 58— RS A imaE. i 1 [ 21 )5
JEASIRFE BENLIEFEEIE, DA =4 T [m] 38 i T4 £ e sl 55 AR i AR R el
BRBRATI S

E(X|N =1)=2, E(X|N=2)=3+E(X), E(X|N=3)=5+E(X).
AR A

E(X) = E(E(X|N))
= E(X|N = 1)P(N = 1) + E(X|N = 2)P(N = 2) + E(X|N = 3)P(N = 3)

_ %(2 + 3454 2E(X)).

FH AT AIE(X) = 10. 0
(C) FEH T E TRHHFHAERHE 5—MKK

AR I EE T HE T B 2 A A BENLR BAE . R I E LA Z eI A
BELAZ SO, X B AE TE, AT 2R lE L.
TENM2.3 W(X,Yy, -, Y,) RIESTMENR & B X EEA A, £

y = {(y17 T ayn)7 fY(ZUh o ayn) 7é 0}7
Qy ={w; Vi(w), -, Ya(w)) € V},
A fy (yn, - yn) WY, - Yo ) HOIL PR B A5 B2 &
Z:g(ylayéa”' 7Yn)
ﬁﬁ/@: XHLET%"‘?w € Qy,
Z(w) = g(y'l(w)7 e aYn(w)) = IE(XD/l =Y, aYn = yn)
:[ xf(xayla"'7yn7"’7yn)dx/fY(yla"'7yn)

Hy, = Ye(w), f(z,yr, - yn) NX, Y, Y IERE B L R AL, WARZ X KT
BENLAZ Y, - Y, SRR IR, ICAEE(X YA, -, Ya).

RIS 25 R S B 8 I R 2. R W 26 PF 80 S B & i AR AT Y, O HL
X PR 2. LTS SR AL b
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(2) B aiXil¥a, - Ya) =

=1 %

a;B(Xi|Y1, -, Yy), Hefa, dEREAL.

-

1

(3) E((I)(X,}/i’ 7Yn)‘yl =Y, 7Yn = yn)
:E(@(Xaylv ayn|Yi =Y1, 7Yn = yn)7

(4) E(E((D(Xv Yh e 7Yn)|}/1a T 7Yn)) = E(q)(Xv Yh to 7Yn))
VEN AR A 9 R, O BATIEAT 40T i B 1 1R .

MR2.2 MEER > m, E(E((X)[Y1, -, V) |[Y1, Vi) = E(R(X)|Y1, -+, V).

IERA* W5 RIS REL A B A .

17

BUX, Y0, Yo ) OB RO f (2,91, ), IA(YV, -+, Vo) BB LR B

fylfn(yjd... 7y’ﬂ> :/ f(ﬁ%yl,"' ayn)dxa
(Yla"' aYm)E@%EE‘ﬁle_m(yly' o aym)j‘g

f($7y17 oy Ymy Yme41, 7yn)d37dym+1 - dyp.

Rn—m+1
yl*k = {(y17 ayk) : le—k(y17"' ayk) 7& 0}
/fim(ylv o aym) S ylfma

= ]E(g(ylu 7Yn)|Y1 =Y, aYm = ym)
- ffooo dym+1 '..fjooo(gfiﬁfn)(yla"' s Ym+1, ayn)dyn
fylfm(y17.'. ’ym) .
Hﬂ%{tl:ﬁ#ﬁﬂ%%j(y i—/l(yl7 e 7yn) S ylf’nﬁj‘;

e e ene gy = Ao PO @ Y,y
" o e fY17n(y1a"' s Ym+1, 7yn)
ﬁﬁi—,‘(yh 7yn) gyl*nﬁq‘aﬂué\g(ylv yYm+41, " vyn) =0. JH:

E(E(h(X)|Y17 vYn)|Y1 =Y1, aYm - ym)
e Ay [ dyn 2 B@) @y Y, yn)de
fylfvn(y17... aym)

H 2 80 SO B SR L W AT RN PR 3 2. 2 BT

)
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2.2 S BCAIAEIA AT HE T B — RS, BRI AN E R, BB
G P K BENLAS & A IR RS, A TSV E CA S 2 X, i HAR R M
JF2.1 R 2.2 T

f512.8 WX, Y NMOLIE S ABENLA 7, SRE(X|X + V).

i T X, Y SR o A BE AL AR &

E(Y|X +Y) =E(Y]Y + X) = E(X|X +Y).
[l 1t

M(X|X +Y) = BE(X|X+Y)+EY|X+Y)
—E(X+Y|X+Y)=X+Y.

HILATRE(X|X +Y) = (X +Y)/2. O
512.9 B{ X, ;n > 1} & M FENLIZ &, TR > 1, S, = X1 + -+ X,,, iEH
XHEEnR > 1

E(Sp1]S1, -+, Sn) = E(Spi1]Sn).

ERR FH B AT RS i1 — S = X1 5 X0, X B0SL, T 590, Sa, -+, S
BT, BRI R 2% 0 S

]E(Sn+1‘517 e 7Sn) = ]E(STL|Sla e 7Sn) + ]E(Xn+1|517 e ;S’I’L)
=5, +E(X,41)
— E(Su|Sn) + E(Xn11]Sn) = E(Sns1|Sh). 0

f52.10 BHEALER A 67 IR NS BN RIFE B AT, (B ARSI )5 g S BE B A4,
T ELASCAS 2 18] (1) 75 i AH EL A 520, o) DASCES B ee b F 46 st 1) <P 350458 FH ) 4%
[5347] 0N (¢) Dot Ta] A8 FH B4 3R 2 i, T SKONE(N (1)), 058 — MU 7
AW, BAR, BEW =w > t, WAN®E) =1, MWRW = w < t Hid \w BIEZ B
[ FH XA BN (w, t), IBAN() = 1 + N(w,t). FREEIN(w,t) R 5wl 22 5
FHRSEA A Ok, AR, /BN — AN R 55— 6 N G aw L Km B
MOFF Ut — WIS TE] N BAXC SR A RN (t — w) S0 A AH ], B

E(N@®)W =w) = {1’

w>t, 1, w > 1,
1+ EN(w,t)|W =w), w<t,

1+E(N(t—w)), w<t.

i IEN (1) N[0, ) N E AL SR B, 56— BB HAT AW, AW ~ Exp(\). BHE&MHEL
S I AT

E(N(1) = EE(N ()W) = /m E(N()W = w)Ae ™ duw

e M dw + / (1+E(N(t—w)))re ¥ dw.
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Zu(t) =E(N(t)), 1
¢ ¢
_ A —A(t—s) ds = A — At As ds.
u(t) 1—&—/0 e u(s)ds =1+ de /Oe u(s)ds
PILR TR F13,
u'(t) = =A(u(t) — 1) + Au(t) = A.
1

Wu(t) = M+ c. FHu(0) =E(N(0)) = 1fFc=1, NIIE(N(t)) =u(t) =1+ Xt. O

SR BT LEA, RO B 80 4 () — {1’ © ;j AT AT BL5E X

0, w
BENLAS & T AR ST BB A, K
P(A|Y:, - ,Y,) :=E(14|Yy, -, Y5).

NAEEBEHARRY,, - Y 56 PR, BRI B T SR 2
N[0, 1] IX TR HRAR AR BE AL AL
Bl2.11 it YRS FEHLAR B G 7 A 5 T R A

fla,y) = Nye WAF2) gy >0,

REMMEP(X < Y[Y).
g LRy >0, HiE X
f()y >\2ye)\y(1+z)dm

PX <Y[Y =y) = EQixeny Y =y) =E(lx<y[Y =y) = [y ds

_ /\(e—/\yA_E;:y(Hy)) 1 e_>‘y2,
e

FIP(X < Y|Y)=1—e Y, O
5 B IR T 25 (000 B — o, I % O B AT SR T 22

Var(X|Y) = E((X - E(X|Y))*|Y) = E(X?[Y) — (E(X|Y))".
R, ST AR R, HAHESw € Q, ity = Y (),
Var(X[Y)(w) = E((X — E(X[V)2|Y = y) = E((X —E(X]Y = y))’]Y = ).

fi2.12 $#:412.3, K Var(X|Y).
i MB35 HMEX|Y) = (1+Y)/2, M HMERy > 0,

E(X?|Y =y) = (1+y)3/0o W (1+y)*

o (I+z+y)

REEX?Y) = (1+Y)?, #ifiVar(X|Y)=14+Y)2 - (1+Y)?/4=3(1+Y)?/4
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MRR2.3 & X 1 I AETELE, FEAVar(X) = E(Var(X|Y)) + Var(E(X|Y)).
MERR B AT

B12.13 B{X,,t € TH&—HEHENAZE, NRBUEET ERENIACE. & X v 4% R4
77 A0 HEENLAR &, BIXHERw,

XN(w) = XN((,.)) (o.)),

MFRX N NE G E. WX, i = 1,2, ML ES MmN &, =
PrAEAEAE. N AR TOBEME BN R, 5{X;} MO H AL 25y =
S Xi. REABEHE RSy M5 %.

i AT Ew € Q, idn = N(w) . HISLPEFN S A AR PE R

E(Sy|N)(w) = E( ZX IN =n) =E(}_ Xi|N =n) = nE(X1)
i=1

Var(Sy|N)(w) = E((Z X; —nE(X1))’IN =n) =E(()_ (X )IN =n)
k=1 i=1

=E(() (Xi — E(X1))") = nVar(X,).

i=1
RIE(Sy|N) = NE(X,), Var(Sy|N) = NVar(X;). Mifi

E(Sy) = E(E(Sn|N)) = E(N)E(X1);
Var(S,) = E(Var(Sx|N)) + Var(E(Sy|N)) = E(N)Var(X;) + [E(X;)]*Var(N).O

23R

2.1 X;,i > 1 e ORI AN A R, HP(X, =1) =p, P(X; =0) =1 —p. {EH]
BHI<k<n MEE1<i<n, K

PX;=1X;+Xo+ -+ X, =k).

2.2 W IJGHENE & (X, Y)IBAE DB LR BN f(2,y) = 62%y, 0 < 2,y < 1.
KE(X|Y), E(X|X +Y).
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2.3 Vel A 1 B S T IR A3 0 e p, 1 — p, BEORHBAE A AL, BE B R
T 25 HH B K VR I T 0 A 465 o, 1E IR A T vk BV T 241

1-— pk
p*(1—p)
2.4% {EELEAIRHHLAS B A5 T N IE M 2.1 (2),(3),(4).
2.5 WX, Y RMNEAHHIARAEX|]Y) =Y, EY|X) =X, iIEWP(X =Y) = 1.

E(N) =
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§1.3 WM SRRERE

FEATSERE AR T A TIA ] B T T3 6 55 7T 51 22 AL 3 B WA S v . 2 4y
W7 =R IR T R BCE R S O IRE R, N T JREETIE, XK
ATTRERT I L A B — LE R T AP 7.

(A) =B8RI E X AR PR EIR
WXy, Xy, NEERZEE(Q,F,P) E—FIBEHLAT &,

(1) Mo Amiesh: SRR, 10X, A REBOAF, (x), FRX MK AT S 3 BE LA
BX (OEX, 5 X), B0 X400 R BF () WA ESE e #0
lim F,(z) = F(x).

n— oo

(2) MRS : B X, R ISR A B X (e X, 5 X), #XHERe > 0,

lim P(|X, — X|>¢)=0.
n—oo

(3) JUT-L R (ALK FREENLAS B X, J LT3R (JLT-Ab AL, DAAEZE 1) S Sk 2 Bt ATL
BEX BEX, X X), &
P( lim X, = X) =1,

BV ZE ZAEE—AMIAMEA € UEHP(A) = 0HIHERwWw € O\ 4, FJIX, (v) —
X(w).

3 RSN T LT 2 SR USSR U R BR TE ) LT A A AR 55 73 ST A2 — 1.
I

(1) X, 5 X294 HAL Y X, HOREAE B8 5500, (1) A AU SO XA BR B (1), 5 X 02
AEAFENLAS &, 36 DR R B Laplace 28 AR 5 .

(2) XILFLARS, e — N B E TRIBRX, 5 XY HICUFE—MERAT
WREP(A) = 0, W{EBw € O\ A LEMERE: > 0, fFIE—N = N(c,w) i3
X > NIF| X, (w) — X(w)| < e.

FI X =R PR, WIGHER 16 2N T 0N 8RB A b R S 3.
EIE3.1 (FREUEHE) WX,,n > 1, N—FIHSL RS AR &, AHE(1X,) < o,
AR ESAT )

lim %Zxk = E(Xy).
k=1
EFE3.2 (PRI ES) B X, n > 1, A—FSL RGBS e, IR AL,
B LB AR UHEZE 2 B Mo, IR AT B € (—o00, +00)

P(Mg)%/ L —%au,
ov/n oo V27
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B == G % N (0, 1), FerhN (0, 1) Fon— NIRRT IEAS 53 (R B LA A
W PR 5 WS Stk 2 A U AN T B ATL I R 5 B AU RAT T L 2R
A SRR M e W S A A8 B2 P b 7.
(B) Borel-Cantelli 5|32
S133.4 & X, X1, Xy, - - N—FIRENIAEE, £

1
Anm: Xn*X<77
=%~ X<}

(%= xh= (1 U () Ao

m=1N=1n>N

MERR fTHlw € {lim X, = X}, WAXAEEm > 0, FFIEN(m,w), Hn > NI,
| X (w) — X (w)| < 1/m, B

1
e {|X, - X| < =1,
we {1X, = X| < —}

[i4
we () {Xa-XI<—yc | M {1%— X<~}
n>N(m,w) m N=1n>N m
HHmIMEEME S
ve N U Nx-x1<23= N U N 4um
m=1N=1n>N m=1 N=1n>N

RZ, ERw € Moy Uz Mooy Anme XHAEEmM > 1, fF7EN, Hin > Nifw €
Ap . XEH

[Xfe) ~ X(w)] < -

FTEL lim X, (w) = X (w), Mo € { lim X, = X}. W55 RAL. O
EE3.5 WX, X1, Xo, - N FIFENAL R, FHIE50% M

1) X, ¥ X;

(2) P(Uﬁﬂ Nx=1 UTLZN{|X7L - X|> %}) =0;

(3) MAERe >0, P(Ny_, Unsn{1Xn — X[ > e}) = 0;

(4) SHE e > 0, ]\}gn P(UnzNﬂXn - X|> 5}) =0.
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HERA (1)<(2): 5l EL3.411) B 2R HER.
(2) = (3): AT,
3

(3) = (2): FERCEIRHERm > 0, ¢z > O4EFHL/m > e, WITEI(3) T

PO U 0% - X2 1) =0

N=1n>N
Pk
o0 oo fe'e) 0o 1
(U N Ulx.-x1= %}) <> P(() Uxn-x1=—}) =0
m=1N=1n>N m=1 N=1n>N
R (2) 3.

(3) & (4): MEAHERE
U {Xa-XI>e}c |J{1Xn— X[ >e}

n>N+1 n>N
H M
P(() U{Xa—X[2¢e}) = lim P([J{IX0—X| 2¢}) =0,
N=1n>N n>N

T (3) 5 (4) S5 O
3.2 HEHFW € N0, Uisy, Ak, MEREMTEEN > 1, BOMFE AN Ay, k >
n, 3w € Ay, RZWBEL. RERE, FHNL, Ups, ARELHICEE LT 2
A AR AR A /D

ﬁ U A= BRI ASIRE) 2 Ao

H i os&infinitely occurI4A 5.
EIE3.6(Borel-Cantellig| #) ¥ A, Ay, - JE(Q, T, P)F—FIFEHLF:, pr = P(A),

1) &> 0, pr < 0o, BAP(A, i0.) = 0;
2) Y ey Pk = oo HA MBS, ABAP(Ay, i0.) = 1.
HERR 1)2493 707 pr < oolff, XHMERe > OfFEIEREB N 7S
0<P(() A <P 4) < D) P(A) =D pr<e.
n=1k>n k>N E>N k>N

L& — 0 HP(Ay, i.0.) = 0.
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2) AR — o < e RN TTE, X > 1
0<P(() A4 = [ PAr) = [T (1 - P(A)

k>n k>n k>n
< H e Pk — o™ 2kzn Pk — 0
k>n
BEIP(U, 1 Npsn Ak) = 0, BIP(Ag, i0) = 1. O

3.3 HEH3SME 3.6 H, AT e >0

i[?’ﬂXn —X|>e) < o0, (1.3.1)

n=1

MAX, =3 X (1.3.1)WRIATH F AW LT 00 RS 78 73 5% AF
MER3.T X, D X, WMATE{ X, — N THU{X,,, V4

X, X,
JERA BN X, 5 X, WHEEE > 1, HP(X, — X| > 1/2%) — O7] FI7E1En,, §43
P(|X,, — X| > 1/2%) < 1/2*

i1 Hony BWARE. HIL, AR > 0, @M N IEHHfi1Ge > 1/2M,

%) M %)
Y P(Xn, — X[ >2) <) P(IXp, — X|>e)+ > P(X,, — X[ >1/25)
k=1 k=1 k=M+1
< M+1< oo,
BI(1.3.1) R P HI{ X, }BROL, ANITTFHELR AL O

f513.1 WX = {Xp, k > 1AM RIS ARIFENAZE, HX, ~ b(1,p), i HBorel-
Cantelli 5| FEIF R

1
nh_)rrgoﬁ;Xk =p, as. (1.3.2)

MERR X ERe > 0, &

k
Ay = {|]1€§Xi—p| >e},
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HiHE R
k
E((Z(Xi — p))4) = kpa(p® + ¢*) + 3k(k — 1)p*¢*. (1.3.3)
=1
IS P(Ay) < oo. JIFLA(1.3.2) BT 0
k=1

L B3R G VXS — B AR AR AE B SL R 0 Al A B AL AR B 7 B ARAL. RAT
AIRUE BT Z5 40 B s K BOE A
TEFE3.3 (HAHUER) WX, n > 1, N SIS R A BN &, HE(X,]) < oo,
A

1
nlgr;oﬁ;xk_ua(xl), a.s.

(ORE-T:%]!
TE X 3.1 FRBENAL 87 H1{ X, 2 J L 98 B ARSI B 7 (Cauchy) 51, #5 5
ZIE—NDEMEREA, FEMEEw € O\ A LUAERe > 0, fFHE DN = N(e,w)
54340, m > N B X, (w) — X,n(w)] < e.

AR, BT WSS 2 B B R AT TE ES RATT 2 HEAS
WRE3.8 { X, } LT RIS HA S { X, A2 ) L SR RS0 SR AT 75 77

L #3550, BATE W N4 R, IE S 3 CAh 7.
EHE3.9 WX, Xo, - N—FIBENIAR R, FHIE5IREN:

(1) {X,} RJLFRRE SR HIHEAS]
(2) *HERE > 0,

P(ﬂ U{|Xn+v —Xulze})=0.

n=1v=1
(3) XHE=e >0,
P(U{‘Xn-'rv —Xn| 2¢}) = 0.
v=1

1 #E3.9, FA 545 N HHIEL.
HE£3.10 {X,,} 52 LR E ST K3 A S 2 HACSAA R AR T 886, 15

Z(Sk < 00 ﬁﬁﬂ ZPOX}CJA —Xk| > (Sk) < 0Q.

k=1 k=1
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R PR FRHER e > 0, F1En 18 S 6, < e, HETIAMEEm > n,

k=n

m-+v

{|Xm+v 7Xm‘ > 5} - {|Xm+v 7Xm| > Z 5k}
k=m

v—1 (e’
U X = Xl = 6} € {1Xer1 — Xl = 61}
k=m k=m
[A] I HH o B39 ] N 4h 18 BT O

TE 3.2 FREEHLAR &7 H1{ X, } R OME AR IS SI0E SO I A B B Cauchy 41, 5 %fAE
®e>0,6 >0 fFE— N = N(g,6) #1540, m > N I

P(| X5 (w) = Xim(w)| > €) <0

HRAR{X, — Xon| > e} C {|X,, — X| > /2 U{| X\, — X| > /2} AT EOHME
RIS T 51— 2 & R WS, 1317 ) L SR SR AR 51— 5 S Ak
RIS IEA T,

RRS. 11 RMEZR USSR B AR — AP AL — T FIME A L RS S B A ).
MERR B { X, R — KR USRI AT, Ble = 1/2F 6 = 1/2F, fF7E 535 N
HIng S XHEEm > ny,

P(| Xim(w) = Xn, ()] > 1/2%) < 1/2".

HUTHI{X,, }, B4

iwlxnm = Xoi| > 1/2%) < 00,

e
PR 3.8 T R X, PR TL T A6 4R 8 U F (AR 51, O

CZIE A IR X,
{|Xn = X| > e} C {|Xn, = X| 2 ¢/2} U{| X0 = Xni| 2 ¢/2}

AR X, RIS, DX, YRR 2R s 8502 LA 24 8 R MR M SR B A 31
(D) &R

T BR3.12 SHR MR SR L A SRS, DL i S Jo T
(1) ZFHEEE XS “3 x 0 (5 x®) B X0, o HH, T4

m

Z CkXT(Lk) a;; i CkX(k) (famﬂﬁ i CkXT(Lk) £> i CkX(k)> .
k=1 k=1 k=1 k=1

(2) %X, “$ X(HX, 5 X), Y, S Y(#RHY, 5 Y), B4

X, Y, 3 Xy (MRiHX, Y, 5 XY).
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(3) £Y, “3 V(HY, 5 V)HPY =0) =0, B4
1Y, 3 1)y (MRit1)y, 51/v),

HAy, = oif1/Y, AT LA H HE L.
WERR FATTRE(2), HAh S W23 4.
#X, S X By, B Y, BWAFERMELEA BEFMEEL € Q\ AFME
Bw €Q\Bfi
Xn(w) = X(w), Yn(wi) — Y(wy).

L0 = AU B, BACHRZFEMELE, M HMEEL € Q\ C,
X (W)Y (w) = X (W)Y (w).

XERHEX,Y, 3 XY.
#X, 5 X HY, 5 Y. %ME&ES > 0, fA1EM > 0 f#113

P(|Y|> M) < 6/4, P(X|>M—1)<3/s.
BT X, 5 X, FUILEEN,, Mn > MEP(X, — X| > 1) < §/8, #ifi

P(|Xn| < M) > P(IX, - X[ < 1,|X| <M —1)
>1-P(X, - X|>1)—P(X|>M—-1)=1-5/4.

AIRP(|1X,| > M) < 6/4. -, HBERESAT:, M ERe > 0, FFEEN > Ny, ff
340 > NI

P(|Y, — Y| > e/2M) < §/4, P(X,— X|>e/2M) < §/4.
Y0 > NB
P(|X,Y, — XY | >¢)

P(X,Y, — X,Y + X,,)Y — XY| >¢)
P(X,Y, — X,Y|+|X,Y — XY| >¢)
B(X, ||V, — Y] > £/2) + B(Y || X, — X| 2 2/2)
B(X,| > M) + P(Y, - Y| > £/2M)
+B(|Y] > M) + B(|X,, — X]| > £/2M)
< 6/A+8/4+0/4+5/4=0.

INIA A

XEHX,Y, 5 XY, 0
3.4 _FIIRAINAIR LT SRS SOFRNARME R I S s & B e T IR PBR X LR
FR. 75 JL-T- b WSS SUTR, R B o B iR B0 ICS R TE 55 1 e X, BT T m] BA
FREM IR X PAIEMEREUTE 55 FIE T, Lo an 24U 8 ®) 1E T8 55 1,

{Xn(w) = +oo} = [ J ) {Xn=m} (1.3.4)

m=1 N=1n=N
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XA ZR IS A 2 AT IEME BTG 75 IR PR 11 2 L E RoR, AT REIT.

R TR S R, FEART B Ja, AT E—A5 FEHLAS 55 A R
PBRE B, i, JATJes HECE IR R A

51HE3.13 BFMFAE{A;, i > 1R REARTEQK — &, AP AL HUR, 4; =
Q. i XFEAR RN R BX H B AR A, A

_ imuk). (e B AR)
SRR SLE XA GOSN, XSG 0 4 7T 2 o] S
B0 = [ afx(ohde = fim / efx(e)dr = lm E(X1(xcan).
HT{A;, i > 1R EARTRIQP —N0E], XHMEEr > 1,10 =1 14, + 1

k= n+1A

E(X1(x<nr) = (XI{X<M}(Z].A +loe 4 ))

A;)

[
NE

E(X1{x<myla,) + E(XTx<nryluge

k=n+1
1

L =07 P(A;) AT Hin — ooltf,

.
Il

E(X1(x<anylux,  a,) < MP(UZ, 1 A7) — 0.
(A 1
E(X1lix<my) = T}i_{gozn:E(Xl{ng}lAi)
= ZIE X1ix<anla,) < i E(X14,)
=1 =1
e AREE



30 B—F WM&miR

CEGPAJTH, AT A5 BE3. 130T O

EIE3. 14 (I SUE B B X, NAETBENL AR B B HMEER > 1, X, < X, JLPAE
RER%Sr. 18X = 1i_>m X, a.s. A4

E( lim X,) =E(X) = lim E(X,).

n—oo n—oo

MERR HI SR AT R, ARAE — M RO A MREA L, {X,,, n > 1PNRTIAR
e H), B BRAEAE (AT g Noo), LN X, X, “3 X. #HP(X = 00) = p > 0,
1 (1.3.4) AT AT R M > 0,

p=P(X, = 400) =P(() |J [ {Xn>m})

m>1N>1n>N

< P(|J 41Xl > M}) = Jim B(() {1Xal > M)

N>1n>N n>N
KERWPHEEM(M), Zn > m HP(X, > M) > p/2, NTE(X,) > Mp/2,

lim E(X,) = oo =E(X).

n—oo

HP(X = o0) = 0. SLif i 8 e A

E(Xn) = > E(Xnlgoicx<ry): E(X) =Y E(X1p_i<x<ny)
k=1 k=1

1Ban (k) = E(Xnlp1<x<ry)s a(k) = E(X1p_1<xary). SAMEEE > 1, Ba,(k),
a(k)HAES, Ha, (k) BEndG Il AR, 323

lan (k) —a(k)] < E(|X; — X[1p-1<x<ky)
= E(| Xy — X[l 1<x<kin{|Xn—X|>e})
FE(Xn — X|1p—1<x <k}n{| X, —X|<e})
< KP(| X — X| > ¢) + ¢

HTX, - X,as Hikkn — oo, kP(|X,, — X| > €) — 0. FHMAERE /N ERT 50
Hn — cofif
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eaS)Jil

3.1 HAETERENLAR & X RFEALTHS, /n — X, asJ&or, M HAE 7SS EBEALT
HIN,, — oo, a.s L. UEASN, /N, — X, a.s.
3.2 WM —ANFEHLF A X, MEAE X, 5 0 [HP(X,, — 0) = 0.
3.3 UIE(1.3.3) L.
3.4% AEBRPE R 3. 127 (1) A1 (3).
3.5% Uk B 2 HE3.9.

( eon: JeiE {Xn A& Cauchydl} = N5e_, UnZy Moz i {|Xntv — Xal < o), )

LA U;“;1{|Xn+v —Xnl 2 €} C mz:l Ugo:1{‘Xk+v — Xi| > €/2}.
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§1.4 4FERH. LaplaceT 5K

AL BRI 2, Laplace 2 e 5 B p& 8O A2 70 A7 b6 20K B2 TR

(A) FHEE ¥

FEAIE BR BV N AIE I A O A PR s B E L, 76 CRERAE ) R b — R
M. ONT G ST, FRATT S 1 T a] AN R R B K AR e R

WRENLAS & X AT RO F. AT R AE R %L

bx(t) = E(@¥) = /fo ¢ dF (z)

[ cos(tz)dF(z) + /jo sin(tx)dF(z)
E(cos(tX)) + ‘E(sin(tX)), t € (—o0,00) i HEHHAL.

X R R 2L

Ha%ﬁ(ﬁf%n, SHEEL € R, [¢x(t)] < x(0) = 1, 1 HAE AR E X (1) FER E—
EJ§C

*%E{EIZ@JZ‘% Sy A B TR a0 ORI
TEIRA.1(ME— P8 B ) REAE R B0 M2 2 A A ELME— 152 . RIS 2 A eR B0H A
7l (YRR AE BRI, S, 5 RRAE R IS [ TS 7 £ 3 A B Bt AN ).
TEIR4. 2L E ) WRENLR & X, RHE R ECA Y, (t). IBAAFTERENLAS & X (f
X, 5 XIRBLMRXMERL € R, ¥x, (6) 8K Fllim lim o, () = 1

MEBR4.3 (1) Ux(t) = ¥x(—t) = ¥-x(t); (2) Yax+s(t) = ¢x(at)e’™ ; (3) & X, VAl
S, MAYx v () = hx )y (1), t € R.
M FHARFALE B S FAN 138 T DL {8 3 3R HS X 25 B T AR
M R4.4 77 X FInI 48 5B R(| X ") < oo, IBAFHERE < n, E(XF) =i *p*)(0).
FHE R BT HE) T B 2 uE AR R RE R, WX = (X1, -+, X,,) AnJcBENLA
&, RS REBUNE (21, -+ 2), FRnot BH KL

w(Xl)Xz,__.’Xn)(tl,... atn) — E(ei(tlxl+...+tnxn))

o0
— / el(tlml"r""‘l‘tnxn)dF(xl).,. ,l‘n)
— 00

N(Xy, -, X)) HIRFIERR L, Hodity, - 6, € R
5—JuhE MR B AR AL R, 2 TOHRAAIE BR Rt BoAT i — 1k

TEIR4. 1 (ME— VS BE) n ORI B8 E S n ZEREATLAZ B 1R 70 A1 B HOR L ME— T E
H S FRATT AT 45401 A ARFALL R B80H S BT A B S (K V.

M4 BEIVEREX, - X B HACEIHMER I, - 6, €R

V(xy X, ) (T 5t H1/)X
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(B) Laplace T

XF T HE AR B AL A 53 0 21, FH P ) Laplace 3 #2351 J7 {5 44,
ENX4.1 HXNAEMFENAE, BRERELO) = E(e=X) N XM Laplace®#, H s
0 € [0, +00).

FICX WA R ECAF, 8 H A Laplace B #: L(0) 12 /E
_ o —0x
L) = /0 e "*dF(x),

LB FRL(0) & 7347 F ) Laplace 28 4.
M E (x) e BN f (o) B AR,
0) = 0 f(x)d
L(6) / e~ f(a)da

MF () REBH G Hp; =P(X =2;),i=1,2,--- , 00, FEH AT,
= i e_ewip’h
i=1
R s AR UL, S pr = P(X = k), B4
L(#) = ie_ekpk
k=0
EIE4.5 (LaplaceZT#EATN) WFAE[0, 00) LI AL, L(0)/2EFIfLaplace®?
e, AR PR B ELE e, H
\_nxj
_ IL)m Z k:L(k )

HUERR RAERAF (o) NIESE D A RIS, WHZEEREONS.
KHERO > 0, 7] PLXT LR KR 544,

L90) = [ (e fla)da

SHE R E Mz > 0, B0 = n, M

Lnz] oo Lnz]

> o -/ Ze—ny y)dy.

k=0

WX, i > VAMSLRI A R BENLAE &, IR SR BE Ny RARA 73 1, IBAE(X,) =
Var(X;) = yH

X1+ Xo+--+ X,
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JIR A5 BE DAy HEITE AR 3 A . G

[nz]

L e W
k=0

XHERe > 0, By — x> efif, HPIEEE RAERX

Ze_ny(ny) :P(X1+X2+ + X —ny _ |na ny)

k!

pard n o n
<P(|X1+X2+~--+Xn—ny| |na —ny|)
o n
n2 Var(X1) < Yy l(£+1)
~ (ny — [nz])? n “nly—x)2 " ne e
F—O7, My — < —eltf
[nz] k
1-— Ze—”y =P(X1 4+ Xo+ -+ X, > |nz]) <P(X1 4+ Xo +--- + X,, > nzx)
- P(X1+X2+W+Xn_ny Zx—y)
n
1 Y T
< < 2
S @oprn S we
ESJli
[nz] k (z—e)VO [nx]
-1
S Gl wuom - rw| < [T T e pa
E! 0
k=0 k=0
[’ \.”»LJ (ny)k; r+e
+/ Zefnny(y)dy+2/ fy)dy
+€ -0 . (z—e)VOo
1,z 1
< 77,(62 +Z)+2(F(x+e)—F(x—e)).
Ln — oo, TATA 13
anJ
hmbup‘ Z kL(k) (n) — F(x)’ <2(F(zx+e¢€) — F(x —¢)).

n— oo

T efEZE ML Klim, o F(z +€) — F(z — €) = 0, FATAI15

|na)
I CEVE et 0y — mia)| = 0
im sup Z X (n) — F(z)| =0.

n— 00
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lig
ne|

lim Z ﬂnkL(’f) (n) = F(x).
n—roo £— k!
€ F4.2 FATAT LASZ RIS 230 T i Laplace 8845t B ME— 4 7€ P11,
EIE4.6 [0, 00) LA HIRE A /)41 A A [F [ Laplace 22 #t.
XF T Laplace 2 e th A TR (K S B 5@ BEAOIE DR Y 7 A URFETumS, &
. OB 1 [F) A R] L2 225 5 H [10] R[] AT RN 7.
EEA.7 WAL B X, MiLaplace@ # ALk, (0). B ASE{Erv. X 13X, 5
XMFEERAFRAMERO > 0, Ly, (O)#8 Hlim lim Ly, (6) = 1.

SE BT LR R AT SGES M E R X, S X2 HACSAETEN > 0ff
BXHEEO > A, Lx, () — Lx(6).

4k Laplace & X 25 5 Ba ik 4 V£ 5T BT
M RR4.8 (1) MEEO > 0, 0 < Lx(A) < Lx(0) = 1; (2) MfEEa > 0,b > 0,
Lox4b(0) = Lx(af)e™ ; (3) &5 X, Y S AR BENL AR &, A Lx v (0) = Lx (t) Ly (0),
t > 0; (4) AL EEEE, BE(XF) = (—1)F 2P (0), B LB FR L kM S50

fBl4.1 BEXHRM(0, 1) EXI5I 505, IBALX () = (1 —e79) /0.
f5ll4.2 2 XARM(0, 00) ESHCAN > 0IFaE A1, B4

Lx(0) = / e 9 xe ™ Mdz = N/ (0 + \).
0

514.3 £ X ARMT 204, 55 55 ok 5

WA

0o )\axafl o] )\amafl by a
L — —0x -z :/ —(0+N)z _ )
x(0) /0 T I S dz (0+)\)

Bla.4 X, RN I3 A0(n, &), BATHERS > 0, ZHn — oo

" 1 1 1—e?
Ly, (0) =3 Cl(1— -k et = (1 - ——°

pars n nk n
T e (e ") B BE A1 (R HA 43 A I Laplace 8. B 20 — oo, X, MK AM Al
SR — A58 FE N L TARA 3 AT I RN L AR & .
(C) R

FERE T R B PRETCBRAN 57 BB B BEALAS S5, F BT I8 B s B AR AL
@%ﬁﬁiLaplaeeﬂ??ﬁ%ﬁcﬁﬁ@.

"= o= (1=,
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EN4.2 WXNAETBEE BN R, FREEox(s) = E(sX) AXIIMER)EER
K, KA &Es e (—1,1).
WX IG5

24
=D st
k=0

St 5 B HOR Laplace 546, 75 557 Hi BT 8 BE 8RB0t 2 X A aE S8 U B LS
B4 T I Laplaceds e, W H b e 00 /s, PRI B B Kt Laplace 25
(VR RR, BATAR AR, i [ NS, R I BAT 32 B G R AR B o 50 R 11
— A,

MR 4.9 75 F BB B L AR B X (I REAEAE, T B BR B x () FIKBN S 8i0 ) () 77
TE(1s| < 1), HXHInMHE T Hox (s)Bini SHHEs = 1365, FE 3l

E(X)=¢x(1),  E(X?)=¢%x(1)+¢x(1).

UERR FR A BT PR R A — SO B T s BT, AN I R A
EI4.10( A ) WAR R EBEEE RN E X 73405 s, k > 0, BEERECAY x (s).
Bi IS8

pe = o (0)/k!.
TERR Mo (s) = 300 pas™ TS () = 3200, pus™ Fn(n — 1)+ (n — k + 1).
1o (0) = klp. O
fla.5 BEX M UT G, SHERE > 1, prp = P(X = k) = p(1 — p)* L. WA

Zskqu 17p525 1_q5
ffla.6 12X, i > VRMSLFE A RN AS &, AN (0, 1) 352500040, Y 5 X, k > 1l
S, IR M LA 73 A
=P =k)=pg"', k>1, p=1-¢€(0,1).

48 =" | X;, KRS LaplaceZE i Ls (6).
R EHE SURI % AU SR M T

Ls(6) = B(e™") = E(E(e™"%|Y)) = B(E(e~" Zit Xy))
ZE OELNY =k)pe =Y BT Em XY = k)py
=1 k=1

¥

E(e™"Zim XY = k) = E(e™/ T X = [E(e™ )] = (),
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[l it
/1 —ef\F 1—e?
LS<9> :Z( 9 ) pk:9p<q(le)9)'

k=1

B IR B AU E SCHET B 2 e AR OB BB I BEHLAZ &, 15 2R & 20 A0 (1 BEpR
B ufa e, R TN AR RS TR
TE X 4.2 VX, Xo NAR BB MIBENLAS &, Bk & 706 51

Pnm = P(X7 =n,Xo =m), n,m >0
FR[-1,1] x [-1,1] BRI = Jeek %

¢(X1,X2)(Sat) XltX2 Z Z Sntmpn m-
n=0m=0
N TGRS R (X, Xo) B BRI 2L
5 #4.10—FF, LR ERATE s A
I P(x, x,)(5,1)

s=0"

Prym =
’ Osmot™ =0
MERR4.11 JEFUEEUE BEN LA & X, Xo A BN HACSSHE R s, t € [1,1]
B(x1,x2) (8, 1) = bx,(8)dx, (1) = D(x,,x2) (5, 1)Px, (1, 1)

7F4.1 Laplace”B 4 FlRE bR AT DAAS ST o] 5038 o FH T DA IE AR 2 B oo IR B ()

SOBEALAS & . B 37 B AL AR & A ) Laplace”s 4t /5 b8 20475 4 % H Laplace®

e /BF bR i A

ZxIRR

4 1 TE X AL A A B LA B 25 A T UE B H Laplace 4 L x (+) 7E]0, +o00) & — 3K
1.

42 WX SR IE SRR AL & A R BN F (), IEXHEREL > 0, HLaplace®®

e L x (¢) 6 /&

%X(t) = /0 e (1 — F(z))du.
4.3 WX;, i > VRMOLFE AR &, IRASECONRITEE TG, N2 RS
AR AT BN B H 5 X, k > U0, 48 = 2N | X;, SRS Laplace®s
HiLs(6).
4.4 UERA T J5T4.9.
4.5 WX RESLFAE MBI &, B(X?") < 4o0o0. LR < 2n, Dup = E(XF). i
BT R0 > 0,

2n—1

Z (—Hk)'kltk < Lx(8) < i (-0 kﬂk
’ k=0

k=0




EE FEHNLZIEMHE

AR T PA TR fil B AR BE LR (K S AN & 0 A R SR RERE A LT Bk
E R RENL B SRR . X PSRN REAE — e B B W BUR AR AT [F 73
At BEALAZ B8 3 A0 B EL <3 o BN TR B U B T2 IR o

§2.1 FEALIRERIEAE S

BE AL FE ] 5110 75 2 AT IR R 2 BN 58l 4522 (LA T A S f) — Fh &

SRR DR GEHE RS 2 1) MR R RE UL BRI AT
XT3 2% BENL A & AR PR VE B4t 1 A 07T, (EIXAE N Ao i AN, S5 N M
A EARRIHT.
5.1 W52 37 BRI A TEAEREAT O R (EL dndh b sE B EE RS ). A5 e A i 52
B A =BT, W EHATZ )R, WRAZER? ;T REENLE, &R E
BESIA AT LA REALI. BRI i R Al v, T AR B Y (n) R Ein )=
JRTEGESA (8, 84 Al I R EoN

k =inf{n;Y (n) < 0}.

BAHATHRE, —REZREHAER{Y (n),n > 0} EEILAZ L.
Bl5.2 W& — RBEERIU RN, 2 EAFAE “Faii” BT SRNg T — B, BERM
A BAT — € FIBEHLIE (U0 T B FR).

2016/02/24 {fifir:15.42 94y~ REEE:103.847 hMg-46.35%

4418 E3.72%
0.32 20 29%
48| rio e 26.88%
P B
32,60 i AWV 12.43%
| L}
a8 74 S ey 0
S ¥
2488 iy W, 12.43%
)
1.0 ) " 28%
W/ | vy .'|.|:. A, 2
17.18 f L e 0.25%
v
13.30 d “s.-‘J\_‘,"’_ 'l 729
= z01s0 0150 2015/08/18 2015/11/23 2016/02/24

FIRENLAZ B X (1) R ER A IS 2B As, an SRARGE T SESRiz B SR 3k A, B4
AT AL ERBENAZ X (1); ¢ > OIS TH . 3R AR E 1 KA SR A,
PEANT3TE KNS 7T Y, FATT 15 50 B R 1A I A o 2 ) SN I LA SE2 R B AT L2
TAAE? FEAT A ?

CAEBI 73R, V52 i3 RS BENLILR . O 1 o i i, 3411 mT
PAFS— I (— B B 55 2 ) BEN LA B 2 ) (614 ) IX S L. 38 BA TR AR IX R BE AL AL
Hot RN, A HRENLIE R RS A g R AT T T 2 E L R R AR
IDE-J ke

38



62.1 KEAHLIT AR B9 AME A 39

EX5.1 X = {X(t); t € TYAMFRZA(Q,F,P) LREHLIERE, 358 & iz = )
b RBE LA B (R LU [ RAR ). FRX (1), t € T, HIFTA Al REHUE IS A REHL L
FEXHPIRAZ 6, T MONRIEIRE RS HEE, FinlE TR ir e A I R R PR, AR
NI RIZHL

TEFEARERATIRZS 2 18] FOAN A, S8 BA HERENLL AR 2 DU 2K LS HR ek
E5.1 MBI RIS T A SAR A B REAT 2226, bt EXT At € T, X(t) € R
Fid > 1, MAWFRXE FREEENIERE; 5T € R KT A0 (U TAEAE XS B 4% 8] 5
2 g5hs), AKX ARENL. v 1 T8, AFATHEREHUZIX RS, WL
ARSI AE, dndckeal Bs, #O2 SR AE, RIS € R.

BENLLFE MR A E R HRERT x Q —» R JGHREL X4 Zt, w,
X(t,w) & — ARG s E MR w, BENLEREX (¢, ) ABENLAS R XA
FIERIZE E w € Q, X (-, w)iE—MEWET LR

X(hw):T—R MEEL € T, X(-,w)(t) = X(t,w).

T BATIRAEX (-, w) FFEHLEFEX [ HUIE (2R 550 BREAS (R 2.
XPRER AN (Q, 5, P) EARANMEHAREX, -, X, JAMT— RIS 7041 2R £

F(zi, 29, - ,xm) éIE”(X1 <z, Xo <oy, Xy < 2),

Hehgy, oz, € R ZIEABAT S . 5T RN AR, AT DL X — T A
ENX5.2 X = {X(t); t € THUENSHEL, th, b, b, BRXy,, -+, Xy, WERG S

Fiy oot (1,22, - -+, )
NIBERLE R X ) — AN KB A R 4E 90 A, FR pR B0
{Ft17t2:"' ,tk(ajhx% T 7-7719); ti,- -t €T k> 1}

NBEHULRE X A BRYE 7 A R
E5.2 2SR A7 BRYE 7 AT I N A BRAE > A 51408

Py (@1, ) = P(Xyy, =21, , Xy, = ak); 21, 2% € S.
MRS, 1 B R ) PR AE 53 A 6
(1) B, IR (L 2, B (i b,
Fovto (@002, 2%) = Fous oy o (s T+ 1),
(2) MM, BXHEER > m,

Ft1,~~',tm,~~-,tn(z1a"' y Tmy +00, -+ - 7+OO) = Ft1,"-,tm($la"' axm)'



1 FoF MALLEHS

WERR 15Tt BRZE A 2 CEFE T A5 O
TN T SE B WA BRYE S AT AL — € 5 ST B E ME— FO B AL R ik W
FEIE5.2%(Kolmogorov) W{Fy, 1y 4, (71,22, ,xk);t1, -+ ,t € T,k > 1}E 2

X PR AR 25 1 RO 3 A R B0, DA A AR 2 1]

Q=8" ={(s;t €T);s; € S},
DA K o-AR%L
§ = U{{(Stvt € T); (St17"' 78tn) € B};

B cC®B(S"), t1,--- ,tp, €Tyn > 1}

MR, H15(Q, §,P) EFENLE X = {X(t),t e T}, Hrh
X(t,w) = wy, w = (wi)ter,

E‘Jﬁﬁﬁéﬁﬁj\%ﬁjﬁ‘fﬁ\ﬂ?%{ﬂht% i (xl, T, -+ ,xk); tl, e ,tk c T, k Z 1}
E5.3% BB (5 Ko S T I8 A 1) oA, 18R Z BorefREL. ¥
A, SO, 4B (S st st h i TR RIS K.

IR —MEREIE RS B TR FH Kolmogorov iE R4 HE B AL 2 At B A 5
225 18] FR) P A% A 38 1 T SR 1
B5.3* WA MALLERNINAS I ER (48 o 5 B 0A 3R] A, b 220 il /R,
FERCIEL, B ™ M B A T IR BE AL I 2h 2522 4L
MR 2p= 5250 ¢ =1-p, a;, i > 1, REDHOS. BARZERE AR s 7k, fliH
i Nay, - a IR

pa1+---+a5 qsf(a1+~--+as)'
FH e O FRFRATT AT DAL B T (9 R 4341 51 ik

{Pnl,ng,m,ns(ah'" 7as); Ny, N2, - 7ney‘jEZ<*HIE‘IH4JIE%§ﬁ,
a; € {0,1},i=1,2,--- ;5,8 > 1}

HHPy, iy om (a1, a) = pitotasge(ontotan) g8 BIGTE, A7 IRYE) A 5]
RN FR I B R A A, A Kolmogorov i B, 4

Q= {Oal}N:{(alaaﬂa"' 7); ai:O;lai:LQv"'}a
g = U{{(%JZ ]-)v Wiy = Ay, Wiy, :alk}7
Q€T a, € {0,10,1=1, k k> 1}

TEAEME—HERPIE SN FEX = (X, n > 1}, HF X, (w) = w, WHRYES 52
IS — . QAR BE AL

{(wn7 7121), Wiy, :aik,k:1,27... ,S}
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REMZRP = pintrtais qs—(a,;1+~~~+a1,5). O
ENX5.3 WX = {X;t € T}, Y = {Vi;t € THESRBERZA)(Q,§,P) ERIBENLIE
F, RY X B —ANRAS (Version), 45X, YA BR4E> A AR F]; FRY & X i — M
1E (Modification), & XHE&t € T, P(X, = Y;) = 1; KX 5YANA] [X 43 (Indistinguish),
HP(X; =Y teT)=1.

EAREEWNANERERR R, & RTX 7 Rmomr). WAL R4
AIX A1), I AAAT— 2 OB IE; PN RE BB IR — & BORRRAR. IX 45
W RAEAE, (HEX,Y NERSEEENIEE, LA X 55 5B IE “S& 0.
EMX5.4 WX = (Xt € T}, Y = {Y,;u € THSRMEZ0)(Q, §,P) ERIFEHLIE AL,
FEXHEE R, m > 1, ty, - teour, et €T, (Xey, -, X0, )5 (Yay, -+, Yo, ) JHOT,
DUIFR X AT 2 ST i)

5.4 WW;, i > LEMSLE A IR &, S, AW, I RT3, NA—ANE &
. SHMEEE > 1, /?\Tk = SNtk — SN- %BQ\BJEHLE%%{Tk,k > 1}5{57“1 <n<
NYWAL, F5E ESHMEREm > 1, Bk, -k > 1, WG, 4 > VBROL A 20 A7 ] A

N+ky N+ko N+Em
(T, T+ Te) = (0 War 30 W, 0 Wi)
i=N+1 =N+l i=N+1
5
N
(1,82, SN) = (Wi, Wy + Wa, -+, Y W)
i=1
FEMALP). O

AT AT i i B LA B B R AE — e R R b T R AL AR
FEX5.5 WX = {X(t);t € ThreE XAEMEM(Q, §,P) ERBEALEFE, 2 5%k a0+
1) BRI 2
mx(t) =E(X(t)),  Dx(t) = Var(X(1)),

Rx(s,t) =E(X(s)X (1)), Covx(s,t) = Cov(X(s), X())
NS R X RSB A, T 2R E, B AR S W T 2 s
5.5 FREEHLIEFEX = {X(¢);t € THEMVIE RS, HIMEEL L < - <
t, €T

X(t2) - X(t1)7 T ’X(tn) - X(tn71>

FHE ST (G ARAR T A /N e R to, AL ER

X(to), X(t1) — X(to), X(t2) = X(t1), -+, X(tn) — X(tn-1)

FHEINST). b0 FHXMER L t+h, s, s+h € T, X(t+h)— X (1) 5 X (s+h)— X (s)]
SIATAAIRL, WIRRX PR 2 it 72,

WERX = {X(t),t > 0PN PR3 I 2, SME R Him (1) 575 Z R LD (1) #B
A BESE. B AMHERL > 0,

m(t) = Ot + E(X(0)), D(t) = Cyt + Var(X(0)), (2.1.1)
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Hho =E(X (1)) — E(X(0)), C; = Var(X(1)) — Var(X(0)).

T AR GRS, S AL I B RS — S B ST AT AR & B FR 0 A WA
ORI Ra 7 38 B 1 R agh A2 — 21 ST 5] A B AL AR B8 F) 38 0 .
5.6 FEHLLEX = {Xo;n > DFCONASHERE, H{X;n > 1} AMSLE D
fi(ii.d) LR, H

P(X,=1)=p, PX,=0=q=1-p, 0<p<ln>1

11537 418 A RE N LA B FL St A — IMA SR AR. A3 RI R & F ORIk — 51k
SLER SR, WHEEP(X, = 1) = pEIEEnRSER MR, P(X, = 0) = ¢ BIF
K R RMAIMR. 2T, =0,

Ty =inf{n > 0; X,, = 1},
HAFEINf 0 = +oo. PIHT £ AT DU 400 ()7 ) BEFLAE &, 11 H. i
{Ty=n} ={X,=1,X1, -, X, 1 BIA N1} (2.1.2)
AT = nag B RAEHX, -, X, I BB B 2 B8 U 1 I 20 10 G AW 258 38 1) &5 SR
. — e, JRATTAR AT XM 5 i) BE AL AR & BE AL A 8] B AT
2, SMEEE > 1, BAVEWTLUE Ty, = inf{n > T_1; X,, = 1}. AT, &
ANk URAE SR S50 T PRI 2T LA A A5 B
BN f(n);n > 1}. H
f@x) = f(Th—1 + D X7, 1+ + f(T — D) X7—1 + (L) Xy,
AN
DT =) f(n)Xn.
k=1 n=1

KRS | f(n)] < oo, WXHERe > 0, f£7Em > 0ffi15F

D f)Xn—e <Y (M) <Y f(n)Xn+e
n=1 k=1 n=1
A
E(D£(T0) = lim B(Y f)Xa) =Y f(n). (2.1.3)
k=1 n=1 n=1

P57 VAL A AL AL 18] N BRI — MAZE R AR, 5 i Ja ST
W Tt AR T RS B S8 e, | 7 7SI 7= I LA BEE A, R
BRLTCE N — AR R P HIE 21 at, B KIUHN B2 2 h £/
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BR: LAT AR B VAR — A BB AT 0, B S0 e B BTt ) R A AN
Wlea™ 763 . BETAE KR T I0S 2 SEG 3 A0 | ™. BRLH (2.1.3), Ti
SIS 2T

D:E(E:caT’“>:0p§ a’“:—lcpo‘. O
—
k=1 k=1

2R

5.1 WFRN S B S BN R &, A X407 5“1 S50

5.2 BAIE(2.1.1)Fm(t) 5 D(t) FIRIE.

5.3 IEBABENLEFE{ X, t € TY5{Y;, t € TS HACH TR m > 1L RATFEIEE
ity tm €T, (Xpy, -+ X1,,) 5 (Yeys -+, Ve, ) BHOL.



1 $-% HALEEM®
§2.2 HE% LRENLAED

(A) RER HZE
EX6.1 BX,,,n > UNBOLFEIAGFIEENLA &, FENLAR B X0 5 {X,,, n > 107, &

Wn:i:Xk, 7120
k=0

PREENLLREW = {W,; n > 0} (EZ b)) AL 3 B 4EFENLIF 5. PR X HIHUE A
BENLIE SW WM BRI Aa AL B 5 BERLI s W € SO X & B A RE AL AE 2 H.

—1)=q=1-p,

MFRFENLLFEW = {W,; n > 0} NE LR LI S BEHLIE SN (g, p)- T8 FRREALIE 3.
Horbp = g = 1 /20 TERRW 9 1] S0 R BE ML ).
6.1 FHVISEHERIE RS E, BENLIFSW S0l A& A 57 [ 43 A7 Bl AL A% &2 A8 40 AL
B FRATTIE X, T G 38 1 PR 78— AR 20 Hp R s AL LR i — 2D B, Wk ik
T I A AR AR TR BE AL R SRR, X R FRATTRRW N BE AL B I — PP B
e N T RURTTE, BRI IE RHFR X, N DK
6.2 i ] HIEEALIE S W 2 A 3 ot AR

HRBCEERATAEW,, /n “3 B(X,). Fitk, REp £ q, FHREEYLIESI W, | “3
400, WIS JL AT fw, PLEATREFEEC, W, (w)| < ¢ HEEHIVARIX, #Hh)iE
b, FAEFEAN (W), TEHLZ G, |W,, (w)|[EBELC K. AR, IXFhia 3 A R X FRATT 2
AR G AEE A L2, R AR BT, (HXIEA, BRI EEH
0T BENLIL SR F i 7 30 A e 3 AR R L, BERh R I R AEAT A I B IR
HEL? PR 22 I IS ? FEARZ I G M G o> B L IR ? L 2 R?
TR r) AN AT B T LR SRR S B DIAH 5%, 12 FRATTFH Bt ALt 42 21 1 B AT I S
W BRI R T T ERAT B LI SR — A HH e, Rl SR S i) R R R gl
M. R TR, IATR T ERUERIRENLEEN, BIX,, b > 0, #2850 (E R LA
H.

R A NEIRaeEs

pn(x,y) = P(W,, = y|Wy = z).

(@, y) RARBENE SN EVIE R sF AT, B ZnBHE Ay A, 3 = 2 X, 2 A7 [
AN R, XHMERE > 0, 22
_ oy PWig =y, Wi =2) PO X =y — 2, Wy =)
B(Win = y[Wi = o) = P(Wy = ) - P(Wy = 2)
Py Xi =y — 2)P(Wy = 2)
]P(Wk == x)

n+k

:IP’( Z Xi:y—a:>:]P’(§;Xi:y—x).

i=k+1
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peia 1]
Py Xi=y—x,X,=0)

FH L AT %0
P(Wiin = y|Wi =2) = P(W,, = y|[Wo =z) = pp(z,y) = pn(0,y —x).  (2.2.1)

Bl p,, (a0, y) AR R BEN LI I £ 1w R Zen b BIE AL By IR, R ME—
I ZI TR AL Bt R G n B B By FOMER, AT SSE T AL E Ot R Ginsb Bk fir
By — o BB BATHILEE WL Kp. (y — 2). $55, 5 WRIYHEDGE A0, A2 %
T8z, PW, =2) = pu(z).

NBRATREHLIE SW HIAE A IRZE A, AR

O= ko <hy < <hp, 10,71, 1m € L.
HH X AL [R) 43 A0 P 5 P45
]P)(Wkro = rOaWkl =T1, " aWk :rn)

n

k1 kn

:P(XO:TOa Z Xi:’r‘lf’l"o,"', Z Xi:'rnf’rn—l)
i=ko+1 i=kn_1+1
kl IC”L

—P(Xo=roP( Y Xi=r—ro) B Y Xi=ra-rai)

i=ko+1 i=kp_1+1
= HJ)(‘XVO = TO)P(W]ﬁ—ko =T — TO) e P(W&L—&L,l =Tn — rn—l)
= P(Xo = 70)Pk, (10, 71)Pho—ky (11, 72) =+ Phepy—kp 3 (Tn—1, 7). (2.2.2)

A WA AR IR pr (0, y) } R FRATIA R BEHLINE B0 10 Ze T U Y A,
6.1 AW R MBENLIES), IBAXHER0 < k < mbhKig, - ,im € Z,

P(Wp =, s Wi = tp1| Wi = i, -+, Wo = 1p)
=PWip =i — gy, W1 = igy1 — i |[Wo = 0).

WEBA ST En > 1L 2, y, Bpn(z,y) = P(W,, = y|Wo = ). H(2.2.2) 7] %1
m—1
P(Wn = i+ Wiyt = g1, Wi = ik, -+, Wo = ig) = P(Xo = io) ] pa(ir,irs1)
r=0
k-1
P(Wi =ik, , Wo = io) = P(Xo = i0) [ [ p1(ir,irs1)
r=0
NI}

m—1
P(Wi =ty s Wi = tp41|We =g, -+, Wo =) = H D1 (Gry Grg1)-
r==k



46 E-% WALEEBRSR
A5 T (2.2.2) F1(2.2.1) AT %01

P(W—k =im — iy, W1 = igp1 — i |Wo = 0)

m—1
=p1(0,igp1 —ix) [] prliv — ik, irgr —in)
r=k+1
m—1 m—1
=pi(iksietr) [ prGiriivgn) = [ prlivsirg).
r=k+1 r=k
FHT IR R i 6. 1 O

— e, HRA, =i — i i€ Ay = A, —ip FHA, CZ k<n<m, B4

P(Wp, € Ay s Wiga € Apr|[ Wi = g, -+, Wo = 1p)
=P(Wpp € Ay, Wi € A1 |[Wo = 0). (2.2.3)

UEPRIE 1 H 2 5E (L > de-1).

Xof T B RE AL B0, AP AR 7 T 5 {p, (2, v) . BT T LB B RRIR
KA+ 1(HT— D) B 1(m 5 —H), BN Eath kK En D Biky, BHEH
HEH M4y —x)/2 DB (n+ 2 —y)/2 BRJE. BFTLA

C,T(Ln-i-y—l‘)/Qp(nerfz)/2q(n+x7y)/2, ‘y o l‘| < nﬂ@ﬁﬁ%
(z,y) = 0 i (2.2.4)

Bl6.1 W (q, p)- i HRRENLIFZN. Xfs € [0,1), 2¢(s) = f: Pn(0,0)s™. Ko(s).

n=0
fi# H(2.2.4)71 13
(0,0) 0, n=2k—1,
Pt C’ékpqu, n =2k
Al
> (2k)! > (2k — )N
-1 +ch pquSZk _ kz (k'k)' (pqSQ)k -1 +Z ( o ) (2pq82)k
=1 k=1
o0 1 1 1
B —5(g =D (=5 -(-1) o4
= 1+k:1 1 (—4pgs®)
EEIIRHO0 + x)*”%‘]%@ii&%%ﬁ?ﬂ
N —5(—3 -1 (=3 —(k—1))
(14z)"Y2=1+ Z 2 o 2 o |z < 1.

R AT SR B B (s) = (1 — 4pgs?)~1/2. O
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(B) —LBEHL BRI
BW = (Wi, k > 0L B SUEBIRLIE). RHER S8, 4

7 =inf{n > 1; W, =i} LK k; = inf{n > 0; W,, =i}.

AT IR BN FE AN . BWE, i RmW B XS ) AW, =
i, T ANW B R B BN BB R, RAREW, #4, 7 = k. HHIE AR

{Tz:n}:{wl#l, ,Wn_l#i,Wn:i}.

TE M 6.2 FREHUE RIBENLIE S0 A Bk (A 1 SE), 47 HoD K 2 2 F

1
P(X,=1)>01H > PX,=k =1

k=—o0

Sof AN AT B B A I BE W LI 0 5, 2 HvE R0, A HBAMED > OFIE
T B 2

(ri=n}={Wi < Wy, . Wy < Wy, Wy =i}, (2.2.5)
1 BA AL B < O B IB I 2

{ri=n}={W1>W,,--- ,Wy_1>W,, W, =i}.
TEIR6.2 WW RAMME O H A BEIBENLIFS, ML S IEREHum,

P(Wy < Wi, -+, Wy_1 < Wy, Wy =m) = %P(Wn = m).

BAVAEH—ANHEB A T2 8.
31386.3 XMT R IEEEm, @i Le, + -+ 2, =m, Hha, <1,i=1,--- ,n, BT
NIRRT LR ) (u, ug, - - - wn ) IR NMERHES A6 m ANMEAHES 815
HAin — 1 T FI#S AN T
B, Bn =5, m =2, BA(=2,1,1,1,1) &I Ex, + - + 2, = misi BN
— AR, X —HIEAHESIE R, )
(=2,1,1,1,1),(1,-2,1,1,1),(1,1,-2,1,1),(1,1,1,-2,1), (1,1,1,1, =2),

Hrp HHE—, 5 RHEP L Tn — 1 = 4308 MR N Fm = 2. F52 L
H(—2,1,1,1,1) F(1, -2, 1,1, 1) FIRTATE 73 F 3l 2 (-2, —1,0, 1) FI(1, —1,0, 1).

UEBR* B (up,uz, - up) TR+ -+ a, = mBTEEE. BT (ur, us, -+, un) I
IR B, DRI ARAT T AT DAde 33— AN A RAAE R 20 B B0 B i A 3 A1
PRS-, Sp. WHEBKEAMH LT = min{k, Sy = M}. BAM >m,u, =1H
MERL < i <ny wpr + - 4wy <00 EFREHAEI (wisr, - un,ur, - w) BN

AW R, TR EFIC A (v1, 02, -+ vp). AT F:



48 F_FE MATEML
(1) MEEE < n, F oy + - +op <vy 4+ -+ v, =m.

(2) TR0 4+ + vny = wiga + -+ un < 01 Hog o KA BERUEN+1, itk
MMEEL < j <m, —EAE D abrny, 55

T

T e br S /N FE B Ak, HH ko e R0, H(1) Ak, = n,JF H T35
ST Hvr + -+ v NOETFERTT Hoo; d5 K R BEIE+ 17T 45k B & 5 1 38 0T
Hahn.

(3) XHE—j < m, JFHIH (vg, 11, vp,,, ) ETHAL
Vg1 + o F Uy =1, vpy,, =1
M HEFER + 1 <d < kjpr, Wog, 11+ + 0 OEWE > by FHTE).
HI L IRA AT LRI (v1, va, - -+, v ) BOTEFRHES b BT
(k415 Vs V1, 5 0;)s 4 =0,1,--+ ;m—1
AR 5| BB SR . AR A — AR
(”h"' ,Un7U17...,Ui71)

HANTH 2 T HRELR ) AR A E— 15k, +1 < i < kjpy, AR HTn—i+k; 1
o AN
Vit tup vt oy = U1+"'+’Un—(Ukj+1—|—"'+vi_1)

=m— (V41 + - Fvi_1) > m.

FTLAE (01, 02, - -+, v ) BITEIAFES A HACE mANi 2 5] FLEDK. O
FRZ5 3, AR G e € #6.2. T,
WA 12A = (W, =m} = {X1 +--- + X,, = m},
B = {Wl < Wn, ,Wn,1 < Wn,Wn :m}
={Xi+- - +Xpg<mk=1,--- ,n-1,X1+ -+ X, =m}

EIAP—DERF u = (uy, - un), ZREAFARIDMEAHSI R AR HEA
FAF, Lo HIEAHESNF A RIS 5T, BERT

A= |J r.

Fu€A
HEAHZE
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T AT EZH A AR o, B BRI R E L AR, . 5
—J7H, H513#6.3, MMEFu € A, T,WHHMAEm MERHISEMHETB. ER
B X RISLF AT RIBENLAL &, BEMEHES A AR A A, Pt

P(BNT,) m
P(ANT,) n’

HEREIB c A, ATTH

P(BNT,) =P(BNANT,) = ig 2 ?‘;IP’(A NT,) = %]P’(A AT.).
PRl Ik A A 2R A 5
P(B)=PBN |J Tw)= > PBNT,)= % Y PANT,) = %IP(A).
i B H e
FIT LA E B6.2 BT 0

f5l6.2 W ZMIME O (¢, p) T ERBENLIFEN. MEREi > 1, SKP(r; = n).
fi# HEHG6.20L X (2.2.5) ATfR

. 1'07(171—&-1')/2 (n+1)/2 ,(n—1i)/2 nti o Sy IF g ;
P(r; =n) = l]P(Wn =i)= {g p q , ﬁﬁﬁf n H N IFH%
n N .

AT B B934 F. O 1 R, BRERATTIR SR (g, p) 67 5 BE L 30 (1) 175
%, Iid
fo(n) = P(r9 = n|Wy = 0), fo= Zfo(”)~
n=1

BEWHE, fo(n)FRas MO R LEnET ZI & IR B 2I0MIHERR ) T fom MO K AEA BRI
[B] P =] B0 R 2R

f516.3 W & (q, p) I HRFENLIESN, 3K fo(n)5 fo.

fi# T A B BE ML B SR ECE 4 AT R AL B ol 20, B itkn A7 E fo(n) = 0.
Tistn = 2kH ik > 1, AR AR

fo(2k) = P(10 = 2k|Wo = 0)
= P(To = 2k‘, Wy = 1|WO = O) +P(T0 = 2]@‘, Wy = —1|W0 = 0)
EEEH
P(Tg = 2/€, W1 = 17WQ = 0) P(Wl = 1,W0 = 0)
P(W, =1, W, = 0) P(W, = 0)
= ]P)(Wl = 1|WO = O)P(TO = 2]€|W1 = ]., WO = 0)
= pP(Wai = 0, W; # 0,1 < i < 2k|W; = 1, Wy = 0).

P(To = Qk’,Wl = I‘WO = 0) =



50 F_F HEATEMR
FH(2.2.3) "] 40

P(Wap = 0,W; #0,1 < i < 2k|W; =1,W, = 0)
=P(Wap—1 = —1,W; # 1,0 <i < 2k — 1|Wy = 0) =
=P(r_, =2k —1|Wy =0).

RO K (g, p) TSR BRI B 1A — LN 8] 5 O R I (p, ) 187 B BE AL 5 B
IRTRIIS R A A R, 6. 2mT 15

Lo @E=D! ppa . CE=2)! 5 5

Pr, =2k =10 =0) = o3 =1 ?  ~rg—1¢?
NI]
B B o B o RE=2)
P(ry = 2k, Wy = 1Wo = 0) = p(r_, =2k ~ 1[Wo =0) = ;155"
B 4
) B o - C@k=2)
P(ro = 2k, W1 = —1|Wy = 0) = qP(ry = 2k — 1) = ke
kA5
k-2 , . [2pg, k=1,
2%k) = P(ro = 2k|Wp = 0) = 2-— 2 gkpk — -
fo(2k) =P(7o [Wo = 0) Kk —1d? (2’“2;,})”(41]’;{)]‘, k> 2.

H—J7 i, AR

(2k

= — 3! (4pq)* =
L= (1= dpgs™)'/? = 2pgs” + ) | "= ) (T)S% = Jo(2k)s™.

k=2 k=1

ERR fo(2k) AR HBEE s 11, fo(2k)s?F 1 fo(2k). Ik

- . 1, p=q=1/2,

= 2k) =lim Fy(s) =1 — /1 —4pq = O

Jo kzz:lfo( ) i o(s) V Dq {1—p—q|, P
EH 5163 W] IS T B RRBE AL BN T &, MRS (67 ) 0 R AEA BRAE 0 4R 18]

2o, RIFRATAT LR E 1, o552 IR S RARAS0. — b IR ATAR BA XA BT 1)

R A H IRIRE.

B16.4 BW H(q, p)- i EBEHLIERD, T — pla. (LB MRA (BEDw, ol <

0,v > 0, MO K, SRIEFK0 Z BT e BB ul TP (K, < Ko|Wo = 0).

R AMER RS <0<y, 2g(z,y) = P(ke < £y|[Wo = 0), ZAI

g9(0,v) = 1; g(u,0) = 0; u<0,v>0. (2.2.6)
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H MR A U015
Pk < ko|Wo = 0) = P(ky < by, W1 = 1|Wy = 0) + P(ky, < Ky, W1 = —1|Wy = 0)
= Pk, < ko| Wi = 1, Wo = 0)B(W; = 1|W, = 0)
+]P)(Iiu < IiU|W1 = 71, W() = O)P(Wl = *1|Wo = 0)
= pP(ky < Ku|W1 =1, Wy = 0) + qP(ky < koW1 =1, Wy = 0).

B—PH(2.2.3) 715

P(Hu < H1,|W1 =1,Wy = O)
= Z P<Wm:u7Wn:vaWkg{uvv}a1§k<m>

n>m=1

Wﬁ#um+1§l<nWﬁ:LW@:®

= Z P(Wm:u—l,Wn:v—l,Wk¢{u—1,v—1},

n>m=0
ogk<mﬁm¢v—Lm+1gl<4W5:®
=P(ky—1 < Kp—1|Wop=0) = g(u—1,0—1).

EEZCIPA
P(ky < ko|[W1 = —=1,Wy=0) =g(u+1,v+1).
ESJli
g(u,v) = pg(u — 1,0 —1) + qg(u + 1,v 4+ 1).
S ATIESS

glu+1,v+1)—g(u,v) = p(g(u,v) —glu—1,v—1)), u<0,v>0.
SEAE Zs S R AT R JE ] (2.2.6) 7%
9(0,v + |u) = g(=1,v + [u] — 1)

= p‘ul(g(uvv) - g(u - 171} - 1))
= plHF g — v +1,1).

y\ﬁﬁm [u]+v
L= g0+ fu) =4 17 J@-vHLD p 7L,
| (Jul +v)glu—v+1,1), p=1;
T4

R i A I
; vg(u —v+1,1) =v/(v — u), p=1.
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(C) RSIRIE S5 FrJRIE

i b T, BRATARIUVE 2 AR AT DL AL D SR “BE AL R A — BUR R
FESEAN S HP IXRBE L F AR IOME R . X RENLIF B 055, SO SR B S X Bk S B A 1 5
X HEA MR A T A
TEFR6. 40 PR R HL) W RAMENORIBERLNERN, AR > 1 LD > a > 0,

P(Wy >0, ,Wy_1>0,W, €a,b]) =P(W; < Wy, - ,Wy_1 < Wy,, W, € [a,]).

MEERB Y = X, Yo = Xo_1,-+, Y = X1 AEWHEEL=1,--- ,n,

k n—k+1 n—k
Sk=) Yi= Y Xi=Wa=D Xi=Wn— Wi
i=1 i=n i=1

BT X, X ML E A LA &, B (X, -, X)) 5 (Y1, Y) A H
[ TN
(Wl)"' ;Wn) 5 (517"' aSn)

oA ARIE. A

P(Wl >0, , Wp_1>0W, € [a,b]):P<S1 >0,---,5,.1>0,8, € [a,b])
=P(W, —W,_1>0,--- W, = W; >0,W, € [a,b])
:P(Wl < Wn, 7Wn—l < Wn,Wn € [a,b]) O

6.3 X FR I 32 R A3 & Rk SR A 1 5 (CP AR RN R B, DRI A ) B
WLUEBER L. 8 H6.4 7 1) 45 18 3k IR & X AR S B 1 — Fh Rk =0 R n) 8 75
2L A FIRIR.
51386.5( U IR BE) 5, y N IEEEEL, X ERBENLERIW I S, M (n, 2)Bl(n+m, y)F
AL E [P B S PIEER S M (n, —2) Bl (n 4+ m, y) B EH R

PV AT LI 20 (P N T8 2 W BERLBEEh W R A7 B A (n, W) B R4 5, IF
Fen IR T FH B SR IAE TS 24T 26, 2 0T Bl .

a

5 o

N P i
1.%# e
T — " A S S, A " 4y mseme
g 32 3486 /z} 9 1M 13 14 15 16 17 18 13 20 FENLEFSATSIE
2

-3

-4

WERR & AR M (n, ) Bl (nd-m, y) & DAL BRI R ST BUE, B M (n, —z) 3]
(n+m, y) I FTAHIE.
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{EER A —ANEIE

(nvx)’(n+1’31)v"' 7(n+k75k)a"' ,(n+m,y),

B MnFF U6 B IR BNEAL B F S 2 n 4k, Blsy = 0, {Hsy Ells,_ 1 ZBERTF0. ¥ (n, 2)

B (n+k, 0) FYFE IS I 1A) Ah R AL 19 21— L (n, —2) S (n+k, 0) FIHUIE (40 E 2L

PR, HSER(+E,0) Bl(n+m,y) PUBEPHE, B2 —%MN(n, —2)Bl(n+m,y) 1]

g, BARXFRIE AT R R 1, Rt AP E AN B EIE S
Sk, AR B — i

(m—x),(n—l—l,sl),--- 7(n+k78k),"' 7(n+m7y)

W Tl R EENL I SRR R BER B — 2, T —2 < 0 <y, BIEH (n, —2) B (n + m, y) 1
AR A B ZIBAAL B0, Won+ k2T DN IZAERINZ]. FIRERTRE (n, —2) 2 (n+
ke, 0) FRTENTE W I T NS B — 26 HH (n, 2) Bl (n+ &, 0) FUBLIE, BETIF3 2 — 2% M (n, 2)
Bl(n + m,y) WHIE.  BIRXAHE A7 B2 — X1, BB HIE A
L ATFHIERL

L3P JT HN AT ANLA, B UE HORH (] O
ARL6.6 4 W A B BRI FRBEALIERN, A A XA,y > 0,

P(Wn+m = y7n£rllci£m Wy < O|Wn = LL‘) = P(Wner = y‘Wn = —!.13).
UERR TR BIW X RBEALE B, Blp = g = 1/20F, BENLIF SN AF—20 1) Lol Tk )
Pl RAFRI. BEW BRI TRE A (n, 2), (0 +m,y) BN TERERRHE 25
FTRERT, T HA5 M (n, o) R ERL m b BT —BUE A AE RREEAR ). TR 2 (n, o)t
FGEmB IE R 2™, t51 #6515

A e

k<m 2m

B HUER

(D) RzFRAZ45)
6.5 F-Ik AR A W]y 7RG HE H — FREE S, WSS . R LSS
— PR TR AR, S E R 5 50%. A TN S — R KB RIA T B RS — A
SR 1 R 0 G A5t 5 T Ak Sl R, IR 4% IE e AR R T, BV
T AR AN BT T RS AN ER. RN 2 S TS
B A T SAR A 0T, AR 2R — )5, 1A =/ aedu10/m Nl E £ /02
g AW, RomiZ A Sn s 45 ol 5 T EA BT EL, T2 W 2 WA A0 &1 B0 R b
U3l FroREZN

P(Wl >0,Wy>0,---,Wig > 0)
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BIEW, > 0FWREW, = 1, T HWio RBUEEL, Bt e a

P(Wy >0, , Wip > 0) = Y P(Wy >0,Wy >0, , Wy >0, Wy = 2k)
k=0

=Y P(Wy =1, min_ W, >0,Wy =2k —1)
=1 1<m<9

MA{ min W, > OYHIR SZHEAF{ min W, < 0}
1<m<9 1<m<9
P(Wy >0,---, Wi >0)

[P(W, =1, We =2k — 1) = P(Wy = 1, min W, < 0, Wy = 2k — 1)]

1<m<9

M

=
Il

1

P(W, = 1)[P(Wy = 2k — 1|W; = 1)

M

e
Il
-

—P( min W, <0,Wy =2k — 1|W; =1)].

1<m<9

FH 7 6.6 1] i1
P(Wy >0, ,Wig > 0) =P(Wy =1) ) [ps(1,2k — 1) — pg(—1,2k — 1)]
k=1

= ps(0) _ 35
E (2k —2) 2k)| = = —. O
£ p8 p8( )] 2 256

6.6 (152 H ), £E— KA RIE N AT T nskEE, RN B EImIKEE, n > m.
] TSR A AR 22 U5E BRI W RETE A 2 K7

R LLX, = 1BRREIMNARES T A, Xi = 13808 FiN NRELS T B REX 20
SRS, B4

P(X;=-1)=q= .
ntm’ (z ) q ntm

LABENLIFZIW,, = X1 + - + Xp Bt R R PR 2. S5 RAW, 1 =
n—m > 0. ﬁ}?ﬁil‘ﬂ%ﬁ%?’ﬂ?(q,p)ﬁiﬁimw%ﬂ iL e TS

]P(W1 >0,Wy > o,--- ,Wn+m71 > 0|Wn+m =n— m)
FH X R i 2 % s 36,2

P(W1 >0,Wy >0,--- 7Wn+m—1 >0,Wn+m:n—m)

=PW1 < Waim,  , Wagtm—1 < Wagm, Wopm =n —m)
n—m

= P(Whgm =n —m).

n—l—m( + n—m)
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NI}

P(Wl >0,Wy>0,--- ;Wn+m71 > O‘Wner =n-— m)
P(Wy; >0,Wy >0, , Wypim-1>0,Wyim=n—m)
P(Wygem =n—m)

:n—m. 0
n+m

Bl6.7(Ss e vt) H L PR 20 AN T BE IR R RMEGE py, pe. K
SE MR SS, BATIR oy, palBIKIR/N IR, Db a0 T il 5 ) ) v
W BEREIRIT PR, — NIRRT, — N 46T WERIIGIT
HOR, — R RRNE @ABGEL 7 — 25 W) RRNE S ABOHE RIS €
F— AR R, A6 152 LE I )R8 1% 24 B 5 — Fh 27 2. TRl AR ) R 2k
RER?

I ANYEGE XS ZGAEAN R B (KT ROE ALY, e i bniE oy R KK
ZIBFIM .

1, AN AR ERA T,

/‘\ O —

¥X=N0. mn,
v _ 1, St N2 BH VR IT & WA A,
" 1o, .

WAP(X; =1,Y; =0) = pr(1 —p2), P(X; = 0,Y; = 1) = po(1 — p1). TG RVE
AR AN ZE, Kk R 5B IE 5 i n @ N BEE SR Rl Ee, BRI ARLE Rl
5 [R] I e ARG AT AN FE

R AU, = X; - Y, Kb X, v B B4

p1(1—p2)

( ) ( | #0) p1(1 —p2) +p2(1 — p1

& p
) )

p2(l —p1) A
p1(1 —p2) + pa(l —p1)
#ip1 > palllp > g, BEAREE AR R INAE (¢, p)-BEV LIS

P(U;=-1)=PX; =0,Y; =1|X; - Y; #0) =

q.

FEBRA BIEMZ AT 62k — M, Bt 4nT &, KiRE

L—p
P=g(-M,M) = 1_ 2 p=p/q

B i%p: = 0.6, po = 0.5, M =10. IHfp =06, ¢=04, p= 1.5, KiFE

P=(1.5"-1)/(1.5%° = 1) = 1/(1.5'° + 1) = 0.017. O



56 F_F AT EMR

o)l

6.1 iE#(2.2.3).
6.2 LW N (q, p) f&T FRBEALIFS). ST R IR B H i, KP(7,, < 0o|Wy = 0).
6.3 WIEGELERE— I b LR pi 45— M RALIU &, DAEE g = 1 — piid— A 5
W s B I RAR BN IS Bl 8 1 I s o WA DE e ST, IR RER)
BIFE AM, 0 < M < N, SRiZBREROE MR,
6.4 (F916.5) L ANDL T 2010 &, IRTUNABAE 10 =45 R B TS4L
6.5 X HIME O fii B0 RREE LIS W,
(1) XHEREn > 1, IEBHP(W, # 0, Wy # 0, -, Way, # 0) = P(Wa, = 0).
(2) B Fi1(s) = 352 P(1 = k|Wo = 0)s* Hrfi|s| < 1, 3RFy (s).
(3) SREEFRP(NS_, {0 < W; < 5}).
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§2.3 ;A#(Poisson)id iz

TARA IS AR —Fh N 2 R B BT 2, & 58 s UIAE e, R B A
R AP,
(A) IHHETE

FH B A 00 1 B AT LI BT, e AN 1 At e W E2 Bl S o B ATL A e A IR
2. LB B BB O T O R, R e S
ENXT.1 FRAGBEBAEMBENLEREN = {N(t);t > 0V ATHEOE e At fE, 25 Hopt
ARRBONAESERIFARRER . HILAP(N(L) — N(t—) < IWHEEL > 0) =1, U
FRN 2 (i P $Od #2, Hodh V(6 )RR NAE¢ 5 1 A2 W BR.

LU 18] 5 H RO R SR AE [F] — I 20 22 22 A — IR LA

IAERLEFw € Q, H T EBUEFERIFEAR BRELN (¢, w) K TR AR B A%
g R T S gh e Bk > 1,

Ty (w) :=inf{t > 0; N(t,w) > k}

B, HAT) = 0H25Einf 0 = oo. HHE A,

(1) T HLAE 28 AR F AT AL (R BE LIS 21, 38855 PR 2 N 58 ek (BRATL A ) 1A I [A].

(2) MR > 0 Kw € Q, u e {t > 0,N(t,w) > N(u,w)}, FHTNw)(w) <
Uu. ﬁ%'ﬁﬁﬁ%’ft Z O, TN(t) S t.

(3) MMEBw € Q, HTk(w) < oo, A HT,E X, FF1E—Ft, 0 T ik
BT (W) FF AN (t,,w) > k. HNIAESEM, N(Ty(w),w) = lim N(ty,w) > k. RI%F
W, N(Ty(w),w) > k. KA NN RO R, X LA Rw#lE N(T,) = k.

B PL B3 B mT A, THBOE R N R RO

N(t) = sup{k > 0; T}, < t}, (2.3.1)

BIXHERw, N(t,w) = sup{k; Ti(w) < t}, HAZEsup ) = 0. KILN (t) RN Zt 2
T (B ) A AR I BE LA S EL
BRI —FF, FATH AT CUABEALAZ &8 0 AP 81 H AR TGS R
BS = {Sk, k > OPRAFBENERX,, i > 0, FES T, SHERLERw,
MXARIERF, SR RN, Btk — S, W WS D = {a); o =
Sk, k > 0} NSRS (1) = k. BHE MRX DB IEATHE BIAE L HR . _E,
TR € Ry, Moy <o < 2 TS~ (z) = k, B

Sil(x) =sup{k > 0; Sy < z}. (2.3.2)

HOSXGAT L0, 4 S 8 Jak BB BOR — & AT, {(2.3.2) 58 SR RS~ (o) 1
R, T LS~ () WURAEHE A3 F1S, < oL AR SRAIAL. S8 3, FA TR 72

St ={S7Y¢t),t > 0}

ABIFFBI{ Sk, k > 0} HI L 2.
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HHHOEN 3, Wi = Tio— Ty, AW FoREE 1 DS 55 A
P2 O LRI, — AR VR HA 3k R ), FW = (Wi k> 1) %5
PR B SRR (T k> 0} B4 5 A S0 AR 1 (2.3.0) T
0, HBOL RN B R RIS (T k> 0 HILRE.

(B) ;AR FE R EZE
EX7.2 FRHEGEREN = {N(t); t > 0} 25 ANRIARA L FE, 45 N B A ML 5>
A BT I TR F{ W b > 1} H AR 8] 23 A0 IR TN F8 £ 0 A1
7.1 R 55 18] R — 38 T, i ELHAT VIR T REfS 3 Je i s 4. i ATV 5
i — AR e oL H R MAR R FE B0 A, LN (¢) 287 AE [0, ¢] B[R] P9 S 3 R SR AT 8
B, W4 NF R FE.

FH AR A8 i FIBEHL A B X RSN > 0fIFR 501, /28 X2 1E 1Bl
MR, HOMEEF (x) =1 — e, Hhe > 0. XIS ERECN

@) = {)\e_)‘w, x>0,

0, <0,
MAE(X) = 1/A, Var(X) = 1/X2. ATHHERSENNERSH.
B A BT LR IR
(1) AERn > 1, HXy, -, Xy B RS EOUNIHR B AT IS A &, A X, +
Xo+ -+ X R (n, N) 73040, 125040 B % FE B A0N

A" n—1_—Ax
{ﬂfnsl . a>0,

Tn\T) =
(=) 0, xz <0.

(2) Fi X, X RSN RO AT (R AT BEHLE L, B4 min X
RS EON + - - + A R E A o

(3) A XAARFIELEA BN R, X MIRE i 2 A X2 TGiC 12, RIXHE
Bt,s>0,P(X >t+s]X >s)=P(X >t).

PIWi, k= 1,2, - FBoRTAR IS R SR A AR 25, AN 5 AR S
k
BN B A BN B8], SHEREE > 1, BEREGRAENZIT, = S Wik
=1
T (k, ) 7340, MER % BBy, (). FEHIHMERL > 0, AR TR

k
N(t) = sup{k > 0; Ty <t} =sup{k > 0; Y W, <t}, t>0,
n=1
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HI{N(0) > 0} C (W7 = 0} LA
(A71EL > OBFAN (1) — N(t-) > 2} = (FFEEARMEEW, = 0)

DAL G YT RA S R S B 9 0 T B RO AR
N A A — B AR L ARRE T A ARATRRN = {N(¢) P ARA IS 2.
RAT.3 TR AR I FRLEAT — B %0t > OFBHR A BEFE AL HITARA 73 A DRI
E(N(t)) = M, Var(N(t)) = At.
MERA AHMERLA E 0t > OFN AR G Bk, H1(2.3.1) 7] %0

{N(t) = k} = {Tk <t< Tk+1}, (233)

]P(N(t) = k) = P(Tk <t< Tk+1) = P(Tk < t) — P(Tk+1 < t)
t t )\kxkfl )\k+1xk e
= /0 (Ve (%) — Y41 ()]dz :/0 [(k— 0 i e Mdx

173 B2 W] A5

k
P(N(t) =k) = (Akt!) e M,

X RIIN () R MG E AN RTERA 43 A O
EIRT.4 SREEANPARA R R — AP RS Y B R EXME R, s > 0, N(t+s) —
N (s) IR AR JE N NCEINARA 7347, BT = 58k > 0,

P(N(s+t) — N(s) = k) = (’\]:')ke—”. (2.3.4)

WERR* > 7. 9n A1, REIFIAXH TSR > 10 = t) < t1 < --- < t, AR %
;ﬁkl’... - Je¥ e

T

=Y kir=1,2,-- ,n) =e M H t_tl ) (2.3.5)
i=1

N T FORTEE, NSRRI B P59 {W, ), FAER AN ZA{T ). SRR > 1,
/?\’\57" = Z;:l k; U\&

Ar = {Tsl S t13T91+1 > tla e 7T9T_1 S tT‘—17T9T_1+1 > tr—l};
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Br = {Ts,,, < traTsyr-ﬁ-l > tr}a
Cr = {Tsl < t17T51+1 >y, 7Tsr,1 < tr71}~

FIFZ0(2.3.3), (2.3.5) AR5 N

o At — i)

P(Apyq) = e M ™ (2.3.6)
i=1 v
Yn = 10 H A7 3] #1(2.3.6) WARAL. T ikn = m — 1N ST, Bf
m—1
ISV A(t; — 1))k
P(an) = oo [ ROt
=1
Yn = mif, FEEDA,, 1 = A, B, HIAGERE,
IPD(Am+1) = P(Am)]P(Bm|Am)
m—1 k.
_ At 1 [A(ti —tim1)]™
= P(Bp|Ap)e I1 S (2.3.7)
i=1
T IHRA T 1 L .
(1)K, = OB, 80 = 81, Bon = {Ts,» <tm,Ts, 41> tm}.
P(AmBm) P(CmaTs 141 > tm)
]P) Bm Am — — m
( ‘ ) ]P(Am) ]P(CmaTsm_1+l > tm 1)
_ E(lCmP(Wsmfﬂrl >tm — Sm. 1|T1, T 7T37n71)>
E(lCmIP(WGm_1+1 > tm—1 — sm_1 |T1, T stm_1))
—Xtm—Ts,,_1)
]E(]-Cme ) _ e—A(tm_tm—l). (238)

T E(Lg, e T )
(2)%]{:771 = 1Hﬂ‘, Sm = Sm-1+1, B, = {T < tmaTsm—i-l > tm}y JH:

Sm

P(AmBm)  P(Chpytm—1 <Ts,, <tm,Ts, 11> tm)

]P(Bm|Am) =

]P)(Am) B P(Om7Tsm71+1 > tm—l)
5 (2.3.8) KL H AT 13
P(Cppy b1 < Ts,. < tm,Ts 41> tm)
tm— Té'm—l oo
:IE<1C / Ae N ds / Ae**"du)
tm—1— T57n 1 tmiTSmflis

]E(lc At =t 1) Al =T 1))
Altm — tm—1)e*tn=tn=VE (16, e A0m=17Ton0))
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[tk = 16,
Al — tu1)eMtn =B (1, ¢~ m=1Te 1))
E(Le, e Emt-Ten1))
— At — ) n =), (2.3.9)

P(BM|Am) =

(3) Mk, > 1B, 8, > 81 + 2, By = {Ts,, < tm, Ts,, 11 > tm}, FIL

]P)(AmBm) = P(Om N {Tsm,ﬁ—l > tm—l} N Bm)
= P(Cm>tm Ty v > T v1 —Ts, y >t — T,
T, —Ts, 11 <tm—Ts, 41, L5, 41— Ts,, >tm —Ts,,). (2.3.10)

Sm

H {7 ST B, PAROIHME SR > 1,

/\k—l o
Ty =T ~ y—i(z) = ml‘k Hlem 1> 0,

(2.3.10)%F

tm*TSm,71 e tmfszsm71 o) v
E(1lc,, Ae”Mds Vi, —1 (w)du Ae™Mdv
t 0 tm—T.

m-1—Ts,, mT sy TSTU

tm—Ts n—1 tnz_s_Tsm71 )\k}m km—2
_ _ m u
:E(lcme Altm T‘”"*l)/ ds/ S du)
tm—1—T5s 0 ( m )
m—1

B B Arem ton — tme km
:E(]-Cme Atm=Ts,, 1) ( . ) )

Kk, > 18},

P(ABrm) Ao (ty, — tm_1)km

— — —A(tm—tm—1)
P(Bn|Am) = PA,) . e : (2.3.11)
a3 K (2.3.8), (2.3.9)F1(2.3.11) RN (2.3.7) Al FIA W &y, BT AMH, (2.3.6) 00 = m i
FROL. HAGNE R B (2.3.6)%F —Pln > 1 #ROL, K i BEAFE. 0

EIB7.5 NAWRIEEY HA G N2 YIME R0 AEZ & st Hod 72 H B A FFad ST
i

N BRI T IR Wi k> 1}, 2T, = Y0, Wi, k > 1. WUEWEFETS,
PAVTFE W 5],
SI¥87.6 {Wy; k > 1} NARNSECRARTEE0or AR B0 A7 R oA B AL AR 241 24 HAY
MAHMERE > IR0 <t <to <--- <t,,

t1 to tn
P(Tk < tk, k= 17 2, s ,n) = / dsl / d82 te / )\ne_As"dSn. (2.3.12)
0 s1 Sn—1
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MERA FHECA VAL TS S AE B A, AR S, Fe ok e 1. 2R 4, g, O
SI3B7.7 FH MG RENYME N E B B G- FRMAIIEE, IPAXER0 <ty <t <
<ty <ty ARAERUEBE R R < Ky < - < Eng,

P(N(tns1) > Enit|N(tm) = ks N(tm—) = km — 1,0 < m < n)
= ]P(N(thrl - tn) > knJrl - kn)

WERR BT R B R AN RS, RHMTEEE > 0, N(t—) = limgy N(s). FIL,
]P)(N(tn+1) > kn+1a N(tm) = kma N(tm_) =k — 1,0<m< n)
= lil’%P(N(tn_H) > kjn+1,N(tm) = km,N(tm — 6) =k,—1,0<m< n)
e—
Z:ZU?L}%O <e< minlgkgn{tk — tk—l}7 E??%?Eﬁi%'ﬁﬁfﬁ

P(N(tnt1) > knt1, N(tm) = kmy N(tm—) = km — 1,0 <m < n)
=P(N(tnt1) = N(tn) = kng1 — k)
X 11_1)1%JIP’(N(tm) =k, N(tm —€) = kn — 1,0 <m < n).

=P(N(tnt1 —tn) = knt1 — kn)P(N(tim) = ki, N(tm—) = km — 1,0 <m < n).
HH LT R 5] B B O
EIR7.5H0IERR W ENE T BT AMNARA R AR R AT 4. ER . v, 3
MIFTAEAW,, k > UL [F A BEHL A & H AR NS HOUN HIFRE0 . |51 2E7.6,
BATH T (2.3.12) SHEREn > 1KOL.

M = 1, MEEL > 0, EEF

P(Ty <t) =P(N(t) > 1) =1—P(N(t) = 0)
L f(t) =P(N(t) =0). X{ERs, t >0, HPFRMIEENE KN (0) = 07] 15
fls+t) =P(N(s+1t) =0) =P(N(s+1t) =0, N(t) = 0) = f(s)f(t).
BT NOAES HAE RO, 0 < f(t) < 1HAZES: Wik
f(t) =0 BAFLEN > OfffF f(t) = e .
Fft) =0, MP(N(t+s) —N(s) > 1) =1— f(t) =1, NIfIXHERL > s >0, H

(IN(1) = N(5) 2 2} > {N(1) - N(22) > 13 0 (N2 = Nis) > 13,
CIF:t
P(N(1) — N(s) > 2) =
Ls — 113
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X EN NIRRT S, Bl
t
P(T) <t) =P(N(t) > 1) :/ e Mds, (2.3.13)
0

Bin = 10(2.3.12) B 7.
N = m — 18 (2.3.12) WAL, TBAn = misk, AR

t1 tm—1
P(T, <tp, 1 <k<m)= / ds; -+ / AT lgmASm 1
0 Sm—2

XP(Tr, < tm|Tk = si, 1 <k <m)dsp—1. (2.3.14)
H T N2YHME OB B RO AR, BRA PRI &, M5 B 7. 78 (2.3.13) AT Al

P(Tm < tm‘Tk =s,,1<k< m)
=P(N(ty) >m|N(sp) =k, N(sp—) =k —1,1 <k <m)
=P(N(tm — Sm—-1) > 1)

tm—Sm—1 tm
:/ )\e_’\s”dsmz/ e AEm—sm-1)qg
0 s 1

m—

B AN (2.3.14) 3 78 5 B175(2.3.12). O
FH S BT AR 7.5 0] FANE A OB T 0 FE NV 2 50 B A A A I R 24 B N 2

WME RO B O 2 BB PR &, RN (¢ 4+ ) — N (s) RIS ECA A

R4

7.2 B AR AT I 2 R P N AR I FE N BIIE, CURN T 2 BR AR AT 1R 25 4

210, 1) (1) LI [T, B i 1R 35 8. (2) TS5 AF S0 (1T 355 ik [ ¢.

fi2 (1) FrsRFs % 5i8e = B(N (2T) — N(T)). H-FRa 7 58 &L 7] 4

c=E(N(T)) = AT.
(2)WHEREL, &N(t) = N(t+T) — N(T). H4 BN VR & nT N 558 A
AR B T IR A SR AR RA R, DR L A5 A 50 I 6 N 1T 5 B PR
HILEER5. B AR TRl = B(T5). TR (5, \) /Al kit = 5/, O
(C) EAREI RS
EIR7.8 W{T,n > 1B NAITAMEFEN = {N(t),t > 0} BER Z1 751, A

OIIHEREO<s; <t; <---< s, <tp, <t,

P(T; € (sj,tj),1 < j < n|N(t) Htfsj



64 F_F AT EMR
WEBR ATHLO = tg < 51 <t1 < S9 < -+ < 85 < tp <,

P(Tj € (sj,t;],1 < j < n|N(t) = n)
=P(N(t;) — N(s;) = 1,N(s;) = N(t;—1) =0,
1<j<n N(t) = N(t,) = 0|N(t) = n)
=[]\ - Sj)e_k(t”'_tj’l)]e_x(t_t")/[we_”] = ?TZ [ = si)-
=1

n! .
J Jj=1

8 FRAFIE. O
I AMAT (0, ¢) LIS AABENL R B X, Xo, -, X, FIRF ST =

(Xay, X2, Xm))

P,y xn) =nlt™", 0<z <xo <+ < xp <1,

MITAHEREO < 51 <t < -+ < 8 < b < t, HEZ

. n!
]P(X(J) € (Sjatj)al <J< n) = I H(tj - Sj).

Jj=1

b b s BT 84518, AT ANAE /A = ST
(T17T2a T 7Tn‘N(t) = n) g (X(1)7X(2)a e 7X(n))7

B &MEN (L) = nia, Ty, -+, T FTEAER NS (0, ] E355) 5 A7 BEALAS B IR
FFatita.

7.3 (Hz57.2) 3K 25 1000 5517 F1 a2k 1 EF (8] 43 A7 FN-F- 257 66F (1],

i HEHETS, fEAMEN(T) = 10T, S0 IR ZAR AT 5107 1 (0, T) &
B4y AR AN AR B B K IR Ge it AR ). R T o 26 S BR AN

9

f(z) = 10%.
S [
T 1
E(T10) :/ rf(z)de = IOT/ 210 gy = 10T O
0 0 11

VR #7 8II R, FRATA tn .
HEIRT.9 Wn GBS (21, w2+ 0 ) KT FAERE — DB T (4, o, - -+ 1) EBH

f(I1,$27"' 7$n) = f(‘rtu‘rtm"' 7xtn)'
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A4,
E(f(Ty, T2, -+, T,)|IN(t) = n) = E(f (X1, X2, -+, X0n)),
Hrb Xy - X IR0, 1) 351 0 A5 BT B LA &
WERR HHE BT 8] A
E(f(T1, T, -+, T5)|IN () = n) = E(f(X1), X(2)5 X (w))-
HTXFSHETERZX, -, X —FHES, B mT %0
E(f(Xa), X2), X)) = E(f (X1, , Xn)),
BT 4518 BT O
1574 Jik AR R EE NFITARA I FE B o0l 5 KA 2t 280k, SKAE(0,¢) XA
FITE it 75 1T 48 B A5 A ek (1)
i LB EALR 2 BIA R ZA T, t2 B BE B R BN (¢), WS SRR ]

N(t)
T=3 (t-T).
=1
JT SR T 45 AR AR I ) N
) N () N(t)
T=ET)=EY (t-T)) = E(]E( S E)\N(t)))
i=1 =1

= ZE Z T,)|N(t) = n)P(N(t) = n)

n=1 i=1

BIRACET, K ARSI (1 — T) 04 %, hHEbT.10,

T = i E(i(t - Xi))]P)(N(t) —n) = i (nt - E(i XZ-))IP’(N(t) = n)
n=1 =1

- — n—=1 i—1
_ nz:: CR(N (D) = n) = SE(N(0) = % 0

Bl7.5% VORI FEN ISR NN, ToNEIER 2, k> 1. 45 [ | f(t)]|dt < oo, HERA

T)))\/Ooof(t)dt

WERR Sk FAE AR, R i B U SioE B (B B3, 14)
> nyn—1
B A(T) ZE Z/ 70 o
n=1 n=1

oo x Angn— 1 7/\t
_/ Z:: P dt =\ f(t)dt.

0
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SR f, EREf = fH— f~ = fv0—(—f) vO0. HFAERBERIT A

E(Y If(TW)]) < oo, E( Z ) < oo, E( Zf

BRI S J(T,), 5 14T F5 1 (1) LA, B
DT =D (T - Z aRes Z

JUTAb AL T, AT
E()  f(Tn) = E( Zf+ Zf
n=1

= + = .
= A / [f( )]dt = A /O f(t)dt O
(D) HmHLiZ

XIS REN = (N () HEKMBENLEE, A 37 20 L 21T 2>
K, B ANC K BNERAT B, 7T CURE U 45590 73 BRM 2, X6 Bt i i 7%
AW, R, WERBATEOR GRS FAF RS T EARE A DR p TN R
fE, Hdi =1, omH Y pe = 1, BABAIFRIC R SR F A R A B TH oS
FEN; = {Ni(t)}ijEI’J%‘IbﬁJiﬁ friﬁbiﬁN 5 MR RN, Z A 2 SR,

HERs < t, fE4E (s, )N BE S IBENLFFEIN (1) — N (s)26AF T, X A2
FAFRAIREL

(Nl(t) - Nl(s)vNQ(t) - N2(5)7 e 7N7n(t) - N’H'L(S))

$$ﬁi8l‘ﬂ7yiiﬁ‘]ﬁiﬁﬂ$#%?€ EﬂXﬂE%ﬂEﬁ%ﬁk“ 1 S i <m, /7\76 =2t ki
A2

P(N;(t) — Ny(s) = ki, 1 < i <m|N(t) — N(s) = k)

k!
= TP PP (2.3.15)
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MHMEREO =t) <t; < - <t,, WEAIEEHL,;,1 <i<m,1<j<n,
P(N;(tj) — Ni(tj—1) = kij, 1 <i<m,1 < j<n|N(t)— N(ti—1),l=1,---,n)

= ﬁP(NZ(t]) — Ni(tj—l) = kija 1 S 7 § m|N(tl) — N(tl_l),l = 1, R ,n)
= ﬁP<Ni(tj) — Ni(tj—1) = kij, 1 <i <m|N(t;) = N(tj-1)). (2.3.16)

EHET.10 £ N2 AN, BAEMBHEFEN, Ny, -, N 25710
TARAIEFE, BREEY A1, -+, Apim.-
JERR* FRATEIEIXHME R > 1, N3 A p; IR I FE.

SHEEN > 1, AFB0 = tg <ty < - <t LR AEFIER Ky, -+ k. HIN FIBRSL
BN (2.3.16) ATA

P(Ni(tj) — Ni(tj-1) =kj,j=1,---,n)
=E[P(N;(tj) = Ni(tj—1) = kj,j=1,--- ,n|N(t) = N(t;-1),l =1,--- ,n)]

=E[T[B(Ni(t) = Ni(tj1) = k;IN(t;) = N(t;-1))]

Il
=
=

(Ni(tj) — Ni(tj—1) = kj).
RN, M &, EEIHMEREL > s > 0P L AE A,
P(N;(t) — Ni(s) = k) = i]P’(NZ-(t) ~ Ni(s) = k, N(t) = N(s) = k+7)
r=0
_ iP(Ni(t) ~ Ni(s) = k[N () — N(s) = k +)P(N(t) — N(s) = k + 7).
r=0

H(2.3.15)1%

[A(t — S)]k—i_r —A(t—s)
K+l ¢

[PiA(t = 5)]"e 79 S~ A1 —pi)(t = 8)]"

| ]
k! = r!

_ A=) sapis _ PAE =9I )
k! k! '

P(Ni(t) — Ni(s) = k) = > Cfp,pF(1 —pi)"
r=0
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Rl VAP AR & HIE R N, (1) — N, (s) IRAGRE p A (t—s) RIVAFA 534 HHEEE7.57]
FIN; & 50 A \p; FITARA L FE.
SRR > IABATREO = tg <ty < -+ < t,, (EHCAEFUES L 5, 1 <i <m,1 <
j<n, HLk =3 ki PAK
A=A{N(t;) = N(tj-1) = kj, 1 <j <n}.
2512 A RN (2.3.16) AT 13

]P(Ni(t —Ni(t],l):km,lgzgm,l S‘]STL)

i)
]P)(N,L(tj) — Ni(tj—l) = ki,ja 1 S ) S m, 1 S] S H‘A)P(A)

=P(A) ﬁP(Nz‘(tj) = Ni(tj—1) = ki j, 1 <i <m|N(t;) = N(tj—1) = kj).

P (2.3.15) A1 N b 37 386 5 YA FA 50 A 7T A

P(N;i(t;) — Ni(tj—1) =kij,1 <i<m,1<j<n)

_ - [ k! pkl,j ol A — t-0)]™ e*A(tj*tj—l)}
- 1 m
- H [ﬁ P‘pi(tj - tj—l)]ki’j ef)\pi(tj*tj—l):l
k. o1
i=1 j=1 ©J

=1
BRI (NG (81), -+, Ni(tn)), i =1, ,m AHESL. B BENLEFE S S 1 ) 50 26 A (= 0L
I 5-3) AT AR R FENG, i = 1, - -, mASL. O

57.6 F-i 705 LA—A 58 B AR /N 20 N FARA I RR B, Hodb10% 8 B4, 90%
NAENE. (1) [|2EASIN N 2D 1A B A B . (2) AT —/ N N FH 45
i BIK AT, BIA B S .
& LAN1(), No(t) 3 e e BT 55, i 2A I NEL. AN, NoJy il /& i B
N2 RIS HITAAA I AR H AT, B A
()FTREHp = P(N1(0.5) > 1) =1 —P(N1(0.5) =0) =1 —e L.
Q)R AN = 4+ E(No(1)|N1 (1) =4) =44+ E(No(1)) =4+ 18 =22. O

(B) IE)aMIE 12

VAR I A SR 0 B R B B, IR A S A RS S R 1 R ) A B (R S LS il 2
BROKZE S WA I RE ) — e R g JE5- A i A2, e e LR
EXT7.3 FRHEGEREN = {N(t),t > 0} — 3R NN AEFF AR R, 25 i
T A2 :

(1) N(0) = 0;

(2) NEB Mg E,
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(3) FMEREO < s < t, N(t) — N(s)RMIE N [1A(u)dulbITHFA 9.
FH 5 SCRT R AR AR AR, ZEAT R Zit, N () BRANSRSE A [ A(u)du [
TERAGI AT RLE A T 250 A g4 e A B ) 7y P A ik 2

P(T} > t) = P(N(t) = 0) = e~ Jo Awdu,

F(t) = At)e™ Jo Mwdu >
7.7 E%D%WJEEKﬁﬂ#l‘ﬂ?ﬁﬁﬁglﬁlﬂ$4¢mﬁmj%, FERG 11 - 00%11 - 30,
B0 /NI R FE VG 1], 1L ¢ 30 — 12 = 003%6 N /ZNF (RS U5 1) ] #E 11
00 — 12 : 00 A & 1 I (1)1 6.2
R HH T E AS R E Ta) B BT 1 1) S SR S 1), T ELA (RS 8] 5 ) 33 B2 A [R],
AT AR HEFF AR I FEZ LN (). DABE11:00 42 46 1 18], 7E0 < ¢ < 0.58F [A] B
PN () 58N 10, 7E0.5 < ¢ < LI Bt N 5 E 6. TRILAT SRR p = e 8. O

EFFUIARA R FE 2 AR tH IR VA I R R e i R, ) 2 7,105
TEFB7.11 #5750 E ANIIRA I FEAEAT R Z0 S 10 S DA Rp, (1) I3 N 2B i
th, S5 HAR S AL, J i = 1, om B " pi(t) = 1. BARRFLRF
PERAREITHEOIFEN; = {N:(¢) Y2 — A9 A, (1) RS RyaFa IS #2, 1M
HNy, No, - Ny AHE AT
MERR* 1526, M BRSO B B, (2.3.16) 558 L.

SHERLAEMO < s < tFAEN S, EEHEAE N, - np S0 + - +
Ny = n. BFEFRL, 2, - -+ nBENLHL S Bom A AF1S 5540 45 *T/\%Iﬁj\ﬁﬂmm,nz,m T
IR Re I P RINE ey 1BEEA. MAEGHTE T MAF A K = L i,
FHILTD,1 < i < K Fow. UUBi(4),1 < j < m RKnfEd, & /2&?@)\%3@
fin; MEFRIES . ST (21, 22, -+, 20) € (5,1, B X

K
f(xlvx%"‘,zn):z H Pl xr H p2 xr H pm(xr)~

i=1reB;(1) reB;(2) reB;(m)

PR AL fi 2
(1) R (21, 2o, - -+, ) IOF R THBSS A RN (y1, v2, -+ um)), AL
U EA R i i) T S8 ek T

K
fvyeu) =Y [ pw) I[ pew)- I] pmlur)

=1 reB;(1) reB;(2) reB;(m)
K

=> 1II »w) I] ) I pm(w)
=1 reB;(1) reB;(2) reB;(m)

= f(thQv 7$n)
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ﬁiqul,-- T, RN NATE (s, t) Wi B R AN 2. FEBAELL EN () — N(s) = nbA
&Th AT, FA{N;(t) — Ni(s) = ni, 1 < i < m} ATEIEENHEmMAT
%E’]@i[‘ﬁm%@&*(!/}\%% B S HH LI 6 mT DAAN [, 2% 5 SR o B R B
tﬂjjnl,nz, o gy FOBEATL AT ERLA O BEATL S ) BT AT BRI AL G 7246 8
LA A, AT G o, HILIMER A

le Hp2 Hpm'r’

reB; (1) reB (2) reB;(m)
ES):d

P(N;(t) — Ni(s) =n;, 1 <i<m|Ty, -+, T,,, N(t) — N(s) =n)

_Z H pi(T; H p2(Tr) - H pm(Tr)

i=1reB;(1) reB (2) reB;(m)
= f(T17T27 T 7Tn)

YA T RE (P RS SZ I o 5T, HE1E 6.9 A L 2 A Bl TR A Joit )

( i(t) = Ni(s) = ni, 1 <i <m|N(t) = N(s) = n)
E(fu(Ty, - Th)IN(t) = N(s) = n) = E(f (X1, -+, Xn))
K

:ZE( H pl H P2 e H pm(Xr)>
i=1 reB;(1) rGB (2) reB;(m)

n! 1 ¢ ni 1 t T,
= el [t—s/spl(u)du} ...[tis/spm(u)du} , (2.3.17)

Hrp Xy, X n ML (s, 0) B S AT EHL A &
H(2.3.17) B 4(2.3.15), A EHT 100 IE] AT 45 € P4 18 O

B7.8 AR I U2 #2 SR BN KON /NI BITEAR SRR BIE, A5 75 7 3 1 B I
] AR MG R NN RIS R B AT . 3 W R BAE S T IR TAE S ¢ + dif s ik, Rz
Ptk ARG 2 K B2 p 57 0 s 2 2% G A IS U £ B 0 452 B Tl 2 R A
Kp =1—e™, KRG MIE R G LA /NI FHE 2] 8F B0 Bom (€ AT )9 2
FAEARST ).

R ACAEEIN 2R T I K B 5 B N AU, A B TR, 2t < o, s
P B AR

1 — e—d(1+X)

1—e" (Us— c+t)/\d))
14+ A

Pt =E(1{c—t<v,)( A=)

Hd +c >t > o, B i 2 RS
1 — e(1+X)(t—c—d)
14+ A

= E(l _ ert/\(d+cft)) _
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BRIEEAE [0, ¢ + d] I BE, A 47 380 (0 BT 2 9 B O K py (AR SR AR S AR 13 AT
W AR )P 2 i KON

(1 _ efd(lJr)\))(l _ ef)\c) d 1 — e~ (1+N)d
A1+ ) T (1+A)2

d+c
m:K/ pdt = K
0

ZI@ LLT RN = {N(t),t > 0pE 3B ANKARA L.

7.1 BTy = 0, {Ti}hi>1 R ABERAEMBEYZETFH. MHEEE > 0, &N(t) =
sup{k > 0: T} <t}. UEHA

(1) XHMEREE > 1, Ty = inf{t : N(t) > k}. (2) N(t) + 1 =inf{k>0: T} > t}.
7.2% T 29 VRN I AR N B BREENAR RN, BREE A BIAR ARG T it T B A
73 MEREO<s<t,n>1, EWH

P(N(s) = k|N(t) = n) = C* (;)k (1 - ;)"% k=01, .n

7.4 WHENAE BT 5N BXEREL > 0, P(T > t) = et iEH

I A\
P(N(T) = k) = pp (M) . k=0,1,2,---.
7.5 MAEEE > 0, 2T RSB IRBENLFAE KRN [P 5. SHEEL > 2 > 0, K(1)
P(t — T > z|N(t) = k), (2) P(t — Ty > ).

7.6 MAERE > 1, 2W RN ERRE SR ], SRR > 0, 3K(1) PWyy1 >
z|N(t) = k), (2) P(Wn(p)+1 > ).

7.7 FLEZBE A AR BIIA AR 8 SR 50 N BRI R VARA LR, A 40% 72 B3 1, 60% 42 %
P BE MR BIE A SE AL, (1) SRAT = AN BIE I A LR ? 5 (2) EA
55 P ARAE TR ET S Z3 % P9 B3k n) A AT 12 i i i 2 BA ER 2 (3) (e
MARE50% AT BEAS SRR AL, 30% K 1ERIBAKAE, 20% K EEEAKIE. LANy, N1, No 77l
TR — /N, SE—48) SEPESIRRAE NS, SR(No, N1, No) BG4

7.8% ERA 5| B 7.6 05 1.

7.9% ZHN(0) = OHIHMERER > 1BLK0 =t9 <ty < -+ < t, MAEFRES Ky, - | Ky,
(2.3.5) BV RAL, IEMIN = {N(t),t > 0} & AL G S £ HXME R, s > 0, N(t +
s) — N (s) IRABRFE NN IERA 73 A



E=E BEHATEDKHE

E—FARR PR R AR A PR I BB XA 4 JATRE
HEARAR K BT, (EAEILSE (r) XA IPE O AN A AT R 5 WS B eI
DLEEZ— R Tl B 2 AL I R T A F i i 5 RO . A
S 2L rp— ] R R AR — — R () B RS 1 1 IR A

§3.1 SIREEREX 524
(A) M 5T KHE
TE X 8.1 FRREHLFEAF A, BIEFAFC(ERP(C) > 0), REFKM ML, &
P(AB|C) = P(A|C)P(B|C).

&K A, BAATIAL.
X A ARSL, G0 AL
MR8.1 WA, B, CHIIMEFR A0, A LLF =265

(1) A, BIESEATC T T,
(2) P(A[BC) =P(A|C);
(3) P(B|AC) = P(B|C).
iERR (1) = (2), (3): HIP(ABI|C) = P(A|C)P(B|C) "] 15
P(ABC) = P(A|C)P(B|C)P(C) = P(AC)P(B|C) = P(A|C)P(BC)
NI]
P(A|BC) = P(A|C),  P(BJAC) = P(B|C).
(2) = (1): HP(A|BC) = P(A|C) " HI
P(ABC) = P(A|C)P(BC)
PR LLP(C)EP(AB|C) = P(A|C)P(B|C).
EALAT1F(3) = (1). iEEE. O
25T R v BIBE AL R vT e T E S KM% (Markov Property).
ELA 5 e B RAE BRI AL AT — I 2t B PR 5, e J5 KA I BN LA
Stz g b, b
8.1 A E 115, 10 (I BE AR FE A I e (AE ) T 8D A, S50 % VFIRAT, e L
J& (AR B A B R T L2 B ZE RS HTT e 2 A (3 25) B 2B A G ok

8.2 B — M LA 4 AR EIL2 N AR, T BBk R W 5 A
BREEhAA M AR RS — R, ARG AR A K, W03

72



§3.1 I [RAEH) = X 5 %1 73

HERRRAN—ANLER. DLX, R En UG §E LA BRE. A O s k(AR ) I3
UG HERAmANAER, WAk 5 (RK) IWFER 20/ BRI IE L S k2 /T (3 2%) B
TEANASEE RN

FREA XA S R BN RN S R RE. AR AN AR B EHS
MEHCRAS B, AKX P S RO A2 0 5 5y (0] 5 (K8, Mo IREE. BT
ATHCIRA 23 (8] o o6 2 8 AT DU RS AR5 X 4y, BRI EE ) 25 6P RAS B L 17) =i
BENLIE FEH RS, (EONAUA T, LR BRATE RS S0S NBEHRES. 5
PR E X
EN8.2 HX = {X,;n > 0EMERZTN(Q,5,P) LML, RESRES c Z,
FRX = {X,;n > O N B 8] 5 (R, anSRXEREn > 1, 40, -+ in_1,1,7 € S,

P(Xps1 = j|1Xo =0y s Xno1 = in_1,Xp =i) = P(Xpp1 = j|Xn =4).  (3.1.1)
BI8.3(FEAEMEAY) Beg; i = 1,2, - - NSRS A A OB BB B L 5, 4

OV (Xpo1 — &), k< Xn1 <K,
Xo=K, X,= (Xn—1 = &n) ! n>1,
ov (K - fn)a Xn—l S ka

Hek < KNSRI IERER. IAX = {X,,n > 0} N BB ) 5 KAk
MERA BARX PR AEAS = {0,1--- K}, XHEEn > 1 LRy, ing1 €S,

P(Xnt1 = int1|Xn =in, -+, X1 = i1, Xo = K)
_ P((K7£n+1)\/ozln+1|X :inv'”7X0:K)7 /Lnéky
P((in_£n+1)\/0:in+1|Xn:ina"'aXOZK), k<Zn§K7

XHERG > 1, X IE CATRIXG N X 56 IR D VA AN 5 T 1 X R RE AL
AL, SGIBREL IR

{X’I’L :Zna 7X1 :ilaXO :K}
MBI RS, - &HE. FH{¢G, i > 1 RhanE

P(Xnt1 = tnt1|Xpn =i, -+, X1 =11, Xo = K)

_ {P((K —&nt1) VO =ring1), i <K,

B~ &) VO =ing), R <in <K,

_ P((K - €n+1) V0= in+1|Xn = in), in < k,

- {P((Zn —&ng1) VO =iy 1| Xy = i), kE<in, <K,

= P(Xn+1 = in+1|Xn = Zn)

JI UAX A 25 HRORT 1) 2 PR O
PRIz REE Y B B, JE b e FOREA TS Tk &, X, 3R0R
i IR S &R, KNBCRFEAF R, kNGRS A, B A A ]
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RET M EHRERTEUARE, HAKTE, WAET AP 2 2K
FEPDIRAE B R R 5o ) ) R 78 5 O ke, KA ik A B /)N

E8.2 T BRI ARAE L IR A SO EOR I VI RIE B ZIPIRES. 25 DUER)
WA FEME— CRI, AL BN B, S F AP th T BEAN . Hldn, 2]
A6.10] K (g, p)-BEHLIF ShW 2 5 IRBE, 5 P(Xo = 0) = P(Xo = 2) = 1/2 Hp # ¢, U

_l’_
p=DP(W, =2|W; € {1,3}, Wy = 0) # P(Wo = 2|W; € {1,3}) = pl f;q.

(B) BRENZFNZIE

TE 5 [P BATIE AT DL R I 2 5 A SR (1 B ATL S 44 FH B8 e 72 i T 2U3RR.
EIES.2 X A& L IREEY HACSIHMEREn > 1, AR <t <ty <--- <t, <t, LA
Ry, - i1 €S, #H

]P(Xt = iﬂ+1‘Xt1 = Z.13)(752 = i27 T 7th = Zn) = ]P(Xt = in—&-l‘th = Zn) (312)
MERR* R EE S, EE R B H AR A LM (3.1.1), XHMEEn >k >0
IP)(-Xvn+1 - Z‘n+l|)(k == ik, e aXn—l - in—laXn - Zn)
_ IP)()(n-‘,-l = in-&-l, Xn = i?’h te Xk == Zk)
P(X,, =in, - Xg =ix)

_ Z P(Xnt1 = tnt1, Xn =tn, - X = g, Xo—1 = Je—1, -+, Xo = Jo)
P(XnZin,---Xk Zik)

Jo, - Jk—1€8

— Z [P(Xn-H = lpy1, Xn = in, o X = ik, Xp—1 = Jr—1,- -+, Xo = Jo)
P(Xy =tin, - X = ig, Xo—1 = Ju—1,- -, Xo = Jo)

Joy s Jk—1€S
XP(Xn =lp, - X =g, X1 = Jr—1," ", Xo = Jo)
P(Xn = lp, - ‘X = ik)
= P(Xi1 = ingr | X = i) (3.1.3)

T HFRATEAXAEZEm > 1, n >0,

]P)(Xn-i-l - in-ﬁ-la e 7Xn+m = Zn+m|Xk = ikvXk:-‘rl - ik)-‘rl e 7Xn = 'Ln)
== P(Xn+1 == in+1, ce >Xn+m = Z’rH»m‘Xn = Zn), 0 S k S n. (314)

Lm = 1 (3.1.4) BARXE R > 0LA RO < k < nhlaL. Hm < 1 — 10(3.1.4) A%
fE&n > 0BAKO0 < k < nffior, B4 Mm = I8, $HEEn >0 LKO <k < n, id

A= {Xk: = ik, te aXn—l = in—l}; B = {Xn = Zn}a C= {Xn+1 = in-ﬁ-l}a

D = {Xn+2 = in+27 e aXn+l = inJrl}-

LRI B IF g Bl 45

P(D|ABC) = P(D|C) = P(D|BC), P(C|AB)=P(C|B).
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)4

Lh.s of (3.1.4) = P(CD|AB) = P(ABCD)/P(AB)
= P(D|ABC)P(C|BA) = P(D|C)P(C|B) = P(D|CB)P(C|B)
=P

(DC|B) =r.hss of (3.1.4).

A VAN AT A (3.1.4) AT REm > 1, n > 0LAKO0 < k < nplaL.
W EHATE R ], H MR A
P(Xt = in+1|Xt1 = Z.17Xt2 = Z.Q, e ’th — Zn)
_ P(Xt = in-i-lth = il; th = i2, .. ath — Zn)
P(X;, =iy, Xy, =9, -+, Xy, =)
B s#ti':'ytn ]P(Xt = in+17th = ik,Xs :js,tl <s< t,S 7£ tk71 < k < n)
j.€S,0<s<t P(Xt, = i1, Xy, =2, , Xy, = in)

FH((3.1.4)4

P(X; = ing1| Xy, = i1, Xy =2, , Xy, = in)
= Y PXy=ing, X = ooty < 8 < Xy, =)
JsE€EStn<s<t
SFEt1, e by . .
P(Xy, =ik, Xs = js, 01 <5 <tp,s # g, 1 <k <n)

x> . : :
je€S,0<s<t, P(Xey = i1, Xip =i, s X, = i)

= ]P(Xt = Z.n+1‘th = Zn)

PRI X 2 B . O
e, H1(3.1.4) SHEXAE R — N Zn 2 5 HIBENLF 1

A={Xntky =tn+1,, Xngk, = fnpi},
AUE R — A nZ 7T B BENL S
B={Xy, =i, Xp, = im}
Hro<t; < <ty <n, #EFH
P(AB|X,, = in) = P(A| X, = in)P(B| Xy = in). (3.1.5)
HARIUE WIE 3278 578 (2 0L =) #E8.6).

(C) BB EEHESC-KH7E
HT(3.1.2) F1(3.1.1) T 0, o BN (8] 5 BB, T T (26 A R R B A

P(Xpsm = j|Xn =1).
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EN8.3 Fr4 ﬁﬁi‘%iﬂp( b = J1Xn = Z)jJEBEE’fLXEEHTﬂJnH(*Z 2l R FAR
BGHRER MR, R Hip(n, iy n + m, g). ERAERE, j,m, pl'y" ™ B,
R

P(Xn-i-m = ]IXn = 'L) = P(Xm = ]‘XO = 'L)

Wfr%-%zpm,mﬁsu TR A 2 A I 5% ) (PR ). B g i
Fp(i, j; m)Bipl"), IR A MIRZS FIRZS ) HIm R B33 e plY) Aipy . IF

IR AR FIRASj H0s sig. 20 = oy —{; ’,;?

, 1# ).
RN 8.4 TR FCHEX I FEA0, 15X (R R MR 2 PR ).
EIE8.3 WX = {X,,;;n > 02 555 [REE, WIXHEEn,m > 1Ki,j €S

pitm = =Y pﬂ) 5;’]”. (3.1.6)
keS

Eﬁlﬂiﬂ%”pgn) = D, DL DPijiPirga Pinai-

J1E€S Jn—1€S

MERA HFFAEM] (3.1.6). MR AR

P = P(Xoy g = X0 =) = Y P(Xpym = j, Xo = k| Xo = ).
kesS

FH SRR A B RME(3.1.2)

IP)()(nJr'm =75,Xn=k Xo= Z)

P(Xpim =7, Xn=klXo=1)=

P(Xo = i)
_ P(Xn-‘rm =7, Xn = k, Xo = Z) ]P)(Xn =k, Xo= Z)
P(X, = k, Xo = 1) P(X, = 9)

= P(Xpm = 41 X0 = K)P(X,, = k| Xo = i) = p{"p")

FH MR 1(3.1.6) AL O

JH 5 FK(3.1.6) N Chapmann-Kolmogorov(C-K) A #2.  UIEBHC-KJ7 72 71 it H 4= 18t
RN AR AL LG [ A 7 2 0 70 TR I SR AR 1.

LS 5 el 1t B, ASURAR il S o PQAE XA 2 I 55 ).
mesﬁ%&%X_{an>m%ﬁm%%mzwﬁﬁ%ﬁﬁP—@mhﬁa
PRI BN X R R S B FRP (Y = (p” )ijes NXHInB (5) M3 56 .
8.4 FARE ML FRAE R T 2

(Vpi; > 0,4,5 €5, (2)2jespij=14€S.

— BRI LK PR A AR B D AT AR
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8.4 th>J /6.1 04 L2 (2.2.1) AT RN ELEL 1 (g, p) BENLIF B2 — NI 57 5 (B, Feie it
AR

-~ 0p00O0---
- q0p0O0---
P=|---0q0po0---
-00qg0p---
-000q0---

25 HAARAIRER, tbins = {1,2,--- , N}, HIC-KJTFE, SHERn, m > 0

prtm) _ n+m ( n) (m)
pm szkpka NxN

_ (pz(',j))N(pz(',j))N _ P(n)P(m) — pntm,

REACiE Al ] BISH TE 55 2 /IS IS . I BA 18

P(n+m) — P(n)P(m) — prtm.

AR, SPIRESA BRI IREE, 2T Hn DHAMER AR, 7T LUs i 28 AR E 0
ST R B B S S
8.5 JEH AL SR N TN Z, tean bod F3kb, o 3bh, 2, 38R, N
T RS ZERRNE N, EEEREAZE. X, RRZEEEn ﬁFﬁLE’Jﬁ
22y 2 M) B A 2 SRR )N B + TR AL S R T AR R A 2t
P B E

P(Xps1=11X, =1) =08, P(X,11 =2[X,=1)=0.1,
P(Xps1 =3|X, =1) =01, P(X,11 =1|X, =2)=0.3,
P(Xps1 =2/X, =2) =04, P(X,11 =3|X,=2)=03,
P(Xp41 = 11X, =3) =0.05, P(X,11 =2|X,=23)=0.1,

P(X,i1 = 3|X, = 3) = 0.85.

IR X VR B O, e R MR AR

0.8 0.1 0.1
P=1| 030403 ].
0.05 0.1 0.85

s SR B TT A, PA = AN FRFEE 1,0.310.75, X SIRFAE [A) & 7] BN

(1,1,1), (1,—6,1) Fl (—26,—6,19)’.
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11 -2 10 0 | (108 45 162
P=(1-6 -6 003 0 a5 | 2 —45 20 .
11 19 0 0 0.75 -7 0 7
MR E RN > 1,
11 —26 1 0 0 | (108 45 162
PW=P"=|1-6 —6 00.3" 0 1E 25 —45 20
11 19 0 0 0.75" -7 0 7

TG AT R P R R R P ()
| [108+25-0.3" +182-0.75" 45—45-0.3" 162+ 20-0.3" — 182 0.75"
315

)

108 —150-0.3™ +42-0.75™ 45+ 270-0.3" 162 — 120 -0.3" — 42 -0.75"
108 +25-0.3" — 133 -0.75™ 45 —45-0.3" 162+20-0.3" 4133 -0.75™

tbinn = 50,
0.480 0.143 0.377
PO = (0.373 0.145 0.482>.
0.243 0.142 0.615

FH LA %0

Py = P(Xs = 3| X, = 2) = 0.482.
AR, MO E K EE R G PVEF 48 2% MR A TH2 T E. O
(D) BRE DR
EIE8.4 WP = (pi )i jesre D IREEX MBI, HiXP(Xo = i) = p;, TAXS
FREO <t <ty <--- <t VA Miy, - ,i, €8,

§ : (t1 (ta—t1) (tn—tn-1)
1n - JIn plpz ,i1 pzl 1o pzn 1stn :
€S

P(X:, =21, X5, = 29,

MERR MR A XS B IR
P(_th :i17"' 7th :Zn)
=P(Xy, =in|Xt, |, =tn—1, -, Xy, =11)P(Xs, |, =ip_1, -, Xy, =1i1)
7p7fnn1;:1 1)]P)(th 1:in 17’.'5Xt1:i1):..'

(tnto ) 0 S Ry, =iy X = )

- pzn 1,0n 21 i2
€S
_§ : (t1), (t2=t1) (tn—tn-1)
DiD; i) Piy iy Pi i 0
€S

JE B8 4R W B FCBE IR AT BRAE 70 A (i) e 7oA LA S e R R e — Wi e . 2t ox
RS E BN FEP UL AT MG 3 Alim = {pi,i € S}, HKolmogorov & B A KI{F7E
— A IR X A MR AR IR VP,
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f518.6 (HEMEAL) ¥, 0 > LNMALIE 3 A (AR OB FENL AR &, S5l Xt v —3F
FOREHUERNLIAD 8 H5{¢, i > 1367, Xin > 1, 4
Xn _ {an -1+ gna anl > 07
gna Xn—l - 0
WEX = {X,;n > 0PN B 5 [REE. #idpr = P(& = k), RX BB MER
B, Ht— 2 W, = P(Xo = k), KP(Xo =1,X; =2, X3 = 4).
MERR EARX FPIREZEAS = {0,1---}. XSHEREn > 1 LRAEAES o, - iy,
IP)(AXanrl = in+1|Xn =in, , X1 =11, X0 = ZO)
_ {]P’(z’n 4 b1 = i1 | X =in, -+, Xo = i0),  in >0,
P(€n+1 = Z'nJr1|«Xvn = i'ru o 7XO = iO)a Zn = Oa
SIS SRS HTATHX, = 1, Xy = i1, Xo = io} AL R X, 1, €,
. Rl ST AR I,
P(Xy41 = tng1|Xn = in, -+, X1 = i1, Xo = o)
_ IP)(Zn -1+ fn—i—l = in-i—l)a Zn > 07
HD(gn—H = Z.n+1)7 in = 07
_ P(Zn -1 +€n+1 = in+1|Xn = in)a in >0,
P(gn—f—l = 7:’n+1|)(n = Zn)7 ’Ln = Oa
== ]P)(Xn+1 == in+1|Xn = Zn)
JITCAX B AN 18] 5 (QE. BT R T A

Pii :P(X1:j|X0=i)={P<£1:j+1_i)a i #0

Pit1-i» 1 #0Hj+1-i>0,
=140; i#0Hj+1-i<0,
Dj; 1=0.

DR X e R R A R

Po P1 P2 P3 P4 P5 -
Po P1 P2 P3 P4 P5 -
0 po p1 p2 p3 Ps -+
P=1| 0 0 pop1p2ps--
0 0 0 pop1p2---
000 0popr -

ULk W N+~ O




80 F-F B K

H € #8.4, A7 R4k A7

P(Xo=1,X1=2,X5=4) = Ulpl,ngz)i
= u1p2(p2,1P1,4 + P2,2D2,4 + D2,3D3,4 + D2,4D4,4 + D2,5P5.4)
= w1p2(popa + p1p3 + pap2 + pap1 + papo)
= u1p2(2pops + 2p1p3 + pap2)- U

2R

8.1 FEBAEIPIXP(S, = 0) = 0.1L,P(& = 1) =02, P(§ = 2) = 0.3, P(& = 3) =
0.2, P(& =4) =02, k=2, K = 4. RIZHA R LR FR R

1 0 0

8.2 W IREEMIRESENS = {0,1,2), BBMREEP = (1/4 1/2 1/4), Knkfr
0O 0 1

RGP ™.

8.3 N = {N(t),t > 0L NAMIERE. ity > 0. UEBHY = {N(nto),n > 0} 25K

B,

8.4 (Wright-Fisher #7!) 25 F&— /NG N AN R [l 8 B4R, JE (R Al aixX P A S 7.

REXNEARLED + IR ZEE PRGBS Zn FPIREERETR. #— P R%E

DNERKRAEZB RN S RZEREN), HAZ R NaIRER Np, Ha BT RNA FIRER

Hq. PAX,Romni ZIZER A A AN AR { X, R A5 IREE. WS iz

Y 1 R M 2 R

8.5 W X SR A0 NS 755 IRBE, IEHXEREn > 1,1 € SLLES,, € S, m >0,

]P’( ﬁ {Xm € S}

m=n+1

X, =i, nﬁ (X € sm}> =P ( ﬁ (X € Sn+m}’X0 - z) .
m=0 m=1

8.6% IE(3.1.5).
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§3.2 RKEHHE

DLF BB REEX = {X,; n > O}EBERIENEP = (p,)ijes. NITTE, 2
HHCE(| Xo = i) FIP(-| Xo = i) FE;(-)FIP;(-).
(A) Hil, ARSRAY
ENO.1 WRAFAEn > O3 > 0, WFRARA AT IRA), id0E — 4. RZ, W%
E8n > 0, pi") = 0, FORZ AT ILRA ), 1845 A 5. Fi — jHi — i, Wi, j 1
8, 2fEi < 5.

B Tp% = 83, ) = {1’ ' ;J_, PERHE R RS, B 15 O HB .

J

)

fRN9.1 FIEZ — MM R, B EIE K R 2
WM i QXM i o j=>jei; Q)fEStioljeok=>iok

UERA R FIEH (3) . Hi 4,7 « kTS, FAEIE GRS, m, r, (li15

(n) (m) (r) 0

Py >0, p;;° >0, p; >0, p5;>0.

J
HC-K 7 #2 AT 41,

n-+r n) (r l4+m l m
> A 5 0 AT 0 >0

Hiti > k. O
ENX9.2 18C»1) = {k € S;k « i}, FRC (i) NEEIRAE: FIIESE. i BB T
HNOG) AR B PPIRES Tod i B

CEH)NC(G) # 0 & Ci) = C>4).

B, #pe = 1, MIFR, I C(6) = {i}. RaEk, HC @) = i} RREME i
WA
f519.1 2 ICHE X A R R B 5N

1/32/3 0 00\ 0
0 1/21/200 | 1
P=|3/41/4 0 00| 2
0 0 100f 3
0 0 010/ 4

A0 = 1,1 = 2,2 = 07 %1{0,1,2} € C(0). FFHO 4 3, 0 A 47 41{0,1,2}
C(0). FFERTEIC(3) = {3}, C(4) = {4}. HILXFPIRAESZ A I3 EIBEHKCOO
C(3), C(4). ML XA RATT LI 5 K.
EX9.3 FRIRE AT, AXHMER) € 5, i — jA/f3) — 4.

BARRES A, K T

~~

)

O
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MERR9.2 HIR AT, IBACH) A RESH AT, EIRATFRC () AT,
WERR (EHL € CG), £ — k, Wi — ja[Hi — k, FHAFAT, & — i, A

Mk € C®), k — j. Bl RAFH. O
TEX9.4 75 5 FRAEX B P RS2 Tl i), BIHMERd € S, S = C®), MRXZEA
AT 7] (irreducible).

AL ERPIRSH R A .
B19.2 #7 B IREEX MR MR

1/32/3 0 0 0
0 1/21/20 0
P=|3/40 0 01/4
0 0 100
0 0 010

N R

MAH0—>1,1—-52,2—0,2—4,4—3,3— 20K, XATLN. O
5119.3 5 5 [CBE X L R ML 250 FE A

1/32/3 0 00
0 1/21/200
P=|3/41/4 0 00
0 0 001
0 0 010

=W N = O

MAH0 = 1,1 2,2 0041, {0,1,2} ¢ C(0). FEHO 4 3,0 A 47 H1{0,1,2} =
C(0). FEFERANC(3) = {3,4}. P X FPIRE AL E 24N BIEZRC(0), O(3). M X
AT L)) IR O

(B) EHAM
ENO.5 Wil D REEX I — MR, & IERHED > 1 p") > 0}dkz, Hfik
155 KA PR R 9 RER AR . B0 B > 1, p7) = 0, Wil 1 oo
Lt AL, Bid, = 1, WIRR: 23R 8.

b 52 SCRTR, i 1, W = 0.
ARE.3 [F]— N EL R PR AR E], BIXHMER ) € C (i), d; = d;.
MERR HHi ¢ jETAL FEAEIES K, m > 03! > 0, p{ > 0. WHC-KTHE,

]

(ntm) < (n) (m)

pi;L 2 pi,j p],z (n4m) Z p(m) (”) > 0.

>0, pj; i Pij
litd;|n +m, djln +m. 5355, SHERL > 0, %pﬁlf >0, M

n+m-+l m) (1 n
R 1}

XEW; |1+ m + n, NTTd; |1 BT |d;. FAATA5d;|d;. Bltd; = d;. O
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EX9.6 45 REEX I MIRESHA M F K Wld, FRX R 5 REE. R,
Aid =1, WFRX 2 AR I,
519.4 (q,p)-fi LFEHLIESIW A A Md = 200 AT 20 5 [REE. FL EXMTERG, ) €
Z(AWiG > i),

Pl =P >0, plT0 =g >0,

Jitbli « j, BIZ = C(0), NITW AT 21/, XHERi € Z, |

(n) (n) _ 0 n =2k — 1,
Pii =Poo =
0 Ckprqk, n = 2k,

Al Hd; = 2, KRIEW ) Hd = 2. O
519.5  [EH17.65 E LHIHEBERL X | 450 < po Hopo + p1 < 1, IA X RAAT L3R
JE 3 5 FRBE
HUEAR (o < pouﬁo < po+p1 < 1TAJHL, AFETER > 2ffif3p, > 0. XSMER, 5 >0, N
Wik > i, Ehpﬁl R —p] Cs 0 AI —

Sk, i £ oft

pgg DG pgng()k oo Z)pff(kmg(]z)z) > > p-ipk=D0=D 5 g

Bld — 4; 1M 244 = OFF, Hpy > ORTHN0 — kLA Kk — jRTEI0 — 5.

Rk, XHTERG, j € S, i < j, MTTXRATTZIN. HEEHpoo = po > 0, IRAE0M)
JA¥I N dy = 1. B9, 20 F1X I BTA IR AS B 1 81, R X2 R A #A . O
FEIRO.4 VORI R d, A7 TE RN AT > N, pn? > 0,

ERR HRIGE X, FPAEL < g, A8 83D > 0,k =1, s, T Hong, - 0 KO
R ARECN. L9, Z?E BHN, WHEEn > N, Z?E By i
=

nd = ring +rong + - - - + reng.

NI
nd) > H (nk

X R B S5 10 BT O
L Z 5 SR,
HEILO.5 IRA AN ad;, 29\ > 0, IALAEN > offifp\ ") > 0, n > N.
HE129.6 FORZSGRAEF N, IWAHFEN > 05T En > N, piz) > 0.
(C) BiR5IERIR
EX9.7 SMEERE € S, R

=inf{n > 1; X,, =i}
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DRI B TR, A RE ing 0 = +oo.
E9.1 7 DA RERUE oo BB LA &, iR 22 3R] 0

{ri<ny=U{n=kt = {Xp =i, Xxo1 #i,-- , X1 #1},
k=1 k=1

RIUEXHEEn > 1, T {n < nb@ B KA RS XEnRnZ ATHPIRESE X Sn 5
PR T K.
SRR, je S, &

K = Pi(ry =n) =P(Xp = j, Xn 1 £ J X1 £ j[Xo=1),  (3:21)

fij = Pi(rj < o0) fo’;). (3.2.2)

B AT H, 245 # il fi(f;)ﬂ%/%y\iu”jEE%nﬁﬁWéUiﬁjB‘]ﬂ%@, [IRRE TN
ARith R, 764 WA I O FUR A OMEE. 240 — i) M R St
TR (BB TR T f; 28 Mt R AT BRRESH 1) P [B] BRSO, B4R, TR, 4,
i 47, D_I\IJﬁJ =0. 4

fig = P(Xp=j,Xn1#j X1 #j|Xo=1i) = U{Xk—y}
n=1

k=1
EE!
0< /W <pl < fig <L (3.2.3)

TE X 9.8 TR 2 H IR I (recurrent), W f; ; = 1; 3 WIFRAAEH IR 08— & 09
I 1) (transient).
MERR9.7 Fid IR, i — j, BAf; =1

ERR 7 3
") =Pi(Xn=j, Xy #i,v =1, ,n—1). (3.2.4)
nﬁ%/T}}utlﬂyi EPLﬂluﬂﬁﬁﬁﬁn*ﬁﬁﬁjEﬁﬁ%%(%@%ﬁ%). HAi — 4, 17

k>0, ﬁﬁe >0. #f <1, B4
=Pi(Xp =5, Xn #i,1 <n<k)P(X, #i,0> k| Xy =7,X, #i,1<n<k)
= eMP(X, #in > 11X = j) = e (1= f;4) > 0.
W5 IRTE, BILf,, = 1. 0
HHPER9.70L 2 (3.2.3) AT, #dH IR, HAise A i ).

p=a
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9.8 MAIHIR Y HAE Y. pi"Y) = co. FilEH IR, W
n=0

szz 1*.](‘21

n=0

SRR A F,(s) = 32 5" ™), P y(s) = Z ™ s e (—1,1). X, € 8,

i3 1]’
n=1

Y = S Pilry =k X =) = DOPX =, Xo # i1 S0 <k, Xy = )
k=1

=~
Il
—

I
MS

[P(Xn=j|Xk=j7Xv¢j71 <<k Xo=1i)

k=1
XP(X = j, X, £ 5,1 <0< )]
_N— (), (n—k)
= fi,j D; . (325)
k=1
A
Pii(s) = 1+ Z ERONE o Z Fpi®
n=1
- 1+ZS Zs p” =14 F;i(s)P;i(s).
k=1
EERACIES
1
HERBNF,(s) 5P, (s) 8 NAE 7 BB R AR S, B> 85 A Al
fii = Fia( Zp = P;i(1-).
Bt S =16 > p) = oo, il FL
n=0
1
fii <1= Zp 1o
R 5 #4518 ROT. O

H1 5 #9875 5y HHE H



86 F-F B K

1##109.9 BORE IR, IACEH)THAPREIHIE, BLHFRC() AHIES.
EBA KT € C(i), i+ j. FfEm,n > O™ > 0,p7) > 0. ik

Zpﬁ’? > Y AR = e Zp““)
k k=m+n
X B A R . O

FHHEL9.97 &, — A H B AR S 42 ﬁkﬁﬁd@@lk%uﬂﬁ LA IR
PIFRIZ BN F IR, BFRIEE IR, BT LBE PR 2 8y H IR, W
PRz [k AT 2 %L%, T MFRAA LR IR EE.

%19.23K 8 (q, p)- T S BE LI S E AN TT 2910, B 5163 7T 50, (q, p)- 8] S BEALIFBh
BRSO H IR 024 HA Mp = ¢ = 1/2. HIk(q, p)- A1 B BENLIEBh f& A AT 29 % IR (1)
M HAAMp =q=1/2.

1519.6 (&4 W B FRBE LIS ) B4 b R BE A LBt T4 B s 4 (\]. DAXHR
BEALIES) A5
(1) HX = {Xn,n > OHEBUEAEZ? = {(i,5) : i,j € Z}II 555 REEfE 1S 5HE

R(i,j) € 2? » P(ig), (1+1 J) = P(i,5),(i—1,5) = P(,5),30,5+1) = p(w) (j-1) = 1/4, y
*/J\XE:FELIEJ$XT BE B LY B0 (B3 T 2 0 1 i B R ML 50 ).

(2) HX = {Xn,n > 0EHUETEZ? = {(i,5, k) : 4,4, k € Z}II 555 IREEM 1S GHE
= (i, 4, k) € 77,
P(i,jk),(i41,5,k) = P(i,jk),(i=1,5,k) = P(i,5,k),(0,+1,k) = P(i,4,k),(i,5—1,k)
= D, k), (i k4 1) = P(ijik),(irjk—1) = 1/6,
DUIPR X o 7% ) 7 B0 PR AT L 20 (2 ) B b 1 s B R LI 50 ).
25 5y UE W1 TR 23 8] B i BN PR B AIL I sh 802 J 2. ANAT 29 1) 5 IR, HhAhaR

AT A T 0 B PR B AL I 0 2 3R 1) (L 2 [R) ] S0 R BE AL 502 AR 4R .
S, o A ] S R BE L S AT 40 T v S B AR R

. 0, n=2k—1
P(0,0,0),(0,0,0) = > M n=2k
r+l+s=k ST
ESHiie
o~ (n) 1
ZP(O,O,O),(O,O,O) Z Z Twusvsu G2k
n=0 k=0 r+l+s=k
s} ( k k—r
=> 7722 Elr— ]
k=0 k r=0 [=0 r l r Z)
s} k k—r
1 (2k)!
< N St I
<D G ik <£%i’fgk{rv( ~7) k: m) }Z ik —r—l)

b
Il
=)

r=0 1

I
o
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k k—r
=3k
;) lz; rlil(k —r —1)!
G35, MHERE R0 < r < m < KFAEUES, m,
k!

rl(m —r)(k —m)! = GO

ERBHMERIERE m > r, HEH
cro< Cyan/%7

Hrp | | FRoR U 5L, Rk

k!
rl(m —r)l(k —m)!

<coprolm/2l,

M

mLm/2] _
Ckct?—l)/%:kﬂ gy lsmsk
cr-toltm m—[m/2]

RO OS2 e m = my, = k — | k)3 EURKAR. H1 bl 753

3* (2k)!
Zp(ooo) (0,0,0) = Z 62k k!(k — my)! m /2] (my — [mg/2))!

EEEImy ~ 2k/3, HEFE 0 KEFFIStirling AT k! =~ 271k(k/e)*, IEATHEE1S

(2k)! - 3v/3 22k3k
k' (k — mp)! [me/2] (me — [me/2])! ~ 2m/m k3/2°

RAFEH B M > offif5
S () <M f: 1 <
> P0.0).0.00 < g3z =%
n=0 k=1

IXFAH(0,0,0) 2 AEH IR 19, T EH AN AT £ AT %02 (8] 137 5006 FR BE AL 20 2 JE 7 IR
(. A THT o 5 X R B ATL Ui 2 110 5 3 A 56 B 7 B, 23 A 1 819.6. O
WRLI.10 % g;i(m) = Py(BDHmMn > UEHX, =1), g = Pi({ X, =i}, i.0.),
Agm( ) fm }J\ﬁlﬁ %ZM JH[Jgu—l E‘ZE”EI% ')_”Jg”fo
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UERR AR A LR SRR A 5

gia(m +1) = Pi(EAHm + 10 > UEEX, = i)

= 3 Pi(m = k, ESHmAN > k+ 1EBEX, =)
k=1

= Y B(ESEmAn > b+ WX, = iln; = k)Py(r; = k)
k=1

FH N 5% 15 B (2 I > 78 5)

gii(m+1) = Y PESEmAn > X, = i| Xo = )Pi(r; = k)
k=1

:gzz Zfz(]:)_glz fzz

B ) o0 RIFER g (1) = £, 7115, AEEm > 1,
gi.i(m) = fi%.

4m — oo, HIEFRIELLMER Kg; ; = hm S, PRl E — 4518 B AR BOL. O

FH A 9. 10 0] A, IRAS 2 ﬁk%ﬁ%ﬂMﬁﬁﬂ?M%TU%ﬁMﬂ@ﬁzk
TEA “HOIRY BT A G A dER IR ()R, B4 HP;({X, =i}, i.0.) = 041,
XU Ww, HRAFAE— DI ZIN () (G EN () 5 X A5 .
EFE9.11 105 REEX 5 R0 BRI (8] 7. W < 0o. RY, = Xoypn, BIRHE
Bw,

Yo (w) = Xﬂ(w)-‘rn(w)'

ALY = (Y, n > 0} f5 X AR BRGNS KRS (7, Xo, -, X,)
HAAT,
MERR B ERY, = X, = iRWE, MMEEn > 1, ko € S,ki,- -+ ko1 € 5\ {i},
m>1,0<n; < <N, j1, > jm €. Xky =1,

p( ﬁ {Xi =k} {m =n} 0 ({Ya, = jr})
=0 r=1

= IP’( ﬁ{Xl =k}n ﬁ{XnJrnr = ]T}>
1=0 r=1

= P(ﬁl{xl = kl} N {Xn = Z}>P( ﬁ{Xn-&-nr = j7'}|Xn = 'L)

-#(Fn ks =a)e({ex —1)
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PIAX AR > 1, ko € SUAKky, -+ kn1 € S\ {i}3RFNG

P fj Yo, = ir}) = Bi( 6 X, = jr})
BT

p( ﬁ {Xi =k} i =n}0 ({Ya, =ir})
=0

= IF’(:L(]:{XZ =k}in{X, = i})Pi(ﬁ{an = ]T})

PREY 2 5 XA AR R e e M s ) S IRBE HL 5 (i, Xo, -, X )R JHOE O
SERRO IR MImE RE i, MR I BENLIE REY AR B2 0 s M R R B 5 1
BEX, 1M Hor 2 J5 (I RENL ST 57, B SR AR AT

SRR Bl U BIAh, BUR EBEXON 5 REE, FeR MER A (pis) i jes-

9.1 WCRXK—NEAHIVRESWIEART Bl X LA Rw, £ Xo(w) € C,
WEMIAEAEN (w) X BT A HIn > N(w), X, (w) € C.

9.2 WAMIE — M REX R EA — M RA LT 2 RS RFEAR R BiER AL EC)
H¥%X, e ONP(X, €C,n>1)>0.

0.3 %i & jHIERTE A, £ > 0,p) > 0, iEHldn — m.

9.4 ZIRZAEH IR, AARHERE) € S, nlLrI;op§Z) =0.

0.5 4 NRACIRA, W4 tim p(") = fij.

9.6 £C(i),C(j) &P AFHFI M A BT BB, A f ;= 0.

9.7 TTHRA RIA T A2 7 IR K.

9.8 1IE BT fa S AR BEA LI 20 A2 B A 1.

9.9 WX = {X,,,n > O} A Z1dJi B 5 IREE, RS EAS. WAERi € S, &

Sk:{jesang+k>0,n20}, k=0, ,d—1.

WEBI(1) Sk, 0 < k < d — 1HAHEIMNHS = U{Z) Sk

(2)2Y, = Xng, BAY = {V,,n > 0}4& APy — 0 FEREME 250 K 1 3 8 1 15 1S
HE. FFAI, 37 X0 € Sy, IAY IR 2N S, 1 FE R 1 ) IR

9.10 WX = {X(n);n > 0} N REE, /%Ti(o) =0, Ti(k) = inf{n > Ti(kfl);X(n) =i},

Wi(k) = Ti(k) — Ti(k_l), k>1.

EHW® k> 1R ESL, T HW S e > 2 A HE 5.
0.11% FARAS I NI, LS {(n > 15 1) > 0y B A AR T Hd.
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§3.3 HIHELERSHTE]
7L [BE A TR N 24 ) RS R 8 IR 32 B () B3 9 [l 7 B[] s i B 2
PR . X — T RATE @IS SR LB, #E— DX KA &1
A VRS M. AU TT R, 25 ToReml A B, AR S IREEX = {X,; n > 0}
HRMZEREP = ()i jes-

(A) HIRERS %
B BA TR B IRZS R (Bl 5 I 8] 7 3 BPRES SRS THE—THRAL £
74 =inf{n > 1, X, € A}

TARTRN EIRHEN (101 2)) SR 5 AR ). SRR IEB SN > 1, £

B =Bira=n), fa= oS,

n=1

LR SHE R € [0,1], & X

ﬁB/AflAT)EE}AszETﬁBEHTIEUV\]tﬁlﬂi(lﬁlwﬂAE’Jﬁ}EK g F < 1,

fia = Fia(l). Zfia =11, T?@J{fz )V BN BT a (20 A 51, FlA( VLA X}
fﬂﬁt@iﬁz Hfia <1, U\ztﬂﬁfﬁBEHTIEUV\J?ULAE’]$1¢T e KA, (H
Qﬁ’ﬁﬁ'ﬁgﬁﬁég_f%ﬂfhﬂ{f VS RRHE, 4 (u) TR —— X .

EI10.1 MTELTMA C S € [0,1), {Fi a(u);i € SHRELMETTFEH
= wpigar+ud pij, €S, (3.3.1)

kg A jEA
i N ARG RI{F; a(u);i € SEAS SR TTREA(3.3.1) AR Ui T B 1275 2411
ERAIIE {gi(u);i € S}, Fia(u) < gi(u) X—1i € § HERATL.
WERR 1CA(i,n,u) = >0 ) Z(Cz)um W\Unlirr;o A(iyn,u) = F; a(u). H

n+1 n+1

AGin+Lu) = > i f<1)u+ 3 F
m=1 - m=2
= pigut DY PiXm € A X1 =k X, £ A1 <v < m)u™
jeA m=2kgA
P PGP AR 554 A 240

Pi( X € A X1 =k, X, €A1 <v<m)
=Pi(X1 = k)P(Xm € A, X, € A2 <v<m|X1 = k) =pipfis V.
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)4

n+1

A(i,n+1L,u) = u me- + Z Z upiykf]iﬁ_l)umfl

JjEA kg A m=2

= U me- +u Zpi,kA(kvnvu)'

JEA kg A
Bl An — cof(Z 031 j3-1)

Fia(u)=u> pij+uY_ pisFrau).
jEA kgA

R Fy a(u),i € SHSE N7 FEAL(3.3.1) IR L fiE.

AEH(3.3.1) I — B # {gi(u),i € S}, HH

gi(u) =u Z Dij t+u Z Pikgr(w)
jEA kg A
CIF:t
gi(u) > A(i,1,u) = uZPi,j
jEA
ST € SHOL. WAHMERi € S, gi(u) > A(i, k,u)Xt k =n — LROL, A H
AGin,u) = upij+ Y upi Ak, —1,u) <Y upij+ > up; egr(u) = gi(u)
jeEA kLA jeEA k€A

AIEIHER € S, gi(u) > A(, k, u) ¥tk = nt AT

EHECF TGN, SRR € SUUKAEEnEH

gi(u) > A(i,n,u).

An — 0o 139 (u) > F; a(u)X T € SHOL. RIIGLF; a(u)R(3.3.1) /MR RO

FEFR10. U9FRA TR M 1 — P SRARAETT FER IR T S0 A (7 5. el 5 X
Fe A PR 5 IREE, IS4 HoE 310.1, FATTRT DU SR fif & A BRAN A2 & 1 42 1tk 7 2
HARAFTA 3 A1 A5 B

1/41/4 1/4 1/4

1101 BT X R BN IERE Y | 1{3 2(/)3 0| R () BB () =
0O 0 0 1

n), Hdi=0,1,2,3, n NEEIEEEL
iR R MR AR R TRATT AT DAE RS — P B KT
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FHIEAT RIS 4 1, RIS TR € [0, 1], F31(u) = 0, B e #9115

Fo1(u) = upo,0Fo,1(uw) + upo2F,1(w) + upo,1,
F>1(u) = upa,0Fo,1(u) + upe 2 Fo 1 (u) + upa 1,
Fi1(u) = up1,0Fo1(uw) + uproFo1(u) + upi 1.

(1 —Upo,0 —UPo,2 ) <F0,1(u) > _ <UP0,1 >
—up2o 1—ups22 Fs1(u) up2 1

¥ po.o = po2 =po1 = 1/4,p20 = p22 = 0,p21 = IRAFFITHHF

HI AT I AN R A

+ 2
F071(u) = 11_1; 5 F271(u) = Uu.
R A RN =ATTREIHERE Blpro = 0,p11 = 1/3,p12 = 2/3, FATAIE
_2.2,1
F171(’U¢) = 3U + 3U

IHERO <u < 1, HRHHRIA,

U u2 e u > 5 k

Z =R =[5+ ] =4 0
k=0 k=2

—I%nf(n —1/47 O(kl _5/4k k> 2. D

f110.2%W = {W,, o NEZ F(q, p)- T HLBEALIES), SKFo 1 (u), u € [0,1].
R e AR FI{F; 1 (u) ez e T FEA

= Zupi,kzk + upi, i €7,
k#£1
() /NE S, AT
Foa(u) = up + ugF_11(u). (3.3.2)
ERBDMERER > 1LLAERG € Z,j > 2, M &
Fo s = Plriyy = n|Wo = i) = B(W, =i+ j, Wi < i+ 4,0 < k < n|W, = 1)
=PW, —Wy=4,Wr—Wy<350<k<n)
= P(W, = 5, Wi, < 4,0 < k < n[Wo =0) = f")
SRl
o = P(W, =2,W, <2,0 <k <n|Wy=0)

n—1
=N PW, =2,Wy <2,j<k<nW;=1,W <1,0<1<jW=0)

1

<.
Il
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H 5 FR Pk

93

P(W, =2,W;,<2,j<k<nW;=1W;<1,0<I<j|W,=0)
=PW,; =1, <1,0<I<jiWo=0P(W, =2,W, <2,j <k<n|W,=1)

TEEBIWIE N FF 1,

P(W, =2,W; <2,j <k<n|W;=1)

=P(Wpy =2, Wi <2,0<k<n—jWy=1)=

ES):d

n—1
M—Zh°” ST
j=1

H U PT 15

oo n—1

(n 3.

F_11(u) = Foa(u Zfozu ZZ (J)u]f(g:’ll_j)unfj

n=2 j=1
=358 ST f R = [Foa(w)]?
Jj=1 k=1

He AN (3.3.2), TEREEL Ry 1 () NN SRR, 278
2pu
14+ /1 —4pqu?

1 E FR10. 195 23 A3 2 40 R 50 T U5 In) BE =2 1) 8 H £ %
HIL10.2 XHMERLEMS € S, {fi;;1 € SHELMTFEH

F071(u) =

z; = Zpi,kzk + Di g i €8,
vy

/N AR DR

$110.3 —ZARATR LT FON A TATTE (0), ([FE REF(1), HEXR

AL T Fe A2 MERAE A R )20 2 18] e 7%

1 0 0 O
010801 0
0.104040.1
0 0 0 1

SRAETFAFE RIFFON I ST R & A RS I EL .
f# rh RS LR R N A AT B RS — B R N T

(3.3.3)

(2)55 R (3). 1%
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FEsR ELBIRREER f10. B1F3 4 0, f30 = 0. L9207 %0

fio=p1,1f1,0 +pP1,2f20+ D10 =08f1,0+0.1f20+0.1,
fo,0 = P21 f1,0 +p2,2f2,0 + P20 =04f10+04fz0+0.1.

HILARAS fr0 = 7/8, RV A AHE 1S HL B D987.5%. O
JIREA(3.3.1)5(3.3.3)EHE E AR B B4 JATIRAL T — i F Wy 2

ZHL R (R T 5 PR IR PR R T %

EIE10.3 WX ALY, A4 X HIR Y HACKAAAE—MIRE ) € SR FEL(3.3.3) 1

R —HIAES AR {u;; @ € SHF L, > 1 X —V)i € SHAL.

UERR 7 B - FFANTTZ0EE X H IR, W ERHEVS 9. 9FIME iR 9. 7RI X R, j € S, fi; =

1. A7 FREH (3.3.1) I NE AR £ ;0 € SHE ML, Bl > 1 X —1)i € SO
"R PET s AR A {u; = 14 € SPRN(3.3.3) /N EFME, M i 10.2

RIS =1, BRI R, B EHER9.9 Al AN T 28E XN IR 1. O
f5110.4 5 IREEX PR 2= RN HE U EL, ML FE PR
To Po 000 --- 0
ggripr 00 --- 1
P=| 0grap 0 --- 2
3

0 0 g3 73 p3 -

Hrbpo >0, r0+po=1, g +ri+pi=1,p;,q >0,i>1 WERINEX N L)
S RERIREALIE . He X H IR M.
R ERMHER TR IEHX AT REE. I =0, HEa0 T 724

20 = D k40 P0,kZk T Po,0 = Poz1 + 7o
21 =D k40 P1LkZk T P10 =121+ P122 + @1 (3.3.4)
Zn =D poP2kZk + Pn0 = GnZn—1 + TnZn + PnZnt1, 1 >2.
CIES]
4n q1G2 * - Gn
Zn4l — Rn = 7(277,—2”,1) ==
Dn P1p2 - DPn
Hﬂlﬁtﬂ%ﬂ(3-3~4)E@4Eﬁﬁ£%‘j7%/%20 = poz1 + ro, 1 HXHMEEn >1,

n
g1 -4k
Zny1 =21+ (21— 1) E —_—
! =Pk

Z1 —1)
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DRI (1) 243750 | e — oofff, HH{z,,n > O}AEFU A K2y > 1, MTfliz, > 1, n > 0. H

P1 Pk

EFE10.3, B X IR,
(2)%A =22, vt < ooftf, WLz € (A/(1 4 A), 1), #i13

P1Pk

O0<zo=poz1+ro<1l TMH 0<z+A(z-1)<z,<zn<1

YR n > 1AL, B (3.3 3)fFEAE MR 2,1 > OMfifF 2, < 1. LEH HE ¥ 10.37]
X 2R IR, O

(B) FH4ifio]rta]
WHER € SAIA c S FATERT L X

oo

mia =y nfiy. (3.3.5)

n=1

i—/lfi,A =1, EDPi(TA <o) = 1Eﬂh,

mi A = ZnPi(TA =n)=E;(14)

n=1

Feom Mt T IR BNERAS G-I IR]. e, i A2 W IR I, my 288 KR 2
SIS IF], FR AT 35 B ).
7F10.1 2491 4 < 1N LI FIBEREREA AL, (Hm, AT37E— 22 T ZIE T 74 1<
HEE.
EEF
dFi7A(u)
du  lu=1

miA =
DRI A A% (3.3. 1) 19 B SR KL F; 4 (w), FRATHT OISR FI8 575 (5 Him, 4.

f510.5 XHE10. 1 X, Km; 1, HHi=0,1,2,3.
R X101 R E, 1 (v)R T, HAEFREH Du = 1715

mo,1 = 11/9, mi1 = 5/37 ma1 = 1, ms3i1 = 0. O

LR AP TR (3.3. 1) 13 BV RRELF; A (u) A IHEFFATTE, T2 B 1 il
AT R AR Bllm, AT,

REF10.4 FHERLEMA C S, {miasi € YL T

%= pintk+fia, €S (3.3.6)
kg A

(i dw /N D iR
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MERR iCb; a(k) =Y mfi(fz), Mn — coffb; a(n) T m;a. H

n+l n n+1
buatn +1) = 35 mfiy = > mfEt 30 A

o " "

=foﬁ +ZZmIP Xpni1 € A, X1 =k, Xy € A,2 < 0 < m)

m=1kgA

n+1 n+1

- Zfi(,?+zpi,kszk =Y pikbr.a(n +Z
m=1 kZA m=1 kgZA

P An — cofF
mia = fia+ ) Pikmi,a.
ki

R {4 }ie s B NTTREZH (3.3.6) FIHE A, ATHY(3.3.6) I — A IE A {wi }ics, HH
u; = fia+ szkuk

kgA

A Al > by a(1) = fUORAER € SO
WAHERG € S, us > by a(k)5tk =n — U8OL, A4 H
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m=1 j#i J#i

HH > 11,5 e 311 7R A
Zg )i /m =myEr(g) < oo.

jES

H 5 K HE
nh_)rrgo % Z Y, =m;;Er(g), a.s. (4.1.1)

N, = Y0 Yxemiy- AN, RRnZ BV Rl RE. H T iR, B 9. 10 7]
HIN,, — oo, a.s. b > #3101 15

N
1 n

7i(Np) /Ny — my; a.s. VAR — E Y = muEr(g9), a.s.
Nn k=1

HEF
Ti(Np) <n < 7;(N, +1)
S5}
Tz(Nn) < n < (N + 1)
N, — N, N, ’
LA
N, —1 7i(N») n 7i(Nn+1) N,
Vi = 9(Xm) <D g(Xm) < 9(Xm) = Vi,
k=0 m=1 m=1 m=1 k=1
peia ] N N
—1 n
N, —1 1 a 1 N,r11 a
< = < _—
n [Nn—l ZY’“}*n 9(Xm) < = [anyk]’
k=0 m=1 k=1
T%ﬂénlbﬁkj. O

FEE T2 VRATAR T, #E— BT 53 0 F il
#it12.2 Hg AR AL, A4

ol :
nlggoﬁkz_lg(Xk) =Y gli)mi, as.

i€S
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WERR 353 g(i)m < oo, M AMER12. 282 12,1 MEENH. & (@) = oo,

€S €S

IAFERN, 2gn(i) =i AN. Xtgy BEAEMNAEHEILL 5

1 n
- > 1 _ _
hnrggf - kgil X > limsup lim E gn (Xk) = hm Sup Ergn(i) g g(i)m; =

n—,oo N,
N—oo =1 €S

R HE R 12.25857. O
f112.1 F EBIS 1 (k, K) R AR ALX, HPK = 3, RORTERAGBEHLAS 535
i

po=PE=0)=03,p =P((=1)=04,p =P =2)=02,p3=P((=3)=0.1

AR E R AR DASRAN27C, RECR RS A A A (R e B 200, 1H
AR RS IS TP U 2 i K.
fi# SHERAERE € {0,1, 2}, RIFFETLHNG, 720 A FLLIN [RIZRAT 1R, A

12(3 — X,,) — 2X,, = 36 — 14X,,, X1 <k (Xnos X2)
Tn = = n—1;<n).
12(Xp 1 — Xpn) — 2Xn = 12X, 1 — 14X, k< Xna<3 0"
B, X B RS R A R (s ;) 39 22
P(B3-&§V0=j)=PE=3~j)=ps—j, i<k,
P9 VvOo=j)=pi k<i<30<j<i
PO R - Vo= ) =pi+ et s, k<i<3j=0
P((i — &) V0 =7)=0, k<i<3,i<j<3
AR XA PRS2 5 [REE, AT IER IR, 10 H-FRaAfmA
™= (7T077T1,7T2,7T3)-
P > R512.3 F rE B 12,1 0] AT 2 A i
1 n 1 n 3 3
*Z *Z X1, Xm) = r(k :z g(t, 7)™ pij
n m=1 n m= 1=0 j=0
k 3 3 3
=336 — g)mips_; + > > (12 — 14j)mipi,
1=0 j=0 i=k+1 7=0
k
Zﬂ'l—‘r12 Z im; — 14 Z (lejpz ])
=0 i=k+1 1=k+1 j=1

BT AT, Yk = 28
2 3 3
(2) =94 mi+36ms — 14wy _jps_; =94 i =9.4.
i=0 j=1 i=0
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Mk = 10
0.1 0.2 0.4 0.3
()= | 01020403
Pii) = 1030403 0
0.1 0.2 0.4 0.3
SRR A
7 = (19/110, 30,110, 40/110, 21/110).
IHE S 257U 2 AR PR
r(1) = 9.4(mg + 71) + 12(272 + 373) — 14(mwg + 1.973)
— 0.4+ 0.6my ~ 9.62.
Mk = O HH
0.1 0.2 0.4 0.3
oy | 0703 0 0
Pii) = 1030403 0
0.1 0.2 0.4 0.3
AR TRA G

7 = (343/1070,300/1070, 280,/1070, 147/1070).
LR P s A PR
r(0) = 9.4m + 12(m1 + 27y + 37m3) — 14(0.3m; + 72 + 1.973)
= 9.4 — 1.6m; + 0.6my ~ 9.11.
PRI (1, 3) SR o J1~F~ 359 A0 44 J01) S ) e U S S O

(B) HERATRZRY

BAVIAE T & 5 IREETE IR S5 R G B I 7. ENHIX 7 2 BT RATT
LA H T B I 5 (1) IR [ A
EIE12.3 WAILEEXFPRETAS = {0,1,2,--- ), HAE{y; i € SPRIFEAR
BjFEEMER £ 5,

Zpi,kyk < ¥ (4.1.2)
kes

i FL tim_y; = +o0, M4X IR,

mmx%eﬁﬁﬂ&wﬁ%msﬂpw,%m:{?ﬁ;¢%Y%%@%$ﬁ
jsy =1

FERP = () I 55 5 BB DY T 25,
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(1) fi; = Pi(m;(Y) < 00) = Pi(75(X) < o0) = fij-

(2) JAWILES. WHER € S, i # j, Hi — A AidAER IR, F11L.1ER T
Fke S, py) — 0y #i =g, HAMIST R — fi.

SHEL i e S, i # 4, 1EAR(4.1.2) 115,

Zp Yr < Yi-

kes
XEEe > 0, My, — ool A, fEER /T KIUN > j, 15

nir>1§vyn > yi/5~

H
inf yn STA < ST Bk < v
k>N k>N
QLS
Z ;5572 <e.
k>N
[A] it
S oa>1-¢
0<k<N
Ln — codf & A LIS (2 )T%ﬂfu >1-e e - 0f3f,; = 1. LM
S2(1) F5EFR10.1 FTALS,; — 1. DRk A3 1, A AT 2006 X W3 1, 0

EIR12.4 AALFEX IE R IR El’]?ﬁ;c%#nzﬁf#ﬁéﬁﬂ{z“ i € S}M—AIRE (L
AT—IRES) 115

dSopikzk < zi—1, i#7,
kes (4.1.3)

> Pjkze < 00.
kES

MERR WV &2y = 0BA Moz = my;, i # 5. HIZEFR10.3.

ij,kzk = ij7kmk,j <myj; < 00

kes ey
MXHAERG # 7,
Zpi,kzk = Zpi,kmk,j =my; — fij =mi; —1=2z—1
kes Py

HIAAAE (1) — MRS BL R AR D 2, i € SHEFF(4.1.3) BROL
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“FRATE?: ks = ZkeSpJ}kZR’ o < § < co. FHL %7, SEER > 2, &
fR(4.1.3) AT,

OSZ;D;?% ZZPH PLEZE = Zp(n )Zpl,kzk
o

keSles es keS

= pngl)(zl -1) —|—p(n Vs = Zp Dy -1 +p§3—71)(1 +9)
I#j I#35

<3Sl Va—14p V(14 0) <
les

n—1
<zi—n+ Y pH(1+0)

k=1
XMW

n—1
Zpl(.?(l +6)>n—z.
k=1

Wil EEnIESn — cofd

: (k) 5
nlggonzp”_l—i—(s > 0.

FHAEIR 11.6 0] 25 9 IE 5 IR ARAS, AT X2 IE 3 IR 1. O
f12.2 WERS RGP IE—AE O, WP aE 20 NFEHEBLN? & 13T
RNk

L [A)E AR S b i, BA T8 5 T ZEA LB, BB AR RENL RN, — BN
DRI ) N 16 ) 8 ) i — B ST [ 2 A PR BE AL AR B 1 fﬁgiﬂﬁiil_%%““%ﬂ%
Sk 557 B SRS M 55 6 IR 5%, (BR34BT 1A Al 55 I )t A S ) 3 A1
BEAL AR B H 5 0% 21328 B0 I 1] 18] B AH ELT, R 2 X2 RS RANG /G s
ARG, HA DGR BIIE (I 18] 18] i 7 A, 55 A GRIS RS I B 70 A, s
MRS (1) .

N ] R IABBE I 33 I 1) 1] B 7 A1 B A2 BN AR B A, R 55 (8]
Wi AN L BRSO g RE S0 A, AFBRB— DB H. PAX, RoR Hin B i 55 7 B 2
T, 2T 1S4 I 55 A B3 4, A04R I ZION 28— 2AR Z1, RIX, = 1. 7
AARAEX = {X,,; n > 0} fl6.270 5 IREE. FSL ERIU, RonSn MR 252 55
MR, &, RoNTE S AR 5252 i 55 100 18] 238 1 B2 4, g Ko A Joic iz e n]
F{&n; n > 1} RFMSLIE AT IRENLAS &, 734651

p= Bl = 1) = EF(E = KU = [ CEe (o

0
mH
Xn-1—1 s Xn_1>0,
X, = 1 +& 1
gna Xn—l == 0
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I X RS2 p, 3 R 55 A XHMER > 0, po; = pj. TTd > OB, SRR > i—1,
Dij = Pj—it1, MAERO < j <i—1, pi; = 0. — M, AKX M (N)/G/1HEA R
SR N EE, Bk ] DO TR AN St =R A G R

1 R
@ Jim 2> X, @) Jim 2> Lox-op
k=1 k=1
FHEEATEBEO < po, po+p1 <1, p= 372 kpr = E(&) < oo, XMEEs € [0,1], &
A(s) = Zpksk
k=0
FoR IR S5 1R BTE B o0 Ar IO BF R R SR p = A/(1) 1T L >3 4. 27T &1, p > 10,
TitEA(s) = s7E(0, 1) WAFTEME— M. FATH JedE
WEL12.5 Fp > 1, XAEFIR; #7p =1, XEFHIR; #p <1, X IEHFIR.

WERR Mip > 10, 1L A(s) = sTE(0, 1) I ME— A, IBAXHMERG > 0, 22 = o, I
2

o0
zi =ul =u Au) = Zpkuk“‘*l
k=0
oo oo
= > Dtk = Y, Pik% = D _PikZk +Pio, 70
k=i—1 k=i—1 k+£0
BT {fio}izor T FEAH

zp = Zpi,kzk +pio, 1#0
k0
B /NAESUAR, IS o < 1. IXRBPIRES0IEHT 1R, M X AR IR,
Yp < 1N, SHER > 1, Dy =,

yi=i—1+1>i-14+p=i—1+Y kpy=» (k+i—1)ps
k=0 k=0
= Z Di+1—ik = Zpi,k:yk-
k=i—1 keS
F 8 FE12. 300 SN e X 2 IR 1)

Hp < 18}, B

o
i—l4+p=> pixk, i>1
k=0

i - k
-1 =
1—p kZ:OPl,kl_p
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H

> k < kpe 1
S gt = 2ok L
P 1—0p 1—p 1—0p

H e FR12.470 %0, R X IE IR
Mp = 10, HXIEHFIR, WALHAZRMEE T = {7} eso. FMEEs € [0,1], &

7(s) = Z s

k>0

i+1
= E TEPk,i = ToPi + E TkPi+1—k
kes k=1

A FIMAERO < s < 1,

7T(S) = Zﬂ'isi = T Zpisi + i i 7.[_kaLSm+k—1

i>0 i>0 k=1m=0

= mA(s) + (n(s) — 70)A(s).

H I AT 45
mo(s — 1)A(s)
(s) = p—TE (4.1.4)
PLL
A(s) -1 . A(s)
s—1 O7(s)”
%5 — 1-13
p=A1)=1-m (4.1.5)
Bt = 1R AE T = ONTPIRAOIFIER IR, X5 X IEF RBRET)E. 0
HEEBIXIERRFAT (4.1.4)2 PR A BRI EL, 455 (4.1.5) AT A1
_ (1—s)A(s)
m(s) = (1- P)ma

NI

/ (s —1)A(s) | As)[s —A(s) —(1 = A'(s))(s —1)]
w(s)= (1= p){ = As) T (s— A(s))? }

ER12.2, #E811.6, Zp < 1)

R
JLHéoﬁkZ_lP(Xk—O)—”O—l_p’
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BB ERA (1) = E(62) —E(&) < oo, His — 1B s — A(s) ~ (1—p)(s — 1) 7] 47

lim zn:X ik "1=)=p+ A1)
m — = T = T —) = .
n—oo n P k =0 k P 2(1 — p)

&R

12.1 FEGI1.19 35 4 po = p1 = po = p3 = 0.25, HAMZKAEAAE, KR EAEFHE (K, 3).
12.2 XM (N)/G/URNEEX, 5 k55 G KRS 18] G ik NS B i3 oo A X <
fa SRACIST ] PR~ 35 A AN 1 T8 AR IR ] B A1)

12.3% WARTZYIEH IR 5 REEX IR R TR (pij)ijes, ™ = {mities I FRLIS
fi. Y, = (X0, Xpp1). WEBY = {Vo,n > 0} ZREZEAM = {(4,5),4,5 €
S,pi,; > O HIATT LY IEH IR 5 T8, ~FAR AT 9 {mipi ; } i, j)em-

12.4% WXFIRE TS = {0, 1T PRRAS I 55 5 [REE, F A8 240 [

()
l—q q )’
Ho<pg<l. HOMX,, -, X, —HWE Ao, -, 20, FoHRN E 5SS X T

*ﬁé“ﬁ E@Vﬁjl\mggﬁﬁwo, 01, 10, 11 E‘]%%UﬁNQQ, no1, 110, nnXUL.
(1) UEMp, g RALIRAS 73 7 /2

oo ~ ni1

Pn =

y Qdn .
noo + No1 nio + N11

(2) UEH ILm Prn = P, a.s.
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§4.2 TWFEDRESHIFFTRU

— > FMarkovBEHIA 11 22 4¢, HH AT LUR e (I 18] 5 R A2 € 20 A0, 193
SRR E BT Y. ERTTIIRA A F 2, ERERFT, AR IAHRIZ
AEE A, TRAZEI AT E Al — D ITRE, — ORI ZARKI TR =, Fraem
F, AESEBR A AR 2 [ 2 — O AR 25 A R 18 P3P SR AR X T X A o
P Markov B8, A —RISRANAZ 73 A7 R85 9. AEASTT R, AT TR 25 H X7 T ) 2
WAHIRLH.

(A) ATEDRHE
R X131 BLP — (piy)ijes MEERHEREN MarkovBEX, FRVATUON, W1 AZ (AR
I3 A = {p; - i € SHEBIMER, j € S,

WiPij = W5Dji- (4.2.1)

PR X AT T4 o3 A, AR A0 4 A0 . B 2 R (4.2.1) A A BCT i A
FH Ut E AT,
Z HiPi g = Z HjiDji = Mg

Bl X B RE 43 AR . 1K 3R B X T I AN ] 2%k, A6 ) m] 3 o347 e — 1 512
AR ] AR TR (4.2.1) 3K H.
f513.1 HERES = {0,1,--- , M}, HREMRE K

0<piit1 = =1-pi ;1 <li=1,--- ,M—1,

0<pop=090=1-poo<1, O0<pym=amy=1-—pyumu_1<1,

5 IREEX, SRX B’ijfrgéﬁﬁ
B BOEHXRAAMN. vy =c, KA E . SEREM > i >0,

ViDii+1 = Vit1Pi+1,i)

RIXHEREM >i>0

vio; = Vip1 (1 — o).

EE”H:EA?%L, Xﬁ{f%&\M > 2 07 Vit1 = H;€+1 ?kai V. E“? Z v, = ]-T{?

=0
N 1
0= - .
1+ Zz]\il [Tio 50
By = (vo, v, -+, var) WX BRI 5340, T2 X IR Ah . O

AR 13.1 iC A AN T2 B IREE X I T AT o = {p; i € S AXHER € S,
i >0, ﬁﬂﬁ{f%] es, Dij = Of—'IEJXf—'IpN =0.
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WERA HH(4.2. 1) AT HIXHE RN > 1,

wipyy) = il (4.2.2)

BTN LR X R AT Y, fifEiy € SifRu, > 0 LRIHMTERi #i € S, 1%
En > 0ffifEp(™), > 0. B IARN LR T4

(n)

HiDs G > 0.
XHW > 0. FHA2.) A FIMER] € S, piy = 04 HA Hp,,; = 0. 0

H 5 BH10.8 ] AT AN T 24 B (R — e 2 IR R Y R AR
— B, X TR A G IREET AR € S, XMERL) € S, FE kAR
i1%io — j. AWIRIZERAE N

10 <11 < iy =,
BE R Naps 21 BN i £/
Dio,irPiryiz = Pin,j > 0
UGS A R 13.270] A
Djyin ** * Pig,ir Pirio > 0.
FERIFH (4.2.1) AT 15, XF RIS A e = {ps,i € S},
HioPig i1 Piviz = " Pin,j = HiiPiqio * " Pin,jPiv o
= Wiy Pis iz Piy,,jPis i1 Piq,io
= = WDyt Pig,ia Pin o
it
Pig,i1Piq,ia " Piy,g
DPjin = Pig,iiPiy,ig
HB24v(io,io) = LHXMER € S, pj = piyv(io, 7). H

I_ZMJ _Z ZO7 )/-%o

JES jeS

(207j) € (Oa OO),

A EIXHMERE € S

i = U(io,j)
T Y e vlios 7)

T EEOAFRATT BT AN AT 2 1E R IR T IR 2 A A R T — AN B
Tk

(4.2.3)
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EIE13.2 0T HEp, ; = 08ifp;; = OMATT L IR IR D REEX, &2 ] 5 KAk
B 78 B AT B RS B R BIENZIR & 1 B2 58 1 S ) 464246 FH R 7 A
KX TF =PRSS i1, d, - L in B

Di,isPivyin " Pinyi = DiyinPipyin_1 " Piii- (4.2.4)
WERR BT A Cga th 7 LB P Uk . A8, j € STHE15i £ jHp;; > 0. XHE
Bn > 1, #H(4.2.4) 775,

PijiiPiqjis =" Pin_1,iPj,i = Pi,jPjin_1 " Pig,i1Piy,i-
KT, i RS
2w = pigp.

HE— B R F R R4 15

1 k
J:H;ozZpupw pis Jim 3 > rl
HF XA HIERIR, HER11.60L A g P 11.8 7 %1
TiPji = TiPi,j5,
Hrbr = {m;,i € S}RXW PR, B X AT, O
EIE13.3 [ —ANEE A r, 1d AT A BUE LR IE 1 S IS RS, Blr =
{mi,i € S}, Hm > 0HY,cqgm = 1. —EFFES LRI AT A B IREEX, il

b f XHO TR,
SRR (LS A AT 1 IR B A Q = (g, ) e AL

i =0 q;i = 0.
SHEEi £ je S, 4

T

. 3450 .

a;j =min{—=—=,1},  p;; = ¢ jj,
ii,5

—QZ1+Z%] 041]

J#i
BHRP = (pi ;)i jes B MBI RE T HL HHA43E 0] JIHTE R £ 5,

PAL

Dij > 0< qi,j > 0.

R Y BIATTLPEn] 51, AP YRR 2 R 0 5 IR X R A T 2y 1. it —20
WHERG # 5, H

TiPi,j = Tidi,jO% 5



122 FUE O Rew—LE 2N A
ATAL e <1, Wa;, =1 H
TiPi,j = Tjd5,i = T595,i%,i = TjPji;
Mo ; = 10, Fmig; = miq5 WMoy, =1,H
TiPij = Tidi,j = 75450 = 759,55
Fimiqi; > g5 Moy < 1,H
TiDij = Tili; = T;jq5,:0(J,1) = 75 ;.

B2, R R X AT AR, AR X B R oA O
131 XA G R Y I BRAEE A Sp, ;> 0, B4 XIEZ AR BT, A
1M FH 8 BR11.9R] A mids 72 X AR BR 43 A1, B X, I A3 AR USRS B .

3E13.2 R E 3. 3UE R A A i S RS AR R P 3k 1 45 21 v 190 5 FBE Y 77 v N Hastings-
Metropolis Hi%, FREBHIEQ = ()i, jes N TUEFEFE.

(B) BIR#EREFFT (MCMC) %

RS A 2 gt R R A B T E S A et 5, T B BB
MUBLSE R Bet, HIRATE BT 58 WE(h (X)) XA 1 5 08 W ey, —FhH
SR T ERRAE B R R 8, @I A — 1 5 X R A R BEN L 2y, 20, - -+ 2, RS
SR h(ay)/ma ek, AR 2G4 B X B BEALECA R MERE, 1X M7 R SC R E — €
MESE. I [REE SRR B (MCMC) 77 752 RE AR I 28 r) R 1) — P BE AT DL 7 v, %0
VAR 32 B R AR R W R 8 AR BT A S IREE AR A, T IREE IR PR 2
P (S BE11.9) A v e B e B 12 1 FHER 12.2), al i AR D FOBE AO e (5200, i
LA BRE 5 2 AT B BEAT LB A TF BT 75 LR S R it . N IRFRAT S5 S PR R R
FEJT VTR BA BAMCMC 7 2.

(B1) MetropolisK#f

Metropolis X ¥ 5t /& 3 T Hastings-Metropolis .75 AF ili— AN v ¥ 5 FBEFE AR B
TR T %, R Metropolis KAF X 5 UL BRAL A4S 7€ 73 At B BRI A Rk v e
13 3. (ERSLALX FARBER, SR RPN T 7 sUS B, FLAKIE W %
HH O,

(s1) WA ZIX, = .
(s2) P ANDATINA (i, gi, - - ) IRENLEL, BN
(s3) F7hes > 1, WAPRAS EHOA X 40 = jIFEI B (s1); A NHEAT (s4);

(s4) BSLHE—AU0, JBEHLEU, WU < T20 ) MRS EHT N X140 = jIF
15 (s1), 73 WPRAS AR, BI4 X, 40 = i, FFAIE(s1).
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B113.2 i I MetropolissRFHEA A n B HEF P R & §_E I 3 A e (A4S R E
MEE € §, mp = T (v), AT (0) RSl En A E.

BRI N 7R Metropoliss R FEi%, FANIRE EBeih — DM FUEREFE, A HERE—
PnHiSo € §, 2

N(v) = {u € S, ul] Kok 2 1 — AR BRI Hes5 21}

SE B, u, &
)0, u ¢ N(v)
PV INW) = 1/n, we N),

H N ()| RREEN (o) T RN B TAERE A A E a1 8 mr i AH
AR A T e, DRIT BABSAIE DA (g, ) A AS R R R 1) 1 QBRI AN T 2019, i L

q(v,u) =0« q(u,v) =0.

W T ZAG B A W ERMER € §, m = T(v), HheAH . Bk

a(v,u) = min <:ZZZ: , 1> = min (?E:ﬁ , 1) .
?f%??”qu,u > 0, HHastings-Metropolis&Hy%: 15 2 i 5 [REE X A AT )36 T i

RRBE, mot X HIRRER 7.
N AT Metropolis KAFVE R Bl m ) — ML AT, FEAGRREI T

(s1) 4 XofER T —PniHF.
(s2) BT ZIX, = v, vFm— A1,

(s3) FHAE—AHEORn — VBAUS LI SI AR REHLEL, BB, QuoRXtfio H
FgMg + U E BB R RINE, 2 = 0ifu = v;

(s4) T > 1, MPAEIRE EHN X1 = uIF BB (s2); 75 WHAT (35);

(s5) MLHIR—AU0, JIWBEHLAD, WU < T UARATH A X, = udt
63 (s2), 7 WARA AR H BT H14 Xy = v, FFI1 5] (s2).

IR, BATAT LAG S T AR AU A, T EOGER K B 5K,

(B2) Gibbs 4

Gibbs KA R MCMCHEAL, 5 F ¥ 5 )2 [ —Fh 5 IRBEPLIE RFFTVE. EA
AT & — PSR B Hastings-Metropolis#.7%.  GibbsXFE T IMCMCH RS B 5
S ¥N S INE

WX = (X1, Xo, -+, X )2 /N2 YER BN A & 10T A AT ReBUE S &
NS, B
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(h1) XA R : SER e = (21,22, ,20) € S,
P(X =) = cg(2),
Hhey 4.
(h2) SMEEL <i<n ARAEEz;, Hdhl <j<n Hj#i, %076
P(X; = |X; = x;,7 # i)
FEH 2R

SE13.4 R HIE—PERT e = [, o g(a)] ", (EZEMR 20 f5og (o) MO AT 3
R 5 S, B FATTAT DA Ay o ST
$13.5 FIRS M (h2) FHI7E O T X BOAE R0 — LN REUES, AT AT L — 2 1

I AT E X HUE.
FECL EZRAHBBET, Gibbs RAFIEBIUA ST 1A S AH S REEY = {Y,, n > 0}%
U B RS 7 A A

(s1) B HATHPRESRY, = 2 = (21,22, ,20);
(s2) BEALHLAE LS BRI —A T AR, L2

(s3) W2 AT 2,5 # 4, BHE, FMETHP(X; = | X; = 2j,5 # )4 B FIFEHLEL,
[y Y;

(s4) Y HMEEURyY = (21, -, @i 1, 4, Tiga, -+ 2) FEEIF(s1).
et 77 A R D AR Y 1 — SRR N2, y), B4

(ql) Hz,yZPHEHAN T EARNg(2,y) = 0;

(q2) Hz,y RE AR, BRI iR,

1 Y cg(y)
Q(x7 y) nP(Xi y’L‘ J :Z:]’.] 7é Z) nP(XJ — $J7] # Z)’

(q3) Hz =yt
g(z,2) =1-> q(z,y).

yF#

BRI Y E— DAL S REE, g(a,y) =0 < q(y,2) =0 T He(z,2) > 0. 3t
—25, i Hastings-Metropolis 5.y 1 1) eR £

M7 1) = min (Cg(y)cg(x), 1) =1,

@l y) = min (cg@c)q(x, y) c9(x)eg(y)
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IX R B GibbsHFEVEIS 2 5 [REEY 2 % Hastings-Metropolis &2 44018 i AE F A
A2 AT 0 BRI DLX ) 20 A T AR 0 AT, RIS B 5 IREE Y 384T 298 2 18

$113.3 AIBIBEALINREX = (X1, , Xso) HORE 4 REATTT REBLEL AR LA 1.
XX A ATt = (21,2, 250),
IP(X = :v) = ce*% 2?21 TiTit1

ok FF Gibbs TR Hh X 40 11— AN ALIURE

BER T AT

§1) XM EERTF— A, 20, 2Q);

s2) 1 HATHRARY, = x = (21,02, 250);
) BENLHBAE LS50 P B — AN AR, ELlnq;
)

sd) WERT Az, #, WA, R MP(X; = | X; = xj,7 # 0)F B, FIFEHLIEL,
iz, = Y;

(s5) Y FHEHURY = (21, @im1, Y, i1, -+, w50) IF A1 H(s2).

BT e, JATEAT U S o AU P B A, 5O H T8 AL

B JE BA TR K EMCMC 5 R AURT LR SR RS Bl A (R RE AL AL, 34
A AR AR APE S0 A (R BE LA, AN AT BUSEULBE LKA of BAZE 5 Bayes J7 12 1
SRV TR JREAR A3 ] R AR A X IX ey 22 BB (1 5238 1 S I KB %
SCHR, AP,

(
(
(s3
(

2R

13.1 UEBA Mg > pBf iy ST 1 17 B BEATLIE B 2 AT i 1, H Ry 0.

13.2 BItm A AERFImAS BER S BBAE AR TR, MR FAEmAER, B IRAIX
PR F R S BEH LRI — AN BRI EATRS . PLX, RN n kG In T 1 BERA
B RX, KPR AR,

13.3% 38 1T g A5 13. 2801451 13. 378 11 AL b S,
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§4.3 I XiLiE

SR AR T BRI — — 9 S . S R T 50 1
ORI R, UM, 25, ALl R & BT A R . — 2K
BB 49 23 B 5 SUHT R

NI Vpon > 1Lk > 11— BRI R 407 (3 6 R KO O B LS B, 0
SR X0, > 0} 01 F

Xn
Xn+1 == ZYTL+1,]€7 n Z 07
k=1

Hrh X4 EMIEMBBEMIEE B S5{Y,6,n > Lk > 1P FREEHLE
FE{ X, n > 0} HG-W(Galton-Watson) 73 SCITFE.

# LLX, FR FEn AR MEEL Y o MR AU P S B MR J5 AR B
A, G-Wor SO FE PR MBS 1 S A AN A A2 IR ARHIAT D92 — R HAB
Tok. HOUEIEE X = {X,;n > 0} — /M55 R, H s

pij =PYi1 4+ + Y1 =)

i E AT Hpo,o = 1, BPIRZSONRILE. idpr = P(Y = k). NEEGF M, DR
i&pl < 1. %po > 0, )ﬂ”x#’ff%‘ﬁl, Dio = pg >0, ﬁ%%l — 0. {E%I?Xo =1,

7o = inf{n > 1, X,, = 0}

AL PR o

q= ]P)l(TO < OO) = flO = nll)rr;opl)0~
BBV 206 kA, BRI TRV T, M RSN S AR 1 ER
FHE TS, T RAME SR AR R BUE A B, Bt

=)

fro=Piu(ro <oo) = fly=d*,  p") =Pu(X, = 0) = (o))",
AP L

ARR14. 1 A REAME A R A L, flm =E(Y) <1, B2 X, LIRH
T, Blg=1.
UERA 2 H10. 100
g=fro=Y_ piefro+pro= Y prd" + po-

k=1 k=1

BA(s) = S o prst. gl R TifEg = Ag). B0 < ¢ < 1, 1fi tH 2] 14 20] 41
ZTREAE[0, 1) N M. BRI A Mg = 1. O
RR14.2 HRAMEF A FRIFREEL L, Bim =E(Y) > 1, B4 X, LLEMR
AVETD, Blg < 1.
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MERR Hdr 12,60 Mgt A(s) = sTEXTH[0, 1] E— /M. FERB0ZWICIRE, FHE

=
=n>2

e 1 1
p§‘3—2p kpyy )+ pro = Zpkpﬁno NE 4 po = AL ),

k=1
Horip!) = po. XFT7FEs = A(s) HIFE BAE SR LA ATE Bon, #0306 2

u = A"(u) = A" (A(u))
> A" (A(po)) = A" (pi o)
> 2 ARYY) =il

An — oo, fHq = fio < u. XRMgs = A(s)H/NEFAR. B> B14.20] A
Xm > 18], A(s) = sfE[0, 1) N A ME—JEFE, A0 < ¢ < 1. O
XFCGWHRERL 5, &M BT A JE RS H 2 A 1R 19 (S W, 2 i14.1),
BEAF XAS K 26 ) k5 X, B IEE 55, BT =5 e A\ 2 0. U‘Fﬂlﬂﬂﬂ&ﬂc
R BAREG MM EBENA—2. — Rt QW B & A S 1 2 51 2T I “ 5%
R, 330 N RGWIT L.
TEN14.2 B{Y, 5, n > 1,k > 1ML [E AR SR OB BUE RN AR &, {1,,n >
LB — AT [ W‘ﬁE’HFﬁ%&MﬁM‘REEH 5{Ypeon > 1,k > 1} JOL, FrEE
WL FE{ X, n > 0} A RING-WidHE, wiif

Xn

Xn+1 - Z Yn-‘rl,k + In+1a n Z Oa
k=1

H Xo 2248 M EAE O BUERNL AR B B 5{Y, ,n > 1,k > 1} 5{1,,n > 1}J57.
HWE, EiHRNG-WIE AT, %%/T%MWZ)\E’JAD%IWE%)@&E
EnZ AT N D BIER, SERBHERM A OIE6. B %, 255 %k
X = {X,,n > O AN FFEREE. idpe = P(Y = k), qp = P(I, = k). AT, &
2951 > po, qo > 0. XHERi >0, H

pio=PYi+ - +Yu+I =0)=phg >0, po;, =P =i)=g¢q

ARNX AN TR IR (W21 14.3)
idm = E(Y), 0% = Var(Y), A = E(I}), 8% = Var(I;). H>]@14.47] H]
WRR14.3 X R IG-Wor SCEFEX, R i 25 A 2 RlaE.

(1) E(Xn|Xn—1) =mX,_1+ X\
(2) E(X727,|Xn71) = (an,1 =+ )\)2 + 0’2an1 + /32.

WE14.4 Fim < 1,0 < X < oo, MAXIEHIR
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SRR 25 X AN IE IR IK, A4 vELLATAL SHERG > 0, pi") — 0. ﬁaﬂ*%;@ﬁ
FHM = 2 + 2, fFEF S K0, EEIHER0 < k < M, pi") < 55 Bl

M—-1

Py (X, >M)—1—Zp1 >1/2,
k=0

MTIE (X)) > 1+ 2. B3 — 510, @430 (1) %0
]El(Xn) = ]El(E(Xn|Xn_1)) = mEl(Xn_l) + A

+ 1.

A
— ...:)\(1+...+mn72)+mn71§1

FIERHX —EIEHIR. O
NHRATE 2R B2 H R T 5 Em, A St
BEm < 1,0 <\ < oo, LU FIPPAR A A = {mi}iso. TERE X, ORI
T, X, E‘J%ﬁfﬁﬁ‘ﬂzmﬁﬁﬁﬂé

E(Xn|Xp_1) = mXp_1 + A.

FELTEMAR X, -+, Xp AT, IR RIS IR ZE [ B £
Q(m,A) =Y (Xp —mX_1 — A)?
k=1

BB/ ME, FATATBAAR B2 Hom, \FIRRN RS, FREA (m, VRN 3R fliT. B
PSR Km, XN R/ Rl TR

. — n 22:1 Xp—1Xp — 22:1 Xp—1 22:1 X
nZkzl Xlz—l - (Zk:l Xi-1)?

DL R
. 1 & n
== X =1 Y Xp).
[y P
HHE TR 12.200 e 2] 12,30 %

Zk 1Xk 1 Xk Ek 1Xk 1Zk1

Ek 1 X _(Z;‘,,lxk 1)

n

. D e i Zj:O Jpig — (g imi)?
oo 2 — (Do imi)?
= Dz d(mi + Nmi — (32 imi)* a.s (4.3.1)
ZZZO itm; — (Z'L:O im;)? o o
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Tﬁﬁiﬂ:ﬂ]frﬁz mu&z i2mi. AMBEAMBR X IG5 A0 Am, T4 Xo, Xa 5
i#R &, %Aﬁﬁﬁaﬁ*ﬁ@m 3( )

oo

Ziﬂi = EW(XO) = ]E'rr(Xl) = EW(EW(X1|XO)) = Eﬂ(mXo + )‘)
1=0

[ 1t
;Zﬂ'i = m
[F)RE H i i 14.3(2),
Zi27ri = ]EW(XS) = ]EW(Xlz) = EW(EW(XleO))

= m?E(X3) + (2Am + 0*)E, (Xo) + A2 + 2

GE 2 2
— 5, 0°A o 1 A
;zm (1fm+6)1 m2+(1 m)?
5):d
ZZQWZ_(ZiWZ)QZ(lo;m‘i‘ﬁQ)l 59
i=0 i=0
— = 2 a?\ 9 m
> i(mi+ N — (Y im)? = (T + )1
=0 1=0
KL S RN (4.3.1)15
My — M, a.S.
T 12145
An — A m A A a.s
" l-m 1-m o
B, , Ap 23R mAINTE J LT 2 SRS SR SR (AR & A

)RR

14.1 A 8pore T NZE, UEH Galton-Watson 5 4 Fr A JEZIR S HS 2 AE 5 1R 1.

14.2 B NFETEBEFENAE, P(E = 1) < 1, A(s) NEMRAERFR S EWIEE(S) >
LHP(E =0) > 0, A A(s) = s7E[0,1) WAME—#; HEE) <1, AL A(s) = s7E[0, 1)
WA

14.3 UE1 > po, qo > OB T FE IR/ B B2 A2 JE B A T £ 1.

14.3 UEBH iy @ 14.3.
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§4.4 PRERPXHE
AT FRAT 17 B 21 B I ] B HOIRES H B B /R R AR Y.

(A) BRERBKREMNEXSHH MR

EX15.1 &X,,Y,,n > 0, 20 BUE TEASHMW LS HEEIALE. K2
{Z, = (X, Yn),n > 0PN REIREE, HAFEMILEREP = (pi))ijes MQ
(qr.1)kesiew FFXAEER > 0

]P)(ZTL-‘Fl = (in+1ajn+1)|Zk = (ikajk)a 0 < k < Tl) = Piping1Qing1,0n+10 (441)

XAE R, i1, yint1 €S, Jo, 1, 5 Jni1 € WHBEKOL.
EH o ST R0 BT S BR S e L SR — P B R e B R MR M Lo 1 ) B 5
[CHE, HEBMR

Plin.,3n),Gnt1.9nt+1) = Pinying1 ing1,dns1e

BHEH, WX = {X,,n > 02— NUUP = (p; ;) NEFRMERIEFE I 555 KB
HRRY = {V,,,n > 0} ARG 0 DAAE S KE, HEAEER Zn, B2 — MM T R X
BUE R — BN R, JF B A REQ = (qi,) BIAT I E45 . £E G BRI FH I,
PR Z e AR A A AR Y A nl . mTiE s i, T RRBEX RS . AN R
1. XERRNFRZ NSRRI 1) 2 B A

B IR 7 S B A ABE I 2 B 5 il AL
ff15.1 LLY = {Y,,n > o3 LA H B IRE. Y2 WK, %5
AR, BRIk B <A, «pe B YIMEC, S RERSE EA0). F
PR(—1)ELE R (0)EREA K. UX = { X, R B2 H T RS, BRX R
ANTT BRI ). — ] B I SR A B s AR AR (1) B HIEE KRB 2 4 H
SRS IBEALR I, B4 2 H I ERES 2 e, T Sk Bk A NS BT S 4061
BENL A0, 12 %5 (g0); (2) B HBEERPREEREXE R —AN (0 55) 5 KR,
HEREMERAEFE N (pi ). HILMIZIEM Z, = (X, Vo) St — A %1 i 240 4% 9% 5
R R,
f515.2 PEAL— G LA AR, BHLERIRAES X, 70 I CIRAES 1) A ZE (CIRZS2) P,
FORAKENLAS A 7= 77 B R S LY, S PR AL AR PR, BUE 7= i i &
I3 R T LA a7 A P RES, THLERRES R R s — A 5 [REBE, B4 Z, =
(X, Yo )R 8 T — AR T R R R
515.3 EX, ZBUE TIRSSMES = {1,2,-- -, L}\IMarkov B8, HAEARABER LR
W EAS 2, TN 2 2 &0 T RY, PIREA,

Y, = g(Xn) + Wy,

Hor g —/NRAREL, {w, ML [F A0 I BEHL T30, R BCE BRAME, B S5 Bl
FE{ X, ST, FBA(X,,, Yy ) Bl — AN B Markov #R 7

AR EREZ, = (X, Vo) & M RBREE, & ORI X AR/ fir = (m,i €
S), A5 REERA BRYE DA R awml 51, WAEEn > 0 Lo, i1, i, € S,
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j07jla"' ajn S Wa
P(Zk = (ik7jk)70 S k S ’I'l) = Ty Gig,jo Hpik,l,ik(hk,jk- (442)

k=1

X RIAYIUE A r LA BN RE P, QIE2iE T ZMSiiHRrE. @WK (r, P, Q)N
Fa /R R EE Z ) S H AL
H(4.4.1), (4.4.2) 2R ARK, KMMEAX TR
P(Xn—i-l = in+1|Xk = ik,Yk = jk,O < k < ’I’L) = P(Xn+1 = in+1|Xk = ik,O < k < n)
=P(Xnt1 = int11Xn = n) = Pinsinias (4.4.3)
IP)(Y;H~1 - jn+1|Xn+1 - in+1;Xk - ikaYk - ]k70 S k S TL)
=P(Ynt1 = Jn411Xn+1 = int1, Xk = ik, 0 < k < n)
= P(Yn-i-l - jn+1|Xn+1 - Z.n-i-lek = jk)o S k S ’I’L)

=P(Yot1 = Jnt1|Xnt1 = fnt1) = Ginsrjnsr (4.4.4)
=2, B E M o, 1, e €W, FHEREO<m <n, &
Fp(i) =P(Xm =i, Y =jr,0< k<m), ics.
A4 (4.4.2) FN 4R 2K

Fo(i) = migi o

m—1
Fn(i) = > Wioqz‘o,jo[ 11 pikfl,ikqz‘k,jk]PinH,iqz',jm
in€S,0<k<m k=1
= ijm Z Dipy—1,iFm—1(lm-1), m > 1. (4.4.5)

im—1€S
IEEO<m <n, &
Bm(z) = ]P)(Yn =Jny s Yyl = jm+1|Xm = i):

IBAH (4.4.4), AR A SR SR A K

Bu(i) = 1,
n
By, (i) = Z Dijim i1 Qimmirgmtr { H pik—hikqikvjk}
ireS,m<k<n k=m-+2
= Z pi,im+1Qim+1,jm+1 Bm+1(lm+1)7 m S n — ].. (4.4.6)
im+1€S

FT R (4.4.5)M1(4.4.6), FATAT LS AR T77E15 2 F,, () M B, ().
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HE,, (i) B,, (i) 172 XT3

P(Yi=jr0<k<n) =Y P(X,=1iYy=jr0<k<n)=> F,(i) (44.7)

€S €S

= P(Xo =14, =j,0< k< n)
icS

= Zﬂ'iqi’joBo(i). (448)
icS

B, TR0 < m < n,

P(Y = jr,0 <k <n) = P(Xp =i,Ys =ji,0 < k <n)
€S
= P(Xp =i,V =ji,0 < k <m)
€S
xP(Yy, = jp,m < k <n|X,, =4, Y, = ji,0< k< m)
=Y Fn()P(Ys = jr,m <k <n|Xp, =i) = Y Fu(i)Bnm(i). (4.4.9)
€S €S

ES):4

Fon (1) Bin (1)

P(Xm = if¥e = ji, 0 Sk <) = ~— 0 "orp o
iesL'm m

(4.4.10)

P(Yni1 = j|Ye = jr,0 < k < n)
> PV = jXnt1 = ins1, X = |V = ji, 0 < k <)

iying1€S
_ Z Pijip i1 Qinﬂ,an(i) (4.4.11)
Gyin4+1E€S ZieS Fn(l)

f15.4 {EBI5.19, fai e, FoA MR I 22 A0 A% 0 3 R 4y 1,0,154\)%&(, e
ORGSR A -1, 1A . AREDIRA N B, REM SRS —1,0,1 4%
o 50.2,0.3,0.5, TAERSIRE A1, BEEM & B2 71,0, 1E’J1‘E;E$’\”1J
°H0.6,0.2,0.2. 155 B SRS FEFEME R A

P11 =1/4, p_1,-1=3/4, p11 =4/5, p1,-1 =1/5.

HOHP(Xo = 1) = 4/5 A L3RI RY) = 1,V = 0,V = —1. A1) H =
AWE H B SRR LRI ER, (2) 17158 EIAXJugEIE&LmM%/EZZJJﬂiT ERZIX.
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R (1) %5Ejo = 1,51 = 0,70 = —1, BERAK(4.4.5), THEATH

Fo(1) =mqi1 =08 x 0.5 =04, Fy(—1) =m_1g_1.1 = 0.2 x 0.2 = 0.04;
(1) = q10lp—1,1Fo(—1) + p11Fo(1)] = 0.099,

(—1) = g_1,0[p—1,-1Fo(—1) + p1,—1Fp(1)] = 0.022;

(1) = q1,-1[p-1.1F1(=1) + p1,1 F1(1)] = 0.01684,
(-1) =

1 1 -1[p—1,-1F1(=1) + p1.—1F1(1)] = 0.02178.

313131:‘1"

BRI FH (4.4.10) (BUm = n = 2),

0.01684 842
P(Xy=1|Yy=1.Y, =0,Yy = —1) = — ~ 0.4355.
(X2 =1¥p = 1,11 =0,Y; ) 0.01684 + 0.02178 1931

(2) N T HIE, A4

a(l) =p11g11 +p1,-19-11 =044, a(-1) =p_11q11 + p-1,-19-11 = 0.275;
b(1) =p1,1q1,0 + P1,—19-1,0 = 0.28, b(—1) = p_1,1q1,0 + P—1,—-1¢—1,0 = 0.225;
c(1) =pi,1q1,-1 +p1,-19-1,-1 = 0.28, (1) =p_11q1,-1 + P-1,-1G¢—1,—1 = 0.5.

H(4.4.11) "I 13 (Hln = 2)

P(Ys=1Yy=1,Y1 =0,Yo = —1) = “(1)F1§(8>++“é_(1_)117)2(_1) ~ 0.3469;

b(1)F2(1) +b(—1)F>(—1)
(1) + Fy(-1)

c(1)Fo(1) + c(~1)Fy(—1)
Fy(1) + F»(-1)

PR I B DY AN 52 ) S A A sl e mT RE K JZ RO — 1.

(B) WSt 5HM

X} B Markov B8, 7E L A BAT T AL B FE B )@ SR 240 (r, P, Q)1
BB (Yo k < n}, BB X, m < nbOBLEERL T RIRATE TR
AR IS I, A BN AN X, (R RAE L TE BT H 4 FE F X0, AR
R B .

GE— BRIV b < n}HIEE By, -,y ABRATR T BT — AW
ZIm It B FEERT, 1 (4.4.10)

P(Y; =0Yy=1,Y1 =0,Y, = —-1) = ~ 0.2490;

P(Ys=—-1Yy=1,Y1 =0,Y, = —1) = ~ 0.4041.

Fon (6) B (4)
Y ies Fm (i) Bm (i)

FIR, X B S AR AU AT Fy, (4) B (i) BUE SRR A4

P(Xm:i\Yk:jk,nggn)z
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A BAVHFZN T Ln Z AT IS 20 S EE4E, B4t

max P(Xy =i Ys = jg, 0 < k <n)

in€S,0<k<n
= . . . . — . _ . <
ikESI'I})aS)(k;Sn[pl"_l7an2"1]"P(Xk iYr = jk, 0 < k < n)]
= o o _ o< .
ines {ql"’j" i €808 k<n [Pin i P(Xpe = ixYi = ji, 0 S k < m)] }v (4.4.12)

AIALL SHERO < m < n, HY

N _ _ i 0<
M, (7) ike&r"rg%>i<mIP’(Xm i, X =ik, Y = Ji, 0 < k <m)
pr— . - pr— ) f— y <
ikeg(l)ag)i<m [pZT”iMIE”(X;c iYr = jg, 0 < k < m)],
4173 FRPEFT 49
M, (i) = ednax [Piv—1,iim—1rjm 1 Pimn—zvima 1 P( X = 06 Y5 = ji, 0 < b <m —1)]
= mnax [pim7l’iqimil’jm71Mmfl(imfl)], (4413)
im—1€S
I H 1 (4.4.12) 7] 15
= ) = 1 < < = 5 q ) . 4. .1
ikegnJ)aékanP(Xk i,Yr = Jr, 0 < k <n) Izneag[qz,th(z)] (4.4.14)

ERBMERE € S, My(i) = m e a R XM A0, I (4.4.13), s8]
TR I M, (7), JET 20T Hin Kon 2 5T BT A I 2006 X AR -5 Y 0000 E 1)
A .

N T AR BN AGn Son 2 FFTE B 200 X I A 1E, B (4.4.14) F1(4.4.13) 3 — w1
Hin Ken Z BIFTA B ZI X st o, i1, -+ i

(1) i Al H g j, M, (i), i € S, BURIBRAE M —AVIRE;
(2) MMERL <m < n, EGEin, im—1 B 1R
Diin @i, G2 M —1(1), i €5,
BB KA — AR

WAL <m < nbhlfu € S, 181, (u) € S 113

Pl ()T () Mo (I (1)) = 02X Di ., Mo (2)-
FI

ine1 = In_1(in)yin—o = In_o(in_1), - ,io = Io(i1).

2558 T LI B INARL, L 34 e T REFRIARZS e SR 7 K 9 Viter bi S
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f15.5 (BH115.4) W HT =AW EE HZ M S5 T REPIRS P AT A7
BB 45Ejo = 1,51 = 0,72 = 1. HRBEATEIM,(1) = 0.8, My(—1) = 0.2,

Mi(1) = max p;16ijoMo(i) = max p;1¢i1Mo(i) = 0.32, Io(1) =1

ESPEIR
Ml(—l) = ir:nja,fclpiy,lqiwjoMo(i) = 008, Io(—].) = 1.

Mg(l) = -EH?f(lpi’lqulel(i) = 00768, Il(].) = 1
Mg(fl) = _injil)(lpi7_1qi7le1(i) = 00192, Il(fl) =1.

T max g5, Ma(i) = max q; 1 Ma(i) = 0.015367E = N HUBIRRA. NILAT=
WS H AR R T RERPIRAS P Hfgio = 1,4y = I(1) = 1,40 = Jo(1) = 1. O

(C) FEMarkoviR B! A& E fl11*

FEN R, X ST B Markov AR, RATIEH 75 BN — B H1{Vy, k <
n} R, S = (r, P, Q). XM E YR A WS, J& TS5 it
.

TRV X, B > DHIFEARECH, RENSREEZ = {2,k > 0} 25%Ese
HI). B REBEE SR KIIREA, SHTEE, j € S, TEX T MR — A Z AR
BAEOL N A, 5, HREHILEGCEA,, > I8.8(2) LA R KA e vl LLIE
B, B IR R DL
Ai7j
A;

VE Hups ; WIAR A A T, [RIRERT LAB; 3R X HUAEL D[R] Y AL ) A8, D R ABL mTHIE B

Dij =

B,
A;

reqi M AT SRR AR 7572 U “BAED (0, DR D SRR v X AR AT 2 AN T .

RS Y I — 4D E L, L, -+ Iy BORIUR SR YrRATIO R R
ARG 1O 2

Qi =

P(Yy = I),0 < k < N|0) = maxP(Y = Ik, 0 < k < N|0),

HAP(|0) TR S T I

BT, OBk A R TR R Ay, SR R o S R i
AT BROMBHEILE, (2 SRS R BRR(Y, = 1.0 < k < N|O)IIHL
{8, FA AL MU A L S AE N S BRI . SR 0 B 5 8

(s1) 4EZH0, = (7(n),P(n) = (pij(n))ijes, Q) = (gi1(n))iesew);
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(s2) XMHERO = (7, P = (pi))ijes: Q= (¢i1)iesiew), 2

TO0) = > [P(Xk =ik Ye = 1,0 < k < NJG,)
i,€S,0<k<N

x In(P(Xy = ix, Yi = 1,0 < k < N|9))]
(83) j‘z0>'<,1ﬁ?%l:11(9*‘en) = Inaxg T(0|9n)
(s4) ROny1 = 0" FFEIF(s1).
74 8% = R

0

IN

T(9n+1|9n) _T(en‘en)
= > [P(Xk =ik Ve = 1,0 S k< NJG)
i,€S,0<k<N
< In (P(Xk = Zk,Yk = lk70 < k < N|9n+1))}
P(Xy = ig, Y =k, 0 < kE < N|6,,)

RAXHE R € (0,00), Inz <z — 1, H LA
P(Xp =i, Y = 1,0 <k < N|bpy1) > P(Xp = ig, Vi = 1,0 < kE < NJ6,,).

RERW R FER RIS 0, KR AR P(Ye = 4k, 0 < k < N6, FEE S
UK LA (K ).

BT (0)6,) IS
N
T(0)6n) = Y {P(Xk: = i, Vi = 1, 0 < k < N6n) In(migGio o [ [ Pin 160G t)
e n=1
= ¥ {P(Xk = in, Yy = lp,0 < k < N|6,)
in€S,0<k<N

N N
X (Inm;, + Z Ing, ., + Z lnpinfl,in)]
n=0 n=1

= > P(Xo =i, Yi = I, 0 < k < N|f,,) In;,
i0ES

N
+ DN P(Xy=in, Ve =1k, 0< k< N[0,) Ing;, 1,
in€S n=0

N
+ Z ZP(Xn—l = in—l;Xn = inaYk: = lk:yo < k < N|9n) hlpin,l,in-

in—1,in€S n=1
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T(0]0,) = > P(Xo =14,V =10 < k< N|6,) Inm
€S

N
+ Y P(Xy =i, Y = I, 0 < k < NJbn) gy, —y Ingiy

icS n=0
lew

N
+ 3 P(Xpor =i, X =5, Y = 1,0 < k < N|6,) Inpi ;.
i,j€S n=1
M SIRR15.10] %0, 240 = (n*, P*, Q*)WT (016, ) BB KA, Hh, SHERi,je Sl e
W, m* = (7)), P* = (p};), Q" = (¢ /&

P(Xo =14,Ys = 13,0 < k < N|6,
= Eieipo(xo S (z),;o <k g| N|)0n)’ (4.4.15)
SN P(Xpo1 =0, X = 5, Y5 = 1,0 < k < N|6,,)
Siies Somy P(Xno1 =i, Xy = j, Vi = 1,0 < k < N|6,)
P(X, =i,Y = 1,0 < k < N|6,) 1y, -1

2ies, SN JP(Xp =,Y5 = Uk, 0 <k < N0)Lliy,—iy

(4.4.16)

* —
pi; =

)

(4.4.17)

—
4;1 =

B0 = (n*,P*, Q¥), AT E] T 250,11 50, Z AEBHEA 2.

— PR (4.4.15)-(4.4.17) A Welch-Baum A3, _FHFEIEERONEM Hik H
HEFIM S FE AP IR (2) 1 (s3), SRECH IR 5 5RO, EMELE 2 F L & 4
A TE AR SRS E— Pl TR BSA L TH ISRt T, B Markov B Z41)
vk, JREM B —Fh i AE .

X EEMarkov A, NATTHE R I 32 43 5000 VF 22 FLAR AR IR, B AR T — ANy
SE R EE (Y, b < n}, CRIE A B O &2 S IF A5 T 2 — B3 S,
PP W T 1 R — MY X S ] AR AR D TR IR, R T 283
Ws. 0 T Ix 28 i 7, FRATAS R T, Xof I BN B 1 1523 W] DA S Bl A DR Bk, b — 2D 2 2
T i

SR
15.1 Wz >0 (i € T). UEH

Zzﬂn(zzi zl>: sup Zzilnxi.
ieT i

o0 teT
ieT S ier

15.2 I G — 2L B AR A, FFaMarkov A58 G A R4t 43 A A0 S50



BHE EIndiE

T IR 7 B ST M SR C RS & T AR S £ % A&
B AR FIIHE, 2 Poissonid FEIHE) T, — IS, A 5 KM, (B3 EeRE 2
B ZIAEA <887 IRFAE.

§5.1 BEFIEIESEHATE

HEMER(Q,F,P) L EHBOEFEN = {N(t);¢t > 0. HE =450

HISHEEREEE > 1,

Tk = inf{t Z 0, N(ﬁ) Z k} U\& Wk = Tk - kal,
HATy = 0, 435 A B RIR(FENLFAF) K AN B RS AN SR, B0 REN S 3
IERTZN B Ty; k> 11 LW F R AR

N(t) =sup{k; Tp <t} = Z lip<ty

k=1
m HXHMEREE > 0Lt > 0
{N(@) =k} = {T) < t}, (5.1.1)
{N@#t) =k} = {Tr <t <Tgs1}, (5.1.2)
N(t) +1 = inf{k, T}, > t}. (5.1.3)

(A) EFTIEEEHM
EX16.1 ZHOLAEN = (N(0); ¢ > 0} EA ST 74 A 1 (5 1P ), BVAEAE
7S A AR LA R B (Wi ke > 1), 78

k
N(t)=sup{k >0: > W; <t}. (5.1.4)
i=1
VUJFR N SRR, FRW IR 23 A (BR ) F oA & AR ) T) 23
BARRA R — AR, FE i R T B RS R . Ak,
N T RN (t) = colX FiF U T, BF(0) < 1.
SHER > 0VA K BIAIF ZIT,,,

Nt+T))—n= Y Lypo-zm<n= Y Lsr  wen-
k=n+1 k=n+1

R BIW, AL E A BN LR &, T, = S, Wi BARES T AT W, BRI N (¢4
T,) —n5T, 57, H

k=1

138
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XKML R AEFEn BN AT, A5G, R g 5T, 05 H g2 R
AL IS FERAS S N ZR I ZTF UG () S BT RE. B, 7ET, 2 )5, RN (1) N 817
TG, FAFEIX P PE AR S, IRATHREFRT,, 2 (EEniR) B Z.

f16.1 KX = {X,; n > IPHABFIERE, N, RmnARE 2 /7 (5 k) B
ML, HREN, = 0. XWHEREL > 0, #N(t) = Ny AN = {N(t); t > 0} i
— AN b 3052 i 2 T B W R LART 23 A -

P(W, =k)=P(X; =0, ,Xk_lz(),szl):(l—p)’“lp.

B16.2 F-AU 0 5 & 205 R (s, S)-2GE T O fils S, BIVRS G o  AE  s K i
i RME BN SAS, BUEFF AR 75 85 A S i EL kb 78 00 R R e ST B IR 2 R %
SREE NN WIVARA I REN () BIE, T H AR AN B W S IR R it B3 AR ST ] 43 AR I BE AL
e, ACH)RRN0, BN ANEIREL, IBACH)F R — A EHE R, S
[BIW A5

N(#)

P(W > t) Z§Z<S—s

tedn, BB BE{EV SN (ML, s =2, S =4, &
P& =1) =p, P =2)=q=1-p
W AFATAT 453
P(W > t) = P({(0, ] A B E} U {(0, )N RA AR H R ST 1 /)
= e M 4 pate .
FERBIT), = S5, W S RS e R, e SR R e e
T,/n— u=E(), as.

HIT, — oo, a.s. A

P(T, < t) = F*"(t),

L 020 St N () 5 A 51
0, t<0

HAppo(t) = {
P(N(t) = k) =P(T <t) — P(Tjy1 < t) = F*(t) — F*FD (1),
FEHXF—It >0, n € N,
P(N(t) < o0) = nll_glo P(N(t) <n) = nlg]go P(T, >t) =1,

tliglo P(N(t) <n)= tliglo P(T,, >t)=0.
Rk, N () BUA BRAE B i H B R JERE M nT 15t — oot N (¢) — o0, aus.



1o FEF EHUR
EIL16.1 FHLFEN = {N(t); t > O}WHAEEIM AL, BISMERL >0, k > 1,
E[(N(t))*] < +o0,

BR, m() = EN@®) = > F(r).
n=1
WERR XM & [ 1t > 0,

E[(N(1)¥] = > n*P(N(t) =n) <Y n"B(N(t) > n)
n=1 n=1
= i n*P(T, <t) = i n®F*m(t)
H lim P(T,, < t) = OF R, f7(E IERHm AT
a=F"(t) < 1.

N Ax—VIn > 0,
t
F*(m-‘rn) (t) :/ F*m(t_ S)dF*n(S) < F*m(t)F*n(t).
0

B TR = 0,1,2- -+, r = 0,1,2,--- ,m —1,

F*(lm+r) (t) < (F*m(t))l — al.

EJi:e
oo m—1
Z nkF*n Z lm + T F*(lm+r) (t)
n=1 =0 r=0
< mktt Z(l +1)*a! < +o0. (5.1.5)
=0
i)
m(t) = E(V(1) = 3 nB(N(@®) = m) = - n(F™ 1) - 0+ (r)
n=1 n=1
:F(t)Jri[nf(nfl F*(t ZF" 0
n=2 n=1

R, 5 N R, 5 5K

el *n Angn—1 s ) A\ngn—1
m(t) = F*"(t Z/ T ’\ds—//\e’\ 7d = X,
n=1
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X5 a7 3R E5 R 2

(B) EFEHEEHHIE
ENX16.2 Fim(t) = E(N () NEHLFEN = {N(t); t > 0OMEH R BNIIER;
o 18] 53 A6 R PR, Bk 43 A F 1 55T R AL
FE16.1 N T RGRTTE, F ORI UL, AR TS R I RR  EA I B] A P B
BIks 1 /5040 (5 W1 1.8) 8L (0, +-00) L IS/ A7 HAAT BT AL (BN AEAT—
A FHIX E] EHA T (R R R AL

MERG KN AR BSOS T s A, G R 2] 16, 7R] R (8) B R BR AL
ANBY B B T R ind AT 2

MFESR, BRHEERECNf, BAXMTRE > 1, B

F(t) = /Ot F*®=D (1 — ) f(s)ds

ATLFE (¢) R P BR BAT AR, DA (), Fob A (6) = F() A
t
1) = [ fimstt=9)s(s)as.

6. HUE T 5 VEIRA TR, o ()26 T F 7 A b R — SOl k.
BL B R S T ol

S by = [0+ X [ fuate= 9505

< Osgti;;tf(s)[l +T,Z_:1/O fn(s)ds]
= sup f(s)[L+ ) F(B)] < oo,

Gt

dmi(t = dF*n(t >
dt():Z dt():;_;f”(t)'

n=1

Bl () 2 i 5 T 4
EX16.3 (1) [0, 00) LA FLE B, Bl TR IR

B(t) = b(t) + /0 "Bt — s)dF(s), (5.1.6)

NEHTTTRE, Hh B(t) NARFIEREL, F ()72 F S BEALAS & 1 70 A1 e 25
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E16.2 — M, AR (3.2.2) ARG [ B(t — s)dF(s) /& FTiHR-S(Riemann-
Stieltjes) 4>, XJ AR 73 AP A R I A 41, T/ﬂﬁ.l%‘%##?i%ﬂ/ 43 % A B
KA 2R AR R RFR 73 24 S B B o A, 1% AR 4 R

Z B(t — xx)pr,

0<zp<t

Horba N PSR (B8 H TR HF R RN fIVIES A, 12870 N
ﬁFﬁ e e KBy

I

Xﬂf%é E’JIZl;’fﬁw, BRAF I VLR, G FRATTANIX 73 o 3% 2300 2 T Wi A i AR
7 fo o( )G A% L (R SR AN B -5 A JE R AR

mi@m.z E%ﬁ@éﬁm( Vil R R TR
— 8)dF(s). 1.
—l—/o m(t — s)dF(s) (5.1.7)
HERA MR A

X
I
=
=
©
I

BENOT) = [ EVOT = 9dr(s)
Ms =T > thf, N(t) = 0; Ms =T, < thf, HEHM,

N)=N{t—Ty+T1) —14+1L 14+ Nt —Ty) =1+ N(t — s).

0 tv /
: *2 0 mkArs

FIL E(NOITy =) = {1+E(N(t—8)) =l+m(t—s), s<t

m(t) = /Ot[l—i—m(t s)|dF (s /mt s)dF (s O

7E16.3 18 R FH AR o ORI SE R 1 3 57 SR 7 AR R DT VERR N SR 1 X (F772%).
f5116.3 55 FTILFEN (¢) I 554 I 8] 43 A7 FoA[0, 1) B (353 50 03 A1, SRO6T 21 B8 87 R
Hom(t), Hbo<t <1,

R AMERO < ¢ < 1, PR ST R RO 2 1SR T A N

t) + /t m(t — s)dF(s) =1t + /t m(s)ds

WIS T R FAIm (1) = 1+ m(t). BIL 0 = dt. it m]

In(1+m(t)) =c+t=m(t) = Ce" —1.
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Hm(0) = 0 HIC = 1, Blm(t) = et — 1. O
R BE B bR BCRATTRT RAGS HH BE R 5 R o — ey A S s U7 3, IR A I
EIR16.3 Wb(t) NRHA TR EL, EHTTRE(5.1.6) A HE— R A SR

B(t) = b(t) + /0 bt — s)dm(s), (5.1.8)

Horfim(s) /2 F IO SE 3T B 5L
716.4 (1) 516 280 —HE, T (5.1.8) A ﬁj\fo (t—s)dm(s)ZR-SF5r. 7
H16. 164 T, UF2 ﬁﬁﬁ%ﬁﬁffﬁ&i&mi oA, m(s) LSRRI, %éj\
S~ A= -3 A Je KA 4y — 5L

/ b(t — s)m'(s)ds

0

PR ANIRE T BT, m(s) EBBR R AL, R STEkd, AR 72 B BRI
> b(t — kd) (m(kd) — m((k — 1)d)),

kd<t

Hrp2yEm(—d) = 0.
(2) HIN(t) BB AE BRI A RS P Rlm (t) 2 B AR A B 2L R Y,

= d(iF*”(ﬁ)) ~ i]?(t <T, <t+dt).
n=1 n=1

IR o () P70 M R A R N R B T X80 (¢, ¢+ ] R AR BRER M.
HHE PE16.2-5 & B116.3, FRATRT AAS 21 557 b8 Hom (¢) 1) 53— PR R

m(t) = F(t) + /0 Pt — s)dm(s) (5.1.9)

516.4 XL, s > 0, SKE(N?(t)).
fi# ILK(t) = E(N%(1)). HEMFEAR

K(t) = EE(N*(1)|T))) = / TRV (OIT) = w)dF(w).

H1 ST I

2 o 0, u>t
E(N (t)|T1— ) {E((I—FN(t—u))Q)a u < t.
0. u >t

L4 2m(t —u) + K(t —u), u<t.

Bl E(N?(0)|Ty =u) = {



144 FHRE FHIRE
FITLAK (t)35 /2 )5 72
K(t) = /t( 142m(t —u) + K(t —u))dF(u)
0
= F(t +2/mt—udF /Kt—udF w)
/ K(t —u)dF(u
HHEH16.1 5 FIK (t) 2 /A S ek 2. HE#16.300 & (5.1.9) 715
K(t) = 2m(t) — F(t) + / ‘@m(t - 5) — F(t — 5))dm(s)
0
= m(t) + 2 /t m(t — s)dm(s). O
0
fl16.5 sKun N7 AR K A SR
g(t)=t+ /t g(t — s)2e%%ds.
0

R 2dF(s) = 2e72°ds, MIF RS HONMIRE I, F1Ob(t) = . HEE16.3, K
JiREFIME— Ry A A

g(t) = b(t) +/0 b(t — s)dm(s),

e (o) R A0 AT PSR T T DA e I I ) O 37 e A S92 0 A
SR, E AT 3T Al (s) = 2s. Bk

)

t
g(t):t+/(t—s)2ds:t2+t. O
0
(C) EBFMIREN LN SZITE
TENX16.4 BN = {N(t); t > OV NFEFLFE. 4
A(t) =t =Tnw), R(E)=Tnw+1—t, L) =Tnws1 — T,

TIIIFRA(L), R(t), B(t) N HTILTEN A 220t () £F i FoI A A i AL iy
B 0<AR) <t t>0 HXAMEREz>0,0<y <t

{R(t) >z, A(t) > y} = {(t -y, t + 2] T NTEBER}
={R(t—y)>z+y}={At+2z) >z +y}.

iy — 07
{R(t) >z} = {A(t + z) > x}.
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EIE16.4 WNIER A3 FHMEAIR. 2F =1 - F(t), MXHMER, ¢t >0,
P(R(t) > x) = F(t +x) +/ F(t — s+ x)dm(s), (5.1.10)

E(R(t)) :/ dt+/ /t . uw)dudm(s (5.1.11)

MERR TR EX R > 0,

1, s >t+
P(R(t) > z|Ty = s) = { 0, t<s<t+ux;
P(R(t—s) >x), s<t.

GIEEE E 3t
P(R(t) > z) = E(P(R(t) > z|T1)) = /000 P(R(t) > z|Ty = s)dF(s)
= /OO dF(s) + /75 P(R(t —s) > x)dF(s)
t+x 0
=F(t+x)+ / P(R(t — s) > x)dF(s).
0

FHE 216,30 1 (5.1.10) L. FEFE R EINMERL > 0

R =) = {ISEZ(};(’t —5) z :

L B 475
E(R(t)) = EE(R()|TL)) = /m<<nﬂ—wwm

/ (u—t)dF(u /OtIE(R(ts))dF(s)
|

w)du + / R(t — s))dF(s). (5.1.12)

A (5.1.10) 143

P(R(t) > x) < F(x) + F(x)m(t).
[A] it

BR0) = [ BRO > 0 < [ F@ ) = 5+ ()
0 0
JE SRR TR AL, F 316,38 B 5 FE (5.1.12) BIFF 0 (5.1.11). O
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XFFA(t), L(t) WA THR AR R, 808 2] S 323 H 58 K.
R 2, WHEREe > 0, FA(t) > o, BAPL(E) > 2) = 1; 0 < s =
A(t) < o R ] 2 (1 8 A5 i — 58 K Ts, BEA B SE T

P(L(t) > z|A(t) = s) = P(L(s) > 2|A(s) = 5) = P(W > | W > ) > P(W > z),
Horhw R BB B = — DRI TR, R ZI R R an ], S
P(L(t) > 2l A(t) = POW > 2),
ND]
P(L(t) > z) > P(W > x). (5.1.13)

X W FRATTHE A ] 52 0 220 00 5 21 B S5 A5 I 7] < BB R “BRG _b7 B A5 AR N A] 28
TR SRR T A4t S A B 0 51 7. 6R116.4). LR SRR
9K FE I 25 HUFE (length-biased sampling) B IE L. BAEG T E L _E I B AR R
e H T SE A T) EU R AR S5 A I 1) BE AT R 2 45 2 IO Z2e, DRI tGe I 200082 5]
AN TRl S BE G

&I

16.1 B HT PN IS5 R (8] 90 A F I3 FERRBON £ (1) = te™, t > 0,
(1) WHERO0 < t1 < to LR IEREH 0, m, SRP(N(t1) = n, N(t2) = m).
(2) WHERL > 0, KT H ek Hm(t).

16.2 2R 116.3Fm (1) H it € (1,2].

16.3 KRB TR g(t) =t + [ g(t — s)3e~25ds K= FHR.

16.4 3KP(A(t) > x), E(A(t)) AKP(L(t) > x), E(L(t)).

16.5 BN 250 BEANITARA AR, it SR ZIN E R A (L) - TR R(E) AL
S TR AL () A .

16.6 BeN & EHTRE, SE A A AT TRy, WEWIE(T (1)41) = (1 + m(t)).

16.7% BEF K NAIIRE T BT, m(t) /& FIEHTREL, UE B m (t) 2B e R 3L, Bh
BR Rt b RERE dBE R, T HAFAE R 52 KGN, 2n > N B ndZBkER A
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§5.2 SRR EIE
BB B RS SR R B S TR R, T i ERA I S
FEAN PR AR SEAR A2 5 - 3 22058 B A 6428 o 2

(A) EFERENABERSHURIRERE
FI17.1 X EHEEN = {N(¢); t > 0}

lim w = l, a.s.
t—oo ¢ 7

Hy = oot 1/p NO.

T <t Inwy+1  Inwy+1 N(t) +1

NGO SNG S NG NG +I N@ (5:2.1)
VERZIN(t) — oo, a.s. A RT, /n — p, a.s. H>J#E3.20] 41
T
tl_l)rgo ]\JZV((;)) =, ,a.s.
P N H T (5.2.1) il St /N () — p, a.s. NTIN(t)/t — 1/u, as. O

TEHEFRL o R R R
7.1 AR BRI SELG ST I EEE Ayp, RIGHIMEZE g = 1 — p, BEEE TR
SEUG B SN I R IR BRSSO B, RSP R SE B T
[ #fr] DATE B2 al Th B0 B2 R MR TR — IR B R A, BUE A S RSB e T 50
PEAR LG NHT IR, AN (n)F R B FEnik LI FA HILKIREL AN &2
—/NEHRE. A5 LESL IO — IR FF B, PAN, (n) 3R 7R B Sk SLIG I
HOEBH I IREL, 2N B2 — NSRS R [FIRE DOE SR kO — IR E
PEC, PAN,(n) TR B Fn ik S5 i FAEC HILIIRE, BEA Nyt — A5 it .
BARN = Ny + N,. HEH13.1, NEBHER AN, Ny HHE R 2 A
R 0 FaR M ST B RN, Ny, No. B2 30T KNy, Ny HIF 551K o)
BN

1-— p’c 1-— q’C

=i =g

H1 =

PPl —-p)’
RN [ REHT IR RN
1 pF(1—p) N 7"(1—q)
poo 1-pk 1—gt

It UL 88 S KA

= 1-p"H1—-4¢" -
pq(pF—1 4+ gh—1 — ph-lgh-1)
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EIE17.2 WEHLFEN = {N(t); t > 0} %41
E(Wy) = p < oo, Var(W;) = 02 < oo,

Mt —41 5 %5y,

. N(t) -t/
)H&P(f\/ﬁ <y) = ().

Hrh @ (y) 2 bnitk IR 70 A1 R 2L
HERR %y = t/p + yo/t/p®, 7 = [ri] +1, W

P(M <y) = BN(1) < [r]) = P(N(t) < 72)
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T (m(t + a) — m(1)) = %%12)) .

18.5% CHIX = {X,,n > OVAIRAZES = {0, 1} 555 [EE, WIME N0, H 4

A
P:( b 1—p>’ 0<p,q<l.
1-q ¢

WYy, n > U IRIME KIS R A e LA & H 5 5 IREEX AL, 4

Y., Xi=0;
Wk:{k k

0, Xp=1.
Y]
R p(l—q)
lim — Wi = .
n%oonkzz:l k 2—p—q
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YERN—Fh BRI 5, A1 BIZ 3h 19t 20 20 AR TE [FEAE 2% FK Robert BrownfEM
SLBIFAL AR R 1R K1 (P2 sh R K I, 19054F Einstein%h Y 1 A7 Bliz 5)
E’J%ﬂ%ﬁﬁrﬁﬂﬁﬁzm, HIR 2 IR B H e A -5 44 38 ) B Wiener7E 1923445
2. BHAT, AHEs SN ER) 2 IR 2 — 7R AR &,
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§6.1 THISEIRHESM

(A) tRERBEIETN
M IEZS 70 A (BEHLAR &), JATE XA RIE s T
EX19.1 HSAEREHLEFEB = {B(t); t > 0} AWienerid FEE A B2 8, #

B(0) =0 HBEAZEZHIE
BRI IR, EIJXTEE'O <t <tg < <ty,,n>2 WE

B(t1), B(ta) — B(t1),- -, B(tn) — B(tn-1)

a

(a)
(b)
FHE AT

(c) IEHME, SHMERZEO0 < s < t, B(t) — B(s) ~ N(0,0%(t — s)), HFo? NIEFEL

1 (b),(c) W] 147 iz ) BRAT P Aa Sl 7 1 &

i WIS B Bl /e o? = 1, WIARH br A Mias). R84 BIET7 7 9o AT
123, 4B /o Nhr#EAT HIE 3.

#iB.(t) = x + B(t), BB, = {B.(t); t > o}ﬁy\m%?iﬂﬁ%ﬁﬁﬂiiziﬂ.

E—ER X, Z‘EEHL@JBTU&.Llﬂfl$Xﬁ/\]&7ﬂll}i3‘£ﬂfﬁﬂﬂ$ﬂ [F] b H—
&7 LA G133, R S0 FRBENLIF 3N S (n) = Z X ] AFH SR 7 A BRI (]

Ie) e B ) A S5 T et — A AL E’JM?E’JEM‘B{{{

IS S ()T 35 T AL/ BN 8] 170 22 B R0 A (751 /27T RE) B 1/ /A7 B Y PR
AR, m — co MIRIRAE , AL R IR AR BRI 55, kR W 32t ottt /. 5x
AR 2 I 20t HhoC AR R SE BEARAIE T

[mt] [mt]
S \FZ =V \%ZX;C—mfN(o 1) = N(0,1).
B RS I MR B, AL RS, () B Em — cox WSk BN HEMRAIZZIB.

[ 73 7l &m = 100, 1000, 50008, S,,, (£) FIFUIE /EE (L € [0,1]). mEbEKES, S, (¢)
DSl UE{’E%ﬁE)ﬁkzﬂ
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1 ]
os 08 08
08 - 06 06
04 04 04
vz 02 o2
o o 1

o8 1 0z 0.4

“‘Fm os  bs

. 06 08 1 02 04 06 08
o2 v 032 oz -'
0.4

m=100 m=1000 m=5000

MERR19.1 A7 BHE 3 BRI R B (t) = 0; T EZRE NV ar(B(t)) = ot; hi7 Z R
R(s,t) = E(B(s)B(t)) = (s At)o?.
MERR: HRFRISUEWN T 2 3. A iks < t,
R(s,t) = E(B(s)B(t)) = E(B(s)(B(t) — B(s)) + E(B*(s)) = 0?s. O
1&“19.1 '&0 <t <t < tg, *E(B(tl)B(tg)B(tg))
% ST R 5 IR AT A
E(B(t1)B(t2)B(ts)) = E(B(t1)(B(t1) + B(t2) — B(t1)) (B(t2) + B(ts) — B(t2)))
= E(B(t1)B(t1)B(t2)) + E(B(t1)(B(t2) — B(t1)) B(t2))
— E(B?(t1)) + E(B(t1)(B(t2) — B(t1))) = 0. o
EI19.2 WB = {B(t); t > 0} AbRHEA BIZ 5 A Tk R AR AT BHiZ 3)).
(1) {=B(); t > 0};
(2) {B(t+ s) — B(s); t > 0}, Ho s HEE LS E AL
(3) {eB(t/c?); t > 0} Hhc NfERE 4 € IR

(4) {B(u) = B(u—1t); 0 <t <u} Hhuwh%EIEEL.
WERR A WIS Bl 5E S, AMELGIE EIRGHIRRSL. i BL(4) MBI R : 4

X(t)=B(u)—Bu—t), 0<t<u.

(a) TARX(0) = 0 H X HIBEESE;
() FHMERO<t; <ty < - <t, <u,
(X(t1), X(t2) = X(t1), -+, X(tn) = X(tn-1))
= (B(u) — Blu—1t1),Bu—1t1) — Blu—t3), - ,B(u —tn—1) — B(u — t,)),

FHAT BRE S 73 Ve, AR AH BT
(c) MMEEO<s<t<u,
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RI{X (t),0 <t <u} = {B(u) — Blu—t),0 < t < u} NhrHEA B E). O
7E19.1 (2),(3),(4) 73 7 R0 bR AE AT B 3E B R s AR e, R A i DRI 1) 2 ] A2
e J5 T R bR dEAT BRIE 3. AN AL W] DR (¢ B(1/t); t > 0}(FHit = OB HUE
N0) 2 bR HEAT RIS 5.
(B) FBAEsEI 2

N THFRAI TR AT RIS B A IRYE S AT, AL, BB = {B(t); t > 0} b5
HEAT BiE 39

RIXHERa € R, t >0, ¢(z — a,t) R IEZSTAIN (a, t) R LR AL 25 5 K
(1) XfE=a,b € R, s,t >0,

ta+ sb st

¢(x—a,s)¢(x—b,t):¢(a—b,s+t)¢(x— s+t ,S-l-t

(2)XHEE2 € R,
/ oy — a, t)dy = / o(u, 1)du = B((a — 2)/V)
z (z—a)/Vt
Horp @ bRt RS20 A1 R 2L

EIE19.3 WHMEEN > 1,0< 1) <ty <--- < tn, (B(t1), B(ts), -, B(ty)) A RO,
77 ZRE N

). (6.1.1)

ty t1 ty -+
t1 tog tg -+ 1o

D= (tiAtj)ijer.m=| 1 t2l3 I3

p(xl7"' ;mn;th" a x17t1 H(b — Ti— 17 _ti—1)~

UERR TR0 <t <t <+ < to, Aty oo, Ay € R HIAT WSS IEA T 0
PR S

(e i3 e }) = (s {0000 - D) ZA )
= ﬁE(eXp {iB(t) - B(te—1) anxj})
k=1 j=k
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IER: T TATEI S|
n P n 9 1 n—1 n 2
S () = g n(E) - T 3 0)]
k=1 j=k k= j=k+1
= [Zth/\k Z Aj +Ztk>\2}
j=k+1
B A1y 5 An)D(Ag, - - 7)\n)T
= 5 .
Bl (B(t), -+, B(tn)) IASHME N0 7 ZERERE D HInZE IEZS 70 A, B 5 2 BR 3
@y @)D g on) T

Ty, ,.’L'n,t P 7tn = 5 —=°¢
oo bt = e )

FEPSENCE S U R A S VR BV

1-1--00 = 0 0 0 10~ 00
01 --00 I — 0 0 —11--- 00
00 1-1 0 0 tnlltnz 0 00 10
00 01 0 0 0 = 00---—-11
Lo =0, to = 0, FD A i FiA XN % 1 sk HU5

( t t ) 1 e 1 (5&73‘11))2

T1, Ty, yoee L, ty) = i= b —ti
e ' [T2, v2r(t — tio1)

= ¢($17t1)H¢($z‘ — Ti—1,ti — ti—1). 0

HEIL19.4 24 B(ty,) = altf, (B(t1), -+, B(ty—1), B(tps1), -, B(tn)) HIB ERECN
O(T1, B, Tl 1, s Tps bl ety tog1, oo s tnfas tr)
- P(xh oy T—1,Ay Tle41, " " axn;tla e 7tn)/¢(a,tk)

Rl o(xa, -+ anite, - tolasty) = d(ze — a,ta — 1) [11yg @@ — mim1, ti — ti1),
n—1

a—x ,1,25 —t -1
o(xy, -+ Tp_15- - tp_i|ast,) = i Zﬁ(a,t:) n-1) };[1 d(x; —xim1,t; —tioq).

WERR Hi PR s A, AT FIEY]

oo oo
/ dyl o / P(yh' oy Yk—1, Ay Y41, ,yn;tla e 7t’n)dy’n = ¢(a>tk) (612)

—00 —00
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e |
Lh.s of (6.1.2) = /jo d(y1,t1)dys /700 d(Y2 — y1,t2 — t1)dyo
< /_Oo O(Yr—1 — Yp—2,tk—1 — tp—2)P(a@ — Yp—1, tk — tp—1)dyr—_1
X /_O; (Y1 — s thrr — te)dyptr - /_O; ¢(Yn = Yn—1,tn — tn—1)dyn
IR
Lh.s of (6.1.2) = /_O; d(y1,t1)dy - - /_O; A(Yk—2 — Yr—3,th—2 — tp—3)dyK_o2

o0
X / O(Yk—1 — Ye—2:th—1 — te—2)0(a — Ye—1,th — th—1)dyr—1
—00

/ &y, t1)dyr - - / O(Yk—2 — Yp—3,th—2 — tp—3)0(a — Yp—2, tk — th—2)dyr—2
== / d(y1,t1)d(a — y1,t, — t1)dyr = r.hs. of (6.1.2),

Hp = AESH T 2X(6.1.1). O
5119.2 7EH 205 NI B AT 4 ELFE P LLY (£) 70 24 58 1008 % ) B 58 1 R I 4515
fRy e 1] (ARDE). R (1) 2T ZE N o A BHig 3, # F Blofb e g L3, 1] H
RS LIPS SE N
R ERFIB() =Y () /o NARUEMBAZS), Frskifsn

p=P(B(1/2) > 0|B(1) = 1)
HTFEBQ1) = 144 F, B(1/2) ~ N(1/2,1/4), it

p=P(N(1/2,1/4) > 0) = P(N(0,1) > —1) = &(1) ~ 0.8413,

o @ AR IE 2543 A B AL O
TELH E AN ZIBUE R 2T, FATE W F g5k, uFHA B,
#i£19.5 B(s) = 2, B(t) =y, Ells < t) <ty <--- <t, <t, (B(t1), - ,B(t,))

RN o
(m + E(ti - s))1§z‘gn’
7 SR b= o) )
— livj)ling — 8
D= ( tj— s ’ )7, j=1,.n
HInZE IEASBEALAS &

f119.3 7fE{B(1) = 0, B(3) = u} sk T, RFEM{B(2) > u, B(4) > u} KEMHEFE.
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fE oI R, FOREER N

P(B(2) > u, B(4) > u|B(3) = u, B(1) = 0)
(B(2) > u|B(3) = u, B(1) = 0)P(B(4) > u|B(3)
(B(2) > u[B(3) = u, B(1) = 0)P(B(4) > u|B(3)

,B(2) > u,B(1) = 0)
).
HIFER19.5 AT AN W R ELs = 1,8 = 3,41 = 2, 2 =0, y = w), {B(3) = u, B(1) = 0}%%
EFB(2) ~ N(u/2,1/2). FilL

P
P

=Uu
=Uu

P(B(2) > u|B(3) = u, B(1) = 0) = P(N(u/2,1/2) > u)

= i(zv(o, 1) >u/vV2)=1-®(u/V2).

HHHEIR19. 480470 BE ZMSZIG EVERT HI{B(3) = u} 56T, B(4) ~ N(u,1). Fit
P(B(4) > u|B(3) = u) = 1/2.

R TR p = (1 — ®(u/V/2))/2. O

(C) UMK

EIR19.6 FrifEMHIEZE)B = {B(t),t > OHF1E.

(Kolmogrovi® 445 L2 32 ) iR {X (t),t > 0} B FAAMALLAL, /8 /NS AX ] [a, b)([a, b] T
AR[0,00]) LA AEEF Ra, eARFIIEREL L+ E [a,b]

E(|X(t) — X(t + h)|*) < const - h'T¢,

ARA{X(t),t € [a,b]} B — Bl E L0915 E.
EIE19.6HVIERR XAEREH L K Fo? = 1, B(0) = ORI Biz 3, FATA

E(|B(t 4+ h) — B(t)|*) = 3%
HHKolmogoroviZ S22 1F & B ] H1 4518 7.

EIE19.7 FrUEA IS EI B = {B(t); t > 0} LT $hiB A A AR w4
WERR R &t € [0, 1)15 8. LB IEwW, 5 B(-, w)fEs T, MIAFELES € (0,1/2) 5%
> 1154t — s| < o

|B(t,w) — B(s,w)| <1t — s|.
SHERN > 4/8, Di=[ns]+1<n+1, Xfj=i+1,i+2,i+3%NE

[B(j/n,w) = B((j — 1)/n,w)|
< |B(j/n,w) = B(s,w)| + [B((j —1)/n,w) — B(s,w)|
<Ilj/n—sl+1|(j —1)/n—s| < T7l/n. (6.1.3)



168 FoNFE MEAEZE
AL = {w; WEETEM 1,0 (6.1.3) X j = i+1,i+2,i43, B j = i—1,i—2,i—3}%3L}.
BIRBEE RN, AL, IRARE RO = 1/m, m =2,3,---, I

Q1 = {w; fF1Es € [0, 113 B(-, w) fEs KT}

c U N U 4.

1>1,;m>2n>4m i<n+1
B2 Yn — ool

P( |J AL) < (n+1) max P(A))

) 1<i<n+1 ol
i<n+l1

< 2(n + D)[BBG/m) — B(G ~ 1)/m)] < /)]

2(n + 1)[/”/” o2 }3
= 2(n e Y
—7l/n A/ 2T /N

< 2(n +1)(141/vV27mn)® — 0.

(AP () < lim lim P( U Al ) = 0. RIS LT R Mw, B(-,w) AT, O

—OONTIOO 4l

A W S HIE BB (-, w) NEATIR AL 1 SE(H A KA T ol 1 R s 1.

SI8 LUFMWB = {B(t), t > 0V AFRUHEAT WIS 5.

19.1 XHEREO < s < t, KB(s) + B(t) 11540 55 5 B 3L
19.2 BHIB(1) =z, XHMEEO < 51 < 89 < 53 < 54 < 1, UEH

(1) E((B(s4) — B(s3))(B(s2) — B(s1))) = (54 — 83)(s2 — s1)(2* — 1)
(2) E[((B(s4) = B(51))*] = (54 — 51) + (54 — 51)*(2* = 1)

19.3 FE115.2H0 55 AL — L ZRRE I 5% Lo tb, 1] HU AR 4S5 AR I Se IR 2.
19.4 2Y (t) = B2(t)—t, R(t) = eBO-t/2 Hrhe > ONHEL IEWIHEREO <t < s,
E(Y (s)|B(t)) = Y (t) LAKE(R(s)|B(t)) = R(t).
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§6.2 REIEEBSMES
YT Ea € R, E X

inf{t > 0; B(t) >a}, a>0;

=inf{t > 0; B(t) =a} = {inf{t >0; B(t) <a}, a<O.
FR7o N BE IR EIEIRZS a1 ZI, AR 9 a i B Ik By

(A) RETRIE
I A BB 30 6 BRI AN S g B TS A0 R S R
513820.1 (SR HE) XMTEEa € Rz >0,

P(B(t) > a+ 2,70 <t) =P(B(t) < a—z,7, <1). (6.2.1)
S5 B ) EDW T AR A T

Y

24 RIRE R #34F

X% BB AN AR I A R IR W I AT R BUN F (s), T4
P(B(t) > a+xz,7, <t)=P(B(t) >a+z,7, <t)

_ /Ot P(B(t) > a + a|re = 5)dF(s)
= /t P(B(t) > a+ z|B(s) = a, B(u) # a,0 < u < s)dF(s) (PUEIESL)
0

/ P(B(t) > a+ z|B(s) = a)dF(s)

// oy —a,i - s)dF(s // (y—a.t—s)dF(s) (HFREE)

/O P(B(t) < a — z|B(s) = a)dF(s) = P(B(t) < a — z,7, < t).

H#3£20.2 ST Ra € R, P(B(t) > a|r, <t) =1/2.
(B) RES
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EFE20.3 it B*(t) = max B(u). EE2 >0, 7 < 2,

<u<t

P(B*(t) > 2, B(t) < z) = P(B(t) > 2 — z) = / " sy,

2z—x

K (B (t), B(t)) & 2 E RN
2(2z—x)e (2z—2)?

V2t ’
MERR HHEUEESNE X B(0) = ORI, SHEE 2 > 0,

{B*(t) = 2} = {7 <t}

h(z,x) = 2¢' (22 — x,t) = x<zz>0.

T S S R R (6.2.1) AT 45
P(B*(t) > z,B(t) < z) = P(r. < t, B(t) < z)

=PB{t)<z—(2—12),7. <t) =P(B(t) > 2+ (z —2),7. < t)
—P(B <>>2z—w>=/ by, )dy.

2z—x
WL KT 2, o R IR G T RIS IR 5 B BRI AR (2, @),
f5120.1 KP(B*(t) > z|B(t) = B*(t)).
2 HABERIR AR AT B(t) = B*(t) Y514 F B* (1) WA br 2w H0h

2
h(z,z ze” 3 z _22
g(z) = —= ( ) = = = = Ee 2t
Jo h(z, 2)dz Jo ze 7 dz

PR
P(B*(t) > z|B(t) = B*(t)) = /;O g(2)dz = e %7,
#i£20.4 FHEE2 >0,
P(B*(t) > z) = 2P(B(t) > 2) = P(|B(1)| = 2),
KB (t)5|B(t)| [F540, B* (t) %5 B k4L
2

2
2) = ———e % /2,
9(z) 5

ERR XHERZ > 0
P(B™(t) > z) = P(B*(t) 2 2, B(t) > 2) + P(B™(t
= P(B( )>z)-HP( (t) > 2) = 2P(B(t

2/ e v/ 2y = P(|B(t)| > =

(6.2.2)
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HEVR 1. -
151202 {E2 5 — R SEA i b A B A 1, ARLAAARD + SN, TTBLAE RO 1
H P b, F1HRAE R SO R B+ T i TR B LI S, 1
A RE T HTR A T BB (c > 0).

W ILE T ISR A S () R — A Mot R (045 BE 3, BNS(1) = b+ B(0). B
AR AE IR A ST ZIT 2 AT, S(0) BT D + ¢, B

HIHEI20.4 T K1 FTSRBE R

p=1—P(B*(T)>c)=1—-P(B(T)| > c¢) =1 —20(—c/VT). O
HEIL20.5 THEE 2z > 0, 7, B4 %5 B R B
_ z 722/2t
)= e

HHP(r, < 00) = 1, E(1,) = <.
MERR SRRz > 0, H(6.2.2) A4l

P(r. <t) =P(B*(t) > 2) = 2/ o~ 2y = / 2 v 24y

= V2mt JVE V2T
Wil Ttk 315
plt) = e /%
V23
R
t
z 2
P(r, <t)= — =7 /%
( ) 0o V2ms3
i . .,
z 2 2
P(r, < > :/ e ” /28d5:/ e " Py =1
( ) 0o V2ms3 0o V2w
mH

> z 2
E(r,) = | ——e % /%ds = o0.
(72) /0 27Tse s =00
HERTFIE. O
FRMMER 2 > 0, . Sr_ A FE (W2 7820.5), FICHER 2 € R, 7,105 %
BRIEL "
z 2
t) = ———e % /2,
p(t) o

DR R AE 120,538 B X 23 [R] RT3 — w2, A1 BT3E 8 6 SR AEAT BRIV [R] 3 ) 180X —
R T B 383X — R B TE 55
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15120.3 Kkf19.2 P FELL R 5 LR HHIARK S T LR,
R IRRRRY ()42 75 2 No AT I 3), I B(t) = Y (t) /ot Ai iz g). 4

B, = min{B(u); 1/2 <u < 1}.
CIB(1) = 1, FTsRIEER A

p=P(B. 2 0|B(1) =1).
ERBW = — B brtEAT Bz s), Kt
p=PW" <0[W(1) =-1),

HHW* = max{W(u); 1/2 <u < 1}, i8W(1) = -1 FIZAME NP, , B
HE; H4
p=Bi(W* <0) = Ex (B (W* < 0I7(1/2))).

HHEIR19.47] F1,W (1) = — 1% FW(1/2) ~ N(—1/2,1/4) , Bt
0
p= / Py (W* < 0[W(1/2) = 2)p(x + 1/2,1/4)dz.
HE

Py (W* < 0[W(1/2) = 2) = P(W* < 0[W(1/2) = 2, W(1) = —1)
= P(max{U(),0 < t < 1/2} < —2|U(0) = 0,U(1/2) = —1 — z),

HAUt) = W(t +1/2) — W(1/2) NbrdEAR BRiz 3. #H & Hrid/E B
Py (W* < 0[W(1/2) = z) = P(B*(1/2) < —z|B(1/2) = —1 — ).

¥ 5E F20. 3 S (R a BB —1 — o, t3R1/27T 15 B(1/2) = —1 — it B*(1/2) 193k br
AR

g(z| —1—2)=4(22+1+ x)e_(2z+1+w)2+(1+’3)2, z>0.

(Al 1t
Py (W* < 0[W(1/2) =) = / 422 4 1+ z)e @) +(Ha)? g, — | _ otr,
0
BT

0
1
p= / (1- e41)7e_2(w+1/2)2dx =20(1) — 1. O

/2

(C) FmE
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EIE20.6 Mo # 0 HRKIBRHEATBIIZEN B, (s) = 2 + B(s)fE[0, ] =0 — N E R
ik t
_ =l ~3/24— % 4o

pi(x) = ol s %e
MERR Joika < 0, A

= = > - =
pe(2) ]P’(Oréls%(tB(u) +xz>0) ]P’(Orélqz}%(tB(u) >—x)=P(r_, <1)

2

t
=P(r, <t)= el 5732 5 ds.
|| o7 Jo

Histz > 0, ML)

= 1 < = 1 < —
pi(x) ]P’(OlgulgtB(u) +z<0) P(orgnirgltB(u) < —x)

z)=P(r, <t) (R y—BW2briEfi Mizsh)

\
o)
=
Q
"

\
=
S
\Y

LA PP 5L R 0 B AR O
H#E3£20.7 %0 < s < t, BIERA[X 8] (s, t) N 2D AAFE—AE SR

2 \/?
q = — arccos 4/ —.
m t

q—E@FAM@»—zﬁmwm@mﬂ@Ms

JERA HH e #H20.6

t—s o)
= 2/0 du/0 ¢(x7s)¢(x,u)%dx

t—s o] 1 t—s 1
_y / ¢0,5+u) / b~y = L / \/;du.
0 U 0 s+u T Jo st+ul\ u

BB Hew = \/u/s 513
2/ﬂtW51

— d AN N
q 7 Jo 112 v (%/\ 73 A% )
2 2 t—s 2 s
= — t t — = — t = — —.
—arc an(+/(t — s)/s) — arctan . — arccos \/;
HERATIE. O

15120.4 e > ONERL, Rp = P(FELEL € (1,273 B(ty) = cto| B(3) = 3¢).
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g SW(t) = tB(1/t), AW ()T ukriEAn Bliash, thit
({715t € (1,2)[18 B(to) = cto} = {FF1Ete € (1/2, VFEW (to) = ¢}
HET H 46120, 7 7] 40
p = P(f#fEty € (1/2, DR W (t0) = c|W(1/3) = ¢)

= P({71Ety € (1/6,2/3)fH43W (tg) = 0) = %arccos \/Z =2/3.

EFE20.8*% Lvp = sup{s;0 < s < t, B(s) = B*(t)}, MavEERECN

v(s) = ———, O<s<t.

MERR EEFINAERO < s < t,

{v; < s} ={ max B(u) > max B(u)}.

0<u<s s<u<t

ES):4

Floes o) = Fgax, Blu) > o, Bl)

= (IP(OI;?%(SB(U) > Sr?ggtB(uﬂB*(s),B(s)))

(]P’(B*(s) — B(s) > mai( (B(u) — B(s))|B*(s), B(s)))

s<u<t

SRRV UK

P(o < 5) = E(P(B*(s) - B(s) > max W(u))),

0<u<t—s
B"(s)=B(s)
= E(/ 20(u,t — s)du)
0

HrpwEoRbr AT Wiz s B 5 BASL. dE PE19.3,

P(v; < s) = /Ooodz/ooo4q§(z+y,s)z+ydy/0y¢(u,t—s)du

S

= /00 dz /00 4d(z 4 u, 8)p(u,t — s)du
0 0

Y A o t—s (t—s)s
—/0 4¢>(z,t)dz/0 ¢(u+Tz, ; )du

:/0 4¢(z,t)dz/z %(b(u,l)du.




§6.2 RATRE WA 5

PR S5
© t—s itz
= 4 d
o) = [ astno 0 —
B /°° z Py = 1
Jo s$3(t —s) m\/s(t —s)
7€ FRAFIE
)RR

20.1 3RE(B*(t)|B(t) = z).
20.2 3RKP(B(1) < z|B(u) > 0,0 <u < 1).

175

20.3 B EEA B LLIRMBENLIE FRY (¢) = B O Forh B(t) AbRHEAR B3, S AITE
20t = 1,¢ = 2B RS EEAE 70 ) F& o5 Rlle, A SEAE (1, 2) I (8] Be N B R A RS B R

TA WA IR
20.4 WEXER 2 > 0, m, 57, B0 Af.
20.5 XHMEREN > 0, SKRE(e 7).

20.6 290 < 2z — ooftf, UEBHT, — 400, a.s. (HIR] 8 AN B I B PR 4 SR A74E, XHT

Bt >0, P( lim 7o >¢) = lim P(r. > 1) = 1.)
20.7* &~ = sup{s < t; B(s) = 0}, iF

2
P(y; <) = - arcsin \/f, x <t.
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§6.3 JLIAJfrBAIiEE 5Black-Scholes AT

(A) LR BRIE TN

EM21.1 B = {B(t),t > 0} NI BHIZ3), pilore WAT R4 € 1, FR
HY (1) = oB(t) + pt€ XHIE RN FR{Y (1),t > 0V N IR REBCNu T £
No? AT BHE ) . faIRR N A2 AT BHiE 5]

AR, WHEEFR RN M J5 22 Mo AT BRIZ 3 5

(1) Y(0) = 0; (2) {Y(t),t > OV PR AL &

(3) Y () IR NISME Ayt 7 22 Nt IS 44T
ENXN21.2 Y = {Y(t),t > OLATEB A HIZE), IAFRHX (t) = ¥ & LHIbE
FUIFEX = {X(t),t > 0V N LA AR B 3.

EH T R A A BIE 2 Rk 7 39 5 1 ol DA S RS A PR nT 4, AT R > wbA K
Hi%g

(
g(e¥ @Y =YWy eY(s) g < 5 < )
(eY(u)eY(t)*Y(“)ﬂeY(“))

- / 9(ve®)p(x — pu(t — ), 03(t — u))dz

[eS) y=Y (u)

+oo
/_ G(X(W)e™)b(x — p(t — u), (¢t — u))da, (6.3.1)
KHEMX(s),0 < s < uFm CHEuZ BTA BIX (s), 260

“+o0
E(X(#)|X(s),0<s<u) = X(u)/_ "oz — p(t —u),0?(t — u))da
_ X(u)e(t—u)(ﬁﬁaz/?). (6.3.2)

JUARAT B2 Bl URSE B8 7 A hs A e 2 as ), e — AN 3 A4 1RO S T ol A
WIBGE M 2138 P ) Black-Scholes AR N T 40X I oe BEMIMRRE, AT
LA RIBOE U B B IBURE &, TE B A T3 A SRS A AR B

(B) HAtE M RIE

XOARE R, B AE. BB IR — M &4, ZE AR T
A NAERE 58 H % H 227 AR A7 6F 1] LA 2 4704 T 08 B 5 L — o 8 77 RO AL
A IBGE L E SR 1y IR —FBUR. SIRLE 2 20 K SR AR AR A
Ui FAENEAEBUHEA AR LS. 2« WIBHIARIY). B EEBEE . BUFft
FFAEIERIIE S, BT BERIREL R OLEE X B IBGEX SE bR “ AT
AT, DRISERRATAE et TR BAT AR RS EAE R IR, B A AT br
FIP. SRR TT L “ 32227 1. SUIRUW SN B AN E SR AR SE 53 P AR 4. BRIk, 39
BRI X7 AN —E REATAR I I S sc &, 10 R F 4 i Z 42 sk B AT 3. E13
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H. X5 29 5€ (IR AR — KAy “ S H 7, 0 RAZ U ReAE 2 H 34T,
VAR BRI G Rz IR RT AAE B3] H B E) H 2 f AR ] 3R, ARy
AL 4 IBUPAT . AR L& 205t s AR K B8 AT AR “ AT
FEIIRLE LI 205 1, SBURFAT A48 DAt 0 Es HE b 1) 587 (A [ 5 1 A%, PR 3
ATHTAR B RUE RS . LG A EE /S IR RO E B R B

A WIBRUE T N K, SRR I AE R H RS N P, IR AKIEIRE 2, —
& Tk /B BIIRAE 2T H BB 38 (P — K)TAI(K — P)*. SARIBUS IS
AR SENTT R — A IR 25U, RIS T 3RA5 XA BRIRL & L1 KN T5 5 4
TSR I GEAME. W AR BRAE AT A IBUE fir. W 1% E il R
FEPAN I To A T 7 B i A0 AR, F 2 J 2L

EREARIE T30 5 K RS2 2= M R UM 2. IriE e &R i, BRI =, B2
W3 FARASE 5y #RANREIRAT XS O B A, Rl B St =T N ARH
TIEAMRIE. £ I A RORAT T, XA ER I E VRS SR AL 0
FAER BN (1, PO — A BRI, BB 2 AR PRSIt A {45 11737 3L [m]
FPEEML M. Rk, BRI ERAH XSl AT e . el
77 A E T A BN MRS T A E T S BERINL 2, ZBFON T XS B R E
Ay R B B A R O TE B E A SR

FEREMWIZFAT, GitEHERHE— D3R RS e i BB sz b
PRBERE WS PR, RIDARAE 2 28 T PR 50 R 350 B SR 7 5 0 A XU PR S B 2
PR, B0 AR B KU 577 I B CUARSE XURSE, AN ZESRAEAAT (10 XS b 22 B XU i
L2 v S % e 7 R R e B o o = B T 4 o R Y v 2 O S
S 2 A ARG 4 45 T 0 KU R 2 i SRAT AR IR SR B M MR SRR T AT 52 53 FR R BRITIE
77> MAZARTEUETR MM A2 5 BRI 53 1O XS A BETE IR 10, T2 Jo RS A1 2%
GBI 45 R o

SRR &, oA T 3 A XU AR sl A2 A8 A5 F R Z i T 37 S
FRAIBEAR A 8] (2, F, P)XHE T AT 5T (0 UL B 7 X () 16 A2 :

E(X (t 4 s)|F) = X (t)eM=9),

Hrh NZ AT T RIS A R (BRI, FARoRt e 2 A g fE 8, m—"4
FEt + sIFZIBT AR ONY (¢ + o) IRTARIE SR, FEC Zf 1A%

Y (t) = E(e Y (t + )| F).

U SR T3 A — R XU B3 7 X () A1 — R e AR B2 77 (¢), AR At bt Z BT IT A T 37
{5 JE AL FRAZ RS B2 7 ) (5 A A LR

E(X(t+8)|X(u),0 <u<t)=X(t)e M), (6.3.3)

LA B 7 R IO AT AR TSR 2t + s ZIR A NY (¢ + s), B A TEL ZIIAN A%

v

Y(t) =E(e™ Y (t+5)|X (u),0 <u < t). (6.3.4)
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(C) Black-Scholes AR,

N T TR, AERAMERE R — DN RERN R T, T RE — e )
W 5577, Z B R RS T e (R E AT, — MRS, R AT HEEX =
{X¢,t > 0N, F—FPfiT AR 25— DAIZ B S O R 77 ) MU TR AIAL, SIAL )
FIHIHNT, MUEMIEAK.

FEIARLA 2, IABAE 2 H FIE A (Xr — K) . RIAETCE R SR - P {E
BER, (6.3.4)RIPZWIBAEO <t < TRHITHEC, N

Cy =E(e T (Xp — K)T|X,,0 < s < t).
e B A AR A I FE X — AN LA BHIE B X () = ¥ ), Hoy (¢) & —ANE
¥ RECA . T7 2R ARIZE). H(6.3.1) 7] 13
Cy = e "I VE(Xr — K)T|X,,0<5<1t)

+oo
— (Tt / (ye® — K)To(x — u(T —t),0%(T — t))dz‘
oo y=X(t)

—+o00
=00 [ (e~ K)o~ T - 1).0%T ~ )da|
In(K/y) y=X(t)

PELE

+oo
/ yer$(e — (T — £),0%(T — t))da
In(K/y)

+oo
:WW4W“W”/" @ — (u+0*)(T —),0%(T — t))de
In(K/y)

+oo
— ye(T-0w+a?/2) / é(u, 1)du
(n(K /y) ~(u+o2)(T~1)]/(ov/T—F)
2

_ yeT=0+0%/2) (1 3 q)(ln(K/y) —(p+ o) (T 1) ))

ovT —1t

2
_ ye(T—t)(u+o2/2)(I)((:u +0°)(T —t) — In(K/y) )
oVl —1t

FAH

—+00
[ Koo (T~ 0,0*@ - )
In(K/y)
—+00
=K o(u, 1)du
(K /y)— (T 1))/ (o5/T=1)
_ K@<M(T t) 1n(K/y))'
oVT —t

id
w(T —t) — In(K/y)

b(Kay7T7t): U\/ﬁ )
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A2

O, = e (T [ye”*t)(“*""‘/?)q)(m/T T4 b(K, y, T, t)) — KO(b(K,y, T, t))} R
y=X(t

A —J5 1, H1(6.3.2)F1(6.3.3) A 4l

E[X(t+ )| X (u),0 < u < t] = X (t)eWHo7 /2 = X ()e™.

ES)iie
r=pu+a’/2
BHARNR s LR, g
Cy = y®(oVT —t + b(K,y, T, 1)) — Ke "9 (b(K, y, T, t))’ . (6.3.5)

y=X(t)

Hrp
_r(T—t)-In(K/y) oVyT -t
b(K,y,T,t) = Tt - 5
2~ (6.3.5) B2 2 A4 I RKEE BRIIBLIN 5E i 22 2. X675 BRI IR SRABL R 2
N, BATEAMELZR 5 R B O
H1(6.3.5) W 1, W BRIPIALAE L 2 ) 4 AR A A T ISR AE I Z AR Ay, SUIARL
PATHIRFEIT, BCENAS K, T3 A 3 BN #2802, JF HARYE E 5
B, ZM T ERI. ERbRIET, 55 Riky, T MK#RE R, B350 1
HERFRE N, 8 T30, FER B LG HAR IZ s IS IR, XE7e00/MAA,

X(t+A)— X(t)
X(t)

~Y(t+A) =Y (t) ~ pA + o*[B(t+ A) — B(1)].

ﬁ‘ﬁiX(”ﬁg X LR IEEELE e, ¢ -+ A]INFE) P RIS 25 2. R L 3T AL b 5 78 AN AH A2 BRI ]
X A B S 25 22 52 b ST (K], AN A A (R B TR] X R34 2 5K [, Uk 36 22k vl LB AR
FEF D A); o NS RIS R, K AATH Gt 5 S iZ IS R i sh R
FB HA N2 M. — M AR MRS o2 A5 T R a0 R BB S n N ARG
W R E Wy, o, BEE R SRR MR IIE A uh R TT 22 o h I IEZS 5y
i, ITTREAS T 5 2 Mo h At

f21.1 CEnFE R BN 100G, T35 TR AR LR R 80.15. JEA R A —
14 B AR R B BRI, PAT IR 120, %A HAZ AR ELLE (AR 1 #5.
(ECE I EE A% I N8 Bt Bz 2, 1o Hoad s 124 A 19 A i ai % 540.03, 0.09, —0.06,
—0.03, 0.10, 0.02, —0.07, 0.04, 0.03, —0.05, 0.02, 0.0)

i AT o2, 12 H R R 5 vl 15 H s R TR T N

112

0 > (zi —2)* =0.003
i=1
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Horhz, RoR$iMN A ISR, 28R A ISR, Mio? = 12 % 0.003 = 0.036.
Fy =100, K =120,T = 1,t = 0,7 = 0.15,02 = 0.0364X N\ (6.3.5) 1] 14,

Co = 1009 (/0.036 + (120,100, 1,0)) — 120e~*'*®(b(120, 100, 1, 0))

Hr
0.15—-In1.2  /0.036
b(120,100, 1,0) = - = —0.26522
( ) /0.036 2
[ 1t

Co ~ 100®(—0.075) — 103.285®(—0.265) ~ 47 — 40.85 = 6.15.
B CAZ BAAUCILAE B B33 A0 4% 496,15 7C. O
R RIS HH o s A i BEERAT T3 vT LA AR SR A (AT AR Tl 257 A A . T T A
B F Aot R 1 s [ R A BRI E A 2K
fl21.2 B ZZ RS P(t) = eBO, Hrh B(¢) NArEAT BiE 3. H 4 N FlS8i%
JEEAT LA L), FE: LAER 2 s/ B S AS doG, T R AE s + THEZ W) 25245 (s, s + T
BRI 5 E e Z IO 22 max  P(u) — o). BUETEAK

s<

R RIZENL /2, EETE S ZIM A e 120 FHT U Hh 1 2 1 T 2R 5 a PO
fR i R I e A R B, B RIZ N ZAE s + TR Z TS 2 7E s B 42 XU ) 2 (1) 47
oL, B

= _T/2 - K + = x <
d=e E((sgglgajgﬂP(u) e™)T|P(s) =¢", P(u),0 <u < s).

HEASE

E((_max P(u) ) |P(s) = ", P(u),0 < u < s)

_ B(s)+B(u)~B(s) _ K+ _
E((_max e ) *|B(s) = )

= z+B(u) _ JHK\+) z+B*(T) _ K\+
B(( s, )t = E((e ).

W1 T B*(T) i L B N20(y, T),

E((e"+5' (M) _ K )h) = / (™Y — K)20(y, T)dy
(K—a)+

(o)
= 2e$/ eYo(y, T)dy — 2eK/ oy, T)dy
(K—z)+ (

K—z)+
=t [ L2y ek [T
2e /((Kz)+T)/ﬁ \/Z—We dy — 2e /(Kz)ﬂﬁ(b(y, 1)dy
= 2[ex+T/2cI)((T — (K — x)+)/\/T) - eK<I>(—(K B x)"‘/ﬁ)]
BlEd = 20 ®((T — (K = 2)7)/VT) = KT (~(K — )" V)] 0

)RR
21.1 TETCERVBAN KU 1 Jo 2 HE 5 Rk U BRI AL R & A =X
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§6-4 _lé.l— 135 %*/\ﬁ*ﬁaﬂl_uj]

(A) SEIEESHEATH
ENX22.1 WX = {X(t); t € THRMFZTHE(Q,3,P) LRI, FRX At
FE(R), HXHEREMt,, - t, €T,

(X(t1), X(ta), -, X(tn))

IR M IEZS 73 A0 (B FG RIS TE), IRRIAEEnE M & = (i, -+, o }T AR B2 IE €
BUEEH FEDEAAEREAN = (A1, -+, \)T € R™,

- 1
E(e! Zha 2 X0) = exp {ixTp — ZATDA}.

HIBERTRA (X (81), X (t2), -+, X () UBEME A B, BT ZHEREAD.

AR e i R A BR 4 A b SIS A (R B Ay Z= (B EOME— e e
B19.2, WHEZENB & — AN m i i fHER19.4,7EB(s), B(t) 4 2 5T T A B
IBE{B(u); s <u < tHREHTE.

EFE22.1 X = {X(1); t € THEmE MR B AE A R B &R &t
EHSIR M TT IS A

UERR < B ATHUEBRABENLEEX (1), X (L) UBEAEEN, -\, € R, £
‘Tiéﬂ/a\zzzl )\kX(tk)Eth%?Eglﬁ

2
E(el(Xk=1 AeX )y = [ (el(Xh=1 uMeX )y = exp {iu)\Tu — %)\TD)\}
FHIE AT RIS Y M X (t8) ~ N(AT i, ATD).
ST ARIX (t), -+, X () ABAL - A € R, HITY00 ) A X () IRA
BT,

E( 1351 AeX( t’c) = exp 1E Z/\kX(tk)) — 1Var(z )\kX(tk))}

{
= eXP{IZ/\kE (t)) — 3 Z Ak Cov (X (tr), X (t ))}
exp {i

Hobp ={E(X (t1), - ,E(X(ta))}, D = (Cov(X (t:), X (t)))),  IEREAHIEE. O
f5l22.1 WW NIRER BEE, $HMERz, y € R, AE0 < s < t, WHEEu € [s,1], &

t—u uU—S

(x —W(s))+

W () = W)+ ( (v - W()).

t—s



182 FoNFE MEAEZE
—ERR{WY (u); s < u < PN EHs <up < <up <t, Ay, Ay ER,

t—u uU— S

STAWE(t)) = 37 e[ W) + (5= (@ = W(s) +
k=1 k=1

— ;)\kW(uk) - (i: %)W(s) — (i: %)W(ﬂ e

k=1 k=1

(v-w®)]

HhHHo = Yop_, 20 (g o) i T hREAT BRIE B Tt R, g 22,1 R

—S

AR m A AR, EEBIWY(s) = 2, WY(t) = v,

M H BRI E AT HHME R < v e [s,t],

Cov(WY(u), WY (v))

= Cov(W(u) - i:ZW(s) ~ =S, W) - t:ZW(s) -t
= Cov(W(w), W(v) - i:ZW(s) - W) = W

1 R A R A PR 4 A e R pR BT 1) 5 22 e KE — B 52, X R HEIR 15.4, RT 0
W (w); wels,t]}

5% %FMB(s) = 2, B(t) = yWIAAIE3I{B(u),s < u < t}A MR A R4
i NI AT B R B I — AN, T B {WY (u) IS o JRATT 7% X b AT B
BBW IR E BN SR O
#it22.2 F{X(1); t € TR, BAXTEREsy < tr,k=1,2,--- ,n,

{X(tk) —X(Sk)J{? =1,2,--- ,?”L}
FEndEIEASFENLAL 5.
WERR SHERN, e R k=1,2,--- ,n, HHEFE22.1

D (X (k) = X(5) = D MeX(t) + Y (=) X (s)
k=1

k=1 k=1
N—HEIEASBENLAR &, 310 A — OE #22. 0] FI4E R Ko O
ER22.3 HUEES AT X (1), t > 0 TR0 < s < thfH

E(X(s)) =0 HE(X(s)X (1)) = s,

HAX = {X(t); t > 0} RARHEAT HIZ .
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MERR A RIS AEAT BE S 1) = AN 644 (), (b),(c).
(a) XHUEE S HHAHFE(X(0)2) = 0ATHIX (0) = 0 a.s.
(b) XULE,%L&O <51 <11 <89 < 1o,
E[(X(t2) — X(s2))(X(t1) — X (s1))]
=E[X(t2) X (t1)] — E[X (t2) X (s1)] — E[X (s2) X (t1)] + E[X (s2) X (51)] = 0.

T (X (t2) — X (s2), X (t1) — X (s1)) N = 4EIEASBENIAZ &, WAL, PIAHERO <
<t <--- <ty

X(t1), X(t2) = X(t1),- -+, X(tn) — X(tn-1)

FIHI T ZEHE R X A AR, IR (X (t1), X (t2) — X (t1), -+, X (tn) — X (tp_1)) ML,
(¢) AMER0 < s < t, HE(X(t) — X(s)) =0,

E[(X(t) — X(5))%] = E[X2(t) + X%(s) = 2X(s) X (t)| =t — s

PAIL X (t) — X (s)IRMIERS AR AT FIX (1) — X () ~ N(0,t — s). O
WE22.4 ey, n > 1, R—FIESHEHEE. £, 5 X, BAXWRESHEHZE,
i H.

E(X) = li_)rn E(&,), Var(X)= li_>m Var(X,,).
MERR ¢, n > 1, 2 —FIIESHNA R, fF1Ew,, o2 [HRXEE e R

. Az
]E(GIA&L) — exp{i>\,un — ?(7721}

Hi¢, 5 XFHIP(|X| < oo) = 17 HE(e6r) — E(ei¢) := w()). FHik
|E(em)| = e [W(N)], itn, — %20721 — In¥(\).

ERE(0) = LHBY\)ELL AT FAFIES > OfFEF TR € (=6,6), |[T(\)] > 0. X
FWHn — oo B, o2 WMIRFFEHAMR, idfEo?. FEF

IN(En—pin) A, A
E(eMsn7Hn)) = exp{f?an} — exp{f?ar 1.

K e, — pn S N(0,02?). iﬂlin_ainf fn = a, limsup u, = b, IAHE, B xwrsn

n— oo
d 2 d 2
X —a=N(0,07) X —b=N(0,0°)

Hitta = b < co. p, IRWAFAE, L/ FL. NTTX ~ N(p, 02) NIESHEHIA &, O
A 22,478 5 A3 B LR HEWR, IERITE B H S8
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IR 225 {X(t); t e THREMMIRE, tF e T, (k=1,2,--- ,m,l=1,2,---). HXHE
e [# 5 [, X(tk)mif%iqwﬁl/( ) MA{X(t); t € TYU{Ye; & =1,2,--- ,m}h
mir R, M HCov (Y, Y,) = Jim Cov (X (tF), X (t1)).

(B)5HBIEHBEXIERRS
FERFIRSG, BAINHBREIRAETE T 5410 BE s A KIS
WBRATZ 3N, T B(t )%%t@éﬂi PLB() N R, B 2R [ B(u)du
BAE . *ﬂxiﬂfﬂl&mﬁfi{fo w)dust > 0} NE AR BRIZZ)).
M f (1) 2 A S Eu‘—%iﬂzﬁﬁﬂlwﬁm H, FHMERO < a < b, REH

E

n

/B Y f (u /B wdu=1lim S B () —ti),

6—0 .
=1
S=max{t; —t; _1}

BAEEY, Hha =ty <ty < <t, = bNa,b]HE— %IJ e R ILRER
*t%ﬁﬁ%ﬂ%&ﬁ*&ﬂig DRItk i 22,47 01 [ B(w)d f (w) FRANIEZS 53,
HE—4 822530 7] 13 B LIS AL

{/:B(u)df(u); t> a}

R BILRL, BB R s, > a,
5 [ Buwar >) / E(B())df () =
Cov(/at (u)df(u )/ / / (u)df(v)
-/ / (5 A ) () f ()

LRI A, 24 BRARHEA W S, BU i MESN [ B (u)du IS E R0, H17
Z (R E) N

R(s,t) //u/\vdudv—// u/\vdudv—i—//u/\vdudv

33 (t—s)s*
3 + 2 ¢ (2 6
() T AR, 1 EL [, B(u)du ~ N(0,3/3).
XTﬁQELZﬂLTulT B AP AR, X BIRATE A f () R R A EL:
— B ER AEBE N R B T (O T3 — RIS T 18 2 B [4]), SHMERO < a < b, E X
X [ [a, b)_EBEHLAS

), s <t,

n

b
/f(s)dB(s):%iir(l) > ftim)[B(t:) — B(tiy)]- (6.4.1)

=1
S=max{t;—t;_1}
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Heba =ty <t; < <t, = bHa, )T 4% FEEE
Z d(ti—1)[B(t;) — B(ti—1)] = f(b)B(b) — ¢(a)B(a) — Z B(t:)(f(t:) — f(ti—1))
A
b b
|| 6aB(s) = B () = o) Be) ~ [ Bl (s,
I8 H FRATTFRAZ A BEHLAR 2 1) 0 AR o A = 93(64 1) RTH, Zo(t) NAERENL R £

I, B PR rp B RS TE ASBEHLAS R, BRI [° £ (s)dB(s) A EASBENLAS B 3k —
5 822,518 7 A1 BEH L FE

{/at Fw)dB(u); t > a}

WA NI, B brEAm s, M ERa < s < tRLR[0, )30 = ¢y <
< <typ=85<:---<t,=t

= 1mE( Y f(tis (t 1)]2]%1)[B(tz)—B(tm)})
—mua(z Pt [B(t) = BtionI?), A BlE s o ke

- ;g%z;f%ti,o(ti ~ti) = / 72w
f522.2 &Bfeﬁ‘/&?ﬁ iz g, R [ ud B(u)TEB(1) = 1 F HI5H .
8 107 BL1) 1 O LR (6.7, 20 ) i) 52
EABERVER k210,482 10,2, 0 b1 LR

IE(/OludB(u)|B(1) —1)= /OludIE(B(u)|B(1) — 1= /01 udu = %
E[(/ udB(u ) ‘B _1} _gnZt ( —B(ti_l)]z‘B(l):1>

=1 2 - — T = 2 =
_gg%;t%l(tz tio1) /Otdt 1/3.
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BI( [ udB(u)|B(1) = 1) ~ N(1/2,1/3). 0
BB RIEFIAR R B [ o()dB@)H, BARBAVMER T s 5dB(®1),

HEHARB@) W E S, B #19.70] F147 B2 3l B AL A A nT . @

WIRATHRAB () N AN (BCERAB(8)ICAEB(H)dt, TIFRB () FHEER).

)RR

22.1 ¥ B = {B(t),t > O} WFRHEAREESN, R EY = [ B(s)dsHIs i £B(1) =
IRTELE S T TR Y 120 A

22.2 Y BRAIREAT BIZE, KR [ udB(u)TEB(1) = 25AF T K141,

22.3* {EAH#EL22.5.
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B (Martingale) X LK B W 9 SRS 0T 7T, FOAL ATV SK BVE S P 1 8 7 BE 4
5. P HLevyMDoob & K HGIAMEZ GG, H AT CBCNRT FTRENL i ) — A 5
A TR AT fa] S 4 R O (R B A B i

§7.1 H5IFRS

(A) BREIE X B 2450
EN23.1 KX = {Xn,n > —
TYRECNE, B8, 0 >

(1) E(|X,]) < oo
(2) Xn/TEll:XO’YE% 7Yn%|%|§&

{Yosn > O} &MAEENLLRE, FREEHLIEREX K
0

(3) E(Xn+1|XOa Y(), e 71/n) = Xn(Z Xn; < Xn)7

231 UXKTY R, A ECEIRRE R, & T 44 (2) B ARAL.
ME L EF, FHB (T, BBt fE /X, Yo, -, Yo 5T, X RIS
H5X, M (X, K, X, /N, BIRREE R Zin B NIAE, Xo, Yo, -+, Y, B
fENIIIAERE R, A (R, b Bl 2 72 FE AR IAEAS B 21 T Tl AR ok %IJUHH
F (R TIAE, BT HAE). &Y = X8l By A S 3R, FATRFER{X,;n >
O} (T8, L&),
TERN(T, BB R, ILAE A in) AT 55 .
f5123.1 {EUE R IEHE S 5EEFIAC R, BWIBAERIGEE A Fa, PLX, R R ERE 5 ek
B SR, LAY FRon I R ARIIRME B, YRR E NS N SR BT R AR T (5
B, &S =a, 8, =S, 1+ X, =a+>p_, Xy, BAS,ERFnR G SUEHERE K
A
(1) EXHERENR >0, B(X 41|50, Yo, -+, Y,) =0, A4

E(Sn+1150, Y0, -+, Yn) = E(Sn + Xn4115, Y0, -+, Y2)
= E(Sn|SO;Y07 e aYn) + ]E(Xn+1‘SO7Y07 te 7Yn) = Sna

BIS = {Sn,n > 0} K TY = {Y,,,n > 1} 241
(2) FXHERER > 0, B(X,41]S0, Yo, -+, Yy) > 0, A

]E(Sn+1|SO7 }/07 e 7Yn) = ]E(Sn + X’n+1|507 Y07 o 7Yn)
= E(S7L|SOa YE)a e 7Yn) + IE:()(71+1|SO7Y*07 e )}/’;L) Z Sn

BISKTY R T #L

187
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(3) HXHEEN >0, E(X11/S0, Yo, -+, Yy) <0, A

E(Sn+1|SOa Yb7 e aYn) = E(Sn + Xn+1|SOa Yba e 7Yn)
= E(S’IL|SO)Y07 e aYn) + E(X7L+1‘SO7YO7 e 7}/n) S S’m

RISoTY 2 L O

BN, 7R AR b SRR IR I R (W B 2 A1, A SA B AN R (%
B)RANTW, FENAR T S, FEAR T ERE. ESERAE T DLE H,
T EARS, (AR A 2 DL5E 4 ) W 3% 15 B AR 4L, 7R e SO 5l k(5 B it
FRY TEA Lemf o 2 ARG .

TR, B G)ERENLIS AR AT DL AR
f5123.2 &Y = {V,;n > 02RET S B 5755 K, HREMELEP = (p, ).
WS IAERA By, o) £ 3 cspijoli). i €S, EX

XO = 9(3/0)7 Xn = g(Yn) - [¢(Yk) - g(Yk)]7 n > 1.
TR B SR A IR B S S A, WS > 1

n

E(Xpt1[Yo, -+, Y5) = E(g(Yn41)[Yn) — Z[¢(Yk) - 9(Y)]

k=0
= pijg(li=v, — > _[6(Yi) = g(Vi)] = (Ya) = > [6(Ve) — g(V)]
JjeS k=0 k=0
— (%) — S0 — (Vi) = X,
k=0
EREX = {X;n > 0} RTYNEL KA, HXMERE € S, ¢(i) = (>, <)g(i), I
2X ={g(Yn);n > 0} N8R, Fig). O

§123.3 BX = {X,;;n > 1V NSRS AR BEHLAS 2
(1) i%j]E()(n) =K, /7"\50 =0,5, = Xn: Xi — nu, s = {Sn,n > 0}9\%3:)(}'9@%
k=1
(2) HAEEN € RfEHG(N) = E(e*¥r) < 00, &
Yo =[o(N] " S n>0, (WEY, =1)

W{Y,n > 0} F8E 455, o(N0) = 1, M { exp{Ao 3 Xi}in > 0} Jytk.
=1
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(3) W fo, 1 NIRRT FE PR AL, &

) .
X, 20 WEL=1)

L, = ﬁ f1(X
=1
TEABR A 56 A DL X, B 93 A0 3 B SR ECR fo N IR ARV, EES{ L., m > 0} L.
i (1) MHEEn >0

E(Sn+1/S0, X1, , Xn) = E(Sn + Xnt1 — pfSo0, X1, , X5)
= Sn + E(Xn-‘rl - M‘Slea e 7Xn) = Sn

FITBA{S,,, n > 0} 98k
(2)XHMEREn >0

E(Yyi1|Yo, X1, , Xy) = E(Yno t(N)eM 1Yy, Xy, -+, X))
= Yoo H(A)E(Mr ) =Y,

FTLA{Y,,, n > 0} Ak
(3)E X, IR ZE 50 A1 B FE bR HON fo AR T, SHEREn > 0

E(Lnt1lLo, X1, Xp) = E(Lnﬁgﬁ;\mxl X)
B Ji(Xng1)\ _ = —
- LnE( P ) _Ln[mfl(x)dx—Ln.

FTBM{ L, n > 0} k. -
Bl23.4 (1) BEN (1) BRIEARIIERA R, XA R ORI (1, ), &

M, = N(t,) — Mn.
B2 EH 25 2 B P o ik

E(Mn+1|M07 T 7Mn) = Mn + E(Mn+1 - Mn|MO7 e 7Mn)
= M, + E(N(thrl) - N(tn) - /\(thrl - tn)|N(t0>7 T ,N(tn))
=M, +E(N(tnt1) — N(tn) — Atny1 — tn)) = M,,.

RN (tn) — Mp;n > 0} AL
()BT ZENCIAMES), MMERE0<to<ti < - <tp, < -, %

2
M, =exp{ — AB(t,) — )\GTtn}
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TR IR A B s v o s i 2 1k 5 RS

E(M’I’L+1|MO7 e >Mn)
Ao (tni1 — tn)

= M,E(exp {A(B(tns1) — B(tn)) S B(to), -+ Bt
AP (tag1 —t)

= MyE(xp{A(B(tn41) = B(t,)) — =—"E—"2}) = M,

R exp {AB(t,) — 2% }in > 0} 2L -
{5123, 47 W ot e T DB LS R A T R A . sz b FRATRL ) i 53 35 o
H T BTV S T R A Ve B T T 2 0 | L, AR A,

(B) BRAEVTE 2 MR

HE X231 RIELS E 5 BV R K M T, X = {Xosn > 0P RS HAY
XN XY BACY X B EREOOR L
MRR23.1 HREHLEREX = {Xin > 0}, Y = {YV;n > 0} TF{Z,;n > 0}# & L
B(REY, W

(1) B(X,),E(Y,) &3 (BF) %51,
(2) WHEEAET S, B, {aX, + BY,;n > 012 FBE (TR,
(3) {X, AYuin >0} 2 E#({X, VYyn >0} 2 T,
MERR DA ERORM, HAIE(3), HAR AR, SRR > 0
E(Xpt1 A Yoi1|Zo, -, Zn) S EYpi1|Zo, -+ s Zn) < Yo,

f H.
E(Xn+1 A Yn+1|Z07 e 7Zn) S E(Xn+1|ZO7 e 1ZTL) S Xn-

At
E(Xpi1 AYus1lZo, o Zy) < min{X,, Yy} = X, A Y.

FTEA{ X0 A Yoo > 0} 7552 1L, -
5|3823.2(Jessen NEER) By (z) AR EMRE, X NBEHLIAR &,

E(|X]) < 0o H E([$(X)]) < o0,
MAYEX)) <E@(X)). #—2, AFREEIALEFHI{Y,, n > 0}, XERn >0
PEX|Yo, -, Yn)) SE@(X)|Yo, -, Vo).

HERR FUEJE — A% =& R A, R T B AT Ry 0 72 47 S 3R A7
fEHXMEE 2,y e R
P(y) —b(x) > Py (2)(y — @),
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Sy, (y) Fory A SR B
PIART Yo, -+, Yo REZFAHHIER

E(y(z) — (E(X|Yo, -+, Y0))| Yo, -+, Vi)
2 1/JSF(E(X|YI), T 7Yn))E(X - E(X|Y0a T 7Yn)|YOv e 1Yn)
> Y (E(X[Yo, -+, Yo)) [E(X|Yo, -+, Yn) — E(X Y, -, Y,)] = 0.

ERFHEEr > 1,27, 2 > O EEE, H Jessen NEE A AT S holder A48

E(X]") > [E(X]]" B E(IX]) < [E(X])]"

M FR23.3 B{X, ) T{Y, VN8 (o) MR E(FER) MR EL EE(W(X,)]) < oo
XA AN > 0 AL, HEA{y(X,),n > 0} FHEL
JERR HJessen A&, XHEREN >0

AP 23 3TRATI A S it R 25 { X > 028, NI BENLAL &7
A B X H AT, B4

{|Xn|7n > 0}’ {eX”§n > 0}, {_ln(Xn)’n > 0}

HPZ N T4r > 1IN X" n > 02 L.
MER23.4 7Y = {Yo;n > 0K TX = {X,;n > 032 L, IBAAAE— DK T X
UM, n > OMEFR

Yn = Mn + Nna
AN, n > 02— DN HRIRAPEIBENLF S, No = 0N, H1Yy, Xo, -+, X1 5E4
YRIE.
MERR S TEn > 1, &

n—1

Nn = Z[E(Yk+1|Y07XO7 e 7Xk:> - Yk]
k=0
2 PFEUE I S T e SURT RN, 22 Y0, Xo, - -+, Xt EREL, T HA{N,;n > 1102
— AR ERIBENUT S, 4 M, =Y, — N, T4

E(Mn+1|YO7 XO» e 7Xn)
n
= E(Yn11|Y0, Xo, -+, X0) = Y _[E(Viy1[Yo, Xo, -+, X3) — Yi]
k=0
n—1
=Y, — > [E(YVia|Yo, Xo, -+, Xi) = Vi] = M.
k=0
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FEPEARPSINYAYSESERIE Y 90 Al O

e, FATFRN,, X FE R I B RE D BLRTE B (Y0, Xo, -+, X)) ME
— Ty 52 I BE LIS FE N AT LT (Predictable) B AT 5 15 ) (Admissible).
B123.5 —NEGES IN—FHIE T R, DLX, RO R AE M RE S D0, 27 0
BERENIX, = 1, BWX; = —1. sk — RE S A BT, T HP(X; = 1) < 1/2.
I 88 A R 7 e 48 SR (BN SR B0, Ja TR BOE AR BT — R A P 1% EL 3 1%
WEHE RIS — =, SR A BT AT X R B0E SRg ) SEILRR IR ? (DIE X, = 1)
& LLH, o EnRSGEE, BRH, KW REBUE {1, 2, - 2~ Hill HXHEREE <
n—1,

{Hn = Qk} = {Xn—k—l = 17Xn—k = 717 e 7Xn—1 = *1}

RIUbH, ] Xo, X, X URREL, BIAFLE R B, < 27875

H, = ¢n(Xo, X1, , Xn-1).
2 En )5, ZMEGERMASIEE N
M, = Z H X
k=1
A My = 0, H %A BAEE 14 )5

n

E(M,|Mo, Xo,- -+, Xn-1) = Y _ E(HXp|Mo, Xo,- -+, Xn_1)

k=1
n—1 n—1
= > Hp Xy + HyE(Xo | Mo, Xo, -, Xp1) < > HyXp = My o
k=1 k=1

B0, 36T X, 9 B8, MITTE(M,,) A AR A1 3 2 W A5 18 40 A e S B A
(C) (=R R E 1R
FEN23.2 BT RO I S B I BEHLAS B (T LR +o0). FRT HETY = (Vion >
0}f)4% B (Stopping time) 5k T FGH 8] (Markov time), %5 % 2 67 8K n, FAH{T =
R} AT LB Yy, - -, V, 35, S F (T = n} MR R EUE LR Y, -, Y, [
A, AR SO B L oy = 6a(Yo, -, Vo). SEF I 5 LY RS,
AT FRRT A 150

BT, I 52 A SR bR BT = n} R B REMY,, -, Y, I
= BRI R S B Y {E K.
123.6 ZT I H R IBAT RN, W ST = n) B WA T B FLH05E Ny
VIR Q.
B123.7 WX = {X,;n > OHRIRE A SR 55 D [CHE, WIS € S, ; = inf{n >
I;Xn = 7«}?"31'?[5]?"‘ %ii,%n = O7 {Ti = O} = @; %‘n > O7

{len}:{Xk#Zak:L5”713Xn:7’}
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1523.8 VN (t) /& LAW;, i > 195 R ] FP A1 R SERTREAR, T, 0 %6 SR R A KIS
6], WASHERL > 0, N(t)KTT = {Th;n > 0} NAEH BN (1) + 1 TT &5
FY b, MEER >0, H

(N(t) =n} = (T < t,Tpsr > 1}, {(N@t)+1=n)={Tp >t Tp1 <t}

AL HIRTH{N(8) = n} R 75 R AT B IS T S 2 BTHS BE E AT En

JE A L, T AN () +1 = n} TR, W FERIET N 22 BTHIE R
S TSI AT G R BRI B T 5% K 2 5 DY R AR 6 P 2

1 523.6 £5, TRFITX = {X,;n > O} LS +T,5 AT, S v TH 150,

REFR23.7(Wald25 ) BX = (X0 > 1YWL RN GEENLAE R TS, B(|1X[) < 0o

WTRT X NER HE(T) < co. 4

E(>  Xi) =E(X1)E(T). (7.1.1)

MERR XEEE > 1, T TSR, AlieLiroyy = du(Xy, -, Xi).

(kZT:Xk> g: (ZX]-{T k}) iiE(Xil{T—k})

i—1 i—1

= ZE(Xi - Xiz 1{T:k}) = iE(Xl - Xiz¢k(X1,~-- ,Xk))

k=1 i=1 k=1

3

R AU TRV FOURE B RN X, n > 1RSSR 73 A i,
E(}ixk) - i]E(IE(Xi —Xigqsk()(l,--- X X1, X))
- i]E(X,le,-.- ,Xi_l)(l —E(gm(Xl,-u ,Xk)))
x>0 - E(Z Lrw)) = ECG) 3BT 2 ),

i=1 i=1

?f%?ﬂi P(T >4) = E(T), (7.1.1) %3 0

i=1

2RI

23.1 WY = {Y,,n > Op2RETNS ERFERE, 22X, = g(Yn) = fr, o
Horpf; o RNy Mt R A BRI TR] Py B0E (81 2 A5 @ Rl o MRS, TRIEX R
Ty b
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23.2 W X1, Xo, - - - ML [F] 4347 BEALAS =3 2
P(X1=1)=p,P(X=-1)=q=1-p

SHEER >0 4Y, = 1AK%
q\ 5 S
— —_ = >1.
Y, (p) oS, k§=jlxk7 n >

IEWHY,, n > 0} 55T X 98k,
23.3 WXy, Xo, - AMSLFE AR, E(X,) = 0, E(X?2) = o®. XfE&n > 0,
é\YO = Oa

Y, = (ZX""')Z —na? n>1.

k=1

E{Y,,, n > 0} 5T X A8
23.4 WX = {X,,n > 0P NAE—FENLIRE, 7 = min{n > 0; X,, = a8lb}, n = inf{n >
0; X,, < a}. UEHIT, n#sEf= .
23.5 I H Jessen N5 E B Lyapunov N5 20 ST BN EX, H0<s <t, M

(E(X )Y < (E(1X]9)M"
23.6% TE AN FCIUE A A5 () A2 X 8] (@, b) N 1™ R DU BRI B0 7 (a, D) W 2 A S BCER A7 AE HL
WALz, y € (a,b)

U(y) — () > P (2)(y — 2),
Hory! (y) Ry 4L
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§7.2 (ERIER

AFRBHEX = {X;n > 0} RTFEMEELREY = {Vu;n > 0 8( L, )8 B
HIERNHLOZE BIRNSH. SHMER—MERNT, & XN E X W

WAEEw € Q, HT(w) =n, MX7r(w) = X, (w).

PAUR IS 25 R H W R s B, PR A Rl e R A E S

(A) BRIFHTERE

313824.1 B{X,;n > 0} 28 (LB, TR—AMER, IBAKHMEZEO <k <n
E(Xnlir=p}) = (S)E(XiLir=p})-

MERR H S A 2 S o

E(Xn1ir—k}) = E(E(Xn1{r—k}|Xo, Yo, -+, Yi))
= E(1{r=iy E(Xn| X0, Y0, -+, Y2)) = (S)E(Xgli7=p})-

5| FRARIE. .
313824.2 W{X,;n > 0} & # (L8, TR—DEIER, 0<n<T <m, M4

IE(AXVTLXVOv YEM T 7Yn) = (S)Xn
MERR TR EIX, e Xo, Y, -, Y IR, B SRR B TR I 1,
E(XT‘X(%YOv e 7Y7L) = ]E(]E(XT|X03 }/03 T ?Ym—1)|X03 }/07 e 7YTL)

= B E(Xplir—py| X0, Yo, -+, Yim_1)| X0, Yo, -+, Vi)

k=n

m—1

= E(Y | Xilir—iy|Xo, Yo, -, Yy)

k=n

+]E(E(Xm1{T:m}|X03 YO, T aYm—1)|X07YO, o ;Yn)

EEE
Lir—my =1—1ir<pm1)
FEY, -, Yoo HIRREL, B AR 0 AT PR T LR () S o mT

E(]E(Xm]-{T:m}|X07 YOa T 7Ym71)|XOa Yb, T 7Yn)
= ]E(]-{T:'m}]E(Xm‘X07 Y07 tee 7Ym71)|X07 YOv e 7Y’n)
(SDE(Xm-11{7=m}|Xo, Yo, -+, Yn).
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EJi:e
m—1

E(X7|X0, Yo, ,Yn) = (B Xiplyr—iyXo, Yo, -+, Yn)
k=n
+]E(Xm711{T=m}|X07 YOa T 7Yn)

= E(X7A@m-1)[Xo0, Y0, -+, Ya).
= FEBIOTCET A (m — DBV T I DL ) AT 5
E(X7|Xo, Y0, ,Yn) = ()E(Xran|Xo, Yo, , Yn) = X,
5| H#24.2454IF . 0
EIR24.3(H FUFM E ) BW{Xn;n > 0pE (L)L 58, THMA FHUFIN HS < T as.

2
E(X7) = ()E(Xs).

WERR AW S, T < m, H5|#H24.2,

E(X7) = ZE(XTl{S:n}> = ZE(XT\/nl{S:n})

n=0 n=0
= ZE(E(XTan{S’:n}D/Oa e, V)
n=0
m
= > E(ls—nE(Xzyn|Yo, -+, Yn))
n=0
n=0
JE FRAFIIE. 0

(B) —RIFHEE
51HE24.4 WHEHLAREWHZE(W]) < oo, AT A MRAER, BIP(T < 00) = 1. B4
lim E(Wlgrsny) =0 H lim E(Wlipc,y) =E(W).

n—oo n—oo

UERR H IR TR ST, Zn — ool

E(W]) > E(W|Lir<ny) = Y E(W[lir—iy) = > E(W[liz_py).
k=0 k=0

HTP(T < c0) = 1, H 5| H3.137] %1

E(IW[Ll{rsni1y) = Z E(|W[l{r—k}) — 0.
k=n-+1
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NI
0 < [E(W) = EWlir<py)| < [E(Wlirsni1y)| < E(W[lir>ni1y) =0

SN ANECTEE Rt O
EIE24.5 W{X,;n > 0}, TR— M IRIER

E(sup | X7an|) < 00
n>0

MMAE(X7) = E(Xp).

HEBA W = sup | X7an|. HTP(T < 00) =1,
n>0

0o 0o
X = ZXk]-{T:k} = ZXT/\kl{T:k}'
k=0 k=0

M Xp| < W. IKE(X7|) <E(W) < oo. HAHI5]FE18.4
|E(X7an) — E(X7)| < E(|X7An — X7|1i7sn)) < 2E(Wlirs,y) — 0.
FTUE(XT) = lim E(X7n) = E(Xo), R — 4585 A SHERER G, O
Hit24.6 i&{)zn; n > 0y A8, TR—MGRIFR, HE(T) < co HAFEK < coffifd
E([Xn+1 — Xnl[Xo0, Yo, -, Vy) < K,
IAR(Xr) = E(Xo).
WERR 270 = | Xol, Zn = | X0 — Xooa|, W =Zo + -+ -+ Zp. WIW > | X7|H
= i zn:E(Zkl{T:n} i]E (Zklr=ky)-
=0 k=0 k=0

‘L‘I‘%@Jl{q?k} =1- 1{T5k71}y‘3Y0, cee ,Yk_1agglﬁ, SR RER A%

E(Zxlir>ky) = E(1ir>pyE(Zk] Xo, Yo, -+, Yi1))
= E(1r>i E(| Xk — Xp—1]| X0, Yo, -+, Yie1)) < KP(T > k)

N0} N
E(W) <Y KP(T > k) < K(1+E(T)) < 0.
k=0
RN X an| < WHF—VInmior, HEEE23.5 Al K145 18 T O

EIE24.7 W{X,;n > 0L, T—MEIRIFR, HE(X7|) < oH

lim E(X 1{T>n}) 0

n—oo
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MAE(XTr) = E(Xo).
MERR VEEE
E(Xr) = E(X7l{r<ny) + E(X11l{15n)) = E(X7Anl{T<ny) + E(XT1{15n))
= E(X7an) — E(XtAnl{r>n}) + E(X71{p>ny)
HZAF lim E(X7anlirzny) = 0K 51 H1SATTH lim E(X71irs,)) = 0. B
E(X7) = lim E(X7an) = E(Xo),
Hodh i J5 555 BA FYSE I e BT 43, O
EFE24.8 W{X,;n > 0PN B8 THARIFE, HAEMIIZEEWHRBE(W]) <
co HXHMERn > 0, Xppan > —W HOL, IPAE(X,) > E(X7).
MERR AT R EUE — N EBHN A XY = X, AN, IA{XN, n > oM B8 i

A T e
E(X(') > E(XPan)-

AR AT A XN, | < NV W < |[W|+ N. RNT A RER,
X7 = lim X7, as.
MIMTIXN| < N+ [W]. Hn — cofif, i 5 #18.4,
E[X7nn = X7 | SE(XFpn — X7 [Lrsny) < 2E((N +W)lirsny) =0
L lim E(XF,,) = E(X7). HIER 1
E(Xo) > E(Xy') > E(X7).
BN (X ) BEAE N FR 5 T B 3 48,
E(Xo) > lim IE(XJTV).
U7, MXy = lim X, SRR RIX > —W. BrEk
E(X7rl{x,<0}) > E(-W) > —cc.
NI}
E(Xr) = E(X1l{x,<0}) T E(X71{x;>0})

= B(Xrlx,<0p) + O B(Xr1lko1<x<ky)
=1

N
]E(XT]-{XT<0} + hm (Z]E XTl{k—1<XT§k})+NE(1{XT>N}))
k=1

= lim E(X¥).

N—o0
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g5 EATIR T RE(Xo) > E(X7). O

12 24.9 F{ X, VAR B, TV IRIERE, IBAE(X) > E(X7).

(C) {2 7R 5 A 64
R T PR 5 52 B 19 7
B124.1 Ha < b J9IEERL, S, AL B atl R I # (p, ) BERLIFED, p < q. 5 X

T =inf{n >0,5,=0 8 S, =b}.

KE(T) LA KE(ST).
R LLX = {X;,i > 0} BENLIE s h 20 52D, B4 X AT R A .

H e AT FIT IR T{S, Vs, SHERE > b(A Witk = mb + rHdm > 1, r =
0,1, -+ ,b—1), HHEM{T = kYRR, 1Bk ZATMERA S0 Ll 7 X, A
RE 56 A AR R (B M AT 25 10 5. Wb ie o4 M

{1,2,---,b},{b+1,--- 20}, {(m—=1)b+1,--- ,mb},{mb+1,--- ;mb+r}.
X ST R 3 AR PR AT HIP(T = k) < (1 — p® — ¢®)™, AT

oo b—1
E(T) = Y > (mb+r)P(T =mb+r)
m=0r=0
<> @A=ph)m(m+ 1) = o < oo
m=0

Y, = Sn —n(p—q), BIR{Y,;n > 0V RTF{S, ) A#L H
IE(Dfn—!—l - Yn”SOa Tt 7Sn) = IE(p(n—‘,-l - (P - Q)HSOv e 7571) S 1 + (p - q)
DL HES24.6 AT 15
E(Yr) = E(Yo),
1

E(St) =a+ (p— q)E(T). (7.2.1)

5, 40, = (4)7. WM n > OJLSEBTT HRHERn > 0, My, < 1,

EF24.5,

E(Mr) = E() = (1),

B

P(Sy = 0) + (?)bP(ST —b) = (3) (7.2.2)
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NI

BHAN(7.2.)15

E(T):pq1_<q)b p—q

Bl24.2 W X;, i > LEMSLFEDAG BN S R IES AN (1, 02), So = = > 0,
S, =z+ 3 Xy, XA ={{FEn > 0fii13S, <0}, fhiitP(A) M L7
k=1
fi# 47 =inf{n > 0;S, <0}, MATHENHA = {r <oo}. HX; ~ N(u,c?) 0l %1
E(e_’\Xi) — o AtAZe?/2

B\ = 2u/0% £ 0, H115123.3(2) AT W, = exp{—0S, } L. HIA FA= 2, 0T

EHn>1
o0 _ E(Wy) = E(Wrpnn) = E(WT]-{TSn}) + E(WTI{T>H}) > P(r <n).

An = cofGP(A) < e~0 = ¢=2na/o” O

$124.3 LLZ, KR FEnEIT IR K FEEKE, Vo R BnEREANERE (Y, N
AR MR ), bR KERRRER, BRZ,1 = (Zn 4 Yos1)T A b Bla®
NIKFEBACERES, 4T = min{n, Z, < a}, WKRE(T)H T FAhvF, Hrh3ik
EZy =2 € (a,b) LA}

E(Yy41|Z0, Y1, ,Ys) <m, E(exp{—-AYn41}|Z0,Y1,---,Y,) <1

iR EEz >0, 4

_ (e Lo
9(2) = —(e — —(:-0)
g(z) V0, 0<z<b,

DRIP40 < 2 < colif f(2) > g(2). (B TEL)
g(b); z>b.
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Sl : ;
el 1
.Y

MHXEER > 0, f(Zns1) = F(Zn + Yoy1). B HERFZFML, MEER > 0,
Ha < Z, < bif,

E(f(Zn+1)|Z07 Y1, 7Yn) = E(f(Zn + Yn+1)|Z0ﬂ Y1, 7Yn)
Z E(Q(Zn + Yn+1)|ZO>Y17 e ,Yn)

1 Y 1— ef)\(Z,LJrY,LJrlfa)
= EE(GA(Z) ) b\ _(Zn_a+Yn+1) ZOaYh"' aYn)
L apeayl — &0
> - (b—a)- % _ _
~m (e A (Zn a)) !
> f(Zn) -1
MH20 < Z, < afit, 1 f(Z,) =0, f(Zngr) > ORT 0 EABERELSL. R
Xn = f(Zn) +n

NTE R S e
E(f(Z0)) = E(Xo) < E(X7an) =E(f(Zran)) + T An.
B f(2) SE(f(Zran)) + T An. BT R FHESEREL, AR M > 0fifs
[E(f(Zran) = E(f (Z)| < E(f(Zran) — f(Z7)]) < MP(T > n) — 0.

B
lim E(f(Zrn)) = E(f(Zr)) = 0.

n—oo

S

E(T An) = lim iP(T/\n > k)= lim Zn:IP(T > k) = E(T).
k=1 k=1

n—oo n—oo

ATHE(T) > f(2), B

)RR

24.1 M IE — DX, n > OVRER TRITFE(XT) # E(Xo).
24.2 WEWIRHERBEER U MY X, n > OPJUFI 7, B(1 X)) < lim E(|X]).

24.3 #1241 p = 1/2, RAHM.FIE(T), E(S7).
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§7.3 HMAHFENXSMR
AR DL B AR S 3, A TRA T AR TN AR S 5 0L B — AT
Hig Sty e A

(A) MARPFFHKXS5Doob™ER
EIE25.1 W{X,;n > 0N BB WSHEREN > 0fF

AP(max Xi > A) < E(Xo) ~ E(Xnl{ max X< (7.3.1)
AP(Orgnk‘lgn Xk: S _)\) S _E(an{og}ehgln Xk<7)\}); (732)

AP(&% | Xk > \) <E(Xo) +2E(X,,), He X, =(-X,)v0. (7.3.3)

HERR (1) 2T = min{k; X > A} An, MTHE FHUEE. BHE FHER 2
E(Xo) > E(X7) = E(XT]-{OrSnka%chk<>\}) +E(XT1{OISHI?§HX,92A})
> AP(OISIlI?,gn Xp >N+ E(Xnly max xe<r});
FI15(7.3.1).
(2)2S = min{k; Xj, < —A} An, WSHA FUER, HS < n. B FUFI E 2
E(X,) <E(Xs) = ]E(Xsl{og}jgn Xp<-ay) + E(XSl{Ogciank>—/\})
< —AP(Oggank S =N+ EXnly max xi>-21);
I15(7.3.2).

(3) H1(7.3.1),(7.3.2) i EL AR NPT 43:(7.3.3). O
3¥25.1 H{X,;n > 0V FEEATHEH (| X,,[;n > 052 Nk, /1 (2) 15, thre

P( max |Xi| > A) <

0<k<n

E(|Xn|1{o§17?§n \XHZA})'

>| =

513825.2 A FEHLAREC, nii RE(C]P) < oo, E(|n]?) < oo, Hi1/p+1/g = 1.
AE|(n| < o H.

E(|¢nl) < [E(¢IP)IMPE(In))]e. (7.3.4)
HUERA I 2 MR E AT 50, ST E 2,y € (0,00), A € [0,1],

In(Az + (1 —XN)y) > Alnz+ (1 — ) Iny.
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MR EE 2, y € (0,00),
/Pyt < x + v
P q

IR EF 2,y € [0, 00) AL L = [C[P/E(CIP), y = [nl?/E(|n|7), H4

<1 Sl 1
E(CP) 72 () 7+ = pE(C) T a Bl

PIIL RIS

cn) R
E( ) < pEaim) o &) -

R TSI 5 4518 O
— B, FATRRAE 2 (7.3.4) NHOlder 552
EIE25.3 (B KAL) W{ X n > 0) AR 6 R, X = [max | X, il

(1) FHEEN > 0fr > 1, P(X: > \) < ATE(X,]7). (BAARZN)
(2) MAEEr > 1, E(1X5]") < (G57)"E(1Xa]"). (Doob A%

MERR HE(|X,|") = +oo, MZER RIRAL. FTRE(|X,|") < oo
H{|X,|",n > 0} NIRRT EATAS, SHMEEE < n,

E(1Xn[") > E(|Xk[").

NI

| X", k<m
Y =
| X", k>n.
WA s k> OMI AR T 8 &
T = min{k, |Yx| > A\} An.
BARTNA FHER HT < n,
E(Xul") = B(Yal") 2 E(Vel") = B(Xrl") = NP(Xr 2 X) = VB(X] 2 ).

EEJE VAN IR
P(X5, 2 A) < ATTE(IX]).

TEEE

E(X") :/ rATTP(| X |>)\)d)\</ TAT*ZIE(|Xn|1{|X;«L‘Z,\})d)\
0

— E(X, |/ PN RN = (XX,

-1
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HHHGlder A5 15

E(X;1) < (-

r

—)" (E(X )Y (B X5

n

AT Doob AN 25 20k 7. 0
f5125.1 B X, n > UM IR AR () BEH LA & H

E(X;) =0, Var(X;)=o?

WS, = >y Xp N8, B KA ST

1 2y no? .
]P’(Orénka%{n Sp > A) < F]E(Sn) =2 (Kolomogrov ANZ&E\)
PL & FiDoob A 2315
E(] max Si|?) < 4E(5%) = 4no?

0<k<n
(B) LZEARER
LB BERLFAIX = (X,om > 0} B K [, b, 4
To = 1nf{n >0,X, < CL}, T = 1nf{n > Ty, X, > b},

T2j = mf{n > ng_th < (1}, T2j+1 = 1nf{n > sz,Xn > b}, j= 1,2,---.
BTy, k > 1} 9 —FI AR KT X, 45 I 7).
EN25.1 Frk = sup{j, Toj—1 < n} NIFHI{Xo, -, X, } TEN Zin Z 77 E5F X [a, b]
B ABAEUY X, ).
EUW I, I Zn 2 /T b 5 OBUH R 7 8 X AEn Z A2 I TR, XA HUE
MIX T8 [a, b)) 7 T3 L 77 AP G Ja R AL IR 44258 X,

{Uclz)[Xv n] = j} == {T2j—1 § n < T2j+1}.

EFE25.4 W{X,;n > 0} EEUNAEER > 1,
1

—a

B(UL[X, 7)) < -——E[(X, — ).

HUERR HA YR e B, XSHEEE > 0,

0

Y

5 &5 B &#

(XT2A-,+1/\n - XTQk/\’I’L)
<(XT2’“+1A" o XT?k/\")(l{T2k§n<T2k+1} + 1{n2T2k+1}))

((Xn - a)l{T2k§n<T2k+1}) + (b - a)P(TQkJrl S n)
(Xn = )L (ry<netsnny) + (b — a)BUL(z,n) > k+1).

AV
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NI}

1
b—a
1
b—a

P(U};(X, n) >k+ 1) < E(f(Xn - a)l{T2k§n<T2k+1})

IN

E((Xn - a’)_]‘{TQk §n<T2k+1})'
Pk T kR A4S

E(U2(X,n)) < ——E((Xn — a) Lizpeny) < ——E((Xn — a)7).

b—a b—a

& HIE . O
X AT I R ) B A IR 2 W5 5125 4.

EIE25.5 W{Xn;n > 0P FEL, WXERR > 1, EUL(X,n)) < ;2E(X, —a)*).

(C) Doobliff E 2

EIE25.6 (DoobWSE ) W{X,;n > 0PN( L, T, M = supE(|X,]) < .

M AFAEBERLAS B X o (75 40 — ool X, = X a.s. HE[X | < oo,

WERA 2QFRNAHE LA, Wa,be Q, a < b. BUL(X)N{X,} L5 [a, b] FIKEL, B

UL(X) = lim UY(X,n).

1 E A
E(UL(X)) < = supB((X, =) )R 5= supE((X, —)*))

(a+supE|X,|) < oo.

—Qa

Weyp = {liminf X,, < a, limsupX,, = b},

n—00 n—0o

w= J W
a,beQ,a<b

W, C{U(X) = +oo} FIHIP(W, ) = 0, MITIP(W) = 0. BRI ERw ¢ W,

liminf X,,(w) = limsup X, (w),

E[]nli_{rgo X (W)FFAE, IE/E X oo (w). #w € WIHNEE X X oo (w) = 0. H Ik
Xn = X, a.s.
2p = P(|Xoo(w)| = 00), A4

lim P(X, ()] > ¢) = P(Xou(w)] > ¢) > p

n—oo
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AH, Xte = 3M/pif, fF4EN, H4n > NI, P(|X,| > ¢) > p/2. FtEp > 0,01

3M
5(x,) > 2L
X5 %M = sup,, E(|X,,|)FJ&, Fittp = 0, BIP(| X, | < 00) = 1.
F— MR e > 0,n > 0,e > 0R] 15

E(|Xoo|Lxai<ey) = El(lXoo|Lyxu|<elXnl<er) T B X oo Lyxo <o Xal>c})

& &

(X oo | 1g1x <o Xni<e}) + E(Xn |1y x 0 <e) ) X0 > c})
E(|Xoo — Xnl1{xo <o Xnl<c}) + E(Xn|1xi<c})
P(|X o] < €| Xn| <€) + 2eP( X, — Xoo| > €) + E( X))
e+ 2cP(| X, — Xoo| > €) +a

IANIA IAN A

Jaon — cofffe = 0FE(| Xool1{jxo|<e}) < a. F2c = cofFE(|Xo) < a. O
B125.2 WARMBEHLEFEX = {X,,, n > O} A2

E(Xp1|Xo, -, Xn) =2X,+1, n>0.

IR Hn — oot} X, /27 JLT- A 2RI
UERR Hi 2% 5 SRR

Xn+1 X, 1 X,
E(2n+1 |X07"' 7Xn) = 27"‘27 > 27
FH AT R X, /2m )2 N 1 H
Xn+1 Xn+1 Xn 1
(Gagr) = E(E(GET 1 X0, X)) = (5 + 57)
1 1
FHEH19.6 7] Fn — oo X, /27 JL-TF- DA SRUSSA. O

f525.3 B X A& F IR 208 R 5 [REE, MR FIEP = (pij)ijes. By(i),i €
SHNTTREH
u(i) =Y piyulj), i€S,
jeSs
KA FHE, WRAEHy (i), € S, TR
HERR 2Y, = y(X,,), B It mT A

E(Yn41]Xo, -+, Xn) = E(y(Xnt1)|Xo, -+, Xn) = E(y(Xn41)|Xn)

= Zan,jy(j) =y(Xn) = Ya.
jES
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BlE{ Yy, n > 0} B HA S dr e Sioe BT Anfr AE REN LR B U453
Yo, =y(X,) = U, as.
ERFX, A LIRS R, MMERj €S,
P(X, =i,i0.) =P(X, = j,i.0.) =1,
A7 Ew € Q1Y (w) — U(w) BAFETFn,, nf

X (w) =1, Xn;’ (w) =]

k

ERMy(i) = Uw) = y(5). Bliky(),i e S, MEFE O
IR
25.1 W{X,,,n > 0} N#, E(X,) = 0HE(X2) < 0o, n > 0, IEHA
E(X7)
Plomax X 2 A) < gy e

25.2 45 EN > 0, £ X1, Xo, - W EXEER > 1, Elexp(AX,111)[ X1, -+, X)) < 1,
/&\Sn =X1+---+X,, So=0. ﬁEBE

P(max(z 4 S,) > 1) <e M0 2 <.
n>0

25.3 WX1, Xo, - -+ AMILFENLAR & HAFAEL > OfEXESE > 1,
Ui (t) = E(exp(tXk)) < oo.

B0, (1) = [They u(t) = U(t) € (0,00),MEMIS,, = X7 + -+ + X, JLF- L8R SL.
25.4* JIE A 58 #125.5.
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