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1�Ù ý��£

�Ù·�ò{�£�VÇØk'�£¿Ö¿½�z�
7�SN.

1.1 VÇØ{ã

1.1.1 ���m, �Å¯��VÇ

�½��8ÜΩ, e§�¹
¤ïÄ�Åy���ÜÄ�¯�, ·�Ò¡ù�8Ü��

��m.¡dΩ¥f8�¤�8aF�σ- �ê, e§÷v

(1) Ω ∈ F;

(2) A ∈ F⇒ Ā ∈ F;

(3) Ak ∈ F, k = 1, 2, · · · ⇒
⋃
k≥1

Ak ∈ F.

¡F¥z�����Å¯�, §´���m�f8. lA^�Ýw, F ¥�¹��Å¯�â´

<��,�¤3. P´F → [0, 1]þ�¼ê, ^5ÝþF¥�Å¯�u)��U5. ·�¡§�

VÇ, XJ÷vXe^�

(1) é?¿A ∈ F, P(A) ≥ 0;

(2) P(∅) = 0, P(Ω) = 1;

(3) Ak ∈ F, k = 1, 2, · · ·pØ��⇒ P(
⋃
k≥1

Ak) =
∑
k≥1

P(Ak).

¡n��Å¯�A1, · · · , An´Õá�, eÙ¥?¿k, 2 ≤ k ≤ n,�¯�Õá, =é?

¿Ai1 , · · · , Aik ,

P(Ai1Ai2 · · ·Aik) = P(Ai1)P(Ai2) · · ·P(Ain).

?¿�½ü��Å¯�A, B. b½¯�Bu)�VÇ��, @o3¯�Bu)cJe¯

�Au)�^�VÇ(�Å¯�e�^�VÇ)�

P(A|B) = P(AB)/P(B).

��þ, �Å¯�e�^�VÇ�±w�´��ò���mΩ“ �”�B��VÇ.

1
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�Å¯�VÇkXe�Ä�O�úª.

(1) (�VÇúª) ��Å¯�B1, · · · , Bn����mΩ���©�, =B1, · · · , BnpØ��

�§��¿8���mΩ, @oé?¿���Å¯�A

P(A) =

n∑
k=1

P(ABk).

(2) (¦{úª) é?¿ü��Å¯�A,B,

P(AB) = P(B)P(A|B).

(3) (��dúª) ��Å¯�B1, · · · , Bn����mΩ���©�, @o

P(Bi|A) =
P(ABi)∑n

k=1 P(A|Bi)P(Bi)
.

Ï~r���mΩ, �Å¯�8F±9VÇPnöw����N, ¡�VÇ�m, P

�(Ω,F,P).

1.1.2 ü��ÅCþ9�'�x

¡½Â3���mΩ(VÇ�m(Ω,F,P))þ�(¢�)¼êX(ω) ��ÅCþ, eé?¿

x ∈ R,

{ω ∈ Ω, X(ω) ≤ x} = {X ≤ x} ∈ F.

Ï~{P�ÅCþ�X,Y, Z. ¡�ÅCþX,Y´A�??���(P�X
a.s.
= Y ), XJP(X =

Y ) = 1. ¡¼ê

F (x) = P(X ≤ x)

��ÅCþX�©Ù¼ê. F´©Ù¼ê��=�FmëY,üNØü
�

F (−∞) = 0, F (+∞) = 1.

(A) lÑ.�ÅCþ

e�ÅCþ�U���´k��½�^g,ê�gSò¤k����ü�Ñ5(��

�), @oT�ÅCþ¡�´lÑ�"�lÑ.�ÅCþX��U���

x0, x1, · · · , xn, · · · .

·�¡

pi = P(X = xi), i = 0, 1, · · · ,

�X�VÇ©Ù�(lÑ©Ù). ¡

E(Xk) =

∞∑
i=0

xki pi, k ≥ 1
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�X�k�(�:)Ý, XJþªm>�¦Úk¿Â. AOk = 1�, ¡�X�êÆÏ"(þ�). ¡

Var(X) =

∞∑
i=0

(xi − E(X))2pi

�X���.

e¡·��ÞA�{ü�~^lÑ©Ù(Cþ).

(1) ü:©Ùb(1, p): X ∈ {0, 1}�P(X = 1) = p, P(X = 0) = 1− p, p ∈ (0, 1).

(2) ��©Ùb(n, p): X ∈ {0, 1, · · · , n}�

P(X = k) = Cknp
k(1− p)n−k, k = 0, 1, · · · , n, p ∈ (0, 1).

(3) AÛ©ÙGe(p): X ∈ {0, 1, 2, · · · , n, · · · }�

P(X = k) = p(1− p)k, k ≥ 0, p ∈ (0, 1).

(4) Ñt©ÙP(λ)(¡ëêλ�rÝ)µX ∈ {0, 1, 2, · · · , n, · · · , }�

P(X = k) =
λk

k!
e−λ, k ≥ 0, λ > 0.

(B) ëY.�ÅCþ

e�3�K¼êf(x)¦��ÅCþX�©Ù¼ê

F (x) =

∫ x

−∞
f(t)dt,

K¡�ÅCþX´ëY.�, ¡¼êf(t)�´X�©Ù�Ý¼ê.

é?¿k ≥ 1, ¡

E(Xk) :=

∫ ∞
−∞

xkf(x)dx

�X�k�(�:)Ý, XJþªm>È©k¿Â. AO¡E(X)�X�êÆÏ"(þ�). ¡

Var(X) =

∫ ∞
−∞

(x− E(X))2f(x)dx

�X���.

�
;.ëY.©Ù(Cþ)Xe.

(1) þ!©ÙµXÑl(a, b)þþ!©ÙU(a, b), e©Ù�Ý¼ê

f(x) =


1/(b− a) x ∈ (a, b)

0, Ù¦.

(2) �ê©ÙµXÑl(0,∞)þëê�λ > 0��ê©ÙExp(λ), e�Ý¼ê�

f(x) =


λe−λx x ≥ 0

0, Ù¦.

(3) ³ç©ÙµXÑl(0,∞)þ/Gëêa > 0,ºÝëêλ > 0 �³ç©ÙGa(a, λ), e�Ý
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¼ê

f(x) =


λaxa−1

Γ(a) e−λx x ≥ 0

0, Ù¦.

(4) ��©ÙµXÑlRþþ��µ, ���σ2���©ÙN(µ, σ2), e�Ý¼ê

f(x) =
1√

2πσ2
e−

(x−µ)2

2σ2 .

1.1.3 k�õ��ÅCþ

Ó��Ä���mΩ(VÇ�m(Ω,F,P))þ�ÅCþX1, · · · , Xn. Ï~¡

X := (X1, · · · , Xn)

�n��ÅCþ, P�X ∈ Rn. �n > 1�, Ú¡�õ��ÅCþ. �L«�B, ·��

¡X = (X1, · · · , Xn) �n��þ��ÅCþ({¡��þ��ÅCþ).

(A) éÜ©Ù!���

eX�n�ëY.�ÅCþ, @o�3�K¼êf(x1, x2, · · · , xn)¦�

F (x1, x2, · · · , xn) =

∫ x1

−∞
dt1

∫ x2

−∞
dt2 · · ·

∫ xn

−∞
f(t1, t2, · · · , tn)dtn.

¡Tõ�¼êf�(X1, · · · , Xn)�éÜ�Ý¼ê. d��¡ü��ÅCþXi�©Ù¼ê

FXi(x) = P(Xi ≤ x)

�TéÜ©Ù�>S(>�)©Ù; ¡Xi�©Ù�Ý¼êfXi(x)(e�3)�>S(>�)�Ý¼

ê, 
�

Fi(x) =

∫ x

−∞
dti

∫ ∞
−∞

dt1 · · ·
∫ ∞
−∞

f(t1, · · · , ti, · · · , tn)dtn,

fi(x) =

∫ ∞
−∞

dt1 · · ·
∫ ∞
−∞

f(t1, · · · , x, · · · tn)dtn.

eX1, X2, · · · , XnÑ´lÑ�ÅCþ, P¤k�U����

{xij , i = 1, · · · , n, j = 0, 1, · · · }.

@oX�éÜ©Ù��

pk1,k2,···kn = P(X1 = x1k1
, X2 = x2k2

, · · · , Xn = xnkn)

�A�ÅCþXi�>S©Ù�

p
(i)
k = P(Xi = xik) =

n∑
r=1,r 6=i

∞∑
kr=0

P(X1 = x1k1
, · · · , Xi = xik, · · · , Xn = xnkn).
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n��ÅCþX�¼êg(X) = g(X1, X2, · · · , Xn)�êÆÏ"½Â�

E(g(X)) =


∫∞
−∞ · · ·

∫∞
−∞ g(x1, · · · , xn)f(x1, · · · , xn)dx1 · · · dxn, ëY.∑n

i=1

∑∞
ki=0 g(x1k1

, · · · , xnkn)pk1,··· ,kn , lÑ..

?¿ü��ÅCþ�m�����

Cov(Xi, Xj) = E((Xi − E(Xi)(Xj − E(Xj)))

=


∫∞
−∞

∫∞
−∞(x− E(Xi))(y − E(Xj))fij(x, y)dxdy, ëY.,∑∞

ki=0

∑∞
kj=0(xiki − E(Xi))(xjkj − E(Xj))p

(i,j)
ki,kj

, lÑ.,

ùpfij(x, y), p
(i,j)
ki,kj
L«dXi, Xjùü��ÅCþ¤���éÜ©Ù�Ý¼ê½éÜ©Ù�.

¡n��
D = (Cov(Xi, Xj)) �n��ÅCþX1, X2, · · · , Xn ����Ý
.

n���©Ù�´��­�ëY.õ�éÜ©Ù. �n = 2�·�`(X1, X2)Ñl���

�©ÙN(µ1, µ2, σ
2
1 , σ

2
2 , ρ), e§��éÜ©Ù�Ý¼ê

f(x, y) =
1

2πσ1σ2

√
1− ρ2

exp
{
− 1

1− ρ2

( (x− µ1)2

σ2
1

− 2ρ
x− µ1

σ1

y − µ2

σ2
+

(y − µ2)2

σ2
2

)}
,

Ù¥µ1 = E(X1), µ2 = E(X2), σ2
1 = VarX1, σ

2
2 = VarX2, ρ = Cov(X1, X2)/(σ1σ2)��'

Xê. Ú?���Ý


D =

 σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

 .

@o|D| = σ2
1σ

2
2(1− ρ2),

D−1 =
1

|D|

 σ2
2 −ρσ1σ2

−ρσ1σ2 σ2
1

 =
1

1− ρ2

 σ−2
1 −ρσ−1

1 σ−1
2

−ρσ−1
1 σ−1

2 σ−2
2

 .

P(x− µ) = (x− µ1, y − µ2)T , @o|^Ý
L«����©Ù�Ý¼ê��¤

f(x, y) =
1

2π
√
|D|

e−
1
2 (x−µ)TD−1(x−µ).

��/n����ÅCþ(X1, · · · , Xn)��Ý¼ê½Â�

f(x1, x2, · · · , xn) =
1

(2π)n/2
√
|D|

e−
1
2 (x−µ)TD−1(x−µ),

Ù¥D��½Ý
, x− µ = (x1 − µ1, · · · , xn − µn)T , µ1, · · · , µn �~ê. d�é?¿i,

E(Xi) = µi, 
�DÒ´X1, · · · , Xn�m����Ý
.

e¡ù�~f0�
ëê�(p1, p2, · · · , pm)�õ���©Ù.

~1.1 �m�-fp�M1, M1á\1i�-f�VÇ��pi, p1 + · · ·+ pm = 1. ëYÕá

/�ng. ±XiL«á\1i�-f��UM1ê. ¦(X1, X2, · · · , Xm) �éÜ©Ù.
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) ±niL«1i�-fá\�M1ê, @o0 ≤ ni ≤ n, 
�n1 + · · ·+ nm = n. �Å¯�

(Xi = ni, i = 1, 2, · · · ,m)

u)�|Üê�

Cn1
n Cn2

n−n1
· · ·Cnm−1

n−n1−···−nm−2
=

n!

n1!n2! · · ·nm!
,

d¢��ÕáÓ©Ù5��z�|Üu)�VÇ�pn1
1 pn2

2 · · · pnmm , Ïd

P(Xi = ni, i = 1, 2, · · · , n) =


n!

n1!n2!···nm!p
n1
1 pn2

2 · · · pnmm , ni ≥ 0,
∑m
i=1 ni = n,

0, Ù§.

N´wÑ?¿ck�(k < m)�©Ù��

P(Xi = ni, i = 1, 2, · · · , k) =


n!

n1!···nk!mk!p
n1
1 · · · p

nk
k qmkk , ni ≥ 0,

∑k
i=1 ni ≤ n,

0, Ù§,

Ù¥qk = 1−
∑k
i=1 pi, mk = n−

∑k
i=1 ni.

(B) �ÅCþÕá5

¡n��ÅCþX1, X2, · · · , Xn´Õá�, XJé?¿x1, · · · , xn ∈ R,

P(X1 ≤ x1, X2 ≤ x2, · · · , Xn ≤ xn) = P(X1 ≤ x1)P(X2 ≤ x2) · · ·P(Xn ≤ xn).

¡Ã¡õ��ÅCþX1, · · · , Xn, · · ·´Õá�, eé?¿k ≥ 2, X1, X2, · · · , Xk´Õá�.

eX1, · · · , Xn�ëY.�ÅCþ, @oX1, X2, · · · , XnÕá��=�§��éÜ�Ý�

u�g�Ý¼ê�¦È, =

f(x1, x2, · · · , xn) = fX1
(x1)fX2

(x2) · · · fXn(xn).

�ÅCþ�pÕá�VgÚ5���í2�õ��ÅCþ��/.

½Â1.2 �Xi = (Xi,1, · · · , Xi,ki), i = 1, · · · , n, ©O´k1, · · · , kn���ÅCþ, Ù¥z

�ki ≥ 1. ¡õ��ÅCþX1, · · · ,Xn ´Õá�, e?¿�xi,j ∈ (−∞,+∞), Ù¥1 ≤ j ≤

ki, 1 ≤ i ≤ n,

P(Xi,j ≤ xi,j , 1 ≤ j ≤ ki, 1 ≤ i ≤ n) =

n∏
i=1

P(Xi,j ≤ xi,j , 1 ≤ j ≤ ki).

dõ��ÅCþÕá5�½Â��, e�ÅCþX1, · · · , Xn´Õá�, òÙ©¤Ø���?

¿k|, òz|w¤��õ��ÅCþ, P�X1, · · · ,Xk, @oùk�õ��ÅCþ�´Õá

�, ¿��ÅCþYi := fi(Xi), i = 1, · · · , k, ��pÕá.

(C) �ÅCþ¼ê�©Ù

�n��ÅCþX = (X1, · · · , Xn)���«��D, Φ´lD �A ∈ Rn��_¼ê, n�
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�ÅCþY := (Y1, · · · , Yn) = Φ(X), @o

(1) eX´lÑ�, é?¿y = (y1, · · · , yn), �Φ−1(y) = (x1, · · · , xn), @o

P(Y1 = y1, · · · , Yn = yn) = P(X1 = x1, · · · , Xn = xn).

(2) eX´ëY.�ÅCþ, ΦëY!���Jacobi1�ª

JΦ =

∣∣∣∣ ∂yi∂xj

∣∣∣∣
i,j=1,··· ,n

??Ø�0, Ù¥yiL«¼êΦ�1i �©þ. @oé?¿(u1, · · · , un) ∈ A,

fY (u1, · · · , un) =
fX(Φ−1(u1, · · · , un))

|JΦ|Φ−1(u1,··· ,un)
,

Ù¥fY , fX©OL«Y,X�éÜ�Ý¼ê.

~1.2 �{Tk, k ≥ 1}´�K�ÅCþS�{Wi, i ≥ 1}�Ü©ÚS�, =

Tk =

k∑
i=1

Wi.

e(T1, · · · , Tk)�éÜ�Ý¼ê�

fT (t1, · · · , tn) =


λne−λtn , 0 < t1 < t2 < · · · < tn

0, Ù§.

@oWi, i = 1, · · · , n, Ñlëê�λ��ê©Ù��pÕá.

y² ½Â��lA = {(t1, · · · , tn) : 0 ≤ t1 ≤ t2 ≤ · · · ≤ tn}�R̄n+�N�Φ, ¦�

Φ(t1, t2, · · · , tn) = (t1, t2 − t1, · · · , tn − tn−1).

w,Φ´ëY!����_¼ê, Jacobi1�ªJΦ ≡ 1�

(W1, · · · ,Wn) = Φ(T1, · · · , Tn).

Ïd(W1, · · · ,Wn)3R̄n+þ�éÜ�Ý¼ê

fW (x1, x2, · · · , xn) =
fT (Φ−1(x1, · · · , xn))

|JΦ|Φ−1(x1,··· ,xn)

= fT (Φ−1(x1, · · · , xn)) = λne−λ
∑n
i=1 xi .

dd��W1�©Ù�Ý�

fW1
(x1) =

∫ ∞
0

dx2 · · ·
∫ ∞

0

λne−λ
∑n
i=1 xidxn = λe−λx1 .

aqO���Wi, i ≥ 2, �©Ù�Ý�fWi
(xi) = λe−λxi . Ïd

fW (x1, x2, · · · , xn) =

n∏
i=1

fWi
(xi).

¤±Wi, i = 1, · · · , n´Ñlëê�λ��ê©Ù�ÕáÓ©Ù�ÅCþ.

(D) Õá�ÅCþ�Ú�4��©Ù

eX,YÕá�©Ù¼ê©O�FX(x)ÚFY (y),@oX+Y�©Ù¼êG(z) = P(X+Y ≤
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z) �^òÈL«, G = FX ∗ FY , =é?¿z ∈ R

G(z) = FX ∗ FY (z) =


∑
xk
pX(xk)FY (z − xk) X�lÑ�ÅCþ,∫∞

−∞ fX(x)FY (z − x)dx, X�ëY�ÅCþ.

AO, eX,Yþ´ëY.�ÅCþ, @oX + Y�´ëY.�ÅCþ, §�©Ù�Ý¼ê

g(z) =

∫ ∞
−∞

fX(x)fY (z − x)dx.

eX1, X2, · · · , Xn´ÕáÓ©Ù��ÅCþ, �Ó©Ù�F , @oé?¿2 ≤ k ≤ n,

X1 +X2 + · · ·+Xk

�©Ù¼ê

Fk(z) := P(X1 +X2 + · · ·+Xn ≤ z) = F ∗k(z) = F ∗k−1 ∗ F,

Ù¥F ∗1 = F . eFk�Ý¼êf , @oX1 +X2 + · · ·+Xk�©Ù�Ý¼ê

fk(z) =

∫ ∞
−∞

fk−1(x)f(z − x)dx,

Ù¥f1 = f . d�§�¥���Ú����©Ù¼ê©O�

Fmax(z) = [F (z)]n, Fmin(z) = 1− (1− F (z))n,

�Ý¼ê©O�

fmax(z) = n[F (z)]n−1f(z), fmin(z) = n(1− F (z))n−1f(z).

~1.3 (1)eX1, X2, · · · , Xn´©OÑlGa(a1, λ), Ga(a2, λ), · · · ,Ga(an, λ)©Ù�Õá�Å

Cþ, @o

X1 + · · ·+Xn ∼ Ga(a1 + · · ·+ an, λ).

(2)eX1, X2, · · · , Xn´©OÑlN(µ1, σ
2
1), N(µ2, σ

2
2), · · · ,N(µn, σ

2
n)©Ù�Õá�ÅCþ,

@o

X1 + · · ·+Xn ∼ N(µ1 + · · ·+ µn, σ
2
1 + · · ·+ σ2

n).

���!�(å, ��·��Ñ�ÅCþ�ü�Ä�Ø�ª.

(1) e�ÅCþX�p�Ý�3, @oé?¿x > 0

P(|X| ≥ x) ≤ E(|X|p)
xp

, p > 0 (�'ÈÅØ�ª).

(2) e�ÅCþX,Y���ÝÑ�3, @o

[E(XY )]2 ≤ E(X2)E(Y 2), (Schwarz Ø�ª).

öSK

1.1 �X1, X2, · · · , XnÕá�AÛ©ÙGe(p), ¦X1 +X2 + · · ·+Xn�©Ù�.
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1.2 �X1, X2, X3Õá�Ñlþ!©ÙU(0, 1), ©O^X(1), X(2), X(3)L«Ù¥��, ÙgÚ

����ÅCþ. ¦X(1), X(2), X(3)�éÜ�Ý¼ê.

1.3 ����ÅCþX = (X1, X2), Y = (Y1, Y2)Õá. y²X1 �Y1Õá, ¿Þ~`²X1, X2

�±ØÕá.

1.4 ^SchwarzØ�ªy²eX���Ý�3, @oP(|X| > 0) ≥ [E(X)]2/E(X2).

1.5 eé?¿k ≥ 0, {an(k), n ≥ 1}��KüNØüê�,� lim
n→∞

an(k) = a(k), y²

∞∑
k=0

a(k) = lim
n→∞

∞∑
k=0

an(k).

1.6 |^SK1.5�(Øy²

(1) elÑ�ÅCþX����0, 1, 2, · · · , @oE(X) =
∑∞
k=1 P(X ≥ k).

(2) eX´�KëY�ÅCþ, @oE(X) =
∫∞

0
P(X > x)dx.

1.7* |^SK1.5�(Øy²(Ã¡¦Ú½È©���gSúª)

(1)eé?¿n, k, bn,k´�K¢ê, y²
∞∑
n=1

n∑
k=1

bn,k =
∞∑
k=1

∞∑
n=k

bn,k.

(2) ef(x, y)´�K�È¼ê, @o
∫∞

0
dx
∫ x

0
f(x, y)dy =

∫∞
0

dy
∫∞
y
f(x, y)dx.

1.8* ��K�ÅCþXÑllÑ©ÙF , ¡S = {x : P({x}) > 0}�©ÙF�| 8. e�

3�K¢êd > 0¦�S ⊂ {nd : n ≥ 0}, K¡XÑl�f:©Ù. e�3p���K�

ênk, k ≥ 0¦�S = {nkd, k ≥ 0}, K¡d�F�Ú�. y²�f:©Ù�Ú�o�3���.

1.9* ���êk1, · · · , ks���úÏê�d. y²�3��êN , �n > N��3�K�

êc1, · · · , cs¦�nd = c1k1 + c2k2 + · · ·+ csks.
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1.2 ^�êÆÏ"

é?¿�ÅCþX, ØØ´lÑ��´ëY�, ·���êÆÏ"´�x§����~

­��ê�A�þ. ù�!·�ò?�Ú0����~­��Vg))^�êÆÏ""

1.2.1 �Å¯�e�^�©Ù�þ�

?¿�½�ü��ÅCþ(X,Y ), |^Ð�VÇ¥�Å¯�e�^�VÇ½Â��, 3

¯�{Y ∈ A}u)�^�eX�©Ù¼ê�

FX|A(x) := P(X ≤ x|Y ∈ A) =
P(X ≤ x, Y ∈ A)

P(Y ∈ A)
.

5¿��Å¯�e�^�VÇ¢�þ´,�#����mþ�VÇ, Ïd·�3Ð�V

ÇØÆS�Nõ¯K�±3^�VÇe?Ø. 'X§3Y ∈ A^�e·��±½ÂX�¼

êg(X)�êÆÏ"�

E(g(X)|Y ∈ A) =


∑
x g(x)P(X=x,Y ∈A)

P(Y ∈A) , XlÑ∫∞
−∞ g(x)f(x,A)dx, XëY.

Ù¥f(x,A)�©Ù¼êFX|A(x)��Ý¼ê.

~2.1 �(X,Y )Ñl(0, 1)× (0, 2)þ�þ!©Ù, ¦E(X|Y > 1).

) -A = (1,∞). �(X,Y )�ëY�ÅCþ�,

f(x,A) =

∫
A
f(x, y)dy∫∞

−∞ dx
∫
A
f(x, y)dy

,

Ù¥f(x, y)�(X,Y )�éÜ�Ý¼ê. du(X,Y )Ñl(0, 1)× (0, 2)þ�þ!©Ù,

f(x, y) = 1/2, 0 < x < 1, 0 < y < 2.

�\O��

f(x,A) = 1, 0 < x < 1.

l


E(X|Y > 1) =

∫ 1

0

xf(x,A)dx = 1/2. �

AO, �½ü�lÑ�ÅCþ(X,Y ), y´Y����U�. 3�Å¯�{Y = y}^�e,

X�(^�)©Ù��

P(X = x|Y = y) =
P(X = x, Y = y)

P(Y = y)
=

P(X = x, Y = y)∑
x P(X = x, Y = y)

,

Ù¥xL«X��U��. 3�Å¯�{Y = y}^�e, X�(^�)êÆÏ"�

E(X|Y = y) =
∑
x

xP(X = x|Y = y) =

∑
x xP(X = x, Y = y)

P(Y = y)
. (1.2.1)
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��¼êΦ(X,Y )3�Å¯�{Y = y}^�eC¤Φ(X, y), l
(^�)êÆÏ"�

E(Φ(X,Y )|Y = y) =
∑
x

Φ(x, y)P(X = x|Y = y) =

∑
x Φ(x, y)P(X = x, Y = y)

P(Y = y)
.

~2.2 �X,X1©OÑl��©Ùb(n, p)Úb(m, p)�Õá, m < n. ¦

E(X|X +X1 = n).

) -Y = X +X1, KY ∼ (n+m, p)��©Ù.

E(X|X +X1 = n) = E(X|Y = n) =

∑
k kP(X = k, Y = n)

P(Y = n)

=

∑n
k=n−m kP(X = k,X1 = n− k)

P(Y = n)
=

∑m
k=0(n− k)CknC

m−k
m

Cmn+m

.

5¿�
∑m
k=0 C

k
n−1C

m−k
m = Cmn+m−1,

E(X|X +X1 = n) =
n
∑m
k=0 C

k
n−1C

m−k
m

Cmn+m

= n
Cmn+m−1

Cmn+m

=
n2

n+m
. �

�(X,Y )´��ëY�ÅCþ�,�,�Å¯�{Y = y}u)�VÇ�0, �dÐ�VÇ

Ø��, d�·��±Ú?X�(^�)�Ý¼ê

f(x|y) =
f(x, y)

fY (y)
=

f(x, y)∫∞
−∞ f(x, y)dx

,

Ù¥f(x, y)�(X,Y )�éÜ�Ý¼ê. l
3�Å¯�{Y = y}^�e, X�(^�)êÆÏ"

½Â�

E(X|Y = y) =

∫ ∞
−∞

xf(x|y)dx =

∫∞
−∞ xf(x, y)dx

fY (y)
. (1.2.2)

aqé��¼êΦ(X,Y )3�Å¯�{Y = y}^�e�êÆÏ"�

E(Φ(X,Y )|Y = y) =

∫ ∞
−∞

Φ(x, y)f(x|y)dx.

~2.3 é?¿y > 0, ¦E(X|Y = y), Ù¥(X,Y )�éÜ�Ý¼ê�

f(x, y) = 6/(1 + x+ y)4, 0 < x, y <∞.

) é?¿x > 0

f(x|y) =
f(x, y)∫∞

0
f(x, y)dx

=
3(1 + y)3

(1 + x+ y)4
.

Ïd

E(X|Y = y) =

∫ ∞
0

xf(x|y)dx = (1 + y)3

∫ ∞
0

3x

(1 + x+ y)4
dx =

1 + y

2
. �

1.2.2 �ÅCþe�^�êÆÏ"

��
ó, �^�¯�{Y = y}Cz�, éA�^�êÆÏ"�¬u)UC, l
·��

±�O��lΩ −→ R�N�, ¦�é?¿ω ∈ Ω,

ω ∈ Ω −→ E(X|Y = y) Ù¥ y = Y (ω). (1.2.3)
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,
ù�N��Uk"�, Ï�e(1.2.1)½(1.2.2)�©1�0, L�ªE(X|Y = y)vk¿Â.

�d�e-

Y =


{y : P(Y = y) > 0}, YlÑ,

{y : fY (y) 6= 0}, YëY,

±9ΩY = {ω : Y (ω) ∈ Y}, @oN�38ÜΩY þ´²(!�1�.

½Â2.1 �(X,Y )´ëY.½lÑ.���ÅCþ, X�êÆÏ"�3. e�3�ÅCþZ¦

�

(1) Z��ÅCþY�¼ê, =�3¼êg¦�Z = g(Y );

(2) é?¿ω ∈ ΩY ,

Z(ω) = g(Y (ω)) = E(X|Y = y) Ù¥ y = Y (ω), (1.2.4)

K¡Z�X'u�ÅCþY�^�êÆÏ", {¡�^�êÆÏ".

l^�êÆÏ"½Â�wÑ¼êg÷v: é?¿y ∈ Y, g(y) = E(X|Y = y). ?�Ú, ^

�êÆÏ"Z�U�y3ΩY þ´²(!���; éΩY 	�ω, ½Â��¿vk²(�¦; Ï

d^�êÆÏ"�U´Ø���. �ù�½ÂÑ5�?¿ü��U�^�êÆÏ"Z1, Z27

÷vΩY ⊂ {Z1 = Z2}. 5¿�

Ω̄Y := Ω \ ΩY = {ω : Y ∈ {y; fY (y) = 0}}.

Ïd

P(Ω̄y) = P(Y ∈ {y; fY (y) = 0}) =

∫
A

fY (y)dy = 0,

Ù¥A = {y; fY (y) = 0}. ùL²d½Â2.1�Ñ�?¿ü�^�êÆÏ"§Ø3��"VÇ

¯�þ�UØÓ	, ´�����, =Z1�Z2A�??�Ó. ��
ó, "VÇ¯�ØK�?

Ø, A�??����ÅCþ��O�±�Ñ. Ïd3A�??��¿Âe, ½Â2.1 ¥�^

�êÆÏ"´���.

52.1 Ï~rT“ ��”�^�êÆÏ"P�E(X|Y ). d���9^�êÆÏ"9Ù5��,

ek7�Ñ3“A�??¤á”ù�cJen), =Ø
��"VÇ¯�, éA�5�¤á.

~2.4 �½���mΩ = (0, 1)±9Ü·�¯�8ÚVÇ, ¦�é?¿(a, b) ⊂ (0, 1),

P((a, b)) = b− a.
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�X,Yþ´Ωþ��ÅCþ÷v

X(ω) =


−1, ω ∈ (0, 1/2)

1, ω ∈ [1/2, 1),

Y (ω) =


0, ω ∈ (0, 1/4)

1, ω = 1/4,

2, ω ∈ (1/4, 1).

¦E(X|Y ).

) U½ÂP(Y = 0) = 1/4, P(Y = 1) = 0�P(Y = 2) = 3/4. ÏdY = {0, 2}. l


g(0) = E(X|Y = 0) =
−P(X = −1, Y = 0) + P(X = 1, Y = 0)

P(Y = 0)
= −1,

g(2) = E(X|Y = 2) =
−P(X = −1, Y = 2) + P(X = 1, Y = 2)

P(Y = 2)
= 1/3.

Ïd

E(X|Y )(ω) =


g(0) = −1, ω ∈ (0, 1/4),

g(2) = 1/3, ω ∈ [1/4, 1),

ùp·�Ö¿(gd)½ÂE(X|Y )3ω = 1/4���1/3.

~2.5 �(X,Y )������ÅCþ, éÜ©Ù�Ý¼êXe, ¦E(X|Y ).

f(x, y) =
1√
3π

e−
2
3 (x2−xy+y2), (x, y) ∈ R2.

) 5¿�

f(x, y) =
1√
3π

e−
2
3 (x−y/2)2

e−
y2

2 ,

��O���

fY (y) =

∫ ∞
−∞

f(x, y)dx =
1√
2π

e−
y2

2 .

Ïd

f(x|y) =
f(x, y)

fY (y)
=

1√
3π/2

e−
(x−y/2)2

3/2 ,

dd��Y = R, �é?¿y ∈ R,

g(y) = E(X|Y = y) =

∫ ∞
−∞

xf(x|y)dx =
y

2
.

¤±é?¿ω, E(X|Y )(ω) = g(Y (ω)) = Y (ω)/2. =E(X|Y ) = Y/2.

~2.6 (X,Y )�éÜ©Ù�Ý¼ê�f(x, y). �a < b �P(a ≤ Y ≤ b) > 0. y²∫ b

a

E(X|Y = y)fY (y)dy = E(X|a ≤ Y ≤ b)P(a ≤ Y ≤ b),

Ù¥fY (y)�Y��Ý¼ê.
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y² �Å¯�A = {a ≤ Y ≤ b}u)^�e, �ÅCþX��Ý¼ê�

fX|A(x) =

∫ b
a
f(x, y)dy∫∞

−∞
∫ b
a
f(x, y)dxdy

,

Ïd

E(X|a ≤ Y ≤ b) =

∫ ∞
−∞

xfX|A(x)dx =

∫∞
−∞ dx

∫ b
a
xf(x, y)dy∫∞

−∞
∫ b
a
f(x, y)dxdy

=

∫∞
−∞ dx

∫ b
a
xf(x, y)dy

P(A)
.

,��¡, PE(X|Y )�g(Y ), @o∫ b

a

E(X|Y = y)fY (y)dy =

∫ b

a

dy

∫ ∞
−∞

xf(x|y)fY (y)dx

=

∫ ∞
−∞

dx

∫ b

a

xf(x, y)dy

Ïd

P(a ≤ Y ≤ b)E(X|a ≤ Y ≤ b) =

∫ b

a

E(X|Y = y)fY (y)dy. �

�ÅCþe�^�êÆÏ"kXe­�5�.

5�2.1 b�±eêÆÏ"�^�êÆÏ"ok¿Â.

(1) eX�YÕá, KE(X|Y ) = E(X).

(2) ea ≤ Φ(X,Y ) ≤ b, Ka ≤ E(Φ(X,Y )|Y ) ≤ b, l
E(a|Y ) = a, Ù¥a, b�~ê.

(3) E(
n∑
i=1

aiXi|Y ) =
n∑
i=1

aiE(Xi|Y ), Ù¥ai��Å.

(4) |E(X|Y )| ≤ E(|X||Y ).

(5) E(X) = E(E(X|Y )); (�VÇúª).

(6) é?¿ω ∈ Ω, Py = Y (ω), @o

E(Φ(X,Y )|Y )(ω) = E(Φ(X, y)|Y = y).

AOé?¿�ÅCþZ = f(X),W = g(Y )

E(f(X)g(Y )|Y ) = g(Y )E(f(X)|Y ), E(g(Y )|Y ) = g(Y ).

y² ·�=±ëY.�ÅCþ�~y²(1),(5)Ú(6).

(1) Udc'u^�êÆÏ"�)º, ·��I�y²é?¿ω ∈ ΩY , �ª¤á=�. ?

�ω ∈ ΩY , Py = Y (ω),

E(X|Y )(ω) = E(X|Y = y) =

∫ ∞
−∞

xf(x|y)dx

=

∫ ∞
−∞

xfX(x)dx = E(X),

Ù¥fX(x)L«�ÅCþX�©Ù�Ý¼ê.
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(5) ��O��

E(E(X|Y )) =

∫ ∞
−∞

E(X|Y = y)fY (y)dy

=

∫ ∞
−∞

∫ ∞
−∞

xf(x|y)dxfY (y)dy

=

∫ ∞
−∞

∫ ∞
−∞

xf(x, y)dxdy = E(X).

(6) �Qã{ü, =�Äé?¿�½�y¼êφy(x) := Φ(x, y)'uxüN��/. d�

PZ = Φ(X,Y ), @o(Z, Y )�éÜ©Ù�Ý¼ê�

g(z, y) =
f(x, y)

|φ′y(x)|

∣∣∣
x=φ−1

y (z)
.

d�d�ÅCþe^�Ï"½Â

E(Φ(X,Y )|Y )(ω) = E(Z|Y )(ω) = E(Z|Y = y) =

∫∞
−∞ zg(z, y)dz∫∞
−∞ g(z, y)dz

.

�Cþ��x = φ−1
y (z), @o

E(Φ(X,Y )|Y )(ω) =

∫∞
−∞ φy(x)f(x, y)dx∫∞
−∞ f(x, y)dx

=

∫∞
−∞Φ(x, y)f(x, y)dx∫∞
−∞ f(x, y)dx

= E(Φ(X, y)|Y = y).

Ù¦�ÖögC�¤, ë�öS2-5.

~2.7 ,¶ó��3kn���¶³¥, ÀJ11���Ï�?12���¦ò��S�/,

ÀJ12���Ï��ò33����£��/, ÀJ13 ���Ï��ò35����£�

�/. b½ù�¶ózgÑ�Å/À����, ¯¦��S�/�²þ�m´õ�º

) PX�¶ó��S�/��m, N�¶ó1�gÀJ�Ï�. du¶ó£��/�E,´

�ÅÀJÏ�, Ïd�¶ó£��/�¡é�¯K�m©��Ó. d¯Kb�·���

E(X|N = 1) = 2, E(X|N = 2) = 3 + E(X), E(X|N = 3) = 5 + E(X).

d�VÇúª

E(X) = E(E(X|N))

= E(X|N = 1)P(N = 1) + E(X|N = 2)P(N = 2) + E(X|N = 3)P(N = 3)

=
1

3
(2 + 3 + 5 + 2E(X)).

dd��E(X) = 10.

1.2.3 ^�êÆÏ"�í2���z

^�êÆÏ"��í2�õ�^��ÅCþ�/. e¡�½Â±õ�ëY.�ÅCþ�
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~. élÑ�/, �aq½Â.

½Â2.3 �(X,Y1, · · · , Yn)´ëY.�ÅCþ�X�êÆÏ"�3. -

Y = {(y1, · · · , yn); fY (y1, · · · , yn) 6= 0},

ΩY = {ω; (Y1(ω), · · · , Yn(ω)) ∈ Y},

Ù¥fY (y1, · · · , yn)�(Y1, · · · , Yn)�>S�Ý. e�ÅCþ

Z = g(Y1, Y2, · · · , Yn)

÷v: é?¿ω ∈ ΩY ,

Z(ω) = g(Y1(ω), · · · , Yn(ω)) = E(X|Y1 = y1, · · · , Yn = yn)

=

∫ ∞
−∞

xf(x, y1, · · · , yn, · · · , yn)dx/fY (y1, · · · , yn)

Ù¥yk = Yk(ω), f(x, y1, · · · , yn)�(X,Y1, · · · , Yn)�éÜ�Ý¼ê, K¡Z �X'u�ÅC

þY1, · · · , Yn�^�êÆÏ", P�E(X|Y1, · · · , Yn).

d�^�êÆÏ"E�Ì½Â2.1�é^�êÆÏ"Vg�)ºÚ`², ¿�éA�5

�2.1E,¤á. 'X

(1) eX�Y1, · · · , YnÕá, KE(X|Y1, · · · , Yn) = E(X);

(2) E(
n∑
i=1

aiXi|Y1, · · · , Yn) =
n∑
i=1

aiE(Xi|Y1, · · · , Yn), Ù¥ai ��Å.

(3) E(Φ(X,Y1, · · · , Yn)|Y1 = y1, · · · , Yn = yn)

= E(Φ(X, y1, · · · , yn|Y1 = y1, · · · , Yn = yn);

(4) E
(
E(Φ(X,Y1, · · · , Yn)|Y1, · · · , Yn)

)
= E(Φ(X,Y1, · · · , Yn)).

���VÇúª�ÿÐ, d�·��kXe�¤¢²w5�.

5�2.2 é?¿n > m, E
(
E(h(X)|Y1, · · · , Yn)

∣∣Y1, · · · , Ym
)

= E(h(X)|Y1, · · · , Ym).

y²* ��ÄëY.�ÅCþ��/.

�(X,Y1, · · · , Yn)��Ý¼ê�f(x, y1, · · · , yn), @o(Y1, · · · , Yn)��Ý¼ê

fY1−n(y1, · · · , yn) =

∫ ∞
−∞

f(x, y1, · · · , yn)dx,

(Y1, · · · , Ym)��Ý¼êfY1−m(y1, · · · , ym)�∫
Rn−m+1

f(x, y1, · · · , ym, ym+1, · · · , yn)dxdym+1 · · · dyn.

Pg(Y1, · · · , Yn) = E(h(X)|Y1, · · · , Yn), é?¿k ≤ n, -

Y1−k = {(y1, · · · , yk) : fY1−k(y1, · · · , yk) 6= 0}.

?�(y1, · · · , ym) ∈ Y1−m,

E
(
E(h(X)|Y1, · · · , Yn)

∣∣Y1 = y1, · · · , Ym = ym
)
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= E(g(Y1, · · · , Yn)|Y1 = y1, · · · , Ym = ym)

=

∫∞
−∞ dym+1 · · ·

∫∞
−∞(gfY1−n)(y1, · · · , ym+1, · · · , yn)dyn

fY1−m(y1, · · · , ym)
.

d^�êÆÏ"½Â, �(y1, · · · , yn) ∈ Y1−n�,

g(y1, · · · , ym+1, · · · , yn) =

∫∞
−∞ h(x)f(x, y1, · · · , ym+1, · · · , yn)dx

fY1−n(y1, · · · , ym+1, · · · , yn)
,


�(y1, · · · , yn) 6∈ Y1−n�,�±-g(y1, · · · , ym+1, · · · , yn) = 0. Ïd

E
(
E(h(X)|Y1, · · · , Yn)

∣∣Y1 = y1, · · · , Ym = ym
)

=

∫∞
−∞ dym+1 · · ·

∫∞
−∞ dyn

∫∞
−∞ h(x)f(x, y1, · · · , ym+1, · · · , yn)dx

fY1−m(y1, · · · , ym)

= E(h(X)|Y1 = y1, · · · , Ym = ym).

d^�êÆÏ"½Â9Ù`²��5�2.2¤á.

52.2 ^�êÆÏ"��í2������/, äN�[!Ø2Ðm. ��Ñ�´d���

9�ÅCþe�^�Ï"�, ·�o@�§®kT�½Â, 
��A�5�2.1 Ú5�2.2�

¤á.

~2.8 �X,Y�ÕáÓ©Ù�ÅCþ, ¦E(X|X + Y ).

) duX,Y�ÕáÓ©Ù�ÅCþ,

E(Y |X + Y ) = E(Y |Y +X) = E(X|X + Y ).

Ïd 

2E(X|X + Y ) = E(X|X + Y ) + E(Y |X + Y )

= E(X + Y |X + Y ) = X + Y.

dd��E(X|X + Y ) = (X + Y )/2.

~2.9 �{Xn;n ≥ 1}´�xÕá�ÅCþ, é?¿n ≥ 1, Sn = X1 + · · · + Xn, y²é?

¿n ≥ 1

E(Sn+1|S1, · · · , Sn) = E(Sn+1|Sn).

y² dÕá5b���Sn+1 − Sn = Xn+1�X1, · · · , XnÕá, ?
�S1, S2, · · · , Sn Õá,

Ïdd^�êÆÏ"5�

E(Sn+1|S1, · · · , Sn) = E(Sn|S1, · · · , Sn) + E(Xn+1|S1, · · · , Sn)

= Sn + E(Xn+1)

= E(Sn|Sn) + E(Xn+1|Sn) = E(Sn+1|Sn). �

~2.10 �,¤ìÆ·Ñlëê�λ��ê©Ù, b½¤ì���U9���#¤ì, 
�¤
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ì�m�Æ·�pvkK�, ¯l¤ì#Cþm©�t�mS²þ¦^�¤ìêþ.

[©Û] PN(t)�t�mS¦^�¤ìêþ, ¯K¤¦�E(N(t)). P1��¤ì�Æ·�W , w

,, eW = w > t, @oN(t) = 1, 
XJW = w ≤ t�Plw �tùã�m^�¤ì�ê

�N(w, t), @oN(t) = 1 + N(w, t). 5¿�N(w, t)��w����^�#¤ìk', �âb

�, �����ÅCþ�1��¤ì�Æ·WÃ'
��l0m©t−W�mS�¤ì¦^ê

þN(t− w) ©Ù�Ó, =

E(N(t)|W = w) =


1, w > t,

1 + E(N(w, t)|W = w), w ≤ t,
=


1, w > t,

1 + E(N(t− w)), w ≤ t.

) PN(t)�[0, t]S¦^¤ìê, 1��¤ìÆ·�W , @oW ∼ Exp(λ). d^�êÆÏ"5

���

E(N(t)) = E(E(N(t)|W )) =

∫ ∞
0

E(N(t)|W = w)λe−λwdw

=

∫ ∞
t

λe−λwdw +

∫ t

0

(1 + E(N(t− w)))λe−λwdw.

-u(t) = E(N(t)), K

u(t) = 1 +

∫ t

0

λe−λ(t−s)u(s)ds = 1 + λe−λt
∫ t

0

eλsu(s)ds.

ü>'ut¦��,

u′(t) = −λ(u(t)− 1) + λu(t) = λ.

�u(t) = λt+ c. 2du(0) = E(N(0)) = 1�c = 1, l
E(N(t)) = u(t) = 1 + λt.

é?¿�Å¯�A, |^Ù«5¼ê1A(ω) =


1, ω ∈ A;

0, ω 6∈ A,
·���±½Â�ÅCþ

e�^�VÇ: é?¿�Å¯�A, ¡

P(A|Y1, · · · , Yn) := E(1A|Y1, · · · , Yn).

�A3�ÅCþY1, · · · , Yn^�e�^�VÇ. w,�ÅCþ^�e�^�VÇ´�[0, 1] «

m����ÅCþ.

~2.11 ���ëY�ÅCþ�éÜ©Ù�Ý¼ê

f(x, y) = λ2ye−λy(1+x), x, y ≥ 0,

¦^�VÇP(X < Y |Y ).

) é?¿y ≥ 0, d½Â

P(X < Y |Y = y) = E(1{X<Y }|Y = y) = E(1{X<y}|Y = y) =

∫ y
0
λ2yeλy(1+x)dx∫∞

0
λ2yeλy(1+x)dx
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=
λ(e−λy − e−λy(1+y))

λe−λy
= 1− e−λy

2

,

ÏdP(X < Y |Y ) = 1− e−λY
2

.

�Ï~�êÆÏ"Ú���'X��, |^^�êÆÏ"�½Â^���µ

Var(X|Y ) = E
(
(X − E(X|Y ))2|Y

)
= E(X2|Y )−

(
E(X|Y )

)2
.

w,, ^���E´�ÅCþ. �é?¿ω ∈ Ω, Py = Y (ω),

Var(X|Y )(ω) = E
(
(X − E(X|Y ))2|Y = y

)
= E

(
(X − E(X|Y = y))2|Y = y

)
.

~2.12 �~2.3, ¦Var(X|Y ).

) d~2.3´�E(X|Y ) = (1 + Y )/2, 
�é?¿y > 0,

E(X2|Y = y) = (1 + y)3

∫ ∞
0

3x2

(1 + x+ y)4
dx = (1 + y)2.

ÏdE(X2|Y ) = (1 + Y )2, ?
Var(X|Y ) = (1 + Y )2 − (1 + Y )2/4 = 3(1 + Y )2/4.

5�2.3 eX���Ý�3, @oVar(X) = E(Var(X|Y )) + Var(E(X|Y )).

y² d�VÇúª��

Var(X) = E
(
(X − E(X))2

)
= E

(
E
(
(X − E(X))2|Y

))
= E

(
E
(
(X − E(X|Y ) + E(X|Y )− E(X))2|Y

))
= E

(
E
[
(X − E(X|Y ))2|Y

])
+ E

(
E
[
(E(X|Y )− E(X))2|Y

])
= E(Var(X|Y )) + E

(
(E(X|Y )− E(X))2

)
= E(Var(X|Y )) + Var(E(X|Y )). �

~2.13 �{Xt, t ∈ T}´�q�ÅCþ, N´��3Tþ��ÅCþ. eXN´U¼êEÜ�ª

½Â�#��ÅCþ, =é?¿ω,

XN (ω) := XN(ω)(ω),

K¡XN�EÜ�ÅCþ. yb�Xi, i = 1, 2, · · · ,´ÕáÓ©Ù��ÅCþ, ��Ý�3. N

´�K�ê���ÅCþ, �{Xi} Õá���Ý��3. -SN =
∑N
k=1Xk. ¦EÜ�ÅC

þSN �þ����.

) é?¿ω ∈ Ω, Pn = N(ω) . dÕá5Ú^�Ï"5�

E(SN |N)(ω) = E(

N∑
k=1

Xi|N = n) = E(

n∑
i=1

Xi|N = n) = nE(X1)

Var(SN |N)(ω) = E((

N∑
k=1

Xi − nE(X1))2|N = n) = E
(( n∑

i=1

(
Xi − E(Xi)

))2|N = n
)

= E
(( n∑

i=1

(
Xi − E(Xi)

))2)
= nVar(X1).



20

ÏdE(SN |N) = NE(X1), Var(SN |N) = NVar(X1). l


E(SN ) = E(E(SN |N)) = E(N)E(X1);

Var(Sn) = E(Var(SN |N)) + Var(E(SN |N))

= E(N)Var(X1) + [E(X1)]2Var(N). �

öSK

2.1 Xi, i ≥ 1,´ÕáÓ©Ù��ÅCþ, �P(X1 = 1) = p, P(X1 = 0) = 1 − p. ?��

ê1 ≤ k ≤ n, é?¿1 ≤ i ≤ n, ¦

P(Xi = 1|X1 +X2 + · · ·+Xn = k).

2.2 ����ÅCþ(X,Y )�éÜ©Ù�Ý¼ê�f(x, y) = 6x2y, 0 < x, y < 1. ¦E(X|Y ),

E(X|X + Y ).

2.3 ��M1Ñy��¡�VÇ©O´p, 1 − p, zg�M1Ñ´Õá�. b½��ëYÑ

ykg�¡�M1â(å, y²��M1gêN�²þ�

E(N) =
1− pk

pk(1− p)
.

2.4 �é#´ÅOF"¦���k��I¯Ú��å¯
���I¯å¯Ñk
ÒØ2)

�"yb�¦���Ñk)�Uå
�I¯�Ñ)Ç�p, 0 < p < 1. ¦¦�¯f¥I¯�

ýÏ'~.

2.5* 3ëY.�ÅCþ�/ey²5�2.1¥(2),(3),(4).

2.6 �X,Y´ük.�ÅCþ�E(X|Y ) = Y , E(Y |X) = X, y²P(X = Y ) = 1.
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1.3 A�¼ê!.Ê.dC��1¼ê

A�¼ê, LaplaceC��1¼ê´·��x©Ù¼ê�­�óä.

1.3.1 A�¼ê

½Â3.1 ��ÅCþX�©Ù¼ê�F . ·�¡E�¼ê

ψX(t) = E(eitX) =

∫ ∞
−∞

eitxdF (x)

=

∫ ∞
−∞

cos(tx)dF (x) + i

∫ ∞
−∞

sin(tx)dF (x)

= E(cos(tX)) + iE(sin(tX)), t ∈ (−∞,∞) i�Jêü .

�X�A�¼ê.

d½Â��é?¿t ∈ R, |ψX(t)| ≤ ψX(0) = 1. 
���Cþt�¼êψX3Rþ��ë

Y.

A�¼ê�©Ù¼ê�mkXe'é:

½n3.1(��5½n) A�¼ê�VÇ©Ù�p��(½. =ØÓ�©Ù¼êkØÓ�A�

¼ê; A�¼êØÓKéA�©Ù¼ê�ØÓ.

½n3.2(ëY5½n) ��ÅCþXn�A�¼ê�ψXn(t). @o�3�ÅCþX¦�Xn
d→

X�¿�^�´é?¿t ∈ R, ψXn(t)Âñ
�lim
t→0

lim
n→∞

ψXn(t) = 1.

5�3.3 (1) ψX(t) = ψX(−t) = ψ−X(t); (2) ψaX+b(t) = ψX(at)eibt; (3) eX,YÕá, @

oψX+Y (t) = ψX(t)ψY (t), t ∈ R.

|^A�¼ê·���±�B/¦ÑX����:Ý.

5�3.4 eX�n�ýéÝE(|X|n) <∞, @oé?¿k ≤ n, E(Xk) = i−kψ(k)(0).

A�¼ê��í2�õ��ÅCþ��/. �X = (X1, · · · , Xn)�n��ÅCþ, éÜ

©Ù¼ê�F (x1, · · · , xn), ¡n�E�¼ê

ψ(X1,X2,··· ,Xn)(t1, · · · , tn) = E(ei(t1X1+···+tnXn))

=

∫ ∞
−∞

ei(t1x1+···+tnxn)dF (x1, · · · , xn)

�(X1, · · · , Xn)�A�¼ê, Ù¥t1, · · · , tn ∈ R.

����ÅCþ�A�¼ê��, õ�A�¼ê�äk��5.

½n3.1’(��5½n) n�A�¼ê�n��ÅCþ�©Ù¼ê�p��(½.

dd·���Xe|^A�¼ê�O�ÅCþÕá5��{.
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5�3.5 �ÅCþX1, · · · , Xn�pÕá��=�é?¿�t1, · · · , tn ∈ R

ψ(X1,X2,··· ,Xn)(t1, · · · , tn) =

n∏
i=1

ψXi(ti).

A�~^�©Ù�A�¼êXeµ

(1) �ê©ÙExp(λ)�A�¼ê�ψ(t) = λ/(λ− it);

(2) ³ç©ÙGa(a, λ)�A�¼ê�ψ(t) = [λ/(λ− it)]a;

(3) ��©ÙN(µ, σ2)�A�¼ê´ψ(t) = exp
{
iµt− σ2t2

2

}
.

1.3.2 .Ê.dC�

éu�K�ÅCþ©Ù��x, ^¤¢�.Ê.d(Laplace)C�¬��B
.

½Â3.1 eX��K�ÅCþ, ¡¼êL(θ) = E(e−θX) �X�.Ê.dC�, Ù¥Cþθ ∈

[0, +∞).

ePX�©Ù¼ê�F , Ï~�r.Ê.dC�L(θ)P�

L(θ) =

∫ ∞
0

e−θxdF (x),

d��¡L(θ)´©ÙF�.Ê.dC�.

�F (x)´äk�Ý�f(x)�ëY©Ù�,

L(θ) =

∫ ∞
0

e−θxf(x)dx,

�F (x)´äk©Ù�pi = P(X = xi), i = 1, 2, · · · ,∞, �lÑ©Ù�,

L(θ) =

∞∑
i=1

e−θxipi,

AOexi��K�ê, -pk = P(X = k), @o

L(θ) =

∞∑
k=0

e−θkpk.

½n3.6 (.Ê.dC��üúª) �F´[0,∞)þ�©Ù¼ê, L(θ) ´F�.Ê.dC�, @

oéF�?¿ëY:x, k

F (x) = lim
n→∞

bnxc∑
k=0

(−1)k

k!
nkL(k)(n).

y²* �y²F (x)�ëY©Ù��/. �Ù�Ý¼ê�f .

é?¿θ > 0, �±éL¦k��ê,

L(k)(θ) =

∫ ∞
0

(−x)ke−θxf(x)dx.

é?¿�½�x ≥ 0, �θ = n, K
bnxc∑
k=0

(−1)k

k!
nkL(k)(n) =

∫ ∞
0

bnxc∑
k=0

e−ny
(ny)k

k!
f(y)dy.
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�Xi, i ≥ 1�ÕáÓ©Ù��ÅCþ, ÑlrÝ�y�Ñt©Ù, @oE(X1) = Var(X1) =

y�

X1 +X2 + · · ·+Xn

ÑlrÝ�ny�Ñt©Ù. d�

P(X1 +X2 + · · ·+Xn ≤ bnxc) =

bnxc∑
k=0

e−ny
(ny)k

k!
.

é?¿ε > 0, �y − x ≥ ε�, d�'ÈÅØ�ª
bnxc∑
k=0

e−ny
(ny)k

k!
= P

(X1 +X2 + · · ·+Xn − ny
n

≤ bnxc − ny
n

)
≤ P

( |X1 +X2 + · · ·+Xn − ny|
n

≥ |bnxc − ny|
n

)
≤ n2

(ny − bnxc)2

Var(X1)

n
≤ y

n(y − x)2
≤ 1

n
(
x

ε2
+

1

ε
).

,��¡, �y − x ≤ −ε�

1−
bnxc∑
k=0

e−ny
(ny)k

k!
= P(X1 +X2 + · · ·+Xn > bnxc)

≤ P(X1 +X2 + · · ·+Xn ≥ nx)

= P
(X1 +X2 + · · ·+Xn − ny

n
≥ x− y

)
≤ 1

(x− y)2

y

n
≤ x

nε2
.

Ïd∣∣∣ bnxc∑
k=0

(−1)k

k!
nkL(k)(n)− F (x)

∣∣∣ ≤ ∫ (x−ε)∨0

0

∣∣∣ bnxc∑
k=0

e−ny
(ny)k

k!
− 1
∣∣∣f(y)dy

+

∫ ∞
x+ε

bnxc∑
k=0

e−ny
(ny)k

k!
f(y)dy + 2

∫ x+ε

(x−ε)∨0

f(y)dy

≤ 1

n
(
x

ε2
+

1

ε
) + 2(F (x+ ε)− F (x− ε)).

-n→∞, ·���

lim sup
n→∞

∣∣∣ bnxc∑
k=0

(−1)k

k!
nkL(k)(n)− F (x)

∣∣∣ ≤ 2(F (x+ ε)− F (x− ε)).

duε�?¿5±9limε→0 F (x+ ε)− F (x− ε) = 0, ·���

lim sup
n→∞

∣∣∣ bnxc∑
k=0

(−1)k

k!
nkL(k)(n)− F (x)

∣∣∣ = 0.

Ïd

lim
n→∞

bnxc∑
k=0

(−1)k

k!
nkL(k)(n) = F (x).

d½n3.2 ·��±á=��Xe�.Ê.dC����5½n.
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½n3.7 [0,∞)þØÓ�VÇ©ÙkØÓ�.Ê.dC�.

éu.Ê.dC��k¤¢�ëY5½n. ½n�y²�Ñ
��§�Æ, �Ñ. a,

��ÓÆ�±ë�ë�Ö8 [10]Ú [1]¥k'SN.

½n3.8 ��K�ÅCþXn�.Ê.dC��LXn(θ). @o�3r.v.X¦�Xn
d→ X�¿�

^�´é?¿θ > 0, LXn(θ)Âñ
� lim
θ→0

lim
n→∞

LXn(θ) = 1.

5 ½n3.8�±í2�Xe�¤¢2ÂëY5½nµXn
d→ X��=��3λ > 0¦�é?

¿θ > λ, LXn(θ)→ LX(θ).

d	, d.Ê.dC�½ÂN´�yXe5�¤á:

5�3.9 (1) é?¿θ > 0, 0 ≤ LX(θ) ≤ LX(0) = 1;

(2) é?¿a > 0, b > 0, LaX+b(θ) = LX(aθ)e−bθ;

(3) eX,YÕá�K�ÅCþ, @oLX+Y (θ) = LX(t)LY (θ), t ≥ 0;

(4) é?¿��êk, E(Xk) = (−1)kL
(k)
X (0), Ù¥L

(k)
X L«LX�k��ê.

~3.1 �XÑlþ!©ÙU(0, 1), @oLX(θ) = (1− e−θ)/θ.

~3.2 eX�ê©ÙExp(λ), @o

LX(θ) =

∫ ∞
0

e−θxλe−λxdx = λ/(θ + λ).

~3.3 eXÑl³ç©ÙGa(a, λ), @o

LX(θ) =

∫ ∞
0

e−θx
λaxa−1

Γ(a)
e−λxdx =

∫ ∞
0

λaxa−1

Γ(a)
e−(θ+λ)xdx =

( λ

θ + λ

)a
.

~3.4 �XnÑl��©Ùb(n,
1
n ), @oé?¿θ > 0, �n→∞

LXn(θ) =

n∑
k=0

Ckn(1− 1

n
)n−k

1

nk
e−θk = (1− 1− e−θ

n
)n → e−(1−e−θ).

5¿e−(1−e−θ)´rÝ�1�Ñt©Ù�.Ê.dC�. Ïd�n → ∞�, Xn�©ÙÂñ��

�rÝ�1�Ñt©Ù��ÅCþ.

1.3.3 1¼ê

3ïÄ��k�½Ã���K�ê���ÅCþ�, ^¤¢1¼ê5�OA�¼ê½.

Ê.dC����B.

½Â3.3 �X��K�ê���ÅCþ, ¡¼êφX(s) = E(sX) �X�(VÇ)1¼ê, Ù¥C

þs ∈ (−1, 1).

�X�©Ù��

pk = P(X = k), k ≥ 0,
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@o

φX(s) =

∞∑
k=0

pks
k.

éì1¼êÚLaplaceC�, N´wÑ¤¢1¼êÒ´X��K�ê���ÅCþ^�e

�LaplaceC�, �ØLòÙ¥�e−θP�s. Ïd1¼ê�PkLaplaceC��5�, ·�Ø2

Kã, �ÖögCÖ¿. e¡·�Ì�0�Ú)º1¼ê5���
Cz.

5�3.10 e�K�ê��ÅCþX�n�Ý�3, @oé?¿s ∈ [−1, 1], 1¼êψX�k��

êφ
(k)
X (s)�3, �X�n�Ý�dφX(s)cn��ê3s = 1L«. AO

E(X) = φ′X(1), E(X2) = φ′′X(1) + φ′X(1).

y² dêÆ©Û¥�?ê��Âñ5���(J¤á, [!�ÖöÖ¿.

½n3.11(�üúª) e�K�ê��ÅCþX�1¼ê�ψX(s). @oé?¿k ≥ 0

P(X = k) = φ
(k)
X (0)/k!.

y² dφX(s) =
∑∞
n=0 pns

n��

φ
(k)
X (s) =

∞∑
n=k

pns
n−kn(n− 1) · · · (n− k + 1).

Ïdφ
(k)
X (0) = k!pk.

~3.5 �XÑlAÛ©ÙGe(p), @o

φX(s) =

∞∑
k=0

skp(1− p)k = p

∞∑
k=0

sk(1− p)k =
p

1− (1− p)s
.

~3.6 �Xi, i ≥ 0´Õá�ÅCþ, �Ñlþ!©ÙU(0, 1). Y�Xk, k ≥ 1Õá, ÑlAÛ©

ÙGe(p), -S =
∑Y
i=0Xi, ¦S�.Ê.dC�LS(θ).

) d½ÂÚ^�êÆÏ"5�

LS(θ) = E(e−θS) = E(E(e−θS |Y )) = E(E(e−θ
∑Y
i=1 Xi |Y ))

=

∞∑
k=0

E(e−θ
∑Y
i=0 Xi |Y = k)p(1− p)k =

∞∑
k=0

E(e−θ
∑k
i=0 Xi |Y = k)p(1− p)k.

du

E(e−θ
∑k
i=0 Xi |Y = k) = E(e−θ

∑k
i=0 Xi) = [E(e−θX1)]k+1 =

(1− e−θ

θ

)k+1

,

Ïd

LS(θ) =

∞∑
k=1

(1− e−θ

θ

)k
p(1− p)k−1 =

p(1− e−θ)

θ − (1− p)(1− e−θ)
. �

N´ò1¼ê�½Âí2�õ��K�ê���ÅCþ, ��éÜ©Ù�1¼ê. �{

ü, e¡=0����ÅCþ�/.
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½Â3.4 �X1, X2��K�ê���ÅCþ, éÜ©Ù��

pn,m = P(X1 = n,X2 = m), n,m ≥ 0

¡[−1, 1]× [−1, 1]þ���¼ê

φ(X1,X2)(s, t) = E(sX1tX2) =

∞∑
n=0

∞∑
m=0

sntmpn,m.

����ÅCþ(X1, X2)�1¼ê.

�½n3.10��, d�·�k�üúª

pn,m =
∂n,mφ(X1,X2)(s, t)

∂sn∂tm

∣∣∣
s=0
t=0

.

5�3.12 �K�ê��ÅCþX1, X2�pÕá��=�é?¿�s, t ∈ [−1, 1]

φ(X1,X2)(s, t) = φX1(s)φX2(t) = φ(X1,X2)(s, 1)φX2(1, t).

53.1 .Ê.dC�Ú1¼ê�±Ø�?ÛUC/·^u±�VÇ�+∞��K�ÅCþ.

d�, Õá�ÅCþÚ�.Ê.dC�/1¼êE��g.Ê.dC�/1¼ê�¦È.

öSK

3.1 3X´ëY.�K�ÅCþ^�ey²Ù.Ê.dC�LX(t)3[0,+∞)S´��ëY�.

3.2�X´ëY.�K�ÅCþ,©Ù¼ê�F (x), y²é?¿t > 0, Ù.Ê.dC�LX(t)÷

v

1− LX(t)

t
=

∫ ∞
0

e−tx(1− F (x))dx.

3.3 Xi, i ≥ 1, Õá�Ñl�ê©ÙExp(λ). N´ÑlÑt©ÙP(λ)��Xk, k ≥ 1Õá.

-S =
∑N
i=1Xi, ¦S�.Ê.dC�LS(θ).

3.4 X´ëY.�K�ÅCþ, E(X2n) < +∞. é?¿k ≤ 2n, -µk = E(Xk). y²é?

¿θ > 0,
2n−1∑
k=0

(−θ)kµk
k!

≤ LX(θ) ≤
2n∑
k=0

(−θ)kµk
k!

.

3.5 �ÕáÓ©Ù�IO��©Ù�ÅCþqWi, i ≥ 1�{N(n), n ≥ 1} Õá§Ù¥N(n)Ñ

lÑt©ÙP(n). -Yn =
∑N(n)
k=1 Wk. ¦Yn�A�¼ê, ¿y²�n→ +∞�, Yn/

√
n�©Ù

Âñ���ÑlIO��©Ù��ÅCþ.

3.6 P�K�ê��ÅCþξ�1¼ê�A(s). y²eE(ξ) > 1�P(ξ = 0) > 0, @o3«

m[0, 1) SA(s) = sk��); eE(ξ) ≤ 1�P(ξ = 1) < 1, @oA(s) = s3[0, 1) SÃ).

3.7 y²5�3.9.
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1.4 Âñ5�4�½n

3Ð�VÇØ¥·��{ü/ïÄLÃ¡��õ�ÅCþ�Âñ¯K. Ì�0�
na

Âñ§¿��
�
�ê½Æ�¥%4�½n. �
�Y�B, ù�!·�òéù
SN�

�
ÐmÚÖ¿.

1.4.1 naÂñ�½ÂÚ4�½n

�X1, · · · , Xn, · · · �VÇ�m(Ω,F,P) þ���ÅCþ.

(1) �©ÙÂñ: é?¿n, PXn�©Ù¼ê�Fn(x), ¡Xn�©ÙÂñ��ÅCþX (P

�Xn
d→ X), eéX©Ù¼êF (x)�z�ëY:x Ñk

lim
n→∞

Fn(x) = F (x).

(2) �VÇÂñµ¡Xn�VÇÂñ��ÅCþX(P�Xn
P→ X), eé?¿ε > 0,

lim
n→∞

P(|Xn −X| > ε) = 0.

(3) A�7,(??)Âñ: ¡�ÅCþXnA�7,(A�??, ±VÇ1)Âñ��ÅCþX

(P�Xn
a.s.→ X), e

P( lim
n→∞

Xn = X) = 1,

=�õ�3��~	8A ∈ Ω¦�P(A) = 0�é?¿ω ∈ Ω \A, ê�Xn(ω)→ X(ω).

54.1�VÇÂñÚA�7,Âñ¿Âe�4�,3A�??��¿Âe´���. d	

(1) Xn
d→ X��=�Xn�A�¼êψn(t)::Âñ�X �A�¼êψ(t). eXn´�K�Å

Cþ, ��òA�¼ê^LaplaceC��O.

(2) éA�7,Âñ§^ε − N �ó�Lã¤Xn
a.s.→ X��=��3��8ÜA ∈ F

÷vP(A) = 0, é?¿ω ∈ Ω \ A ±9?¿ε > 0, �3��N = N(ε, ω) ¦��n >

N�|Xn(ω)−X(ω)| < ε.

|^ùn«4�, Ð�VÇØ®²0�
Xe��ê½ÆÚ¥%4�½n.

½n4.1 (f�ê½Æ) �Xn, n ≥ 1, ���ÕáÓ©Ù��ÅCþ, eE(|Xn|) <∞, @o�

VÇk

lim
n→∞

1

n

n∑
k=1

Xk = E(X1).

½n4.2 (¥%4�½n) �Xn, n ≥ 1, ���ÕáÓ©Ù��ÅCþ, ��Ý�3, =Ùþ
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�ÚIO�©O�µÚσ, @oé?¿x ∈ (−∞,+∞)

P
(∑n

i=1(Xi − µ)

σ
√
n

≤ x
)
→
∫ x

−∞

1√
2π

e−
u2

2 du,

=
∑n
i=1(Xi−µ)

σ
√
n

d→ N(0, 1), Ù¥N(0, 1) L«��ÑlIO��©Ù��ÅCþ.

4��Âñ5´ïÄÚ
)�ÅL§5��~^Ãã. �d·�éA�7,ÂñÚ�V

ÇÂñ�
7��Ö¿.

1.4.2 Borel-Cantelli Ún

Ún4.4 �X,X1, X2, · · ·����ÅCþ, -

An,m = {|Xn −X| <
1

m
},

@o

{ lim
n→∞

Xn = X} =

∞⋂
m=1

∞⋃
N=1

⋂
n≥N

An,m.

y² ?�ω ∈ { lim
n→∞

Xn = X}, @oé?¿m > 0, �3N(m,ω), �n ≥ N�, |Xn(ω) −

X(ω)| < 1/m, =

ω ∈ {|Xn −X| <
1

m
},

�

ω ∈
⋂

n≥N(m,ω)

{|Xn −X| <
1

m
} ⊂

∞⋃
N=1

⋂
n≥N

{|Xn −X| <
1

m
}.

2dm�?¿5��

ω ∈
∞⋂
m=1

∞⋃
N=1

⋂
n≥N

{|Xn −X| <
1

m
} =

∞⋂
m=1

∞⋃
N=1

⋂
n≥N

An,m

��, ?�ω ∈
⋂∞
m=1

⋃∞
N=1

⋂
n≥N An,m. é?¿m > 1, �3N , �n > N�ω ∈ An,m. ùL

²

|Xn(ω)−X(ω)| ≤ 1

m
.

¤± lim
n→∞

Xn(ω) = X(ω), =ω ∈ { lim
n→∞

Xn = X}. ÏdÚn(Ø¤á.

½n4.5 �X,X1, X2, · · ·����ÅCþ, e�(Ø�d:

(1) Xn
a.s.→ X;

(2) P
(⋃∞

m=1

⋂∞
N=1

⋃
n≥N{|Xn −X| ≥ 1

m}
)

= 0;

(3) é?¿ε > 0, P
(⋂∞

N=1

⋃
n≥N{|Xn −X| ≥ ε}

)
= 0;

(4) é?¿ε > 0, lim
N→∞

P
(⋃

n≥N{|Xn −X| ≥ ε}
)

= 0.

y² (1)⇔(2): Ún4.4�g,íØ.
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(2)⇒ (3)µw,¤á,

(3)⇒ (2): 5¿�é?¿m > 0, �3ε > 0¦�1/m > ε, l
d(3)��

P
( ∞⋂
N=1

⋃
n≥N

{|Xn −X| ≥
1

m
}
)

= 0.

Ïd

P
( ∞⋃
m=1

∞⋂
N=1

⋃
n≥N

{|Xn −X| ≥
1

m
}
)
≤
∞∑
m=1

P
( ∞⋂
N=1

⋃
n≥N

{|Xn −X| ≥
1

m
}
)

= 0.

=(2)¤á.

(3)⇔ (4): d�5¿�⋃
n≥N+1

{|Xn −X| ≥ ε} ⊂
⋃
n≥N

{|Xn −X| ≥ ε}.

dVÇëY5,

P
( ∞⋂
N=1

⋃
n≥N

{|Xn −X| ≥ ε}
)

= lim
N→∞

P
( ⋃
n≥N

{|Xn −X| ≥ ε}
)

= 0,

l
(3)�(4)�d.

54.2 5¿�eω ∈
⋂∞
n=1

⋃
k≥nAk, K¿�Xé?¿n > 1, ���3��Ak, k > n, ¦

�ω ∈ Ak, ���¤á. ù¿�X, ¯�
⋂∞
n=1

⋃
k≥nAku)��=�kÃ¡õ�Ak¯�u

). =
∞⋂
n=1

⋃
k≥n

Ak = {Ã¡õ�Ak¯�u)}
∧
= {Ak, i.o.}

Ù¥i.o´infinitely occur� �.

½n4.6(Borel-CantelliÚn) �A1, A2, · · · ,´(Ω,F,P)¥���Å¯�, pk = P(Ak),

1) e
∑∞
k=1 pk <∞, @oP(Ak, i.o.) = 0;

2) e
∑∞
k=1 pk =∞�Ak�pÕá, @oP(Ak, i.o.) = 1.

y² 1)�
∑∞
k=1 pk <∞�, é?¿ε > 0�3��êN¦�

0 ≤ P(

∞⋂
n=1

⋃
k≥n

Ak) ≤ P(
⋃
k≥N

Ak) ≤
∑
k≥N

P(Ak) =
∑
k≥N

pk < ε.

-ε→ 0��P(Ak, i.o.) = 0.

2) dØ�ª1− x ≤ e−x9�Å¯�Õá5��, é?¿n ≥ 1

0 ≤ P(
⋂
k≥n

Āk) =
∏
k≥n

P(Āk) =
∏
k≥n

(1− P(Ak))

≤
∏
k≥n

e−pk = e−
∑
k≥n pk = 0

ÏdP(
⋃
n≥1

⋂
k≥n Āk) = 0, =P(Ak, i.o) = 1.
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53.3 d½n4.5Ú½n4.6��, eé?¿ε > 0
∞∑
n=1

P(|Xn −X| > ε) <∞, (1.4.1)

@oXn
a.s.→ X. (1.4.1)�´·�~^��äA�7,Âñ�¿©^�.

5�4.7 eXn
P→ X, @o�3{Xn}���f�{Xnk}¦�

Xnk
a.s.→ X.

y² Ï�Xn
P→ X, é?¿k ≥ 1, dP(|Xn −X| > 1/2k)→ 0���3nk¦�

P(|Xnk −X| > 1/2k) < 1/2k


�nk üNØü. dd, é?¿ε > 0, -M��~ê¦�ε > 1/2M ,
∞∑
k=1

P(|Xnk −X| > ε) ≤
M∑
k=1

P(|Xnk −X| > ε) +

∞∑
k=M+1

P(|Xnk −X| > 1/2k)

≤ M + 1 <∞,

=(1.4.1)éS�{Xnk}¤á, l
íØ¤á.

~4.1 �X = {Xk, k ≥ 1}�ÕáÓ©Ù��ÅCþ, �Xk ∼ b(1, p), Á^Borel-CantelliÚn

y²

lim
n→∞

1

n

n∑
k=1

Xk = p, a.s. (1.4.2)

y² é?¿ε > 0, -

Ak =
{∣∣1
k

k∑
i=1

Xi − p
∣∣ > ε

}
,

@o

P(Ak) = P
(∣∣ k∑

i=1

(Xi − p)
∣∣ > kε

)
≤ 1

k4ε4
E
(( k∑

i=1

(Xi − p)
)4)

��O���

E
(( k∑

i=1

(Xi − p)
)4)

= kpq(p3 + q3) + 3k(k − 1)p2q2. (1.4.3)

Ïd
∞∑
k=1

P(Ak) <∞. ¤±(1.4.2)¤á.

¯¢þ~4.1�(Øé��Ý�3�ÕáÓ©Ù��ÅCþS�Ñ¤á. ·�Ø\y²

/�ÑXe�¤¢r�ê½Æ.

½n4.3 (r�ê½Æ) �Xn, n ≥ 1, ���ÕáÓ©Ù��ÅCþ, eE(|Xn|) <∞, @o

lim
n→∞

1

n

n∑
k=1

Xk = E(X1), a.s.
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1.4.3 �ÜÄ��*

½Â4.1 ¡�ÅCþS�{Xn}´A�7,¿Âe�Ä��½�Ü(Cauchy) �, e�õ�

3��"VÇ8A, ¦�é?¿ω ∈ Ω \ A ±9?¿ε > 0, �3��N = N(ε, ω) ¦�

�n,m > N �|Xn(ω)−Xm(ω)| < ε.

w,, duÂñ�ê���=�§´�Üê�·�N´í�

·K4.8 {Xn}A�7,Âñ��=�{Xn}´A�7,Âñ¿Âe�Ä��.

�½n3.5aq, ·�kXe(J. y²�ÖögCÖ¿.

½n4.9 �X1, X2, · · ·����ÅCþ, e�(Ø�d:

(1) {Xn} ´A�7,¿Âe�Ä��

(2) é?¿ε > 0,

P(

∞⋂
n=1

∞⋃
v=1

{|Xn+v −Xn| ≥ ε}) = 0.

(3) é?¿ε > 0,

P(

∞⋃
v=1

{|Xn+v −Xn| ≥ ε})→ 0.

d½n4.9, ·�´�e¡�íØ.

íØ4.10 {Xn} ´A�7,¿Âe�Ä����=��3�Kê�δk ¦�
∞∑
k=1

δk <∞
�
∞∑
k=1

P(|Xk+1 −Xk| ≥ δk) <∞.

y² 5¿�é?¿ε > 0, �3n ¦�
∞∑
k=n

δk < ε, ?
é?¿m > n,

{|Xm+v −Xm| ≥ ε} ⊂ {|Xm+v −Xm| ≥
m+v∑
k=m

δk}

⊂
v−1⋃
k=m

{|Xk+1 −Xk| ≥ δk} ⊂
∞⋃
k=m

{|Xk+1 −Xk| ≥ δk}.

Ïdd½n4.9��(Ø¤á.

½Â4.2 ¡�ÅCþS�{Xn}´�VÇÂñ¿Âe�Ä��½Cauchy�, eé?¿ε > 0,

δ > 0 �3��N = N(ε, δ) ¦��n,m > N �

P(|Xn(ω)−Xm(ω)| ≥ ε) ≤ δ.

d'Xª{|Xn−Xm| ≥ ε} ⊂ {|Xn−X| ≥ ε/2}∪ {|Xm−X| ≥ ε/2} ���VÇÂñ�

S��½´�VÇÂñ�Ä��, ?
A�7,Âñ�Ä���½´�VÇÂñ�Ä��.

·K4.11 �VÇÂñ�Ä���½�3��f�¦Ù�A�7,Âñ�Ä��.

y² �{Xn}´?��VÇÂñ�Ä��. �ε = 1/2k δ = 1/2k, �3üNO\�nk¦�é
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?¿m > nk

P(|Xm(ω)−Xnk(ω)| ≥ 1/2k) ≤ 1/2k.

�f�{Xnk}, @o
∞∑
k=1

P(|Xnk+1
−Xnk | ≥ 1/2k) <∞.

díØ4.8��{Xnk}Ò´A�7,¿Âe�Ä��.

PTÄ���4��X, d

{|Xn −X| ≥ ε} ⊂ {|Xnk −X| ≥ ε/2} ∪ {|Xn −Xnk | ≥ ε/2}

��{Xn}´VÇÂñ�. Ïd{Xn}�VÇÂñ��=�§´VÇÂñ�Ä��.

1.4.4 Âñ�{ü5�

5�4.12 é�VÇÂñÚA�7,Âñ, ±e$�5�¤á.

(1) eé?¿k,X
(k)
n

a.s.→ X(k) (½X
(k)
n

P→ X(k)), ck�~ê, @o
m∑
k=1

ckX
(k)
n

a.s.→
m∑
k=1

ckX
(k)
(
�A/

m∑
k=1

ckX
(k)
n

P→
m∑
k=1

ckX
(k)
)
.

(2) eXn
a.s.→ X(½Xn

P→ X), Yn
a.s.→ Y (�A/Yn

P→ Y )§@o

XnYn
a.s.→ XY (�A/XnYn

P→ XY ).

(3) eYn
a.s.→ Y (½Yn

P→ Y )�P(Y = 0) = 0, @o

1/Yn
a.s.→ 1/Y (�A/1/Yn

P→ 1/Y ),

Ù¥�Yn = 0�1/Yn�±gd½Â.

y² ·��y(2), Ù¦�ë�SK4.4.

eXn
a.s.→ X �Yn

a.s.→ Y ,@o�3"VÇ8A,B¦�é?¿ω ∈ Ω\AÚ?¿ω1 ∈ Ω\Bk

Xn(ω)→ X(ω), Yn(ω1)→ Y (ω1).

-C = A ∪B, @oC�´"VÇ8, 
�é?¿ω ∈ Ω \ C,

Xn(ω)Yn(ω)→ X(ω)Y (ω).

ùL²XnYn
a.s.→ XY .

eXn
P→ X �Yn

P→ Y . é?¿δ > 0, �3M > 0 ¦�

P(|Y | ≥M) < δ/4, P(|X| ≥M − 1) < δ/8.

duXn
P→ X, Ïd�3N1, �n > N1�P(|Xn −X| > 1) < δ/8, ?


P(|Xn| < M) ≥ P(|Xn −X| ≤ 1, |X| < M − 1)
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≥ 1− P(|Xn −X| > 1)− P(|X| ≥M − 1) = 1− δ/4.

��P(|Xn| ≥ M) ≤ δ/4. ?�Ú, dVÇÂñ^�, é?¿ε > 0, �3N > N1, ¦�

�n ≥ N�

P(|Yn − Y | ≥ ε/2M) ≤ δ/4, P(|Xn −X| ≥ ε/2M) ≤ δ/4.

Ïd�n > N�

P(|XnYn −XY | ≥ ε) = P(|XnYn −XnY +XnY −XY | ≥ ε)

≤ P(|XnYn −XnY |+ |XnY −XY | ≥ ε)

≤ P(|Xn||Yn − Y | ≥ ε/2) + P(|Y ||Xn −X| ≥ ε/2)

≤ P(|Xn| ≥M) + P(|Yn − Y | ≥ ε/2M)

+P(|Y | ≥M) + P(|Xn −X| ≥ ε/2M)

≤ δ/4 + δ/4 + δ/4 + δ/4 = δ.

ùL²XnYn
P→ XY .

54.4 þ¡·�0��A�7,ÂñÚ�VÇÂñÛ¹/b½
4�XA�7,k�. 3A

�??Âñ¿Âe, |^êÆ©Û¥ê�Âñ�Ã¡�½Â, ·���±�Ä4�X ±�V

Ç�Ã¡��/, 'X�Âñ��Ã¡�,

{Xn(ω)→ +∞} =

∞⋂
m=1

∞⋃
N=1

∞⋂
n=N

{Xn ≥ m}. (1.4.4)

é�VÇÂñ���VÇ�Ã¡�4��½Â�L«, ·�Ø2Ðm.

�
�¡Ú^�B, 3�!��, ·�0�����ÅCþêÆÏ"k'�4�½n.

�d, ·�k�ÑêÆÏ"��VÇúª.

Ún4.13 �¯�8{Ai, i ≥ 1}´���mΩ���©�, =AiüüØ��∪∞i=1Ai = Ω.

eX´�K�ÅCþ½X�êÆÏ"�3, @o

E(X) =

∞∑
k=1

E(X1Ak). (�VÇúª)

y² �yX´�KëY��/, éÙ¦�/a,��Öö�ë�[9]. d�,

E(X) =

∫ ∞
0

xfX(x)dx = lim
M→∞

∫ M

0

xfX(x)dx = lim
M→∞

E(X1{X≤M}).

du{Ai, i ≥ 1}´���mΩ���©�, é?¿n ≥ 1, 1Ω =
∑n
i=1 1Ai + 1∪∞k=n+1Ai

,

E(X1{X≤M}) = E
(
X1{X≤M}

( n∑
i=1

1Ai + 1∪∞k=n+1Ai

))
=

n∑
i=1

E(X1{X≤M}1Ai) + E(X1{X≤M}1∪∞k=n+1Ai
).
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2d1 =
∑∞
i=1 P(Ai)��n→∞�,

E(X1{X≤M}1∪∞k=n+1Ai
) ≤MP(∪∞k=n+1Ai)→ 0.

Ïd

E(X1{X≤M}) = lim
n→∞

n∑
i=1

E(X1{X≤M}1Ai)

=

∞∑
i=1

E(X1{X≤M}1Ai) ≤
∞∑
i=1

E(X1Ai).

dd��

E(X) ≤
∞∑
k=1

E(X1Ak).

,��¡, é?¿n ≥ 1,

E(X) ≥ E(X1∪nk=1Ak
) =

n∑
k=1

E(X1Ak).

-n→∞�

E(X) ≥
∞∑
k=1

E(X1Ak).

nÜü�¡, ��Ún4.13¤á.

½n4.14(üNÂñ½n)�Xn��K�ÅCþ�é?¿n ≥ 1, Xn ≤ Xn+1A�??¤á.

PX = lim
n→∞

Xn, a.s. @o

E( lim
n→∞

Xn) = E(X) = lim
n→∞

E(Xn).

y² d^���, �3��VÇ�0�¯�A,¦�3Āþ, {Xn, n ≥ 1}�üNØüê�, l


4��3(�U�∞), PÙ�X. ÏdXn
a.s.→ X. eP(X =∞) = p > 0, d(1.4.4)��é?

¿M > 0,

p = P(Xn → +∞) = P(
⋂
m≥1

⋃
N≥1

⋂
n>N

{Xn > m})

≤ P(
⋃
N≥1

⋂
n>N

{|Xn| > M}) = lim
N→∞

P(
⋂
n>N

{|Xn| > M}).

ùL²�3m(M), �n > m �P(Xn > M) > p/2, l
E(Xn) > Mp/2,

lim
n→∞

E(Xn) =∞ = E(X).

eP(X =∞) = 0. d�dêÆÏ"�VÇúª

E(Xn) =

∞∑
k=1

E(Xn1{k−1≤X<k}), E(X) =

∞∑
k=1

E(X1{k−1≤X<k}).

Pan(k) = E(Xn1{k−1≤X<k}), a(k) = E(X1{k−1≤X<k}). é?¿k ≥ 1, w,an(k), a(k)�

K,�an(k)�nO\üNØü. 5¿�

|an(k)− a(k)| ≤ E(|Xn −X|1{k−1≤X<k})
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= E(|Xn −X|1{k−1≤X<k}∩{|Xn−X|>ε})

+E(|Xn −X|1{k−1≤X<k}∩{|Xn−X|≤ε})

≤ kP(|Xn −X| > ε) + ε

duXn → X, a.s. Ïd�n→∞, kP(|Xn−X| > ε)→ 0. 2dε�?¿�5���n→∞�

an(k)→ a(k).

dê�?êÂñ�£(�SK1.5)��

E(X) =

∞∑
k=1

a(k) = lim
n→∞

∞∑
k=1

an(k) = lim
n→∞

E(Xn).

½n�y.

öSK

4.1e�3�ÅCþX¦��ÅS�Sn/n→ X, a.s.¤á,
��K�ê��ÅS�Nn →∞,

a.s.¤á. y²SNn/Nn → X, a.s.

4.2 Á�E���ÅS�{Xn}¦�Xn
P→ 0 �P(Xn → 0) = 0.

4.3 �f(x)3[0,+∞)þëYk.§üNþ,�f(0) = 0, y²�ÅCþXn�VÇÂñu0�

�=�limn→∞ E(f(|Xn|)) = 0.

4.4 ��ÅCþXk, k ≥ 1, �Õá�ÅCþ�E(Xk) = 0,Var(Xk) = k. é?¿n ≥ 1, -

Yn =

n∑
k=1

Xk/k

y²é?¿r > 1/2, �n→∞�Yn/nrA�7,Âñ�0.

4.5 �y(1.4.3)¤á.

4.6* y²5�4.12¥(1)Ú(3).

4.7* y²½n4.9.(
J«: ky² {Xn´Cauchy�} =

⋂∞
m=1

⋃∞
n=1

⋂∞
v=1{|Xn+v −Xn| ≤ 1

m
},

±9
⋃∞
v=1{|Xn+v −Xn| ≥ ε} ⊂

⋂n
k=1

⋃∞
v=1{|Xk+v −Xk| ≥ ε/2}.

)
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1�Ù �ÅL§Vã

�Ù·�ò{�/)º�ÅL§�Ä�Vg¿0�üaÄ:�Å�.µ��þ{ü�

ÅiÄ�ÑtL§"ùüa�ÅL§3�½¿Âþ�±w�´ÕáÓ©Ù�ÅCþÜ©Ú

9Ù“_”"§�3A^+�kX2��A^"

2.1 �ÅL§{0

�ÅL§{ü
ó´<��@£E,�Åy�Ä�Cz5Æ
ïá��«êÆ�., Ï

~±�x(Ï~´Ã¡õ�)�ÅCþ�/ªÑy.

2.1.1 �ÅL§�Ä�Vg

kwe¡ü�äN�~f.

~5.1 *	Ù|p,�Ùä�3?1�ÙÆ('XÄÀ�ý'��). eÙä3Ñ�Êèâ¬

lm, ¯�?1õ�Û§ÙÛâ¬(åºduÙÛ��Å5§z�Û�ÙäPk�Ù]´�

Å�. �éù�¯K�Ñ�O§�±^�ÅCþY (n)L«1nÛ�ÙäPk�Êè, @o¤

�O�ÙÛê�

k = inf{n;Y (n) ≤ 0}.

�Ün�Ok�, ���Ýº�ÅCþx{Y (n), n ≥ 0}��ÅCz5Æ.

~5.2 *	���¦�d�ÅÄ§´Ä�3“­I0�Ý]üÑº��/, �¦d�Czäk

�½��Å5(Xeã¤«).

37
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^�ÅCþX(t) L«�¦3t ���d�, XJ�ÏLïñT�¦¼|§@o·�AT

Ýº�ÅCþx{X(t); t ≥ 0}�ÚO5Æ. �·��ÏL,«üÑ¼|, 'X13�ï\15�

ñÑ, ·�Äk�)û�¯KÒ´éA�ï\�ÅÚñÑ�Å´Ä�3º3�o�ÿº

±þ~fL², Nõ¯K¬�9Ä�Cz��Åy�. �
)û¯K, ·��±^�

x(��´Ã¡õ)�ÅCþ�x(£ã)ù
y�. Ï~·�Ò¡ùx�ÅCþ´���ÅL

§. 0��ÅL§��«ÚO5ÆÚïÄ�{Ò´�ÅL§�§�Ì�SN.

½Â5.1 ¡X = {X(t); t ∈ T}�VÇ�m(Ω,F,P) þ�ÅL§, e§´TVÇ�mþ�x�

ÅCþ(�±´�þ��). ¡X(t), t ∈ T , �¤k�U���S��ÅL§X�G��m, T

¡�´�I8½ëê8, AOe�I8äk�má5�, �¡���mëê.

U�I8ÚG��m�ØÓ, Ï~·�r�ÅL§©¤oaµëYëêlÑG�!ëY

ëêëYG�!lÑëêlÑG�!lÑëêëYG��ÅL§.

55.1 é�ÅL§��lÙ¦�Ý?1©a. 'X, eé¤kt ∈ T , X(t) ∈ RdÙ¥d > 1,

K�¡X´�þ��ÅL§; eT ∈ Rn �f8�(d�T  éA�m½���I), ·�q

¡X��Å|. �
{ü, �ÖØ?Ø�Å|ù«�/. ly3å�Ö?Ø��ÅL§, XÃ

AO`², Ñ´¢��ÅL§, =S ⊂ R, T ⊂ R.

lN�(¼ê)�Ýw,�ÅL§�´T×Ω→ R���¼ê. é�½���t, ω, X(t, ω)´

��¢ê; é�½�tÚCz�ω, �ÅL§X(t, ·) ��ÅCþ; éCz�tÚ�½�ω ∈ Ω,

X(·, ω) ´���I8Tþ�¼ê:

X(·, ω) : T → R é?¿t ∈ T,X(·, ω)(t) = X(t, ω).

Ï~·�¡¼êX(·, ω) ��ÅL§X�;�(¼ê)½��(¼ê).
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2.1.2 �ÅL§��x

éVÇ�m(Ω,F,P)þk���ÅCþX1, · · · , Xm, ·���^éÜ©Ù¼ê

F (x1, x2, · · · , xm)
∧
= P(X1 ≤ x1, X2 ≤ x2, · · · , Xm ≤ xm),

Ù¥x1, · · · , xm ∈ R �x¦��ÚO5Æ. éu�ÅL§, ·��±/^ù�óä.

½Â5.2 ?�X = {X(t); t ∈ T}�k�ëê, t1, t2, · · · , tk, ¡Xt1 , · · · , Xtk �éÜ©Ù¼ê

Ft1,t2,··· ,tk(x1, x2, · · · , xk)

��ÅL§X���k�k��©Ù, ¡¼êx

{Ft1,t2,··· ,tk(x1, x2, · · · , xk); t1, · · · , tk ∈ T, k ≥ 1}

��ÅL§X�k��©Ùx.

55.2 �S�lÑ�,k��©Ùx�^Xek��©Ù��O

Pt1,··· ,tk(x1, · · · , xk) := P(Xt1 = x1, · · · , Xtk = xk); x1, · · · , xk ∈ S.

5�5.1 �ÅL§�k��©Ù÷v

(1) é¡5, =é?¿k±9(1, 2, · · · , k)�����(i1, i2, · · · , ik),

Ft1,t2,··· ,tk(x1, x2, · · · , xk) = Fti1 ,ti2 ,··· ,tik (xi1 , xi2 , · · · , xik).

(2) �N5, =é?¿n > m,

Ft1,··· ,tm,··· ,tn(x1, · · · , xm,+∞, · · · ,+∞) = Ft1,··· ,tm(x1, · · · , xm).

y² 5�dk��©Ù½Â����.

e¡½nL²k��©Ùx3�½¿Âe(½����ÅL§; y²�Ñ.

½n5.2*(Kolmogorov) �{Ft1,t2,··· ,tk(x1, x2, · · · , xk); t1, · · · , tk ∈ T, k ≥ 1}´÷vé¡5

Ú�N5�VÇ©Ù¼êx, K3���m

Ω = ST = {(st; t ∈ T ); st ∈ S},

±9σ-�ê

F = σ
{
{(st, t ∈ T ); (st1 , · · · , stn) ∈ B};

B ⊂ B(Sn), t1, · · · , tn ∈ T, n ≥ 1
}

þ�3���VÇP, ¦�(Ω,F,P)þ�ÅL§X = {X(t), t ∈ T}, Ù¥

X(t, ω) = ωt, ω = (ωt)t∈T ,

�k��©ÙxTÐ´{Ft1,t2,··· ,tk(x1, x2, · · · , xk); t1, · · · , tk ∈ T, k ≥ 1}.

55.3* ½n¥B(Sn)L«dSn¥¤km8�)�σ-�ê, Ï~¡��Borel�ê. AO, e
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Sn�lÑ8, @oB(Sn)Ò´dSn¥¤kf8�¤�8Üa.

e¡´��)º3êÆþXÛ|^Kolmogorov½n�Ñ�ÅL§9éAVÇ�m�î

��E�{ü~f.

~5.3* lCkM�ù¥ÚN�x¥��¥­E�k�£�Ä�, eÄ�ùÚP�0§x¥P

�1, Áïáî��êÆ�.£ã�ÅÄ��Ä�Cz.

) -p = N
N+M , q = 1 − p, ai, i ≥ 1, ���0½1. w,TL§¥?¿Ä�sg, Ä�(J

�a1, · · · , as�VÇ�

pa1+···+asqs−(a1+···+as).

dÄ�L§·��±��Xe�k�©Ù�x

{Pn1,n2,··· ,ns(a1, · · · , as); n1, n2, · · · , ns�pØ�Ó���ê,

ai ∈ {0, 1}, i = 1, 2, · · · , s, s ≥ 1}

Ù¥Pn1,n2,··· ,ns(a1, · · · , as) = pa1+···+asqs−(a1+···+as). N´�y, Tk��©Ù�q´é¡

��äk�N5. ÏddKolmogorov½n, -

Ω = {0, 1}N = {(a1, a2, · · · , ); ai = 0, 1, i = 1, 2, · · · },

F = σ
{
{(ωi, i ≥ 1); ωi1 = ai1 , · · · , ωik = aik};

il ∈ T, ail ∈ {0, 1}, l = 1, · · · , k, k ≥ 1
}

�3��VÇP¦��ÅL§X = {Xn, n ≥ 1}, Ù¥Xn(ω) = ωn�k��©Ù�®�*	

��. d�Ω¥�Å¯�

{(ωn; n ≥ 1); ωik = aik , k = 1, 2, · · · , s}

u)VÇP = pai1+···+ais qs−(ai1+···+ais ).

½Â5.3 �X = {Xt; t ∈ T}, Y = {Yt; t ∈ T}Ñ´VÇ�m(Ω,F,P)þ��ÅL§, ¡Y´X

�����(Version), eX,Yk��©Ùx�Ó;¡Y´X���?�(Modification), eé?

¿t ∈ T , P(Xt = Yt) = 1; ¡X�YØ�«©(Indistinguish), eP(Xt = Yt, t ∈ T ) = 1.

w,ïþü�L§´Ä��§Vg/Ø�«©0´�r�. ü��ÅL§´Ø�«©

�§@o¦��½p�?�¶ü�L§p�?�K�½p���. ùü�(Ø��Ñ_Ø

ý, �eX,Y �lÑëê�ÅL§, @o”Ø�«©”�”?�/�d.

½Â5.4 �X = {Xt; t ∈ T}, Y = {Yu;u ∈ T}Ñ´VÇ�m(Ω,F,P)þ��ÅL§, eé?

¿k,m ≥ 1, t1, · · · , tk, u1, · · · , um ∈ T , (Xt1 , · · · , Xtk)�(Yu1
, · · · , Yum) Õá, K¡XÚY´

Õá�.
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~5.4 �Wi, i ≥ 1´ÕáÓ©Ù��ÅCþ, Sn�Wi�Ü©ÚS�, N����½~ê. é

?¿k ≥ 1, -Tk = SN+k − SN . @o�ÅL§{Tk, k ≥ 1}�{Sn, 1 ≤ n ≤ N}Õá. ¯¢þ

é?¿m ≥ 1, ?�k1, · · · , km ≥ 1, dWi, i ≥ 1ÕáÓ©Ù��

(Tk1
, Tk2

, · · · , Tkm) =
( N+k1∑
i=N+1

Wi,

N+k2∑
i=N+1

Wi, · · · ,
N+km∑
i=N+1

Wi

)
�

(S1, S2, · · · , SN ) = (W1,W1 +W2, · · · ,
N∑
i=1

Wi)

´Õá�.

·���±ÏL�ÅCþ�ê�A�3�½§Ýþ
)�ÅL§.

½Â5.5 �X = {X(t); t ∈ T}´½Â3VÇ�m(Ω,F,P)þ��ÅL§, ©O¡Xe�¼ê

mX(t) = E(X(t)), DX(t) = Var(X(t)),

RX(s, t) = E(X(s)X(t)), CovX(s, t) = Cov(X(s), X(t))

��ÅL§X�þ�¼ê§��¼ê§g�'¼ê����¼ê.

2.1.3 ;.�ÅL§Þ~

½Â5.6 eé?¿�t1 < · · · < tn ∈ T±9h ∈ T ,

(X(t1), · · · , X(tn))� (X(t1 + h), · · · , X(tn + h))

Ó©Ù, K¡é�ÅL§X = {X(t), t ∈ T}�î²­L§.

î²­L§���äN~fÒ´3Ð�VÇØ¥0��ÕáÓ©Ù�ÅCþS�. �´

î²­L§�¦�p
, A^¥<��õ/�ÄXe�¤¢²­L§"

½Â5.7 eé?¿t ∈ T , E(X(t))�tÃ', �é?¿t, h ∈ T , ���¼êCov(X(t), X(t +

h))�t Ã', K¡�ÅL§X�²­L§.

w,eX´²­L§, @oé?¿t ∈ T , E(X2(t)) <∞, =X(t)���Ý�3({¡ù�

�L§���ÝL§); ��Ý�3�î²­L§�½´²­L§.

²­L§�k'nØ´�mS�©Û�Ä:, �Öé²­L§�©Û�0�lÑ.

½Â5.8 ¡�ÅL§X = {X(t); t ∈ T}´ÕáOþL§, eé?¿n±9t1 < · · · < tn ∈ T

X(t2)−X(t1), · · · , X(tn)−X(tn−1)

�pÕá(e�I8Tk����t0, @o��¦

X(t0), X(t1)−X(t0), X(t2)−X(t1), · · · , X(tn)−X(tn−1)
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�pÕá). ?�Ú, eé?¿t, t+ h, s, s+ h ∈ T , X(t+ h)−X(t)�X(s+ h)−X(s)�©Ù

�Ó, K¡X�²­ÕáOþL§.

XJX = {X(t), t ≥ 0}�²­ÕáOþL§, þ�¼êm(t)���¼êD(t)Ñ�3�ë

Y. @oé?¿t ≥ 0§

m(t) = Ct+ E(X(0)), D(t) = C1t+ Var(X(0)), (2.1.1)

Ù¥C = E(X(1))− E(X(0)), C1 = Var(X(1))−Var(X(0)).

XJT��K�ê, @oÕáOþL§Ò´���pÕá�ÅCþ�Ü©Ú¶Ð��0�

²­ÕáOþL§Ò´��ÕáÓ©Ù�ÅCþ�Ü©Ú.

äN�²­ÕáOþL§kéõ, ~��~f�)�Ù�¡�0���=iÄ, ÑtL

§±918Ù0��ÙK$Ä.

êÆÏ"k��ÕáOþL§�äkXeü�­�5�µ(�
�Bn), b�T´�K

�ê)

1 é?¿s, t ∈ T�s < t, ±9é?¿x ∈ R,

P(X(t) < x|X0, X1, · · · , Xs) = P(X(t)−X(s) < x−X(s)|X0, X1, · · · , Xs)

= P(X(t)−X(s) < x−X(s)|Xs) = P(X(t) < x|Xs).

2 eé?¿s, t ∈ T , E(X(t)−X(s)) = 0,. @oé?¿s < t ∈ T

E(X(t)|X0, X1, · · · , Xs) = E(X(t)−X(s)|X0, · · · , Xs) + E(X(s)|X0, · · · , Xs)

= E(X(t)−X(s)) +X(s) = X(s).

Ï~¡÷v5�1��ÅL§�ê¼L§, ÷v5�2�L§��(L§). ·�ò©O31

n,oÙÚ1ÔÙéùüaL§�?�Ú0�.

3�!��§·�0���äN�{ü�ÅL§¿Þ~`²§�A^.

½Â5.9 �ÅL§X = {Xn;n ≥ 1}¡�Ëã|L§, e{Xn;n ≥ 1} �ÕáÓ©Ù(i.i.d)�

ÅCþ, �

P(Xn = 1) = p, P(Xn = 0) = q = 1− p, 0 < p < 1, n ≥ 1.

~5.3¥�E��Å�.Ù¢Ò´��Ëã|L§. Ëã|L§~^5£ã��Õá­

E¢�, Ï~òP(Xn = 1) = pw�1ng¢�¤õVÇ, P(Xn = 0) = q w�1ng¢��}

�VÇ. w,, Ëã|L§´î²­�.

-T1 = inf{n > 0;Xn = 1}, Ù¥5½inf ∅ = +∞. �*/wT1L«1�g¢�¤õ�

��. �´ù���´�Å�, 
��±�+∞. ?�Ú©Û��, �½T1 = nù�¯�´Ä



43

u), ·��±ÏL*	n9n�m¢��(J: en�c¢�Ñv¤õ
3n��¢�TÐ¤

õ, @o¯�T1 = nu); ÄKT¯�vku). =

{T1 = n} = {Xn = 1, X1, · · · , Xn−1þØ�1}. (2.1.2)

3�ÅL§ïÄ¥, äk�T1ù«5��(2Â)�ÅCþ´�~­��óä; ��/, ¡

ù«�ÅCþ��Å�m½Ê�. §�½ÂXe:

½Â5.10 ¡�K�ê���ÅCþ(��+∞)T´�ÅL§X = {Xn}n≥0�Ê�(Stopping

time), eé?¿�K�ên, �Å¯�{T = n}�±ÏLX0, · · · , XnL«, �=�ÅC

þ1{T=n} �L«¤X0, · · · , Xn�¼ê. �ÃIrN“ë�”L§X�, ·�{¡T �Ê�.

55.4 ½Â5.10�´�Ñ
lÑ�m�ÅL§�Ê�½Â; éùaÊ�5��?Ø, ·�ò3

1ÔÙ1�!Ðm. éuëY�m�ÅL§�Ê����½Â, a,��ÓÆ�±ë�[12];

��áò(ÜäN¯K0�Ú?Ø.

£�Ëã|L§. é?¿k > 1, ·��Ó�½ÂTk = inf{n > Tk−1;Xn = 1}. @oTk

L«1k gËã|¢�¤õ���
��´Ê�.

?�ê�{f(n);n ≥ 1}. d

f(Tk) = f(Tk−1 + 1)XTk−1+1 + · · ·+ f(Tk − 1)XTk−1 + f(Tk)XTk ,

��
∞∑
k=1

f(Tk) =

∞∑
n=1

f(n)Xn.

ùL²e
∑
n≥1

|f(n)| <∞, Ké?¿ε > 0, �3m > 0¦�

m∑
n=1

f(n)Xn − ε ≤
∞∑
k=1

f(Tk) ≤
m∑
n=1

f(n)Xn + ε

Ïd

E
( ∞∑
k=1

f(Tk)
)

= lim
m→∞

E(

m∑
n=1

f(n)Xn) = p

∞∑
n=1

f(n). (2.1.3)

~5.5 �3,«¤ì3ü �mS��¯��¤��Ëã|L§, e������¤^

�c�, �¦¤ì���^rU�¤��, ��3ñÑ�¬�AÜn½d, b�Ý]1��e�

�ü �m�O��1/α�, ¯�[ýÏA��õ½dõ�º

): ±TkL«1kg����¤ì��m, d���¤ì�c�, �d�[I�	Â�cαTk �

¤^. ��y�Ï¦^KAõÂ��¤^�
∑∞
k=1 cα

Tk . Ïdd(2.1.3), ýÏAOÂ¤^�

D = E
( ∞∑
k=1

cαTk
)

= cp

∞∑
k=1

αk =
cpα

1− α
. �

öSK
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5.1 Á)ºélÑëê�ÅL§
ó, “Ø�«©”�“?�”�d.

5.2 �y(2.1.1)¥m(t)�D(t)�L�ª.

5.3 y²�ÅL§{Xt, t ∈ T}�{Yt, t ∈ T}Õá��=�é?¿m ≥ 1 ±9?¿À�

�t1, · · · , tm ∈ T , (Xt1 , · · · , Xtm)�(Yt1 , · · · , Ytm)Õá.
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2.2 ��þ{ü�ÅiÄ

�ÅiÄ´�a{ü!�*��Å�., kX2��A^. �!ò{�/0���þ{

ü�ÅiÄ�nØÚA^.

2.2.1 �.9Ù�x

½Â6.1 �Xn, n ≥ 1�ÕáÓ©Ù��ÅCþ, �ÅCþX0�{Xn, n ≥ 1}Õá. -

Wn =

n∑
k=0

Xk, n ≥ 0.

¡�ÅL§W = {Wn; n ≥ 0}�(��þ)�ÅiÄ½���ÅiÄ. ¡X0�����Åi

ÄW�Ð�½Ð© �. e�ÅiÄW½Â¥X0´�ê��ÅCþ�

P(Xn = 1) = p, P(Xn = −1) = q = 1− p,

K¡�ÅL§W = {Wn; n ≥ 0}���þ�{ü�ÅiÄ½(q, p)-{ü�ÅiÄ. Ù¥p =

q = 1/2�{¡W�{üé¡�ÅiÄ.

56.1 d½Â���ÅiÄW´²­ÕáOþL§.

56.2 ^Ð�VÇØ�ú1w, �ÅiÄW¢�Ò´ÕáÓ©Ù�ÅCþ�Ü©Ú. ��·

�rXn/�/n)¤3�^��þ�ÅrÑ��Ú�, WÒ£ã
3T��þ�ÅrL�

´�. ù�´·�¡W��ÅiÄ��«/�)º. �
Qã�B, k��/�/¡Xn�

1nÚ�Ú�.

�?Ø�B, ±e·��0��ê���ÅiÄ, =Xk, k ≥ 0, Ñ´�ê��ÅCþ. -

pn(x, y) := P(Wn = y|W0 = x), n ≥ 0,

¿{Ppn(0, y)�pn(y). w,, pn(x, y)L«�ÅiÄ3Ð��x^�e, ��n���y�V

Ç; AOp0(x, y) = δx(y) =


1 y = x;

0 y 6= x.

é?¿k ≥ 0, n ≥ 1, ^�VÇ

P(Wk+n = y|Wk = x) =
P(Wn+k = y,Wk = x)

P(Wk = x)
=

P(
∑n+k
i=k+1Xi = y − x,Wk = x)

P(Wk = x)
.

dXk, k ≥ 0�Õá5���

P(Wk+n = y|Wk = x) = P(

n+k∑
i=k+1

Xi = y − x)P(Wk = x)/P(Wk = x)

= P
( n+k∑
i=k+1

Xi = y − x
)
. (2.2.1)
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2dXk, k ≥ 0�Ó©Ù5���

P(Wk+n = y|Wk = x) =
P(
∑n
i=1Xi = y − x,X0 = 0)

P(X0 = 0)
= P(Wn = y − x|W0 = 0).

dd��

P(Wk+n = y|Wk = x) = P(Wn = y|W0 = x) = pn(x, y) = pn(y − x). (2.2.2)

Ïdpn(x, y)Ø=L«�ÅiÄå:dxÑu²nÚ�� �y�VÇ, �L«l?���¤3

 �xÑu²LnÚ� �y�VÇ, ¦�Ñ�ul �0Ñu²nÚ�� �y − x �VÇ.

�¼��ÅiÄW�?¿k��©Ù, ?�

0 = k0 < k1 < · · · < kn, r0, r1, · · · , rn ∈ Z.

d(2.2.1)Ú(2.2.2)��

P(Wk0
= r0,Wk1

= r1, · · · ,Wkn = rn)

= P
(
X0 = r0,

k1∑
i=k0+1

Xi = r1 − r0, · · · ,
kn∑

i=kn−1+1

Xi = rn − rn−1

)

= P(X0 = r0)P
( k1∑
i=k0+1

Xi = r1 − r0

)
· · ·P

( kn∑
i=kn−1+1

Xi = rn − rn−1

)
= P(X0 = r0)pk1

(r0, r1)pk2−k1
(r1, r2) · · · pkn−kn−1

(rn−1, rn). (2.2.3)

��^�VÇq{pn(x, y)}´·�@£�ÅiÄ�ÚO5Æ�Ä:.

·K6.1 eW´�ê���ÅiÄ, @oé?¿0 ≤ k < m±9i0, · · · , im ∈ Z,

P(Wm = im, · · · ,Wk+1 = ik+1|Wk = ik, · · · ,W0 = i0)

= P(Wm−k = im − ik, · · · ,W1 = ik+1 − ik|W0 = 0).

y² é?¿n ≥ 1±9�êx, y, -pn(x, y) := P(Wn = y|W0 = x). d(2.2.3)��

P(Wm = im, · · · ,Wk = ik, · · · ,W0 = i0) = P(X0 = i0)

m−1∏
r=0

p1(ir, ir+1),

P(Wk = ik, · · · ,W0 = i0) = P(X0 = i0)

k−1∏
r=0

p1(ir, ir+1).

l


P(Wm = im, · · · ,Wk+1 = ik+1|Wk = ik, · · · ,W0 = i0) =

m−1∏
r=k

p1(ir, ir+1).

,��¡d(2.2.3)Ú(2.2.2)��

P(Wm−k = im − ik, · · · ,W1 = ik+1 − ik|W0 = 0)

= p1(0, ik+1 − ik)

m−1∏
r=k+1

p1(ir − ik, ir+1 − ik)
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= p1(ik, ik+1)

m−1∏
r=k+1

p1(ir, ir+1) =

m−1∏
r=k

p1(ir, ir+1).

dd��·K6.1¤á.

��/, e-Ãn = {i− ik : i ∈ An} := An − ik Ù¥An ⊂ Z, k < n ≤ m, @o

P(Wm ∈ Am, · · · ,Wk+1 ∈ Ak+1|Wk = ik, · · · ,W0 = i0)

= P(Wm−k ∈ Ãm, · · · ,W1 ∈ Ãk+1|W0 = 0). (2.2.4)

y²�ÖögC�¤(�SK6-5).

é{ü�ÅiÄ, ·��±�~�B/O�{pn(x, y)}. du{ü�ÅiÄzgÚ��U

´+1(�c�Ú)½−1(���Ú), �l �xÑu²nÚ��y, ¿�XÙ¥k(n + y − x)/2

Ú�c, (n+ x− y)/2 Ú��. ¤±

pn(x, y) =


C

(n+y−x)/2
n p(n+y−x)/2q(n+x−y)/2, |y − x| ≤ n�ÓÛó;

0, Ù¦.

(2.2.5)

~6.1 �W´(q, p)-{ü�ÅiÄ. és ∈ [0, 1), -φ(s) =
∞∑
n=0

pn(0, 0)sn. ¦φ(s).

) d(2.2.5)��

pn(0, 0) =


0, n = 2k − 1,

Ck2kp
kqk, n = 2k.

Ïd

φ(s) = 1 +

∞∑
k=1

Ck2kp
kqks2k = 1 +

∞∑
k=1

(2k)!

k!k!
(pqs2)k = 1 +

∞∑
k=1

(2k − 1)!!

k!
(2pqs2)k

= 1 +

∞∑
k=1

− 1
2 (− 1

2 − 1) · · · (− 1
2 − (k − 1))

k!
(−4pqs2)k

5¿�¼ê(1 + x)−1/2��?êÐmª�

(1 + x)−1/2 = 1 +

∞∑
k=1

− 1
2 (− 1

2 − 1) · · · (− 1
2 − (k − 1))

k!
xk, |x| < 1.

Ïd¤¦¼êφ(s) = (1− 4pqs2)−1/2.

2.2.2 Ä�5�

½Â6.2 ¡�ê���ÅiÄØ�ma(½mëY), eÙÚ�÷v^�

P(Xn = 1) > 0
�

1∑
k=−∞

P(Xn = k) = 1.

é?¿�êi, -

τi = inf{n ≥ 1; Wn = i}
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Ï~·�©O¡��Ä£�. �*w, eW0 = i, τiL«WÄg£� �i��m. d½Â�

�, eW´Ð��0�Ø�ma�ê���ÅiÄ, @oi ≥ 0�,

{τi = n} = {W1 6= i, · · · ,Wn−1 6= i,Wn = i} (2.2.6)

= {W1 < Wn, · · · ,Wn−1 < Wn,Wn = i}.

½n6.2 �W´Ð��0Ø�ma��ê��ÅiÄ, é?¿��êm,n,

P(τm = n|W0 = 0) =
m

n
P(Wn = m|W0 = 0).

·�ky²��ü�|Ü�¡�(Ø.

Ún6.3 é?¿��êm, 3÷vx1 + · · ·+ xn = m, Ù¥xi ≤ 1, i = 1, · · · , n, �?¿���

ê)(�±´Kê)(u1, u2, · · · , un)�n�Ì�ü�¥Tkm�Ì�ü�¦�Ùcn− 1 �Ü©

ÚÑî��um.

~X, �n = 5, m = 2, @o(−2, 1, 1, 1, 1) ´�§x1 + · · · + xn = m÷v^���|),

ù�|�Ì�ü�k5«, ©O´

(−2, 1, 1, 1, 1), (1,−2, 1, 1, 1), (1, 1,−2, 1, 1), (1, 1, 1,−2, 1), (1, 1, 1, 1,−2),

Ù¥�k1�§1�ü«ü�÷vcn − 1 = 4�Ü©Úî��um = 2. ¯¢þü

�(−2, 1, 1, 1, 1) Ú(1,−2, 1, 1, 1)�c4�Ü©Ú©O´(−2,−1, 0, 1)Ú(1,−1, 0, 1).

y²* �(u1, u2, · · · , un)´�§x1 + · · ·+xn = m��ê). du(u1, u2, · · · , un)�Ì�Ñ´

�ê),Ïd·��±ÀJ��Ð�Ì���©Û�é�.P{ui}�Ü©ÚS��S1, · · · , Sn.

�Ù����M¿-l = min{k, Sk = M}. @oM ≥ m, ul = 1�é?¿l < i ≤ n,

ul+1 + · · ·+ ui ≤ 0. ÀJÌ�ü�(ul+1, · · · , un, u1, · · · , ul) ��·�©Ûé�, ¿òÙ­#

P�(v1, v2, · · · , vn). ��:

(1) é?¿k < n, Ü©Úv1 + · · ·+ vk < v1 + · · ·+ vn = m.

(2) duÜ©Úv1 + · · · + vn−l = ul+1 + · · · + un ≤ 0
�vi���U��+1, Ïdé?

¿1 ≤ j ≤ m, �½�3���Ink ¦�Ü©Ú

v1 + · · ·+ vnk = j

¿Pù
�I¥����I�kj , Ù¥k05½�0. d(1)�km = n,¿�duÜ©S

�v1 + · · ·+ vi´l0�m©
�vi���U��+1��kj�Xj�O\
O\.

(3) é?�j < m, S�¬(vkj+1, · · · , vkj+1
)�½÷v

vkj+1 + · · ·+ vkj+1
= 1, vkj+1

= 1


�e�3kj + 1 ≤ i < kj+1, Kvkj+1 + · · ·+ vi ≤ 0(ÄKi ≥ kj+1�Ñgñ).
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dd·��±u�(v1, v2, · · · , vn)�Ì�ü�¥¤k

(vkj+1, · · · vn, v1, · · · , vkj ), j = 0, 1, · · · ,m− 1

÷vÚn�¦. Ù¦�?Û��Ì�

(vi, · · · , vn, v1, · · · , vi−1)

ÑØ÷vÚn�¦, Ï�d��3��j¦�kj + 1 < i ≤ kj+1, TÌ��cn− i+ kj�Ü©

Ú�

vi + · · ·+ vn + v1 + · · ·+ vkj = v1 + · · ·+ vn − (vkj+1 + · · ·+ vi−1)

= m− (vkj+1 + · · ·+ vi−1) ≥ m.

¤±3(v1, v2, · · · , vn)�Ì�ü�¥k�=km�÷vÚn�¦.

|^TÚn, ·�éN´y²½n6.2. y²Xe.

y² PA = {Wn = m,W0 = 0} = {X1 + · · ·+Xn = m},

B = {τm = n,W0 = 0}

= {W1 < Wn, · · · ,Wn−1 < Wn,Wn = m,W0 = 0}

= {X1 + · · ·+Xk < m, k = 1, · · · , n− 1, X1 + · · ·+Xn = m}

?�A¥��Ä�¯�u = (u1, · · · , un), TÄ�¯��n�Ì�ü��´A¥�Ä�¯�,

Pu9ÙÌ�ü�¯��¤�8Ü�Γu, d�

A =
⋃

Γu∈A
�pØ��

Γu,

¿�duA¥�õk�ê�Ä�¯�u, Ïdþª��9�õ�ê�¯�Γu�¿. ,��¡,

dÚn6.3, é?¿u ∈ A, Γu¥k�=km �Ì�ü�¯�áuB. 5¿�Xi´ÕáÓ©Ù

��ÅCþ, z�Ì�ü�u)VÇ�Ó, Ïd

P(B ∩ Γu)

P(A ∩ Γu)
=
m

n
.

5¿�B ⊂ A, ·���

P(B ∩ Γu) = P(B ∩A ∩ Γu) =
P(B ∩ Γu)

P(A ∩ Γu)
P(A ∩ Γu) =

m

n
P(A ∩ Γu).

Ïdd�VÇúª

P(B) = P(B ∩
⋃

Γu∈A
�pØ��

Γu) =
∑

Γu∈A
�pØ��

P(B ∩ Γu) =
m

n

∑
Γu∈A
�pØ��

P(A ∩ Γu) =
m

n
P(A).

¤±½n6.2¤á.

~6.2 �W´(q, p){ü�ÅiÄ. é?¿i ≥ 0, ¦P(τi = n|W0 = 0).
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) 5¿�(q, p){ü�ÅiÄ´mëY�. d½n6.2±9(2.2.5) ��é?¿i ≥ 1,

P(τi = n|W0 = 0) =
i

n
P(Wn = i|W0 = 0)

=


i
nC

(n+i)/2
n p(n+i)/2q(n−i)/2, n+i

2 ≤ n����ê;

0, Ù¦.

du{ü�ÅiÄ7LóêÚâ�Ul �0£�0, é?¿k ≥ 0,

P(τ0 = 2k + 1|W0 = 0) = 0.

,��¡, d�VÇúª

P(τ0 = 2k|W0 = 0) = P(τ0 = 2k,W1 = 1|W0 = 0) + P(τ0 = 2k,W1 = −1|W0 = 0).

5¿�

P(τ0 = 2k,W1 = 1|W0 = 0) =
P(τ0 = 2k,W1 = 1,W0 = 0)

P(W1 = 1,W0 = 0)

P(W1 = 1,W0 = 0)

P(W0 = 0)

= P(W1 = 1|W0 = 0)P(τ0 = 2k|W1 = 1,W0 = 0)

= pP(W2k = 0,Wi 6= 0, 1 < i < 2k|W1 = 1,W0 = 0).

d(2.2.4)Ú(2.2.6)��

P(W2k = 0,Wi 6= 0, 1 < i < 2k|W1 = 1,W0 = 0)

= P(W2k−1 = −1,Wi 6= −1, 0 < i < 2k − 1|W0 = 0)

= P(τ−1
= 2k − 1|W0 = 0).

5¿l0Ñu�(q, p){ü�ÅiÄÄ�−1��m�l0Ñu�(p, q){ü�ÅiÄÄ�1��

m©Ù�Ó, d~6.2��

P(τ−1
= 2k − 1|W0 = 0) =

1

2k − 1

(2k − 1)!

k!(k − 1)!
qkpk−1 =

(2k − 2)!

k!(k − 1)!
qkpk−1.

l


P(τ0 = 2k,W1 = 1|W0 = 0) = pP(τ−1
= 2k − 1|W0 = 0) =

(2k − 2)!

k!(k − 1)!
qkpk.

Ón��

P(τ0 = 2k,W1 = −1|W0 = 0) = qP(τ1 = 2k − 1) =
(2k − 2)!

k!(k − 1)!
qkpk.

dd��

P(τ0 = 2k|W0 = 0) = 2
(2k − 2)!

k!(k − 1)!
qkpk =


2pq, k = 1,

(2k−3)!!
2k

(4pq)k

k! , k ≥ 2.

�

|^�ÅiÄ�²­ÕáOþ5�, ·��U��Xe�é¡�n.
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½n6.4(é¡�n) eW´Ð��0��ÅiÄ, @oé?¿n ≥ 1 ±9b > a ≥ 0,

P(W1 > 0, · · · ,Wn−1 > 0,Wn ∈ [a, b]) = P(W1 < Wn, · · · ,Wn−1 < Wn,Wn ∈ [a, b]).

y² -Y1 = Xn, Y2 = Xn−1, · · · , Yn = X1 ±9é?¿k = 1, · · · , n,

Sk =

k∑
i=1

Yi =

n−k+1∑
i=n

Xi = Wn −
n−k∑
i=1

Xi = Wn −Wn−k.

duX1, · · · , Xn´ÕáÓ©Ù��ÅCþ, Ïd(X1, · · · , Xn) � (Y1, · · · , Yn)k�Ó©Ù.

l


(W1, · · · ,Wn)� (S1, · · · , Sn)

©Ù�Ó. Ïd

P(W1 > 0, · · · ,Wn−1 > 0,Wn ∈ [a, b]) = P(S1 > 0, · · · , Sn−1 > 0, Sn ∈ [a, b])

= P(Wn −Wn−1 > 0, · · · ,Wn −W1 > 0,Wn ∈ [a, b])

= P(W1 < Wn, · · · ,Wn−1 < Wn,Wn ∈ [a, b]). �

é{ü�ÅiÄ�kXe����n.

Ún6.5(���n) �x, y���ê, é{ü�ÅiÄW
ó, l(n, x)�(n + m, y)¿å¥ 

�£�":�;�ê�l(n,−x)�(n+m, y)�;�ê�Ó.

¤¢�ÅiÄ�;�Ò´ò�ÅiÄW¥Ù� �:(n,Wn)3²¡þ±:, ¿Un�g

S^���g�ë¤���ò�. ë�eã7Úò�.

y² -AL«l(n, x)�(n + m, y)¿å¥ �£�":�¤k;�, B �l(n,−x)� (n +

m, y)�¤k;�.

?�A¥��;�

(n, x), (n+ 1, s1), · · · , (n+ k, sk), · · · , (n+m, y),

�lnm©Äg�� �":����n + k, =sk = 0, �s1�sk−1Ñ�u0. ò(n, x) �

(n+ k, 0)�;�÷�m¶�=���^ë�(n,−x) �(n+ k, 0)�;�(Xþãù�¤«), 2

��5(n+ k, 0) �(n+m, y);�©�, ���^l(n,−x)�(n+m, y)�;�. w,ù«;
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��)�ª´�é��, ÏdA¥;�êØ�LB¥;�ê.

�L5, ?�B¥�;�

(n,−x), (n+ 1, s1), · · · , (n+ k, sk), · · · , (n+m, y).

du{ü�ÅiÄzg�U£Ä�Ú, 
−x < 0 < y, Ïdd(n,−x)�(n+m, y)�L§¥7

k,����� �0. �n + k´Ä�ù����. Ó��ò(n,−x)�(n + k, 0)�;�÷�

m¶�=���^d(n, x)�(n+ k, 0)�;�, ?
���^l(n, x)�(n+m, y)�;�. w

,ù«;��)�ª�´�é��, ÏdB¥;�êØ�LA¥;�ê.

nÜü�¡��A,B¥;�ê�Ó.

·K6.6 eW´{üé¡�ÅiÄ, @oé?¿x, y > 0,

P(Wn+m = y, min
n<k<n+m

Wk ≤ 0|Wn = x) = P(Wn+m = y|Wn = −x).

y² 5¿�W´é¡�ÅiÄ, =p = q = 1/2�, �ÅiÄz�Ú�þ½�er�Å¬´

é¡�. òW�?¿ü��U:(n, x), (n + m, y) §�ë�å5�;�´��U�, 
�

�l(n, x)ÑurLmÚ�?�;�u)�VÇ�Ó. 5¿�l(n, x)ÑurLmÚ�;�ê

�2m, dÚn6.5�

P(Wn+m = y, min
n<k<m

Wk ≤ 0 | Wn = x) =
A¥;�ê

2m

=
B¥;�ê

2m
= P(Wn+m = y|Wn = −x). �

2.2.3 A^Þ~

~6.3 ,�Wúi�
áÚ��íÑ�«AO¹Ä. ¹Ä5KXeµ���±ë��«ÙÆ

iZ, ÑIVÇ�50%. úi���1�Ûïüµ=I
���¼���Êè
Ñ
���

KÃIGÑ. e��UYiZ, @oU�~iZ5K�1, =I
���¼���Êè
Ñ


���GÑ��Êè. b�,���ë�
T¹Ä�vk	ï?ÛÊè, �)1�Û, ¯¦

��U
10Û�Å¬´õ�º

) ±WnL«T��1nÛ(å�Ãþk�Êèê, @oW´Ð��0�{üé¡�ÅiÄ,

¤¦VÇ�

P(W1 > 0,W2 > 0, · · · ,W10 ≥ 0).

ÏdW1 > 0¿�XW1 = 1, 
�W10 ��óê, Ïdd�VÇúª

P(W1 > 0, · · · ,W10 ≥ 0) =

∞∑
k=0

P(W1 > 0,W2 > 0, · · · ,W9 > 0,W10 = 2k)
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=

∞∑
k=1

P(W1 = 1, min
1<m<9

Wm > 0,W9 = 2k − 1)

|^{ min
1<m<9

Wm > 0}�éá¯�{ min
1<m<9

Wm ≤ 0}�

P(W1 > 0, · · · ,W10 ≥ 0)

=

∞∑
k=1

[P(W1 = 1,W9 = 2k − 1)− P(W1 = 1, min
1<m<9

Wm ≤ 0,W9 = 2k − 1)]

=

∞∑
k=1

P(W1 = 1)[P(W9 = 2k − 1|W1 = 1)

−P( min
1<m<9

Wm ≤ 0,W9 = 2k − 1|W1 = 1)].

d·K6.6��

P(W1 > 0, · · · ,W10 ≥ 0) = P(W1 = 1)

∞∑
k=1

[p8(1, 2k − 1)− p8(−1, 2k − 1)]

= P(W1 = 1)

∞∑
k=1

[p8(2k − 2)− p8(2k)] =
p8(0)

2
=

35

256
. �

~6.4(À¦¯K), 3�gÀÞ¥ÿÀ<A��
nÜ¦, ÿÀ<B��mÜ¦, n > m. ¯O¦

L§¥A©ª+kB��U5kõ�?

) ±Xi = 1L«1i�<Ý¦�
A, Xi = −1L«1i�<Ý¦�
B. b½Xi´ÕáÓ©Ù

�, Ý¦�A,B�VÇ©O�p, q = 1 − p. ±�ÅiÄWk = X1 + · · · + XkL«O¦L§¥

�¦Cz�¹. (J�Wn+m = n−m > 0. ¤¦¯K=�¦(q, p)�ÅiÄ�Xe^�VÇ

P(W1 > 0,W2 > 0, · · · ,Wn+m−1 > 0|Wn+m = n−m).

dé¡�n9½n6.2

P(W1 > 0,W2 > 0, · · · ,Wn+m−1 > 0,Wn+m = n−m)

= P(W1 < Wn+m, · · · ,Wn+m−1 < Wn+m,Wn+m = n−m)

=
n−m
n+m

P(Wn+m = n−m).

l


P(W1 > 0,W2 > 0, · · · ,Wn+m−1 > 0|Wn+m = n−m)

=
P(W1 > 0,W2 > 0, · · · ,Wn+m−1 > 0,Wn+m = n−m)

P(Wn+m = n−m)

=
n−m
n+m

. �

öSK

6.1 (�~6.5) ed<

��10 Û, Áýÿ¦3110 Û(å��Êèê.

6.2 éÐ��0�{üé¡�ÅiÄW ,
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(1) é?¿n ≥ 1, y²P(W1 6= 0,W2 6= 0, · · · ,W2n 6= 0) = P(W2n = 0).

(2) -F1(s) =
∑∞
k=1 P(τ1 = k|W0 = 0)sk Ù¥|s| < 1, ¦F1(s).

(3) ¦VÇP(∩8
i=1{0 < Wi < 5}).

6.3 �Ä��{ü��¦d�Cz�.. b��¦�kÞOü«G�, �Å¬þ�. ��¦

þÞ�ÞÌ�6%, ��¦eO�OÌ±Ó�VÇ�−4%, −8%. e�¦zF�ÅÄ´Õá�.

g,��½�*	Fm©,

(1) ¦3ÄgeO�§�¦²þoÞOÌ.

(2) ¦310USþÞUêo'eOUêõ�VÇ.

(3) 3Äg*	�eO�þÞUê��õ�, O��¦²þoÞOÌ.

6.4 y²(2.2.4).
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2.3 Ñt(Poisson)L§

ÑtL§´�«A^2��{ü�ÅL§, §��ê©Ù���', Ï
äkûÐ�5

�.

2.3.1 OêL§

^êÆ�.�x�Åy��, �Ä��ó�Ò´*	¤'%�Å¯�u)�gê. dd

¤���êÆ�.~�¡�OêL§, ÙO(½ÂXe:

½Â7.1 ¡�K�ê���ÅL§N = {N(t); t ≥ 0}�OêL§½:L§, eÙ��¼ê�

mëY�üNØü¼ê. e�kP(N(t)−N(t−) ≤ 1é?¿t ≥ 0) = 1, K¡N ´{üOêL

§, Ù¥N(t−)L«N3t:��4�.

�*/w{üOêL§�¦3Ó����õu)�g�Å¯�.

é?¿�½�ω ∈ Ω, duOêL§���¼êN(t, ω)'utüNØü�mëY. Ïdé

?¿�½��êk ≥ 1,

Tk(ω) := inf{t ≥ 0; N(t, ω) ≥ k}

k¿Â, Ù¥T0 ≡ 0¿�½inf ∅ =∞. d½Â��,

(1) TkÒ´1kg¯�u)��Å��, Ï~¡��1kg(�Å¯�)���m.

(2) é?¿u ≥ 0±9ω ∈ Ω, u ∈ {t ≥ 0, N(t, ω) ≥ N(u, ω)}, ÏdTN(u,ω)(ω) ≤ u. ùL

²é?¿t ≥ 0, TN(t) ≤ t.

(3) é?¿ω ∈ Ω, eTk(ω) < ∞, @odTk½Â, �3��tnüNeü/Âñ�Tk(ω)¿

�N(tn, ω) ≥ k. dN�mëY5,

N(Tk(ω), ω) = lim
n→∞

N(tn, ω) ≥ k.

=é?¿ω, N(Tk(ω), ω) ≥ k. AON�{üOêL§�, éA�¤k�ωÑkN(Tk) = k.

d±þ©Û��, OêL§N�L«¤

N(t) = sup{k ≥ 0;Tk ≤ t}, (2.3.1)

=é?¿ω, N(t, ω) = sup{k;Tk(ω) ≤ t}, Ù¥�½sup ∅ = 0. ÏdN(t)L«��t�c(�

¹t)u)��Å¯�oê.

5* ��ÅiÄ��, ·���±l�ÅCþ�Ü©ÚS�Ñu@£OêL§.
�S = {Sk, k ≥ 0}´�K�ÅCþXi, i ≥ 0, �Ü©ÚS�. é?¿�½�ω, �Xið�

�, Sk´î�O\�. N�k → Sk �_. _N�S−1 : D = {xk; xk = Sk, k ≥ 0} 7→ N¦
�S−1(xk) = k. N´wÑù�_N���í2��K¢êR̄+þ, ¦�é?¿x ∈ R̄+,
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�xk ≤ x < xk+1�S−1(x) = k, =
S−1(x) = sup{k ≥ 0;Sk ≤ x}. (2.3.2)

XJXi�±�0, @oSk��k�¼êØ�½�_, �(2.3.2)½Â�¼êS−1(x) Ek¿Â, 

�S−1(x)Ò´¦Ü©ÚSk ≤ x¤á���¦Ú�ê. Ï~, ·�¡L§

S−1 = {S−1(t), t ≥ 0}
�Ü©ÚS�{Sk, k ≥ 0}�_L§.

éOêL§N
ó, -Wk = Tk − Tk−1. @oWk L«1k − 1 �¯��1k �¯��m

��mm�, ��/·�¡Ù�1k����m, ¡W = {Wk, k ≥ 1}����mS�. d�

¯�u)��m{Tk, k ≥ 0}Ò´���mS��Ü©Ú. d(2.3.1)��, OêL§N Ò´Ü

©ÚS�{Tk, k ≥ 0} �_L§.

2.3.2 ÑtL§9Ù�x

½Â7.2 ¡OêL§N = {N(t); t ≥ 0}´rÝ�λ�ÑtL§, eN äkÕáÓ©Ù���

�mS�{Wk; k ≥ 1}����m©ÙÑlëê�λ��ê©Ù.

~7.1 b�,�m�k�Ì>�, 
�>���
U��9���. du���Æ·��b

½Õá�Ñl�Ó��ê©Ù, ±N(t)L«3[0, t] �mS��e5���ê, @oN Ò´Ñ

tL§.

dÐ�VÇØ���ê©ÙExp(λ)äk±e5�.

(1) é?¿n ≥ 1, eX1, · · · , Xn´Ñlëê�λ��ê©Ù�ÕáCþ, @oX1 + X2 +

· · ·+XnÑl³ç©ÙGa(n, λ). T©Ù��Ý¼ê�

γn(x) =


λnxn−1e−λx

(n−1)! , x > 0,

0, x ≤ 0.

(2) eX1, · · · , Xn´©OÑlëê�λi��ê©Ù�Õá�ÅCþ, @o min
1≤k≤n

Xk Ñlë

ê�λ1 + · · ·+ λn��ê©Ù.

(3) eX´�KëY.�ÅCþ. XÑl�ê©Ù��=�X´ÃPÁ�,=é?¿t, s ≥ 0,

P(X > t+ s|X > s) = P(X > t).

±Wk, k = 1, 2, · · ·L«ÑtL§����mCþq, @o§�´Õá�Ñlëê�λ�

�ê©Ù��ÅCþ�. é?¿k ≥ 1, 1kg¯�u)��Tk =
k∑
i=1

WiÑlGa(k, λ)©Ù, V

Ç�Ý¼ê�γk(x). ¿�é?¿t ≥ 0, ÑtL§

N(t) = sup{k ≥ 0;Tk ≤ t} = sup{k ≥ 0;

k∑
n=1

Wn ≤ t}, t ≥ 0,

Ù¥�½
0∑

n=1
= 0.
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d{N(0) > 0} ⊂ {W1 = 0}±9

{�3t ≥ 0¦�N(t)−N(t−) ≥ 2} = {�3,�k¦�Wk = 0}

��P(N(0) = 0) = 1− P(N(0) ≥ 1) ≥ 1− P(W1 = 0) = 1
�

P(�3t ≥ 0¦�N(t)−N(t−) ≥ 2) ≤
∞∑
k=1

P(Wk = 0) = 0.

ÏdÑtL§´Ð��0�{üOêL§.

e¡�·K3�½§Ýþ)º
��o·�¡N = {N(t)}�ÑtL§.

·K7.3 rÝ�λ�ÑtL§3?���t > 0ÑÑlrÝ�λt�Ñt©Ù. Ïd

E(N(t)) = λt, Var(N(t)) = λt.

y² é?¿�½�t > 0Ú�K�êk, d(2.3.1)��

{N(t) = k} = {Tk ≤ t < Tk+1}, (2.3.3)

Ïd

P
(
N(t) = k) = P(Tk ≤ t < Tk+1) = P(Tk ≤ t)− P(Tk+1 ≤ t)

=

∫ t

0

[γk(x)− γk+1(x)]dx =

∫ t

0

[ λkxk−1

(k − 1)!
− λk+1xk

k!

]
e−λxdx

d©ÜÈ©��

P
(
N(t) = k) =

(λt)k

k!
e−λt.

ùL²N(t)ÑlrÝ�λt�Ñt©Ù.

½n7.4 rÝ�λ�ÑtL§´��²­ÕáOþL§�é?¿t, s ≥ 0, N(t + s) − N(s)Ñ

lrÝ�λt�Ñt©Ù, =é?¿�êk ≥ 0,

P(N(s+ t)−N(s) = k) =
(λt)k

k!
e−λt. (2.3.4)

y²* dSK7.9��, ��y²é?¿n ≥ 1±90 = t0 < t1 < · · · < tnÚ�K�

êk1, · · · , kn, ok

P
(
N(tr) =

r∑
i=1

ki, r = 1, 2, · · · , n
)

= e−λtn
n∏
i=1

[λ(ti − ti−1)]ki

ki!
. (2.3.5)

�
L«{B, PN����mS��{Wr}, ¯�u)���{Tr}. é?¿r ≥ 1, -sr =∑r
i=1 ki±9

Ar = {Ts1 ≤ t1, Ts1+1 > t1, · · · , Tsr−1
≤ tr−1, Tsr−1+1 > tr−1},

Br = {Tsr ≤ tr, Tsr+1 > tr},

Cr = {Ts1 ≤ t1, Ts1+1 > t1, · · · , Tsr−1 ≤ tr−1}.
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|^�ª(2.3.3), (2.3.5)�{��

P
(
An+1

)
= e−λtn

n∏
i=1

[λ(ti − ti−1)]ki

ki!
. (2.3.6)

�n = 1�d·K7.3��(2.3.6)w,¤á. e�n = m− 1�¤á, =

P
(
Am
)

= e−λtm−1

m−1∏
i=1

[λ(ti − ti−1)]ki

ki!
.

�n = m�, 5¿�Am+1 = AmBm, d8Bb�,

P(Am+1) = P(Am)P(Bm|Am)

= P(Bm|Am)e−λtm−1

m−1∏
i=1

[λ(ti − ti−1)]ki

ki!
. (2.3.7)

e¡·�©�¹?Ø.

(1)�km = 0�, sm = sm−1, Bm = {Tsm−1
< tm, Tsm−1+1 > tm}.

P(Bm|Am) =
P(AmBm)

P(Am)
=

P(Cm, Tsm−1+1 > tm)

P(Cm, Tsm−1+1 > tm−1)

=
E(1CmP(Wsm−1+1 > tm − Tsm−1

|T1, · · · , Tsm−1
))

E(1CmP(Wsm−1+1 > tm−1 − Tsm−1
|T1, · · · , Tsm−1

))

=
E
(
1Cme−λ(tm−Tsm−1

)
)

E
(
1Cme−λ(tm−1−Tsm−1

)
) = e−λ(tm−tm−1). (2.3.8)

(2)�km = 1�, sm = sm−1 + 1, Bm = {Tsm < tm, Tsm+1 > tm}, Ïd

P(Bm|Am) =
P(AmBm)

P(Am)
=

P(Cm, tm−1 < Tsm < tm, Tsm+1 > tm)

P(Cm, Tsm−1+1 > tm−1)
.

�(2.3.8)aq?n��

P(Cm, tm−1 < Tsm < tm, Tsm+1 > tm)

= E
(
1Cm

∫ tm−Tsm−1

tm−1−Tsm−1

λe−λsds

∫ ∞
tm−Tsm−1

−s
λe−λudu

)
= E

(
1Cmλ(tm − tm−1)e−λ(tm−Tsm−1

)
)

= λ(tm − tm−1)eλ(tm−tm−1)E
(
1Cme−λ(tm−1−Tsm−1

)
)

Ïdkm = 1�,

P(Bm|Am) =
λ(tm − tm−1)eλ(tm−tm−1)E

(
1Cme−λ(tm−1−Tsm−1

)
)

E
(
1Cme−λ(tm−1−Tsm−1

)
)

= λ(tm − tm−1)eλ(tm−tm−1). (2.3.9)

(3)�km > 1�, sm ≥ sm−1 + 2, Bm = {Tsm < tm, Tsm+1 > tm}, Ïd

P(AmBm) = P(Cm ∩ {Tsm−1+1 > tm−1} ∩Bm)

= P(Cm, tm − Tsm−1
> Tsm−1+1 − Tsm−1

> tm−1 − Tsm−1
,

Tsm − Tsm−1+1 < tm − Tsm−1+1, Tsm+1 − Tsm > tm − Tsm). (2.3.10)
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d{Tk}�ÕáOþ5, ±9é?¿k > l,

Tk − Tl ∼ γk−l(x) =
λk−l

(k − l − 1)!
xk−l−1e−λx, x > 0,

(2.3.10)�u

E
(
1Cm

∫ tm−Tsm−1

tm−1−Tsm−1

λe−λsds

∫ tm−s−Tsm−1

0

γkm−1(u)du

∫ ∞
tm−Tsm−1

−s−u
λe−λvdv

)
= E

(
1Cme−λ(tm−Tsm−1

)

∫ tm−Tsm−1

tm−1−Tsm−1

ds

∫ tm−s−Tsm−1

0

λkmukm−2

(km − 2)!
du
)

= E
(
1Cme−λ(tm−Tsm−1

)λ
km(tm − tm−1)km

km!

)
.

Ïdkm > 1�,

P(Bm|Am) =
P(AmBm)

P(Am)
=
λkm(tm − tm−1)km

km!
e−λ(tm−tm−1). (2.3.11)

©Oò(2.3.8), (2.3.9)Ú(2.3.11)�\(2.3.7)��ØØkm��o�, (2.3.6)én = m�¤á. d

8B{�n, (2.3.6)é��n ≥ 1 Ñ¤á, Ï
½n�y.

½n7.5 N�ÑtL§��=�N´Ð��0��"{üOêL§�äk²­ÕáOþ.

PN����mS��{Wk; k ≥ 1}, -Tk =
∑k
i=1Wi, k ≥ 1. �y²½n7.5§·�I

�Xe�Ún.

Ún7.6* {Wk; k ≥ 1} �Ñlëê�λ��ê©Ù�ÕáÓ©Ù�ÅCþ���=�é?

¿k ≥ 19?¿0 < t1 ≤ t2 ≤ · · · ≤ tn,

P(Tk ≤ tk, k = 1, 2, · · · , n) =

∫ t1

0

ds1

∫ t2

s1

ds2 · · ·
∫ tn

sn−1

λne−λsndsn. (2.3.12)

y² dêÆ8B{N´y²7�5§3�SK. ¿©5d~1.2��, dÑ.

Ún7.7* eOêL§NÐ��"�äk²­ÕáOþ, @oé?¿0 ≤ t0 < t1 < · · · < tn <

tn+1±9�K�êk0 < k1 < · · · < kn+1,

P(N(tn+1) ≥ kn+1|N(tm) = km, N(tm−) = km − 1, 0 ≤ m ≤ n)

= P(N(tn+1 − tn) ≥ kn+1 − kn).

y² duOêL§üNØü, é?¿t ≥ 0, N(t−) = lims↑tN(s). Ïd,

P(N(tn+1) ≥ kn+1, N(tm) = km, N(tm−) = km − 1, 0 ≤ m ≤ n)

= lim
ε→0

P(N(tn+1) ≥ kn+1, N(tm) = km, N(tm − ε) = km − 1, 0 ≤ m ≤ n).

Ø��0 < ε < min1≤k≤n{tk − tk−1}, d²­ÕáOþ5��

P(N(tn+1) ≥ kn+1, N(tm) = km, N(tm−) = km − 1, 0 ≤ m ≤ n)

= P(N(tn+1)−N(tn) ≥ kn+1 − kn)

× lim
ε→0

P(N(tm) = km, N(tm − ε) = km − 1, 0 ≤ m ≤ n).
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= P(N(tn+1 − tn) ≥ kn+1 − kn)P(N(tm) = km, N(tm−) = km − 1, 0 ≤ m ≤ n).

dd��Ún¤á.

½n7.5�y²* 7�5d½n7.4ÚÑtL§{ü5���. ey¿©5. �d, ·�I

y²Wk, k ≥ 1�ÕáÓ©Ù�ÅCþ�Ñlëê�λ ��ê©Ù. dÚn7.6, ·��Iy

²(2.3.12) é?¿n ≥ 1¤á.

�n = 1�, é?¿t ≥ 0, 5¿�

P(T1 ≤ t) = P(N(t) ≥ 1) = 1− P(N(t) = 0)

-f(t) = P(N(t) = 0). é?¿s, t > 0, d²­ÕáOþ5±9^�N(0) = 0��

f(s+ t) = P(N(s+ t) = 0) = P(N(s+ t) = 0, N(t) = 0) = f(s)f(t).

duN(t)mëY�Øð�0, 0 ≤ f(t) < 1�mëY. Ïd

f(t) ≡ 0 ½�3λ > 0¦�f(t) = e−λt.

ef(t) ≡ 0, KP(N(t+ s)−N(s) ≥ 1) = 1− f(t) = 1, l
é?¿1 > s > 0, d

({N(1)−N(s) ≥ 2} ⊃ {N(1)−N(
1 + s

2
) ≥ 1} ∩ {N(

1 + s

2
)−N(s) ≥ 1},

��

P(N(1)−N(s) ≥ 2) = 1.

-s→ 1�

P(N(1)−N(1−) ≥ 2) = 1.

ù�N�{üOêL§gñ, Ïd

P(T1 ≤ t) = P(N(t) ≥ 1) =

∫ t

0

λe−λsds, (2.3.13)

=n = 1�(2.3.12)¤á.

e�n = m− 1�(2.3.12)�¤á, @on = m�,d8Bb�

P(Tk ≤ tk, 1 ≤ k ≤ m) =

∫ t1

0

ds1 · · ·
∫ tm−1

sm−2

λm−1e−λsm−1

×P(Tm ≤ tm|Tk = sk, 1 ≤ k < m)dsm−1. (2.3.14)

duN´Ð��0�{üOêL§, äk²­ÕáOþ, dÚn7.7Ú(2.3.13)��

P(Tm ≤ tm|Tk = sk, 1 ≤ k < m)

= P(N(tm) ≥ m|N(sk) = k,N(sk−) = k − 1, 1 ≤ k < m)

= P(N(tm − sm−1) ≥ 1)

=

∫ tm−sm−1

0

λe−λsmdsm =

∫ tm

sm−1

λe−λ(sm−sm−1)dsm.
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òÙ�\(2.3.14)�n�=�(2.3.12).

d½n7.4Ú7.5��Øð�0�OêL§N´rÝ�λ�ÑtL§��=�N´Ð�

�0{üOêL§�äk²­ÕáOþ, OþN(t+ s)−N(s)ÑlÑt©ÙP(λt).

~7.2 b�,Õ1��UrÝ�λ�ÑtL§N��, ®�T����Õ1���ê´10.

¯(1)2²L�mT , #O���²þêc. (2)2��5 ���²þ�mt.

) (1) ¤¦#O��²þêc = E(N(2T )−N(T )). d²­ÕáOþ5��

c = E(N(T )) = λT.

(2)é?¿t, -Ñ(t) = N(t + T ) − N(T ). @odN�²­ÕáOþ5��Ñ E,äk²­

Oþ5, l
�´rÝ�λ�ÑtL§. Ïd�2��5 ��éÑ 
ó¿�X��Oê�5.

¤±¤¦²þ�mt = E(T5). dT5ÑlΓ(5, λ)©Ù��t = 5/λ.

2.3.3 ���m�^�©Ù

½n7.8 �{Tn, n ≥ 1}´rÝ�λ�ÑtL§N = {N(t), t ≥ 0}�����S�, @oé?

¿0 ≤ s1 < t1 < · · · ≤ sn < tn ≤ t,

P(Tj ∈ (sj , tj), 1 ≤ j ≤ n|N(t) = n) =
n!

tn

n∏
j=1

(tj − sj).

y² ?�0 = t0 ≤ s1 < t1 ≤ s2 < · · · ≤ sn < tn ≤ t,

P(Tj ∈ (sj , tj ], 1 ≤ j ≤ n|N(t) = n)

= P
(
N(tj)−N(sj) = 1, N(sj)−N(tj−1) = 0,

1 ≤ j ≤ n,N(t)−N(tn) = 0
∣∣N(t) = n

)
=

n∏
j=1

[λ(tj − sj)e−λ(tj−tj−1)]e−λ(t−tn)/[
(λt)n

n!
e−λt] =

n!

tn

n∏
j=1

(tj − sj).

½n�y.

®�n�Õá(0, t]þþ!©Ù�ÅCþX1, X2, · · · , Xn�gSÚOþ

(X(1), X(2), · · · , X(n))

�VÇ�Ý¼ê�

p(x1, · · · , xn) = n!t−n, 0 < x1 < x2 < · · · < xn < t,

l
é?¿0 ≤ s1 < t1 < · · · ≤ sn < tn ≤ t, VÇ

P(X(j) ∈ (sj , tj), 1 ≤ j ≤ n) =
n!

tn

n∏
j=1

(tj − sj).
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'�þª�½n7.8(Ø§·���3©Ù¿Âe

(T1, T2, · · · , Tn|N(t) = n)
d
= (X(1), X(2), · · · , X(n)),

=�½^�N(t) = n�, T1, · · · , Tn�w�n�Õá�(0, t]þþ!©Ù�ÅCþ�gSÚO

þ.

~7.3 (�~7.2)¦110 ������m©ÙÚ²þ�m.

) d½n7.8, 3^�N(T ) = 10e, 110������mT10�10�Õá�(0, T ]þþ!©Ù

�ÅCþ���gSÚOþ�Ó. ÏdT10��Ý¼ê�

f(x) = 10
x9

T 10
.

²þ�m

E(T10) =

∫ T

0

xf(x)dx = 10T

∫ 1

0

x10 dx =
10T

11
. �

��½n7.8�A^, ·�kXeíØ.

íØ7.9 �n�¼êf(x1, x2 · · · , xn)÷véu?¿��n?ü�(t1, t2, · · · , tn)Ñk

f(x1, x2, · · · , xn) = f(xt1 , xt2 , · · · , xtn).

@o

E(f(T1, T2, · · · , Tn)|N(t) = n) = E(f(X1, X2, · · · , Xn)),

Ù¥X1, · · · , XnÑl(0, t]þþ!©Ù�Õá�ÅCþ.

y² d½n7.8��

E(f(T1, T2, · · · , Tn)|N(t) = n) = E(f(X(1), X(2), · · · , X(n)).

dugSÚOþ�´X1, · · · , Xn��«ü�, df�^�b���

E(f(X(1), X(2), · · · , X(n)) = E(f(X1, · · · , Xn)),

?
(Ø¤á.

~7.4 À��rÝ�λ�ÑtL§���Õ, e»�3��tlÕ, ¦3(0, t) «mS���À

��²þo���m.

) P1k À������Tk, t�c��oÀ�ê N(t), Ko���m�

T =

N(t)∑
i=1

(t− Ti).

¤¦²þo���m�

T̄ = E(T ) = E(

N(t)∑
i=1

(t− Ti)) = E
(
E
(N(t)∑
i=1

(t− Ti)|N(t)
))

=

∞∑
n=1

E
( n∑
i=1

(t− Ti)|N(t) = n
)
P(N(t) = n)
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w,UCTigSØ¬K�
∑n
i=1(t− Ti)�(J, díØ7.9,

T̄ =

∞∑
n=1

E
( n∑
i=1

(t−Xi)
)
P(N(t) = n) =

∞∑
n=1

(
nt− E(

n∑
i=1

Xi)
)
P(N(t) = n)

=

∞∑
n=1

nt

2
P(N(t) = n) =

t

2
E(N(t)) =

λt2

2
. �

~7.5* �ÑtL§N�rÝ�λ, Tk�����, k ≥ 1. e
∫∞

0
|f(t)|dt <∞, y²

E(

∞∑
n=1

f(Tn)) = λ

∫ ∞
0

f(t)dt.

y² k�f�K. d�düNÂñ½n(½n4.14)

E(

∞∑
n=1

f(Tn)) =

∞∑
n=1

E(f(Tn)) =

∞∑
n=1

∫ ∞
0

f(t)
λntn−1

(n− 1)!
e−λtdt

=

∫ ∞
0

f(t)

∞∑
n=1

λntn−1

(n− 1)!
e−λtdt = λ

∫ ∞
0

f(t)dt.

é���f , 5¿�f = f+ − f− = f ∨ 0− (−f) ∨ 0. df�K�/�?Ø��

E
( ∞∑
n=1

|f(Tn)|
)
<∞, E

( ∞∑
n=1

f+(Tn)
)
<∞, E

( ∞∑
n=1

f−(Tn)
)
<∞.

ùL²?ê
∞∑
n=1

f(Tn),
∞∑
n=1

f+(Tn) Ú
∞∑
n=1

f−(Tn) ÑA�??Âñ. Ïd

∞∑
n=1

f(Tn) =

∞∑
n=1

(f+(Tn)− f−(Tn)) =

∞∑
n=1

f+(Tn)−
∞∑
n=1

f−(Tn),

A�??¤á. l


E
( ∞∑
n=1

f(Tn)
)

= E
( ∞∑
n=1

f+(Tn)
)
− E

( ∞∑
n=1

f−(Tn)
)

= λ

∫ ∞
0

[f+(t)− f−(t)]dt = λ

∫ ∞
0

f(t)dt. �

2.3.4 DÕL§

éuOêL§N = {N(t)}P¹��Å¯�, k�·�I�é�Å¯�?1©a, 'X

·�P¹��Õ1���, �±ò��U5O©¤üa, éA/OêL§Ò¬�©
. A

O, XJ·��¦z�¯�ÕáuÙ¦¯�±VÇpi8�1ia¯�, Ù¥ i = 1, · · · ,m�∑m
i=1 pi = 1, @o·�¡P¹1ia¯�u)gê�OêL§Ni = {Ni(t)}�N�DÕL§.

OêL§N�§�DÕL§Ni�m÷v: é?¿t,

N(t) =

m∑
i=1

Ni(t).

é?¿s < t, 3�½(s, t]�ãSo��Å¯�êN(t)−N(s)^�e, T«mS�a¯�u)

gê

(N1(t)−N1(s), N2(t)−N2(s), · · · , Nm(t)−Nm(s))
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�éÜ©Ù´±p1, p2, · · · , pm�u)VÇ�õ���©Ù(ë�~1.1), 
��Ù§Ø��«

mu)��Å¯�Ã'. =é?¿�K�êki, 1 ≤ i ≤ m, -k =
∑m
i=1 ki, @o

P(Ni(t)−Ni(s) = ki, 1 ≤ i ≤ m|N(t)−N(s) = k) =
k!

k1!k2! · · · km!
pk1

1 p
k2
2 · · · pkmm , (2.3.15)


�é?¿0 = t0 < t1 < · · · < tn, ±9�K�êkij , 1 ≤ i ≤ m, 1 ≤ j ≤ n,

P(Ni(tj)−Ni(tj−1) = kij , 1 ≤ i ≤ m, 1 ≤ j ≤ n|N(tl)−N(tl−1), l = 1, · · · , n)

=

n∏
j=1

P(Ni(tj)−Ni(tj−1) = kij , 1 ≤ i ≤ m|N(tj)−N(tj−1)). (2.3.16)

½n7.10 eN´rÝ�λ�ÑtL§, @o§�DÕL§N1, N2, · · · , Nm´Õá�ÑtL§,

rÝ©Oλp1, · · · , λpm.

y²* ·�ky²é?¿i ≥ 1, Ni´rÝ�λpi�ÑtL§.

é?¿n ≥ 1, ?�0 = t0 < t1 < · · · < tn±9�K�êk1, · · · , kn. dN �ÕáOþ5

Ú(2.3.16) ��

P(Ni(tj)−Ni(tj−1) = kj , j = 1, · · · , n)

= E[P(Ni(tj)−Ni(tj−1) = kj , j = 1, · · · , n|N(tl)−N(tl−1), l = 1, · · · , n)]

= E
[ n∏
j=1

P(Ni(tj)−Ni(tj−1) = kj |N(tj)−N(tj−1))
]

=

n∏
j=1

E[P(Ni(tj)−Ni(tj−1) = kj |N(tj)−N(tj−1))]

=

n∏
j=1

P(Ni(tj)−Ni(tj−1) = kj).

ÏdNiäkÕáOþ. 5¿�é?¿t > s ≥ 0±9�K�êk,

P(Ni(t)−Ni(s) = k) =

∞∑
r=0

P(Ni(t)−Ni(s) = k,N(t)−N(s) = k + r)

=

∞∑
r=0

P(Ni(t)−Ni(s) = k|N(t)−N(s) = k + r)P(N(t)−N(s) = k + r).

d(2.3.15)�

P(Ni(t)−Ni(s) = k) =

∞∑
r=0

Ckk+rp
k
i (1− pi)r

[λ(t− s)]k+r

(k + r)!
e−λ(t−s)

=
[piλ(t− s)]ke−λ(t−s)

k!

∞∑
r=0

[λ(1− pi)(t− s)]r

r!

=
[piλ(t− s)]ke−λ(t−s)

k!
eλ(1−pi)(t−s) =

[piλ(t− s)]k

k!
e−λpi(t−s).

ÏdNik²­Oþ�OþNi(t)−Ni(s)ÑlrÝ�piλ(t−s)�Ñt©Ù.d½n7.5��Ni´

rÝ�λpi�ÑtL§.
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é?¿n ≥ 1±9?¿0 = t0 < t1 < · · · < tn, ?��K�êki,j , 1 ≤ i ≤ m, 1 ≤ j ≤ n,

¿-kj =
∑m
i=1 ki,j±9

A = {N(tj)−N(tj−1) = kj , 1 ≤ j ≤ n}.

d^�VÇúªÚ(2.3.16)��

P(Ni(tj)−Ni(tj−1) = ki,j , 1 ≤ i ≤ m, 1 ≤ j ≤ n)

= P(Ni(tj)−Ni(tj−1) = ki,j , 1 ≤ i ≤ m, 1 ≤ j ≤ n|A)P(A)

= P(A)

n∏
j=1

P(Ni(tj)−Ni(tj−1) = ki,j , 1 ≤ i ≤ m|N(tj)−N(tj−1) = kj).

2d(2.3.15)ÚN�ÕáOþÑt©Ù��

P(Ni(tj)−Ni(tj−1) = ki,j , 1 ≤ i ≤ m, 1 ≤ j ≤ n)

=

n∏
j=1

[ kj !

k1,j !k2,j ! · · · km,j !
p
k1,j

1 · · · pkm,jm

[λ(tj − tj−1)]kj

kj !
e−λ(tj−tj−1)

]
=

m∏
i=1

[ n∏
j=1

[λpi(tj − tj−1)]ki,j

ki,j !
e−λpi(tj−tj−1)

]
=
∏
i=1

P
(
Ni(tj)−Ni(tj−1) = ki,j , 1 ≤ j ≤ n

)
.

Ïd(Ni(t1), · · · , Ni(tn)), i = 1, · · · ,m �pÕá. d�ÅL§Õá5�O^�(ë�SK5-

3)��DÕL§Ni, i = 1, · · · ,mÕá.

~7.6 ,û|��±��rÝ�z��20<�ÑtL§��, Ù¥10%�I5, 90%�å5.

(1)¯����S��k1�I�����VÇp. (2)®����Sk4�I����^�e,

����oê�Ï"n.

) ±N1(t), N2(t)©OP¹t�cI, å�����<ê. @oN1, N2©O´rÝ�2Ú18�Ñ

tL§�Õá. ¤±

(1)¤¦VÇp = P
(
N1(0.5) ≥ 1

)
= 1− P

(
N1(0.5) = 0

)
= 1− e−1.

(2)¤¦Ï"�n = 4 + E
(
N2(1)|N1(1) = 4

)
= 4 + E

(
N2(1)

)
= 4 + 18 = 22.

2.3.5 �àgÑtL§

ÑtL§�¦rÝ�~ê, ù�^�¦ÑtL§{ü´?n, ��y¢�¹¬k���

É. ÑtL§��«í2´¤¢�àgÑtL§, §�½ÂXeµ

½Â7.3 ¡OêL§N = {N(t), t ≥ 0}´��rÝ�λ(t)��àgÑtL§, e¨÷v:

(1) N(0) = 0;

(2) NäkÕáOþ;
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(3) é?¿0 ≤ s < t, N(t)−N(s)ÑlrÝ�
∫ t
s
λ(u)du�Ñt©Ù.

d½Â��é�àg�ÑtL§, 3?¿��t, N(t)ÑlrÝ�
∫ t

0
λ(u)du �Ñt©Ù.

ÏddOêL§Ä�¯�u)�mT1�©Ù÷v

P(T1 > t) = P(N(t) = 0) = e−
∫ t
0
λ(u)du,

l
�Ý¼ê�

f(t) = λ(t)e−
∫ t
0
λ(u)du, t ≥ 0.

~7.7 ®�,�A3ØÓ�mã���¯¯�´Õá�, 3�þ11 : 00�11 : 30, ��

U10</����Ý�¯, 
11 : 30− 12 : 00U6</����Ý�¯. ¯311 : 00− 12 : 00v

k���¯�VÇº

) dub½ØÓ�mã���¯¯�´Õá�, 
�ØÓ�m�¯�ÝØÓ, Ïd�±^

�àgÑtL§�xN(t). ±�11:00�å©�m, 30 < t ≤ 0.5�mãSN(t)�rÝ�10,

30.5 < t ≤ 1�mãSrÝ�6. Ïd¤¦VÇp = e−8.

�àgÑtL§�¬g,Ñy3ÑtL§�DÕL§¥, í2½n7.10�:

½n7.11 erÝ�λ�ÑtL§3?¿��tP¹�¯�±VÇpi(t) 8�1ia¯�, ��Ù

¦¯�Õá, Ù¥ i = 1, · · · ,m �
∑m
i=1 pi(t) = 1. @oP¹1ia¯�u)gê�OêL

§Ni = {Ni(t)}Ò´��rÝ�λpi(t)��àgÑtL§, 
�N1, N2, · · · , Nm�pÕá.

y²* Äk, l½n^�b�N´wÑ, (2.3.16)E,¤á.

é?��0 ≤ s < tÚ�K�ên, ?��K�ên1, · · · , nm¦�n1 + · · · + nm = n. ò

�I1, 2, · · · , n�Å/©¤m|¦�z|¥�I�ê©O´n1, n2, · · · , nm. ò¤kù«©{

�8ÜP¤A. d|ÜêO���A¥�kK := n!
n1!n2!···nm! «©{, ¿^PÒbi, 1 ≤ i ≤ K

L«. ±Bi(j), 1 ≤ j ≤ m L«3biù«©{eá\1j|�nj ��I�¤�8Ü. é?

¿(x1, x2, · · · , xn) ∈ (s, t]n, ½Â

f(x1, x2, · · · , xn) =

K∑
i=1

∏
r∈Bi(1)

p1(xr)
∏

r∈Bi(2)

p2(xr) · · ·
∏

r∈Bi(m)

pm(xr).

¼êf÷v

(1) ?¿N�(x1, x2, · · · , xn)�gS
(
PN���(J�(y1, y2, · · · , yn)

)
, d|Ü�ÃgS5

±9¦{����5��

f(y1, y2, · · · , yn) =

K∑
i=1

∏
r∈Bi(1)

p1(yr)
∏

r∈Bi(2)

p2(yr) · · ·
∏

r∈Bi(m)

pm(yr)

=

K∑
i=1

∏
r∈Bi(1)

p1(yr)
∏

r∈Bi(2)

p2(yr) · · ·
∏

r∈Bi(m)

pm(yr)
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= f(x1, x2, · · · , xn).

(2) e�	^�VÇ

P
(
Ni(t)−Ni(s) = ni, 1 ≤ i ≤ m|T1, · · · , Tn, N(t)−N(s) = n

)
Ù¥T1, · · · , TnL«N3(s, t)Sng¯�u)���. d�¯�

{Ni(t)−Ni(s) = ni, 1 ≤ i ≤ m}

�w�3n�äkm«�U(J�Õá�Å¢�¥(zg¢�(JÑy�VÇ�±ØÓ),�«

(JÑygê©O�n1, n2, · · · , nm��Å¯�. Ïd�¤T�Å¯��¤k�U�|Ü�

{T�8ÜA, 
Az«|ÜbiÑy�VÇ�∏
r∈Bi(1)

p1(Ti)
∏

r∈Bi(2)

p2(Tr) · · ·
∏

r∈Bi(m)

pm(Tr).

Ïd

P(Ni(t)−Ni(s) = ni, 1 ≤ i ≤ m|T1, · · · , Tn, N(t)−N(s) = n)

=

K∑
i=1

∏
r∈Bi(1)

p1(Ti)
∏

r∈Bi(2)

p2(Tr) · · ·
∏

r∈Bi(m)

pm(Tr)

= f(T1, T2, · · · , Tn).

dÑtL§�²­ÕáOþ5�, íØ7.9±9^�êÆÏ"5���

P(Ni(t)−Ni(s) = ni, 1 ≤ i ≤ m|N(t)−N(s) = n)

= E(fn(T1, · · · , Tn)|N(t)−N(s) = n) = E(f(X1, · · · , Xn))

=

K∑
i=1

E
( ∏
r∈Bi(1)

p1(Xr)
∏

r∈Bi(2)

p2(Xr) · · ·
∏

r∈Bi(m)

pm(Xr)
)

=
n!

n1!n2! · · ·nm!

[ 1

t− s

∫ t

s

p1(u)du
]n1

· · ·
[ 1

t− s

∫ t

s

pm(u)du
]nm

, (2.3.17)

Ù¥X1, · · · , Xn�n�Õá�(s, t)þ!©Ù�ÅCþ.

ò(2.3.17)O�(2.3.15), ­E½n7.10�y²��½n(Ø.

~7.8 b�û|��UrÝ�K</���ÑtL§��, z���3û|Ê3�mÑl�Ç

�λ��ê©Ù. û|i�XÚ3c�m©ó�!c + d�Ê�, b����i�XÚÓP��

VÇp �û|i�XÚó����3û|Ê3�mu÷v'Xªp = 1 − e−u, ¦û|i�X

Úó�d ��ÓP��²þ��êm(b½��1�´�pÕá�).

) P?¿��t?\û|���Ê3�m�Ut. @odK���, �t ≤ c�, ���i���

VÇ

pt = E(1{c−t≤Ut}(1− e−(Ut−c+t)∧d)) =
1− e−d(1+λ)

1 + λ
eλ(t−c).
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�d+ c > t > c�, ���i���VÇ

pt = E(1− e−Ut∧(d+c−t)) =
1− e(1+λ)(t−c−d)

1 + λ
.

Ïd3[0, c+ d]�ãS, �i�����UrÝ�Kpt��àgÑtL§��. l
�i��

²þ��ê�

m = K

∫ d+c

0

ptdt = K
[ (1− e−d(1+λ))(1− e−λc)

λ(1 + λ)
+

d

1 + λ
− 1− e−(1+λ)d

(1 + λ)2

]
. �

öSK ±eo�N = {N(t), t ≥ 0}´rÝ�λ�ÑtL§.

7.1 �T0 = 0, {Tk}k≥1 ´üNØü��K�ÅCþS�. é?¿t ≥ 0, -N(t) = sup{k ≥ 0 :

Tk ≤ t}. y²

(1) é?¿k ≥ 1, Tk = inf{t : N(t) ≥ k}. (2) N(t) + 1 = inf{k ≥ 0 : Tk > t}.

7.2* e~7.2¥ÑtL§N�rÝλ��, Á�Ñλ�4�q,�O¿ddO�cÚt.

7.3 é?¿0 < s < t, n ≥ 1, y²

P(N(s) = k|N(t) = n) = Ckn

(s
t

)k (
1− s

t

)n−k
, k = 0, 1, · · · , n

7.4 ��ÅCþT�NÕá�é?¿t > 0, P(T > t) = e−µt. y²

P(N(T ) = k) =
µ

λ+ µ

(
λ

λ+ µ

)k
, k = 0, 1, 2, · · · .

7.5 é?¿k ≥ 0, -TkL«1kg�Å¯�u)��mS�. é?¿t > x > 0, ¦(1)

P(t− Tk > x|N(t) = k), (2) P(t− TN(t) > x).

7.6 é?¿k ≥ 1, -WkL«1kg¯�����m, é?¿x > 0, ¦(1) P(Wk+1 > x|N(t) =

k), (2) P(WN(t)+1 > x).

7.7 >K�*¯��ÑlrÝ�50<z���ÑtL§, Ù¥40%´I5, 60%´å5. b½

*¯��´��Õá�. (1)¦cn����*¯´å5�VÇº¶(2)®���ü¶*¯3

�Nc5 ©¨S��, ¯¦�´�Ncü©¨���VÇº(3)b½*¯50%�UØï��s,

30% ï1���s, 20%ïü���s. ±N0, N1, N2©OL«���Svï, ï��, ïü�

��s<ê, ¦(N0, N1, N2)�éÜ©Ù.

7.8* y²Ún7.6�7�5.

7.9* eN(0) = 0�é?¿n ≥ 1±90 = t0 < t1 < · · · < tnÚ�K�êk1, · · · , kn, (2.3.5)o

¤á, y²N = {N(t), t ≥ 0}´²­ÕáOþL§�é?¿t, s ≥ 0, N(t + s) −N(s)Ñlr

Ý�λt�Ñt©Ù

7.10 �Ä��{ü�p�ú´\��.. b�ð�±�Ç�z©¨5ý�ÑtL§��p

�ú´`\�, ?\p��zýð�á=Õá/±40%��U�A/, 60%��U� ��
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ØÓ�B/, ¿�±þ!©ÙÀJ(80, 120)m�,��Ý!�1¨. (1) l,��m©�*

	�ëYüýð�Ñ A/(å, ¦ùã�m�²þ�Ý. (2) e3���S*	� A/ð

�100ý, ¯3d���S���ýc B/ð���`\��²þ�m? (ed���Sv

k B/�ð�§K@����m�0) (3) ,�l`\�?\p��±100úpz���Ý

c B/, ¦20©¨S�LT�½�T��L�ð�êþ²þê.
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1nÙ lÑ�mê¼ó

þ�Ù0��üa�ÅL§Ñäk²­ÕáOþ5�. ù«5��·�?Ø�5é��

�B, �3y¢¯K¥ù��5�¿Ø~k. <��N´*	½�UCq*	��«¤¢�

^�Õá5. éù«y�ï��±¦^¤¢�ê¼L§. �Ù0�Ù¥�a{ü��.))

lÑ�mlÑG��ê¼L§.

3.1 ê¼ó�½Â�Þ~

3.1.1 ^�Õá�ê¼ó

½Â8.1 ¡�Å¯�A,B3¯�C(�¦P(C) > 0), u)^�eÕá, e

P(AB|C) = P(A|C)P(B|C).

{¡A,B^�Õá.

é^�Õá, Xe5�¤á

5�8.1 �A,B,Cþ�VÇ�0¯�, @o±en^�dµ

(1) A,B3¯�Ce^�Õá;

(2) P(A|BC) = P(A|C);

(3) P(B|AC) = P(B|C).

y² (1)⇒ (2), (3): dP(AB|C) = P(A|C)P(B|C)��

P(ABC) = P(A|C)P(B|C)P(C) = P(AC)P(B|C) = P(A|C)P(BC)

l


P(A|BC) = P(A|C), P(B|AC) = P(B|C).

(2)⇒ (1): dP(A|BC) = P(A|C)��

P(ABC) = P(A|C)P(BC)

ü>Ø±P(C)�P(AB|C) = P(A|C)P(B|C).
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aq��(3)⇒ (1). y..

ò^�Õá�b�^��ÅL§þÒ�½Â¤¢�ê¼5(Markov Property). �*


óÒ´�¦3�ÅL§®�?���t�(�G��, t��u)��Å¯��t�c��Å¯

�Õá. 'X

~8.1 b½~5.1¥�Ùä3,���t(y3)Ã¥Êè�x, ²�w�·�, ¦3d�(�5)�

ÑI�ûud��Êèê
�t �c(L�)�Êè9ÑIÃ'.

~8.2 b½��-fpkùxü«ôÚ�2N�¥, �Xe�Ä¥iZ¿*	Ù¥ù¥�Ä

�Cz: l-¥?¿ÄÑ��¥, XJ´ù¥Ò�\��x¥, XJÄÑ´x¥Ò�\��

ù¥. ±Xn L«1ngÄ��-pù¥ê. e®�1k(y3)gÄ��-pkm�ù¥, @

ok��(�5)l-p�Ñù/x¥��¹�k�c(L�)�Ñù/x¥�¹Ã'.

¡äkù«ê¼5��ÅL§�ê¼L§. ��§�0�Ù¥äklÑëêÚlÑG�

��/, ·�¡ù«ê¼L§�lÑ�mê¼ó, {¡�ê¼ó. du�êG��m¥��

o�±ÏL·�IÒ«©, Ïd�ÙSNéG�lÑ��þ��ÅL§�¤á. ��Qã�

B, ±e·�o�G��mS ��ê�¤�8Ü. ê¼ó½ÂXeµ

½Â8.2 �X = {Xn;n ≥ 0}´VÇ�m(Ω,F,P)þ�ÅL§, G��mS ⊂ Z, ¡X =

{Xn;n ≥ 0}�lÑ�mê¼ó, XJé?¿n ≥ 1, i0, · · · , in−1, i, j ∈ S,

P(Xn+1 = j|X0 = i0, · · · , Xn−1 = in−1, Xn = i) = P(Xn+1 = j|Xn = i). (3.1.1)

~8.3(�;�.) �ξi, i = 1, 2, · · ·�ÕáÓ©Ù��K�ê��ÅCþ, -

X0 = K, Xn =


0 ∨ (Xn−1 − ξn), k < Xn−1 ≤ K,

0 ∨ (K − ξn), Xn−1 ≤ k,
n ≥ 1,

Ù¥k < K��½�ü���ê. @oX = {Xn, n ≥ 0}�lÑ�mê¼ó.

y² w,X�G��mS = {0, 1 · · · ,K}. é?¿n ≥ 1 ±9i1, · · · , in+1 ∈ S,

P(Xn+1 = in+1|Xn = in, · · · , X1 = i1, X0 = K)

=


P((K − ξn+1) ∨ 0 = in+1|Xn = in, · · · , X0 = K), in ≤ k,

P((in − ξn+1) ∨ 0 = in+1|Xn = in, · · · , X0 = K), k < in ≤ K,

é?¿i ≥ 1, dXi�½Â��Xi�Xi−1�ξi�¼ê, Xd48�\���Xi´�ÅC

þξ1, · · · , ξi�¼ê. ùL²¯�

{Xn = in, · · · , X1 = i1, X0 = K}
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d�ÅCþξ1, · · · , ξn(½. 2d{ξi, i ≥ 1}�Õá5

P(Xn+1 = in+1|Xn = in, · · · , X1 = i1, X0 = K)

=


P((K − ξn+1) ∨ 0 = in+1), in ≤ k,

P((in − ξn+1) ∨ 0 = in+1), k < in ≤ K,

=


P((K − ξn+1) ∨ 0 = in+1|Xn = in), in ≤ k,

P((in − ξn+1) ∨ 0 = in+1|Xn = in), k < in ≤ K,

= P(Xn+1 = in+1|Xn = in).

¤±X�lÑ�mê¼ó.

��¡Tê¼ó�lÑ�;�., Ù¥ξiL«1i�±Ï�½|I¦þ, XiL«1i�±Ï

"�û¬ó;þ, K���¥�þ, k�ÖÀüÑ>.�, =e3z�±Ï"eû¬ó;þ�

ukKØÖÀ, eØ�uk, K3e��±Ïm©�ÖvÀÔ�K. 3Ô6+n¯K¥~'%

�¯K´(½Ü·�k,K�¦�ó;¤���.

58.2 I��Ñ�´3ê¼L§½Â¥�¦(���y3n���G�. ey3�G�Ø´

��®��, @o=¦´ê¼ó, ^�Õá5��UØ¤á. ~X, dSK6.1��(q, p)- �Å

iÄW´ê¼ó, eP(X0 = 0) = P(X0 = 2) = 1/2 �p 6= q, K

p = P(W2 = 2|W1 ∈ {1, 3},W0 = 0) 6= P(W2 = 2|W1 ∈ {1, 3}) =
p+ pq

1 + p
.

3.1.2 ê¼ó��d�x

3ê¼5¥·���±é�LL���5��Å¯�^�°��/ªL«.

½n8.2 X´ê¼ó��=�é?¿n ≥ 1, �K�ê0 ≤ t1 < t2 < · · · < tn < t, ±9�

êi1, · · · , in+1 ∈ S, Ñk

P(Xt = in+1|Xt1 = i1, Xt2 = i2, · · · , Xtn = in) = P(Xt = in+1|Xtn = in). (3.1.2)

y²* �I�y²7�5. Äk5¿�d�VÇúªÚ(3.1.1), é?¿n ≥ k ≥ 0

P(Xn+1 = in+1|Xk = ik, · · · , Xn−1 = in−1, Xn = in)

=
P(Xn+1 = in+1, Xn = in, · · ·Xk = ik)

P(Xn = in, · · ·Xk = ik)
.

=
∑

j0,··· ,jk−1∈S

P(Xn+1 = in+1, Xn = in, · · ·Xk = ik, Xk−1 = jk−1, · · · , X0 = j0)

P(Xn = in, · · ·Xk = ik)

=
∑

j0,··· ,jk−1∈S

[P(Xn+1 = in+1, Xn = in, · · ·Xk = ik, Xk−1 = jk−1, · · · , X0 = j0)

P(Xn = in, · · ·Xk = ik, Xk−1 = jk−1, · · · , X0 = j0)
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×P(Xn = in, · · ·Xk = ik, Xk−1 = jk−1, · · · , X0 = j0)

P(Xn = in, · · ·Xk = ik)

]
= P(Xn+1 = in+1|Xn = in) (3.1.3)

e¡·�y²é?¿m ≥ 1, n ≥ 0,

P(Xn+1 = in+1, · · · , Xn+m = in+m|Xk = ik, Xk+1 = ik+1 · · · , Xn = in)

= P(Xn+1 = in+1, · · · , Xn+m = in+m|Xn = in), 0 ≤ k ≤ n. (3.1.4)

�m = 1�(3.1.4)w,é?¿n ≥ 0±90 ≤ k ≤ n¤á. �m ≤ l − 1�(3.1.4)w,é?

¿n ≥ 0±90 ≤ k ≤ n¤á, @o�m = l�, é?¿n ≥ 0 ±90 ≤ k ≤ n, P

A = {Xk = ik, · · · , Xn−1 = in−1}, B = {Xn = in}, C = {Xn+1 = in+1},

D = {Xn+2 = in+2, · · · , Xn+l = in+l}.

d�d8Bb���

P(D|ABC) = P(D|C) = P(D|BC), P(C|AB) = P(C|B).

Ïd

l.h.s of (3.1.4) = P(CD|AB) = P(ABCD)/P(AB)

= P(D|ABC)P(C|BA) = P(D|C)P(C|B) = P(D|CB)P(C|B)

= P(DC|B) = r.h.s of (3.1.4).

dêÆ8B{��(3.1.4)w,é?¿m ≥ 1, n ≥ 0±90 ≤ k ≤ n¤á.

��·�5¿�,d�VÇúª

P(Xt = in+1|Xt1 = i1, Xt2 = i2, · · · , Xtn = in)

=
P(Xt = in+1Xt1 = i1, Xt2 = i2, · · · , Xtn = in)

P(Xt1 = i1, Xt2 = i2, · · · , Xtn = in)

=

s6=t1,··· ,tn∑
js∈S,0≤s<t

P(Xt = in+1, Xtk = ik, Xs = js, t1 ≤ s < t, s 6= tk, 1 ≤ k ≤ n)

P(Xt1 = i1, Xt2 = i2, · · · , Xtn = in)

2d(3.1.4)�

P(Xt = in+1|Xt1 = i1, Xt2 = i2, · · · , Xtn = in)

=
∑

js∈S,tn<s<t
P(Xt = in+1, Xs = js, tn < s < t|Xtn = in)

×
s6=t1,··· ,tn∑
js∈S,0≤s<tn

P(Xtk = ik, Xs = js, t1 ≤ s < tn, s 6= tk, 1 ≤ k ≤ n)

P(Xt1 = i1, Xt2 = i2, · · · , Xtn = in)

= P(Xt = in+1|Xtn = in)

ÏdX´ê¼ó.



75

?�Ú, d(3.1.4)´yé?¿����n����Å¯�

A = {Xn+k1 = in+1, · · · , Xn+kl = in+l},

Ú?¿��n�c��Å¯�

B = {Xt1 = i1, · · · , Xtm = im}

Ù¥0 ≤ t1 < · · · < tm < n, Ñk

P(AB|Xn = in) = P(A|Xn = in)P(B|Xn = in). (3.1.5)

äNy²�Öö�¤(ë�SK8.6).

3.1.3 =£VÇÝ
�C-K�§

d(3.1.2)Ú(3.1.1)��, élÑ�mê¼ó, e¡�^�VÇ´Ä��

P(Xn+m = j|Xn = i).

½Â8.3 ¡^�VÇP(Xn+m = j|Xn = i)�ê¼óXd��nG�i²m Ú=£�G�j�=

£VÇ, P�p
(n,n+m)
i,j ½p(n, i;n+m, j). eé?¿i, j,m, p

(n,n+m)
i,j �nÃ', =

P(Xn+m = j|Xn = i) = P(Xm = j|X0 = i)

é?¿i, j, n,m¤á, K¡=£VÇ´�à�(½²­�). d�~òp
(n,n+m)
i,j {P¤p

(m)
i,j , ¡

��lG�i�G�j �mÚ=£VÇ. AO{Pp
(1)
i,j �pi,j , ¿{¡�lG�i �G�j�=£

VÇ. �½p
(0)
i,j = δij =


1, i = j

0, i 6= j.

½Â8.4 ¡ê¼óX´�à�, XJX�=£VÇ´²­�.

½n8.3 �X = {Xn;n ≥ 0}´�àê¼ó, Ké?¿n,m ≥ 19i, j ∈ S

p
(n+m)
i,j =

∑
k∈S

p
(n)
i,k p

(m)
k,j . (3.1.6)

dd��p
(n)
i,j =

∑
j1∈S
· · ·

∑
jn−1∈S

pi,j1pj1,j2 · · · pjn−1,j .

y² �Iy²(3.1.6). d�VÇúª

p
(n+m)
i,j = P(Xn+m = j|X0 = i) =

∑
k∈S

P(Xn+m = j,Xn = k|X0 = i).

2d^�VÇúª�ê¼5(3.1.2)

P(Xn+m = j,Xn = k|X0 = i) =
P(Xn+m = j,Xn = k,X0 = i)

P(X0 = i)

=
P(Xn+m = j,Xn = k,X0 = i)

P(Xn = k,X0 = i)

P(Xn = k,X0 = i)

P(X0 = i)

= P(Xn+m = j|Xn = k)P(Xn = k|X0 = i) = p
(m)
k,j p

(n)
i,k
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dd��(3.1.6)¤á.

Ï~¡(3.1.6)�Chapmann-Kolmogorov(C-K)�§. y²C-K�§¥¤^�VÇúª!

^�VÇúª±9ê¼5�|Ü�{´ïÄê¼ó�Ä�E|.

±�eÃAO`², ��§¤�9ê¼óXÑ´�à�.

½Â8.5 òê¼óX = {Xn;n ≥ 0}¤k�=£VÇü¤Ý
/ªP = (pi,j)i,j∈S , ¡dÝ


�X�=£VÇÝ
; ¡P(n) = (p
(n)
i,j )i,j∈S �X�n�(Ú)=£VÇÝ
.

58.4 =£VÇÝ
÷v:

(1)pi,j ≥ 0, i, j ∈ S, (2)
∑
j∈S pi,j = 1, i ∈ S.

��¡÷vùü^��Ý
��ÅÝ
.

~8.4 dSK6.1±9(2.2.2)����þ�(q, p)�ÅiÄ´���àê¼ó, =£VÇÝ
�

P =



· · · · · · · · · · ·

· · · 0 p 0 0 0 · · ·

· · · q 0 p 0 0 · · ·

· · · 0 q 0 p 0 · · ·

· · · 0 0 q 0 p · · ·

· · · 0 0 0 q 0 · · ·

· · · · · · · · · · ·



.

�S�kk��G��, 'XS = {1, 2, · · · , N}, dC-K�§, é?¿n,m > 0

P(n+m) =
(
p

(n+m)
i,j

)
N

=
( N∑
k=1

p
(n)
i,k p

(m)
k,j

)
N×N

=
(
p

(n)
i,j

)
N

(
p

(m)
i,j

)
N

= P(n)P(m) = Pn+m.

aq�P{��^�SkÃ¡õ�G���/. Ïd·�ok

P(n+m) = P(n)P(m) = Pn+m.

w,, éG�k��ê¼ó, �
)ÙnÚ=£VÇÝ
, �±ÏL�5�ê¥ÆL�Ý


$�¢y.

~8.5 Ï~·�r�¬y©�eZ���, 'Xþ,¥,e3«, ©O±1, 2, 3L«. �
ïÄ�

¬���6Ä�¹, ?¿À�,�[x. Xn L«T[x1n �¤?��¬��.��{ü�

�¬Æ�.@�1n+ 1���¬/ ��ûuÙI���¬/ .eb½

P(Xn+1 = 1|Xn = 1) = 0.8, P(Xn+1 = 2|Xn = 1) = 0.1,

P(Xn+1 = 3|Xn = 1) = 0.1, P(Xn+1 = 1|Xn = 2) = 0.3,
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P(Xn+1 = 2|Xn = 2) = 0.4, P(Xn+1 = 3|Xn = 2) = 0.3,

P(Xn+1 = 1|Xn = 3) = 0.05, P(Xn+1 = 2|Xn = 3) = 0.1,

P(Xn+1 = 3|Xn = 3) = 0.85.

@o{Xn}�¤��ê¼ó, =£VÇÝ


P =


0.8 0.1 0.1

0.3 0.4 0.3

0.05 0.1 0.85

 .

dp��ê�£��, Pkn�ØÓA��1,0.3Ú0.75, éAA��þ���

(1, 1, 1)′, (1,−6, 1)′ Ú (−26,−6, 19)′.

Ïd

P =


1 1 −26

1 −6 −6

1 1 19




1 0 0

0 0.3 0

0 0 0.75


 1

315


108 45 162

25 −45 20

−7 0 7


 .

l
é?¿n ≥ 1,

P(n) = Pn =


1 1 −26

1 −6 −6

1 1 19




1 0 0

0 0.3n 0

0 0 0.75n


 1

315


108 45 162

25 −45 20

−7 0 7


 .

O����nÚ=£VÇÝ
P(n)�

1

315


108 + 25 · 0.3n + 182 · 0.75n 45− 45 · 0.3n 162 + 20 · 0.3n − 182 · 0.75n

108− 150 · 0.3n + 42 · 0.75n 45 + 270 · 0.3n 162− 120 · 0.3n − 42 · 0.75n

108 + 25 · 0.3n − 133 · 0.75n 45− 45 · 0.3n 162 + 20 · 0.3n + 133 · 0.75n

 .

'Xn = 5�,

P(5) =


0.480 0.143 0.377

0.373 0.145 0.482

0.243 0.142 0.615

 .

dd��

p
(5)
2,3 = P(X5 = 3|X0 = 2) = 0.482.

3T�.e, yI��¬¥��[Ì�¦Q��k48.2%�VÇ?u�¬e�.
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3.1.4 k��©Ù

½n8.4 �P = (pi,j)i,j∈S´ê¼óX�=£VÇÝ
, ��P(X0 = i) = pi, @oé?

¿0 ≤ t1 < t2 < · · · < tn±9i1, · · · , in ∈ S,

P(Xt1 = i1, Xi2 = i2, · · · , Xin = in) =
∑
i∈S

pip
(t1)
i,i1

p
(t2−t1)
i1,i2

· · · p(tn−tn−1)
in−1,in

.

y² d^�VÇúª�ê¼5

P(Xt1 = i1, · · · , Xtn = in)

= P(Xtn = in|Xtn−1
= in−1, · · · , Xt1 = i1)P(Xtn−1

= in−1, · · · , Xt1 = i1)

= p
(tn−tn−1)
in−1,in

P(Xtn−1
= in−1, · · · , Xt1 = i1) = · · ·

= p
(tn−tn−1)
in−1,in

· · · p(t2−t1)
i1,i2

∑
i∈S

P(Xt1 = i1, X0 = i)

=
∑
i∈S

pip
(t1)
i,i1

p
(t2−t1)
i1,i2

· · · p(tn−tn−1)
in−1,in

. �

½n8.4L²ê¼ó�k��©ÙdÐ©©Ù±9=£Ý
��(½. ?
, é?¿�½

��ÅÝ
P±9Ð©©Ùπ = {pi, i ∈ S}, dKolmogorov ½n���3��ê¼óX¦Ù

=£VÇÝ
T�P.

~8.6(üè�.) �ξi, i ≥ 1�ÕáÓ©Ù��K�ê��ÅCþ, ,�X0����K�ê

��ÅCþ��{ξi, i ≥ 1}Õá, én ≥ 1, -

Xn =


Xn−1 − 1 + ξn, Xn−1 > 0,

ξn, Xn−1 = 0.

y²X = {Xn;n ≥ 0}�lÑ�mê¼ó. ePpk = P(ξ1 = k), ¦X�=£VÇÝ
. ?�

Úe�uk = P(X0 = k), ¦P(X0 = 1, X1 = 2, X3 = 4).

y² w,X�G��mS = {0, 1 · · · }. é?¿n ≥ 1 ±9�K�êi0, · · · , in+1,

P(Xn+1 = in+1|Xn = in, · · · , X1 = i1, X0 = i0)

=


P(in − 1 + ξn+1 = in+1|Xn = in, · · · , X0 = i0), in > 0,

P(ξn+1 = in+1|Xn = in, · · · , X0 = i0), in = 0,

�~8.3aq�©Û��{Xn = in, · · · , X1 = i1, X0 = i0}d�ÅCþX0, ξ1, · · · , ξn (½. Ï

ddÕá5b�,

P(Xn+1 = in+1|Xn = in, · · · , X1 = i1, X0 = i0)
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=


P(in − 1 + ξn+1 = in+1), in > 0,

P(ξn+1 = in+1), in = 0,

=


P(in − 1 + ξn+1 = in+1|Xn = in), in > 0,

P(ξn+1 = in+1|Xn = in), in = 0,

= P(Xn+1 = in+1|Xn = in).

¤±X�lÑ�mê¼ó. ��O���

pi,j = P(X1 = j|X0 = i) =


P(ξ1 = j + 1− i), i 6= 0

P(ξ1 = j), i = 0

=


pj+1−i, i 6= 0�j + 1− i ≥ 0,

0; i 6= 0�j + 1− i < 0,

pj ; i = 0.

ÏdX�=£VÇÝ
�

P =



p0 p1 p2 p3 p4 · · ·

p0 p1 p2 p3 p4 · · ·

0 p0 p1 p2 p3 · · ·

0 0 p0 p1 p2 · · ·

0 0 0 p0 p1 · · ·

· · · · · · · ·



0

1

2

3

4

·
d½n8.4, k��©Ù

P(X0 = 1, X1 = 2, X3 = 4) = u1p1,2p
(2)
2,4

= u1p2(p2,1p1,4 + p2,2p2,4 + p2,3p3,4 + p2,4p4,4 + p2,5p5,4)

= u1p2(p0p4 + p1p3 + p2p2 + p3p1 + p4p0)

= u1p2(2p0p4 + 2p1p3 + p2p2). �

öSK

8.1 3ó;�.¥�P(ξ1 = 0) = 0.1,P(ξ1 = 1) = 0.2, P(ξ1 = 2) = 0.3, P(ξ1 = 3) = 0.2,

P(ξ1 = 4) = 0.2, k = 2, K = 4. ¦T�.�=£VÇÝ
.
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8.2 �ê¼ó�G��mS = {0, 1, 2}, =£VÇÝ
P =


1 0 0

1/4 1/2 1/4

0 0 1

, ¦n�=£Ý


P(n).

8.3 �N = {N(t), t ≥ 0}�ÑtL§. ?�t0 > 0. y²Y = {N(nt0), n ≥ 0}´ê¼ó.

8.4 (Wright-Fisher �.) �Ä��kN�ÄÏ��½+N, ÄÏ´A½aùü«a.. b½ù

�+N3n+ 1�ÄÏ�G�´ÏL��n �G�CÉ��. ?�Úb�z�ÄÏu)CÉ�

Å¬´��U�, dACÉ�a�VÇ�p, da CÉ�A �VÇ�q. ±XnL«n��ÄÏ¥A

��ê, @od�{Xn}Ò´�ê¼ó. Á�ÑT�.�=£VÇÝ
.

8.5 �X´G��m�S��àê¼ó, y²é?¿n ≥ 1, i ∈ S±9Sm ⊂ S, m ≥ 0,

P

( ∞⋂
m=n+1

{Xm ∈ Sm}
∣∣∣Xn = i,

n−1⋂
m=0

{Xm ∈ Sm}

)
= P

( ∞⋂
m=1

{Xm ∈ Sn+m}
∣∣∣X0 = i

)
.

8.6* Áy²(3.1.5).
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3.2 G�©a

±eo�ê¼óX = {Xn; n ≥ 0}�=£VÇÝ
P = (pi,j)i,j∈S . ��B, ©O

PE(·|X0 = i)ÚP(·|X0 = i) �Ei(·)ÚPi(·).

3.2.1 pÏ!���Ø��

½Â9.1 XJ�3n ≥ 0¦�p
(n)
i,j > 0, K¡G�i��G�j, P�i → j. ��, Ké?

¿n ≥ 0, p
(n)
i,j = 0, ¡G�iØ��G�j, P�i 6→ j. ei → j�j → i, K¡i, jpÏ, P

�i↔ j.

dup
(0)
i,j = δ(i, j) =


1, i = j

0, i 6= j

, Ïdé?¿G�i, §�gCo´pÏ�.

·K9.1 pÏ´�«�d'X. =pÏ'X÷v

(1)��5 i↔ i; (2)é¡5; i↔ j ⇒ j ↔ i; (3)D45 i↔ j, j ↔ k ⇒ i↔ k.

y² �Iy²(3)D45. di↔ j, j ↔ k��, �3�K�ên,m, r, l¦�

p
(n)
i,j > 0, p

(m)
j,i > 0, p

(r)
j,k > 0, p

(l)
k,j > 0.

dC-K�§��,

p
(n+r)
i,k ≥ p(n)

i,j p
(r)
j,k > 0; p

(l+m)
k,i ≥ p(l)

k,jp
(m)
j,i > 0.

Ïdi↔ k.

½Â9.2 PC(i) = {k ∈ S; k ↔ i}, ¡C(i)��¹G�i �pÏa. dpÏ�d5��C(i)¥

?¿üG�pÏ
�

C(i) ∩ C(j) 6= ∅ ⇔ C(i) = C(j).

AO, epii = 1, K¡i�áÂ�, d�C(i) = {i}. �L5, dC(i) = {i}ØUíÑi ´áÂ�.

~9.1 eê¼óX�=£VÇÝ
�

P =



1/3 2/3 0 0 0

0 1/2 1/2 0 0

3/4 1/4 0 0 0

0 0 1 0 0

0 0 0 1 0



0

1

2

3

4

@od0 → 1, 1 → 2, 2 → 0��{0, 1, 2} ⊂ C(0). 2d0 6→ 3, 0 6→ 4��{0, 1, 2} = C(0).

Ó���C(3) = {3}, C(4) = {4}. ÏdX�G��m�¹3�pÏaC(0), C(3), C(4). d
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�XØ´Ø���ê¼ó.

½Â9.3 ¡G�i´���, eé?¿j ∈ S, di→ j��j → i.

w,áÂ�´���, ?�ÚN´wÑ

5�9.2 ei´���, @oC(i)¥¤kG�Ñ´���. d�·�¡C(i) ���a.

y² ?�j ∈ C(i), ej → k, Kdi → j��i → k, 2di����, k → i, l
k ∈ C(i),

k → j. =j´���.

½Â9.4 eê¼óX�¤kG�Ñ´pÏ�, =é?¿i ∈ S, S = C(i), K¡X´Ø��

�(irreducible).

Ø��ó�G�Ñ´���.

~9.2 eê¼óX�=£VÇÝ
�

P =



1/3 2/3 0 0 0

0 1/2 1/2 0 0

3/4 0 0 0 1/4

0 0 1 0 0

0 0 0 1 0



0

1

2

3

4

@od0→ 1, 1→ 2, 2→ 0, 2→ 4, 4→ 3, 3→ 2��, X´Ø���.

~9.3 eê¼óX�=£VÇÝ
�

P =



1/3 2/3 0 0 0

0 1/2 1/2 0 0

3/4 1/4 0 0 0

0 0 0 0 1

0 0 0 1 0



0

1

2

3

4

@od0 → 1, 1 → 2, 2 → 0��, {0, 1, 2} ⊂ C(0). 2d0 6→ 3, 0 6→ 4��{0, 1, 2} = C(0).

Ó���C(3) = {3, 4}. ÏdX�G��m�¹2�pÏaC(0), C(3). d�X Ø´Ø���

ê¼ó.

3.2.2 ±Ï5

½Â9.5 �i´ê¼óX���G�, e��ê8{n ≥ 1; p
(n)
i,i > 0}��, Ù¥�����ú

Ïêdi¡�´G�i�±Ï. eé¤kn ≥ 1, p
(n)
i,i = 0, K�½i�±Ï´∞. ei�±Ï�1,

=di = 1, K¡i ´�±Ï�.
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d±Ï½Â��, edi † n, Kp
(n)
i,i = 0.

·K9.3 Ó��pÏa¥�G�±Ï�Ó, =é?¿j ∈ C(i), di = dj .

y² di↔ j��, �3��ên,m > 0¦�p
(n)
i,j > 0, p

(m)
j,i > 0. KdC-K�§,

p
(n+m)
i,i ≥ p(n)

i,j p
(m)
j,i > 0, p

(n+m)
j,j ≥ p(m)

j,i p
(n)
i,j > 0.

Ïddi|n+m, dj |n+m. ,	, é?¿l > 0, ep
(l)
i,i > 0, K

p
(n+m+l)
j,j ≥ p(m)

j,i p
(l)
i,ip

(n)
i,j > 0.

ùL²dj |l +m+ n, l
dj |l. dd��dj |di. aq��di|dj . Ïddi = dj .

½Â9.6 eê¼óX�z��G�Ñk�Ó�±Ïd, ¡X´d±Ïê¼ó. AO, ed = 1, K

¡X´�±Ï�.

~9.4 (q, p)-{ü�ÅiÄW´�±Ïd = 2�Ø��ê¼ó. ¯¢þé?¿i, j ∈ Z(Ø�

�j > i),

p
(j−i)
i,j = pj−i > 0, p

(j−i)
j,i = qj−i > 0.

¤±i↔ j, =Z = C(0), l
W´Ø���. é?¿i ∈ Z, d

p
(n)
i,i = p

(n)
0,0 =


0, n = 2k − 1,

Ck2kp
kqk, n = 2k,

��di = 2, ÏdW�±Ïd = 2.

~9.5 �Ä~7.6¥½Â�üè�.X, e0 < p0�p0 + p1 < 1, @oX´Ø����±Ïê¼

ó.

y² d0 < p0±90 < p0 + p1 < 1��, 7�3k ≥ 2¦�pk > 0. é?¿i, j ≥ 0, Ø�

�j > i, dp
(j−i)
j,i = pj−i0 > 0��j → i.

�L5, �i 6= 0�

p
((k−1)(j−i))
i,j ≥ p(j−i)

i,i+(k−1)(j−i)p
((k−2)(j−i))
i+(k−1)(j−i),j ≥ p

j−i
k p

(k−2)(j−i)
0 > 0,

=i→ j; 
�i = 0�, dpk > 0��0→ k±9k → j��0→ j.

Ïd, é?¿i, j ∈ S, i ↔ j, l
X´Ø���. 5¿�p0,0 = p0 > 0, G�0�±Ï

�d0 = 1. d·K9.2��X�¤kG�±Ïþ�1, ÏdX´�±Ï�.

½n9.4 �G�i�±Ï�d, K�3��êN¦�é?¿n ≥ N , p
(nd)
i,i > 0.

y² d±Ï½Â, �31 ≤ n1, · · · , ns¦�p(nk)
i,i > 0, k = 1, · · · , s, 
�n1, · · · , ns���ú

Ïê�d. dSK1.9, �3��êN , é?¿n ≥ N , �3��êr1, · · · , rs ¦�

nd = r1n1 + r2n2 + · · ·+ rsns.
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l


p
(nd)
i,i ≥

s∏
k=1

(p
(nk)
i,i )rk > 0.

ùL²(Ø¤á.

dd´�Xeü�íØ.

íØ9.5 PG�i�±Ï�di, ep
(m)
j,i > 0, @o�3N > 0¦�p

(m+ndi)
j,i > 0, n ≥ N .

íØ9.6 eG�i´�±Ï�, @o�3N > 0¦�é?¿n > N , p
(n)
i,i > 0.

3.2.3 ~���~�

½Â9.7 é?¿G�i ∈ S, ¡

τi = inf{n ≥ 1;Xn = i}

�G�i�Äg£��m, Ù¥5½inf ∅ = +∞.

59.1 τi´���U��+∞��ÅCþ, d�VÇúª��

{τi ≤ n} =

n⋃
k=1

{τi = k} =

n⋃
k=1

{Xk = i,Xk−1 6= i, · · · , X1 6= i},

Ïdé?¿n ≥ 1, ¯�{τi ≤ n}´Äu)��X3n9n�c�G�k'
�n ���G�Ã

'.

é?¿i, j ∈ S, -

f
(n)
i,j = Pi(τj = n) = P(Xn = j,Xn−1 6= j, · · · , X1 6= j|X0 = i), (3.2.1)

fi,j = Pi(τj <∞) =

∞∑
n=1

f
(n)
i,j . (3.2.2)

d½Â��, �j 6= i�, f
(n)
i,j L«liÑu�1nÚÄg��j�VÇ, 
fi,jL«lG�iÑ

u, 3k��mS��G�j�VÇ. �i = j�f
(n)
i,i L«li Ñu�1nÚÄg£�i�V

Ç,
fi,iL«liÑuk��mS£�G�i �VÇ. w,, é?¿i, j, ei 6→ j, Kfi,j = 0. d

	d

fi,j =

∞∑
n=1

P(Xn = j,Xn−1 6= j, · · · , X1 6= j|X0 = i) = Pi(
∞⋃
k=1

{Xk = j}),

��

0 ≤ f (n)
i,j ≤ p

(n)
i,j ≤ fi,j ≤ 1. (3.2.3)

½Â9.8 ¡G�i´~��(recurrent), XJfi,i = 1; ÄK¡��~��½63�(wL

�)(transient).

5�9.7 ei´~��, i→ j, @ofj,i = 1.
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y² ½Â

e
(n)
i,j = Pi(Xn = j,Xv 6= i, v = 1, · · · , n− 1). (3.2.4)

§L«liÑu, ¥åØ=Li
31nÚ��j�VÇ(BRVÇ). Ï�i → j, �3k > 0, ¦

�e
(k)
i,j > 0. efj,i < 1, @o

Pi(τi =∞) ≥ Pi(Xk = j,Xn 6= i, 1 ≤ n 6= k)

= Pi(Xk = j,Xn 6= i, 1 ≤ n < k)P(Xv 6= i, v > k|Xk = j,Xn 6= i, 1 ≤ n < k)

= e
(k)
ij P(Xn 6= i, n ≥ 1|X0 = j) = e

(k)
ij (1− fj,i) > 0.

d�i~�gñ, Ïdfj,i = 1.

d5�9.7±9(3.2.3)��, ei~�, @oi´���.

½n9.8 G�i~���=�
∞∑
n=0

p
(n)
i,i =∞. ei�~�, K

∞∑
n=0

p
(n)
i,i =

1

1− fi,i
.

y² -Fi,j(s) =
∞∑
n=1

snf
(n)
i,j , Pi,j(s) =

∞∑
n=0

snp
(n)
i,j , s ∈ (−1, 1). é?¿i, j ∈ S,

p
(n)
i,j =

n∑
k=1

Pi(τj = k,Xn = j) =

n∑
k=1

Pi(Xk = j,Xv 6= j, 1 ≤ v < k,Xn = j)

=

n∑
k=1

[
P(Xn = j|Xk = j,Xv 6= j, 1 ≤ v < k,X0 = i)

×Pi(Xk = j,Xv 6= j, 1 ≤ v < k)
]

=

n∑
k=1

f
(k)
i,j p

(n−k)
j,j . (3.2.5)

Ïd

Pi,i(s) = 1 +

∞∑
n=1

snp
(n)
i,i = 1 +

∞∑
n=1

sn
n∑
k=1

f
(k)
i,i p

(n−k)
i,i

= 1 +
∞∑
k=1

skf
(k)
i,i

∞∑
r=0

srp
(r)
i,i = 1 + Fi,i(s)Pi,i(s).

dd��

Pi,i(s) =
1

1− Fi,i(s)
. (3.2.6)

5¿�Fi,i(s)�Pi,i(s)þ��KXê��?ê¼ê, dSK1.5��

fi,i = Fi,i(1−),

∞∑
n=0

p
(n)
i,i = Pi,i(1−).

Ïdfi,i = 1⇔
∞∑
n=0

p
(n)
i,i =∞, 
�

fi,i < 1⇒
∞∑
n=0

p
(n)
i,i =

1

1− fi,i
,
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=½n(Ø¤á.

d½n9.8N´íÑ

íØ9.9 �G�i´~��, @oC(i)¥¤kG�Ñ~�, d�¡C(i)�~�a.

y² é?¿j ∈ C(i), i↔ j. �3m,n > 0¦�p
(m)
i,j > 0, p

(n)
j,i > 0. Ïd

∞∑
k=0

p
(k)
j,j ≥

∞∑
k=m+n

p
(n)
j,i p

(k−n−m)
i,i p

(m)
i,j = p

(n)
j,i p

(m)
i,j

∞∑
k=0

p
(k)
i,i = +∞,

ùL²j´~��.

díØ9.9��, ��pÏa¥G�½�´~��½�´�~��, e�´~��¡Tp

Ïa�~�a, ÄK¡��~�a. eØ��ó�G��m�~�a, K¡Tê¼ó�Ø�

�~�ó, ÄK¡�Ø���~�ó.

~9.6 d�VÐª, é?¿−1 < s < 1,

1− (1− 4pqs2)1/2 = 2pqs2 +

∞∑
k=2

(2k − 3)!!

2k
(4pq)k

k!
s2k.

éì~6.2(J��

f0,0 =

∞∑
k=1

f0,0(2k) = lim
s↑1

F0,0(s) = 1−
√

1− 4pq =


1, p = q = 1/2,

1− |p− q|, p 6= q.

Ïd(q, p)-{ü�ÅiÄ�G�0 ´~����=�p = q = 1/2. ,��¡, ~9.2L²(q, p)-

{ü�ÅiÄ´Ø���. Ïd(q, p)-{ü�ÅiÄ´~����=�p = q = 1/2.

~9.7 (p�{üé¡�ÅiÄ) ��þ{ü�ÅiÄ��í2�p��m. ±é¡�ÅiÄ

�~:

(1) eX = {Xn, n ≥ 0}´��3Z2 = {(i, j) : i, j ∈ Z}��àê¼ó¦�é?¿(i, j) ∈

Z2, p(i,j),(i+1,j) = p(i,j),(i−1,j) = p(i,j),(i,j+1) = p(i,j),(i,j−1) = 1/4, K¡X´²¡þ{

üé¡�ÅiÄ(½²¡�ê�f:þé¡�ÅiÄ).

(2) eX = {Xn, n ≥ 0}´��3Z3 = {(i, j, k) : i, j, k ∈ Z}��àê¼ó¦�é?

¿(i, j, k) ∈ Z3,

p(i,j,k),(i+1,j,k) = p(i,j,k),(i−1,j,k) = p(i,j,k),(i,j+1,k) = p(i,j,k),(i,j−1,k)

= p(i,j,k),(i,j,k+1) = p(i,j,k),(i,j,k−1) = 1/6,

K¡X´�m{üé¡�ÅiÄ(½�m�ê�f:þé¡�ÅiÄ).

N´y²²¡Ú�m�{üé¡�ÅiÄÑ´±Ï�2!Ø���ê¼ó. d	·��k²

¡þ{üé¡�ÅiÄ´~��,��m{üé¡�ÅiÄ´�~��. ¯¢þ, é�m{ü
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é¡�ÅiÄ·��XeO�ÙnÚ=£VÇ

p
(n)
(0,0,0),(0,0,0) =


0, n = 2k − 1,∑
r+l+s=k

(2k)!
r!r!l!l!s!s!

1
62k , n = 2k.

Ïd
∞∑
n=0

p
(n)
(0,0,0),(0,0,0) =

∞∑
k=0

∑
r+l+s=k

(2k)!

r!r!l!l!s!s!

1

62k

=

∞∑
k=0

1

62k

(2k)!

k!k!

k∑
r=0

k−r∑
l=0

[ k!

r!l!(k − r − l)!

]2
≤
∞∑
k=0

1

62k

(2k)!

k!k!
max

0≤r≤m≤k

{ k!

r!(m− r)!(k −m)!

} k∑
r=0

k−r∑
l=0

k!

r!l!(k − r − l)!
5¿� k!

r!l!(k−r−l)!´õ�ª(x+ y + z)kÐm��Xê, Ïd

k∑
r=0

k−r∑
l=0

k!

r!l!(k − r − l)!
= 3k.

,��¡, é?¿÷v^�0 ≤ r ≤ m ≤ k��K�êr,m,

k!

r!(m− r)!(k −m)!
= Cmk C

r
m.

5¿�é?¿��êm ≥ r, |Üê

Crm ≤ Cbm/2cm ,

Ù¥b·cL«��$�, Ïd

k!

r!(m− r)!(k −m)!
≤ Cmk Cbm/2cm .

qd

Cmk C
bm/2c
m

Cm−1
k C

b(m−1)/2c
m−1

=
k + 1−m
m− bm/2c

, 1 ≤ m ≤ k

��Cmk C
bm/2c
m 3m = mk = k − bk/3c?����. dd��

∞∑
n=0

p
(n)
(0,0,0),(0,0,0) ≤

∞∑
k=0

3k

62k

(2k)!

k!(k −mk)!bmk/2c!(mk − bmk/2c)!

5¿�mk ≈ 2k/3, dk¿©���Stirlingúª k! ≈
√

2πk(k/e)k, CqO���

(2k)!

k!(k −mk)!bmk/2c!(mk − bmk/2c)!
≈ 3

√
3

2π
√
π

22k3k

k3/2
.

Ïd�3~êM > 0¦�
∞∑
n=0

p
(n)
(0,0,0),(0,0,0) ≤M

∞∑
k=1

1

k3/2
<∞.

ùL²(0, 0, 0)´�~��, l
dØ��5���m{üé¡�ÅiÄ´�~��. ²¡þ

{üé¡�ÅiÄ�~�5u��{ü, ë�SK9.6.

·K9.10 -gi,i(m) = Pi(��km�n ≥ 1¦�Xn = i), gi,i = Pi({Xn = i}, i.o.), @
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ogi,i(m) = fmi,i. l
, ei ~�Kgi,i = 1; ei�~�Kgi,i = 0.

y² d�VÇúª±9^�VÇúª

gi,i(m+ 1) = Pi(��km+ 1�n ≥ 1¦�Xn = i)

=

∞∑
k=1

Pi(τi = k,��km�n ≥ k + 1¦�Xn = i)

=

∞∑
k=1

Pi(��km�n ≥ k + 1¦�Xn = i|τi = k)Pi(τi = k)

d�àê¼5(ë�SK8.5)

gi,i(m+ 1) =

∞∑
k=1

P(��km�n ≥ 1¦�Xn = i|X0 = i)Pi(τi = k)

= gi,i(m)

∞∑
k=1

f
(k)
i,i = gi,i(m)fi,i.

dd48'X¿5¿�gi,i(1) = fi,i��, é?¿m ≥ 1,

gi,i(m) = fmi,i.

-m→∞, dVÇëY5��gi,i = lim
m→∞

fmi,i, Ïd��(Øg,¤á.

d·K9.10��, G�i´~��, @oliÑuA�7,�±Ã¡g/£�i, ù�´/~

�0�i¡¹Â; ei´�~�(63)�, @odPi({Xn = i}, i.o.) = 0��, éA�¤k�ω,

Ñ�3����N(ω)¦�3N(ω)�XØ2�¯i.

½n9.11 Pê¼óXÄg£�G�i��m�τi. �τi < ∞. -Yn = Xτi+n, =é?¿ω,

Yn(ω) = Xτi(ω)+n(ω). @oY = {Yn, n ≥ 0} ´�X k�Ó=£VÇÝ
�ê¼ó�

�(τi, X0, · · · , Xτi) �pÕá"

y² Äk5¿�Y0 = Xτi = i´~þ, é?¿n ≥ 1, k0 ∈ S, k1, · · · , kn−1 ∈ S \ {i}, m ≥ 1,

0 ≤ n1 < · · · < nm, j1, · · · , jm ∈ S. -kn = i,

P
( n−1⋂
l=0

{Xl = kl} ∩ {τi = n} ∩
m⋂
r=1

{Ynr = jr}
)

= P
( n⋂
l=0

{Xl = kl} ∩
m⋂
r=1

{Xn+nr = jr}
)

= P
( n−1⋂
l=0

{Xl = kl} ∩ {Xn = i}
)
P
( m⋂
r=1

{Xn+nr = jr}|Xn = i
)

= P
( n−1⋂
l=0

{Xl = kl} ∩ {Xn = i}
)
Pi
( m⋂
r=1

{Xnr = jr}
)
.

ü>é�Ü�n ≥ 1§k0 ∈ S±9k1, · · · , kn−1 ∈ S \ {i}¦Ú�

P
( m⋂
r=1

{Ynr = jr}
)

= Pi
( m⋂
r=1

{Xnr = jr}
)
.
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?


P
( n−1⋂
l=0

{Xl = kl} ∩ {τi = n} ∩
m⋂
r=1

{Ynr = jr}
)

= P
( n−1⋂
l=0

{Xl = kl} ∩ {Xn = i}
)
Pi
( m⋂
r=1

{Ynr = jr}
)
.

ÏdY´�Xk�Ó=£VÇ¼ê�ê¼ó��(τi, X0, · · · , Xτi)�pÕá.

½n9.11L²òτiw�å:, d���ÅL§Y��Ò´0:liÑu��ê¼óX, 


�τi����Å¯��τi�c�¯��pÕá.

öSK ØAO`²	, ±eo�X�ê¼ó, =£VÇÝ
�(pi,j)i,j∈S .

9.1 �C´X���äkk�G�����pÏa. éA�¤k�ω, eX0(ω) ∈ C, y²�

3N(ω) ¦�é¤k�n ≥ N(ω), Xn(ω) 6∈ C.

9.2 Á�Eê¼óX¦�§�G��m���¹��äkÃ¡õG�����pÏa(P

�C)
��X0 ∈ C�P (Xn ∈ C, n ≥ 1) > 0.

9.3 ei↔ j�P§��±Ï�d, ep
(n)
i,j > 0, p

(m)
i,j > 0, y²d|n−m.

9.4 eG�i�~�, @oé?¿j ∈ S, lim
n→∞

p
(n)
j,i = 0.

9.5 ej�áÂG�, @o lim
n→∞

p
(n)
i,j = fi,j .

9.6 eC(i),C(j)´üØ�Ó���pÏa, @ofi,j = 0.

9.7 ��k����a7´~�a.

9.8 y²²¡þ{üé¡�ÅiÄ´~��.

9.9 �X = {Xn, n ≥ 0}Ø��d±Ïê¼ó, G��m�S"é?¿i ∈ S, -

Sk = {j ∈ S, pnd+k
i,j > 0, n ≥ 0}, k = 0, · · · , d− 1.

y²(1) Sk, 0 ≤ k ≤ d− 1pØ��
�S = ∪d−1
k=0Sk"

(2)-Yn = Xnd, @oY = {Yn, n ≥ 0}´±P(d)��Ú=£VÇÝ
��±Ïê¼ó. AO,

eX0 ∈ Sk, @oY´G��m�Sk��±Ïê¼ó"

9.10 �X = {X(n);n ≥ 0}�ê¼ó, -τ
(0)
i = 0, τ

(k)
i = inf{n > τ

(k−1)
i ;X(n) = i},

W
(k)
i = τ

(k)
i − τ (k−1)

i , k ≥ 1.

y²W
(k)
i , k ≥ 1,�pÕá, 
�W

(k)
i , k ≥ 2,k�Ó©Ù.

9.11* eG�j�±Ï�d, @o8Ü{n ≥ 1; f
(n)
j,j > 0}���úÏf��d.
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3.3 Ä�VÇ��m

3ê¼ó�ïÄÚA^�¥, G��Äg���m½Äg£��m´�~­��*

	Cþ. ù�!·�òÏLÏéT��O��{, ?�Ú?Øùa�ÅCþ�©Ù!5

��A^. �Qã�B, eÃAO(², �!o�ê¼óX = {Xn; n ≥ 0}�=£VÇÝ


P = (pi,j)i,j∈S .

3.3.1 �¯VÇ�©Ù

Äk·�òü�G�i�£��mτií2�G��mS¥?�f8Aþ. -

τA = inf{n ≥ 1, Xn ∈ A}.

τAL«Äg?\(£�)8ÜA��m. é?¿��ên ≥ 1, -

f
(n)
i,A = Pi(τA = n), fi,A =

∞∑
n=1

f
(n)
i,A ,

±9é?¿u ∈ [0, 1], ½Â

Fi,A(u) =

∞∑
n=1

f
(n)
i,Au

n.

@ofi,AÒ´liÑu3k��mS�¯(£�)A�VÇ. du?ê
∑∞
n=1 f

(n)
i,A ≤ 1, fi,A =

Fi,A(1). �fi,A = 1�, S�{f (n)
i,A }Ò´�ÅCþτA�©Ù�, Fi,A(u)Ò´éA�1¼ê;

�fi,A < 1 �, liÑu3k��mS��A�¯��UØu), �d�?ê�Xê'X��

S�{f (n)
i,A }�¼êFi,A(u) E´��éA�.

½n10.1 é?¿�½�A ⊂ S±9u ∈ [0, 1], {Fi,A(u); i ∈ S}´�5�§|

zi =
∑
k 6∈A

upi,kzk + u
∑
j∈A

pi,j , i ∈ S, (3.3.1)

����K). ={Fi,A(u); i ∈ S}��´�§|(3.3.1)��K)
�éT�§|�?¿�K

) {gi(u); i ∈ S}, Fi,A(u) ≤ gi(u) é��i ∈ S Ñ¤á.

y² PA(i, n, u) =
∑n
m=1 f

(m)
i,A um, K lim

n→∞
A(i, n, u) = Fi,A(u). d

A(i, n+ 1, u) =

n+1∑
m=1

f
(m)
i,A um = f

(1)
i,Au+

n+1∑
m=2

f
(m)
i,A um

=
∑
j∈A

pi,ju+

n+1∑
m=2

∑
k 6∈A

Pi(Xm ∈ A,X1 = k,Xv 6∈ A, 1 < v < m)um

dê¼5Ú�à5��

Pi(Xm ∈ A,X1 = k,Xv 6∈ A, 1 < v < m)

= Pi(X1 = k)P(Xm ∈ A,Xv 6∈ A, 2 < v < m|X1 = k) = pi,kf
(m−1)
k,A .
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Ïd

A(i, n+ 1, u) = u
∑
j∈A

pi,j +
∑
k 6∈A

n+1∑
m=2

upi,kf
(m−1)
k,A um−1

= u
∑
j∈A

pi,j + u
∑
k 6∈A

pi,kA(k, n, u).

ü>-n→∞�(ë�SK3-1)

Fi,A(u) = u
∑
j∈A

pi,j + u
∑
k 6∈A

pi,kFk,A(u).

Ïd{Fi,A(u), i ∈ S}(¢��§|(3.3.1)��K).

?�(3.3.1)��|�K){gi(u), i ∈ S}, d

gi(u) = u
∑
j∈A

pi,j + u
∑
k 6∈A

pi,kgk(u)

��

gi(u) ≥ A(i, 1, u) = u
∑
j∈A

pi,j

é?¿i ∈ S¤á. �é?¿i ∈ S, gi(u) ≥ A(i, k, u)é k = n− 1¤á, @od

A(i, n, u) =
∑
j∈A

upi,j +
∑
k 6∈A

upi,kA(k, n− 1, u) ≤
∑
j∈A

upi,j +
∑
k 6∈A

upi,kgk(u) = gi(u)

��é?¿i ∈ S, gi(u) ≥ A(i, k, u)ék = n�¤á.

dêÆ8B{��, é?¿i ∈ S±9?¿nÑk

gi(u) ≥ A(i, n, u).

-n→∞ �gi(u) ≥ Fi,A(u)é¤ki ∈ S¤á. ÏdFi,A(u)�(3.3.1)����K).

½n10.1�·�Jø
ÏL¦)�ê�§¼�τA©Ù��{. AO, eX´k�G�ê

¼ó, @od½n10.1, ·��±ÏL¦)¹k��Cþ��5�§|¼�τA�©Ù&E.

~10.1 �ê¼óX�=£VÇÝ
�



1/4 1/4 1/4 1/4

0 1/3 2/3 0

0 1 0 0

0 0 0 1


. ¦Fi,1(u)±9P0(τ1 = n), Ù

¥i = 0, 1, 2, 3, n�?¿��ê.

) d=£VÇÝ
·��±xÑG��Ú=£ãXeµ
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dd��3 6→ 1, Ïdé?¿u ∈ [0, 1], F3,1(u) = 0, ?
d½n10.1(�A = {1})��
F0,1(u) = up0,0F0,1(u) + up0,2F2,1(u) + up0,1,

F2,1(u) = up2,0F0,1(u) + up2,2F2,1(u) + up2,1,

F1,1(u) = up1,0F0,1(u) + up1,2F2,1(u) + up1,1.

dcü��§�  1− up0,0 −up0,2

−up2,0 1− up2,2


 F0,1(u)

F2,1(u)

 =

 up0,1

up2,1

 .

òp0,0 = p0,2 = p0,1 = 1/4, p2,0 = p2,2 = 0, p2,1 = 1�\¿O��

F0,1(u) =
u+ u2

4− u
, F2,1(u) = u.

òd(J�\1n��§¿5¿�p1,0 = 0, p1,1 = 1/3, p1,2 = 2/3, ·���

F1,1(u) =
2

3
u2 +

1

3
u.

é?¿0 ≤ u ≤ 1, d�?êÐmª,
∞∑
k=1

f
(k)
0,1 u

k = F0,1(u) =
[u

4
+
u2

4

] ∞∑
k=0

uk

4k
=
u

4
+

∞∑
k=2

5uk

4k

��f
(1)
0,1 = 1/4, f

(k)
0,1 = 5/4k, k ≥ 2.

~10.2 �W = {Wn}���þ(q, p)-{ü�ÅiÄ, ¦F0,1(u), u ∈ [0, 1].

) d½n9.1��{Fi,1(u)}i∈Z´�§|

zi =
∑
k 6=1

upi,kzk + upi,1, i ∈ Z,

����K). l


F0,1(u) = up+ uqF−1,1(u). (3.3.2)

5¿�é?¿n ≥ 1±9?¿i ∈ Z,j ≥ 2, dÕáOþ5

f
(n)
i,i+j = P(τi+j = n|W0 = i) = P(Wn = i+ j,Wk < i+ j, 0 < k < n|W0 = i)

= P(Wn −W0 = j,Wk −W0 < j, 0 < k < n)

= P(Wn = j,Wk < j, 0 < k < n|W0 = 0) = f
(n)
0,j .

AO

f
(n)
0,2 = P(Wn = 2,Wk < 2, 0 < k < n|W0 = 0)

=

n−1∑
j=1

P(Wn = 2,Wk < 2, j < k < n,Wj = 1,Wl < 1, 0 < l < j|W0 = 0)

dê¼5

P(Wn = 2,Wk < 2, j < k < n,Wj = 1,Wl < 1, 0 < l < j|W0 = 0)
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= P(Wj = 1,Wl < 1, 0 < l < j|W0 = 0)P(Wn = 2,Wk < 2, j < k < n|Wj = 1)

5¿�W�´�à�,

P(Wn = 2,Wk < 2, j < k < n|Wj = 1)

= P(Wn−j = 2,Wk < 2, 0 < k < n− j|W0 = 1) = f
(n−j)
1,2 .

Ïd

f
(n)
0,2 =

n−1∑
j=1

f
(j)
0,1f

(n−j)
1,2 =

n−1∑
j=1

f
(j)
0,1f

(n−j)
0,1 .

dd��

F−1,1(u) = F0,2(u) =

∞∑
n=2

f
(n)
0,2 u

n =

∞∑
n=2

n−1∑
j=1

f
(j)
0,1u

jf
(n−j)
0,1 un−j

=

∞∑
j=1

f
(j)
0,1u

j
∞∑
k=1

f
(k)
0,1 u

k =
[
F0,1(u)

]2
òÙ�\(3.3.2), 5¿�F0,1(u)����K), )�

F0,1(u) =
2pu

1 +
√

1− 4pqu2
. �

5¿�fi,j = lim
u→1−

Fi,j(u). d½n10.1N´��Xe'u�¯VÇ�~^(J.

íØ10.2 é?¿�½�j ∈ S, {fi,j ; i ∈ S}´�5�§|

zi =
∑
k 6=j

pi,kzk + pi,j , i ∈ S, (3.3.3)

����K).

~10.3 �[Õ1ò�±©a��ÜG�(0), &�ûÐ(1), öj(2)½ö�â(3). �±UìX

e=£VÇ3ØÓ�aO�m=£:

1 0 0 0

0.1 0.8 0.1 0

0.1 0.4 0.4 0.1

0 0 0 1


.

¦?u&�ûÐ?O��±�ª�ÜG��'~.

) d=£VÇÝ
·��±xÑG��Ú=£ãXeµ
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¤¦'~�VÇf10. du3 6→ 0, f3,0 = 0. díØ9.2��
f1,0 = p1,1f1,0 + p1,2f2,0 + p1,0 = 0.8f1,0 + 0.1f2,0 + 0.1,

f2,0 = p2,1f1,0 + p2,2f2,0 + p2,0 = 0.4f1,0 + 0.4f2,0 + 0.1.

dd)�f10 = 7/8, =�ªG��'~�87.5%.

�§|(3.3.1)�(3.3.3)3nØþ�é­�, §�·�Jø
�«ÏL�ä�§|�)�

5�(½ê¼ó~�5��{.

½n10.3 �XØ��, @oX~���=��3��G�j ∈ S¦��§|(3.3.3)�?¿�

|�K){ui; i ∈ S}÷vui ≥ 1 é��i ∈ S¤á.

y² ”7�5”µeØ��óX~�, KdíØ9.9Ú5�9.7��é?¿i, j ∈ S, fi,j = 1. l


�§|(3.3.1)����K){fi,j ; i ∈ S}ð�1, Ïdui ≥ 1 é��i ∈ S¤á.

”¿©5”µdb���{ui ≡ 1; i ∈ S}�(3.3.3)����K), l
díØ10.2 �

�fj,j = 1, =j�~��, 2díØ9.9 ��Ø��óX�~��.

~10.4 �ê¼óX�G��m��K�ê, =£VÇÝ
�

P =



r0 p0 0 0 0 · · ·

q1 r1 p1 0 0 · · ·

0 q2 r2 p2 0 · · ·

0 0 q3 r3 p3 · · ·
...

...
...

...
...

...



0

1

2

3

...

Ù¥p0 > 0, r0 + p0 = 1, qi + ri + pi = 1, pi, qi > 0, i ≥ 1. Ï~·�¡X�(2Â)����

�9��ÅiÄ. ?ØX�~�5.

) 3^�b�eN´y²X´Ø��ê¼ó. �j = 0, �	Xe�§|
z0 =

∑
k 6=0 p0,kzk + p0,0 = p0z1 + r0

z1 =
∑
k 6=0 p1,kzk + p1,0 = r1z1 + p1z2 + q1

zn =
∑
k 6=0 pz,kzk + pn,0 = qnzn−1 + rnzn + pnzn+1, n ≥ 2.

(3.3.4)

��

zn+1 − zn =
qn
pn

(zn − zn−1) = · · · = q1q2 · · · qn
p1p2 · · · pn

(z1 − 1).

dd��(3.3.4)��K)7÷vz0 = p0z1 + r0, 
�é?¿n ≥ 1,

zn+1 = z1 + (z1 − 1)

n∑
k=1

q1 · · · qk
p1 · · · pk

.

Ïd(1)�
∑∞
k=1

q1···qk
p1···pk = ∞�, d{zn, n ≥ 0}�K��z1 ≥ 1, l
zn ≥ 1, n ≥ 0. d½
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n10.3, d�X~�.

(2)�A =
∑∞
k=1

q1···qk
p1···pk <∞�, ��z1 ∈ (A/(1 +A), 1), ¦�

0 < z0 = p0z1 + r0 < 1 
� 0 < z1 +A(z1 − 1) < zn ≤ z1 < 1

é¤kn ≥ 1Ñ¤á, =(3.3.3)�3�K){zi, i ≥ 0}¦�z1 < 1. d�d½n10.3��X´�

~��.

3.3.2 ²þ�¯�m

é?¿i ∈ SÚA ⊂ S ·���±½Â

mi,A =

∞∑
n=1

nf
(n)
i,A . (3.3.5)

�fi,A = 1, =Pi(τA <∞) = 1�,

mi,A =
∑
n=1

nPi(τA = n) = Ei(τA)

L«liÑuÄg��G�j�²þ�m. AO, ei ´~��, mi,iL«Äg£�i�²þ�m,

¡�²þ£��m.

510.1�fi,A < 1�þ¡�VÇ)ºØ¤á, �mi,AE3�½^�e�x
τA�“þ�”&E.

5¿�

mi,A =
dFi,A(u)

du

∣∣∣
u=1

.

Ïde)�§(3.3.1)��¼êFi,A(u), ·��±ÏL¦�$��B/�Ñmi,A.

~10.5 é~10.1¥X, ¦mi,1, Ù¥i = 0, 1, 2, 3.

) é~10.1¥(JFi,1(u)¦�, ¿3�¼ê¥-u = 1��

m0,1 = 11/9, m1,1 = 5/3, m2,1 = 1, m3,1 = 0. �

ÏL¦)�§|(3.3.1)��¼êFi,A(u)k�ÿ¿Ø�B, e¡�½n�Ñ
ÏL)�§

����mi,A��{.

½n10.4 é?¿�½�A ⊂ S, {mi,A; i ∈ S}´�5�§|

zi =
∑
k 6∈A

pi,kzk + fi,A, i ∈ S (3.3.6)

����K).

y² Pbi,A(k) =
∑n
m=1mf

(m)
i,A , Kn→∞�bi,A(n) ↑ mi,A. d

bi,A(n+ 1) =

n+1∑
m=1

mf
(m)
i,A =

n∑
m=1

mf
(m+1)
i,A +

n+1∑
m=1

f
(m)
i,A
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=

n+1∑
m=1

f
(m)
i,A +

n∑
m=1

∑
k 6∈A

mPi(Xm+1 ∈ A,X1 = k,Xv 6∈ A, 2 ≤ v ≤ m)

=

n+1∑
m=1

f
(m)
i,A +

∑
k 6∈A

pi,k

n∑
m=1

mf
(m)
k,A =

∑
k 6∈A

pi,kbk,A(n) +

n+1∑
m=1

f
(m)
i,A .

ü>-n→∞�

mi,A = fi,A +
∑
k 6=j

pi,kmk,A.

Ïd{mi,A}i∈S(¢��§|(3.3.6)��K). ?�(3.3.6)��|�K){ui}i∈S , d

ui = fi,A +
∑
k 6∈A

pi,kuk

��ui ≥ bi,A(1) = f
(1)
i,Aé?¿i ∈ S¤á.

�é?¿i ∈ S, ui ≥ bi,A(k)ék = n− 1¤á, @od

bi,A(n) =

n+1∑
m=1

f
(m)
i,A +

∑
k 6∈A

pi,kbk,A(n− 1) ≤ fi,j +
∑
k 6∈A

pi,kuk = ui

��é?¿i ∈ S, ui ≥ bi,A(k)ék = n�¤á.

dêÆ8B{��, é?¿i ∈ S±9?¿nÑk

ui ≥ bi,A(n).

-n→∞ �ui ≥ mi,Aé¤ki ∈ S¤á, Ïdmi,A�(3.3.6)����K).

~10.6 �kn + 1, n ≥ 1,�ÀÃ�güü?1'm, ¼�ö�ë'me���k�¶ÀÃë

Y/Â}Ù{n¶ÀÃâ(å. b�z|'m¥ü¶ÀÃ¼��VÇ��1/2, ¦²þI'm

gê.

) ±XkL«1kg'm(å�'m�ö�ëI|g. X0 = 0�X = {Xk, k ≥ 0}��àê¼

ó, =£VÇÝ


P =



0 1 0 0 0 0 · · ·

0 1/2 1/2 0 0 0 · · ·

0 1/2 0 1/2 0 0 · · ·

0 1/2 0 0 1/2 0 · · ·

0 1/2 0 0 0 1/2 · · ·
...

...
...

...
...

...
...



0

1

2

3

4

...

dd��G�8C(1) = {1, 2, · · · }´X���pÏa,

f1,1 =

∞∑
m=1

f
(m)
1,1 =

∞∑
m=1

1

2m
= 1.

¤±C(1)´X�Ø��~�a, ?
fi,j = 1, i, j ≥ 1. 'm(å�^�´Xk = n, 'm(å
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��m�

τn = inf{k ≥ 1, Xk = n}.

l
²þ'mgê

T = E0(τn) = m0,n.

w,m0,n = m1,n + 1, d½n9.4��mi,n, 1 ≤ i < n,´�§|
zi = z1/2 + zi+1/2 + 1, 1 ≤ i < n− 1,

zn−1 = z1/2 + 1.

����K). dd��
zi = 2zi−1 − z1 − 2, 2 ≤ i ≤ n− 1

zn−1 = z1/2 + 1.

Ïdé?¿2 ≤ i ≤ n− 1,

zi = 22zi−2 − 2z1 − 22 − z1 − 2

= 2i−1z1 − (2i−2 + · · ·+ 2 + 1)z1 − (2i−1 + · · ·+ 2)

= z1 − (2i − 2)

l
dzn−1 = z1 − 2n−1 + 2 = z1/2 + 1��z1 = 2n − 2. Ïd¤¦'mgê

T = m0,n = m1,n + 1 = z1 + 1 = 2n − 1. �

~10.7 �X´�����9�(q, p)-�ÅiÄ, =3~10.4¥r0 = 0, p0 = 1; 
é��i ≥ 1,

ri = 0, qi = q, pi = p. eq > p, ¦mn,0, n ≥ 0.

) d~10.4��q > p�, X~�, én ≥ 0, fn,0 = 1. {mn,0}n≥0�e��§|����K):
z0 =

∑
k 6=0 p0,kzk + 1 = z1 + 1

z1 =
∑
k 6=0 p1,kzk + 1 = pz2 + 1

zn =
∑
k 6=0 pn,kzk + 1 = qzn−1 + pzn+1 + 1, n ≥ 2

(3.3.7)

dd�� 
z0 =

∑
k 6=0 p0,kzk + 1 = z1 + 1

z2 − z1 = rz1 − 1
p

zn+1 − zn = r(zn − zn−1)− 1
p , n ≥ 2

Ù¥r = q/p. ¤±én ≥ 1

zn+1 − zn = rnz1 −
1

p
[1 + r + · · ·+ rn−1] = rnz1 −

1

p

rn − 1

r − 1
,
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?


zn+1 = z1

n∑
k=0

rk − 1

p(r − 1)
(

n∑
k=0

rk − n− 1) = z1

n∑
k=0

rk − 1

q − p
(

n∑
k=0

rk − n− 1).

þªü>Ø±
∑n
k=0 r

k�,

zn+1∑n
k=0 r

k
= z1 −

1

q − p

(
1− n+ 1∑n

k=0 r
k

)
, n ≥ 1.

dr = q/p > 1���n→∞�
n∑
k=0

rk →∞
� n/

n∑
k=0

rk → 0.

Ïd��(3.3.7)��K)zn, n ≥ 0, 7k

z1 ≥
1

q − p
,

l


zn ≥
n

q − p
, n ≥ 1.

���y��

z0 = 1 +
1

q − p
, zn = n/(q − p), n ≥ 1

��§(3.3.7)��|�K)l
����K). Ïdd½n10.4

m0,0 = 1 +
1

q − p
=

2q

q − p
; mn,0 =

n

q − p
, n ≥ 1. �

��5¿�´, �i 6= j�fi,j ,mi,j��6u��j�c�G��=£VÇ, �lj Ñu�

=£VÇpj,·Ã'. l
UCpj,· ØK�fi,j , mi,j �����ä.

~10.8 �X�(q, p)-�ÅiÄ, q > p, ¦ma,0Ù¥a > 0.

)µò0�=£VÇp0,k­#½Â�p0,k =


1, k = 1

0 k 6= 1

. d�la > 0Ñu��ÅiÄ=��

��9�(q, p)-�ÅiÄ. Ïdd~10.7��ma,0 = a/(q − p).

öSK

10.1 �X�=£VÇÝ
P =



0 1/2 1/2 0

1/2 0 0 1/2

0 0 1/3 2/3

0 0 1/2 1/2


, ¦(fi,j)�(mi,j).

10.2 e��©vkn��Ø, zg����Uuy��, �3e5��Øê30�n− 1�m�

�U�3. ��v�ka��Ø, ¯�
U��Ü�Ø²þI���Ag?
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10.3 eê¼óX�kn�G��(mi,j) =


2 3 3

1 4 4

1 4 4

, ¦X�=£VÇÝ
P.

10.4 �X´���9�(q, p)-�ÅiÄ, n > 0, (1) eq < p, ¦fn,0, (2) eq > p, ¦m0,n.

10.5 (Ehrenfest�.) ����fSCkùxüÚ�N�¥, zg�Å/l�f¥ÄÑ��

¥, r§�¤O�ôÚ��£. ±XnL«²ngÄ���¥�ù¥ê, @oX = {Xn, n ≥ 0}

��àê¼ó. em©��S�k��ù¥, ¯²þ�Ä�õ�gâU¦�S�´x¥?
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3.4 =£VÇ4��²­©Ù

þ�!·�0�
Ä��m(£�±Ï)�“þ�”mi,j . ù´���~­��Vg, Ø=

Ny3A^þ, �´�xê¼ó5��­��I.

3.4.1 �~�, "~��=£VÇ4�

Äk·�|^£�±Ï�²þ�, r~�G�?�Ú«©�.

½Â11.1 �i ∈ S~�, ¡i´�~��, emi,i <∞; ¡i´"~��, emi,i = +∞.

�*
óG�i´�~��¿�XliÑuU/��VÇ0/3á�mS£�gC, 
"

~�K¿�X�,liÑu�½¬£�gC§�l£��m²þw, �±`“ �Ø�9”.

½n11.1 é��i ∈ S,

lim
n→∞

1

n

n∑
k=1

p
(k)
i,i =


1/mi,i, i�~�,

0, Ù¦.

y²½n�c·�k0���'uê��'4��(Ø.

Ún11.2 �{an; n ≥ 0}���Ø��0��Kê��÷v^�

lim
n→∞

an∑n
k=0 ak

= 0.

e{bn; n ≥ 0}�Âñê�, @o

lim
n→∞

∑n
k=0 akbn−k∑n
k=0 ak

= lim
n→∞

bn.

y² d¤�^�, é?¿�½N ≥ 1, k

lim
n→∞

∑n
k=n−N+1 ak∑n

k=0 ak
= 0.

ebn4�k�, P�b, @oé?¿ε > 0, �3N , ¦��n ≥ N�, |bn − b| < ε. u´�

3B <∞¦�|bn − b| < Bé��n¤á. ?
∣∣∣ n∑
k=0

ak(bn−k − b)
∣∣∣ ≤ ε n−N∑

k=0

ak +B

n∑
k=n−N+1

ak

ü>ÓØ±
∑n
k=0 ak, ØJwÑd�(Ø¤á.

ebn�4��Ã¡, Ø��´+∞, Ké��M > 0, �3N , ¦��n ≥ N�, bn ≥ M .

u´
n∑
k=0

akbn−k ≥M
n−N∑
k=0

ak + ( min
0≤n≤N

bn)

n∑
k=n−N+1

ak.

Ó�ü>ÓØ±
∑n
k=0 ak, ØJwÑd�(Ø�¤á.
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½n11.1�y² Un�c��lmG�i����ò�Å¯�{Xn = j}©)�Ø�N¯�

{Xn = j} =

n−1⋃
k=0

{Xn = j,Xk = i,Xv 6= i, v = k + 1, · · · , n− 1}.

l
, dê¼59(3.2.4)

p
(n)
i,j = Pi(Xn = j) = Pi(

n−1⋃
k=0

{Xn = j,Xk = i,Xv 6= i, v = k + 1, · · · , n− 1})

=

n−1∑
k=0

p
(k)
i,i Pi(Xn = j,Xv 6= i, v = k + 1, · · · , n− 1|Xk = i)

=

n−1∑
k=0

p
(k)
i,i e

(n−k)
ij , (3.4.1)

?


n =
∑
j∈S

n∑
m=1

p
(m)
i,j =

∑
j∈S

n∑
m=1

m−1∑
k=0

p
(k)
i,i e

(m−k)
ij

=
∑
j∈S

n−1∑
k=0

p
(k)
i,i

n−k∑
m=1

e
(m)
ij =

n−1∑
k=0

p
(k)
i,i

n−k∑
m=1

∑
j∈S

e
(m)
ij

5¿� ∑
j∈S

e
(m)
ij = Pi(

⋃
j∈S
{Xm = j,Xv 6= i, v = 1, · · · ,m})

= Pi(Xv 6= i, v = 1, · · · ,m− 1) = Pi(τi ≥ m).

Ïd

n =

n−1∑
k=0

p
(k)
i,i

n−k∑
m=1

Pi(τi ≥ m)

-bn =
n∑

m=1
Pi(τi ≥ m), Kn =

n−1∑
k=0

p
(k)
i,i bn−k. ei�~�, lim

n→∞
bn = mii <∞; ei"~�½�

~�, lim
n→∞

bn =∞. dÚn11.2��½n¤á.

d½n11.1, N´��Xe(J, y²{ü, dÑ.

íØ11.3 i�~���=�lim sup
n→∞

1
n

n∑
k=1

p
(k)
i,i > 0.

íØ11.4 �G�i´�~��, XJi→ j, @oj�´�~���j ∈ C(i).

y² di~���i��?
j ∈ C(i), Ïd�3m,n > 0¦�p
(m)
j,i > 0, p

(n)
i,j > 0. dC-K�§,

lim
k→∞

1

k

k∑
v=1

p
(v)
j,j = lim

k→∞

1

k

k∑
v=m+n+1

p
(v)
j,j ≥ p

(m)
j,i p

(n)
i,j lim

k→∞

1

k

k−n−m∑
v=1

p
(v)
i,i > 0,

Ïdj�~�.

íØ11.4L²ei�~�@oC(i)¥¤kG�Ñ�~�, =�~�5�´pÏa¥���

k�5�, d�¡C(i)��~�a. (Üdc'u~���~��?Ø, ·��òpÏaUÙ

¥G��~�5©¤�~�a§"~�aÚ�~�aùn«�/. aq, ·���±½Â�

~�!"~�Ú�~�ê¼ó, e§�z�G�Ñ´�~�!"~�Ú�~��.
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~11.1 ��þ(q, p)-�ÅiÄW�p = q = 1/2�´"~��.

) ®�p = q = 1/2�W~�. d�én = 2k, 2k + 1, �k ≥ 1¿©��dstrilingúª��
n∑

m=0

p
(m)
0,0 = 1 +

k∑
m=1

Cm2m
4m
≈

k∑
m=1

1√
πm

.

Ïd
n∑

m=0

p
(m)
0,0 ≈

√
2n

π
.

ùL² 1
n

n∑
m=0

p
(m)
0,0 → 0, l
G�0�"~��. dWØ����W"~�.

½n11.5 é?¿i, j ∈ S±9u ∈ [0, 1],

lim
n→∞

∑n
k=1 p

(k)
i,j u

k∑n
k=0 p

(k)
j,j u

k
= Fi,j(u).

y² u = 0�(Jw,¤á. e�u ∈ (0, 1]. d(3.2.5)��é?¿n ≥ 1,
n∑
k=1

p
(k)
i,j u

k =

n∑
k=1

k∑
r=1

f
(r)
ij p

(k−r)
j,j uk =

n∑
r=1

f
(r)
ij u

r
n−r∑
k=0

p
(k)
j,j u

k =

n−1∑
k=0

p
(k)
j,j u

k
n−k∑
r=1

f
(r)
ij u

r.

-

an = p
(n)
jj u

n, bn =

n∑
r=1

f
(r)
ij u

r.

@obn → Fi,j(u), 
�ØØj´Ä~�Ún11.2^�¤á. dd��½n¤á.

íØ11.6 é?¿i, j ∈ S, 1
n

∑n
k=1 p

(k)
i,j4��3, 
�

lim
n→∞

1

n

n∑
k=1

p
(k)
i,j =


fij/mjj , j�~�,

0, j�Ù¦G�.

y² d½n11.1�½n11.5(-u = 1)á���.

511.1 é?¿i ∈ S, ej´�±Ï�~��, @o lim
n→∞

p
(n)
i,j = fi,j/mj,j ; ej´"~��, @

o lim
n→∞

p
(n)
i,j = 0; ej´�~��, lim

n→∞
p

(n)
i,j = 0. ��(Ø´½n11.5�íØ, cü(Ø·�

ò31ÊÙ1�!�Ñ)ºÚy².

é?¿i, j ∈ S, -Pi,j(s) =
∑∞
n=1 p

(n)
i,j s

n. d½n11.5Ú(3.2.6)��

íØ11.7 é?¿i, j ∈ S, u ∈ [0, 1), Pi,j(u) = Fi,j(u)/(1− Fj,j(u)). d	u = 1�

∞∑
n=1

p
(n)
i,j = Pi,j(1) =


fi,j/(1− fj,j), fj,j < 1;

0, fi,j = 0�fj,j = 1;

∞, fi,j > 0�fj,j = 1.
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3.4.2 ²­©Ù

½Â11.2 ¡Øð�"��Kk�ê�u = (ui; i ∈ S) �ê¼ó�ØCÿÝ, eé?¿i ∈ S

ui =
∑
k∈S

ukpk,i. (3.4.2)

�
∑
i∈S ui = 1,=(ui; i ∈ S)´VÇ©Ù�, ¡u´X�²­©Ù.

w,, eu�X�ØCÿÝ, é?¿n ≥ 1, dC-K�§, ui =
∑
k∈S ukp

(n)
k,i . ùL²eX±

²­©Ù(πi, i ∈ S)�Ð©©Ù, @oX3z�����©ÙÑ�Ð©©Ù�Ó. ù�´·�

¡Ù�“²­©Ù”��Ï¤3.

é�kk��G��ê¼ó, ·��±/Ï�5�§|, �B/é�§�U�²­©Ù:

�X´kn�G��ê¼ó, =£VÇÝ
P = (pi,j), PÙ�U�²­©Ù�

π = (π1, π2, · · · , πn)T ,

@oπ´e��§|)

p1,1π1 + p2,1π2 + · · ·+ pn,1πn = π1;

· · ·

p1,n−1π1 + p2,n−1π2 + · · ·+ pn,n−1πn = πn−1;

p1,nπ1 + p2,nπ2 + · · ·+ pn,nπn = πn;

π1 + · · ·+ πn = 1.

du=£VÇÝ
÷v
∑n
j=1 pi,j = 1, Ïdcn− 1��§\�1n��§¬��ð�ª

π1 + · · ·+ πn = π1 + · · ·+ πn.

ù¿�XT�§|�r1n��§�K��§|

p1,1π1 + p2,1π2 + · · ·+ pn,1πn = π1;

· · ·

p1,n−1π1 + p2,n−1π2 + · · ·+ pn,n−1πn = πn−1;

π1 + · · ·+ πn = 1,

Ó), �=·��L¦)Xe�Ý
�§

QTπ = π′,

Ù¥Ý
Q´ò=£VÇÝ
P����O��(1, 1, · · · , 1)T�¤���Ý
, 
π′ ´òπ�

���©þO��1�¤��þ.
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~11.2 �X�=£VÇÝ
�


0 1/2 1/2

0 1/4 3/4

1 0 0

, ¦X�²­©Ù.

) -Q =


0 1/2 1

0 1/4 1

1 0 1

, )�§|QTπ = π′, =


π3 = π1

π1/2 + 3π2/4 = π2

π1 + π2 + π3 = 1

�����K)(π1, π2, π3) = (3/8, 1/4, 3/8). d=�X�²­©Ù.

Ø´¤k�ê¼óÑk²­©Ù. Ø��ê¼ó�²­©Ù�£�±Ï�'.

½n11.8 �X�Ø��ê¼ó, X´�~����=�X�3²­©Ù(πi, i ∈ S). X�²­

©Ù��
�

πi = 1/mi,i > 0, i ∈ S.

y² kyc��(Ø�7�5. �d·��I�y{1/mj,j , j ∈ S}´²­©Ù. dC-K�§

��

1

n

n∑
k=1

p
(k)
j,j =

1

n

n∑
k=1

∑
i∈S

p
(k−1)
j,i pi,j =

∑
i∈S

[ 1

n

n∑
k=1

p
(k−1)
j,i

]
pi,j . (3.4.3)

Ï�X´�~��, @oé?¿i, j ∈ S,

lim
n→∞

1

n

n∑
k=1

p
(k)
j,j = lim

n→∞

1

n

n∑
k=1

p
(k)
i,j =

1

mj,j
> 0.

-(3.4.3)ªü>n→∞�
1

mj,j
≥ lim
N→∞

∑
i∈AN

pi,j
mii

=
∑
i∈S

pi,j
mi,i

.

Ù¥ANL«S¥���ê�N�k�f8�

AN ⊂ AN+1 ⊂ · · · ,
⋃
N

An = S.

,��¡, d

1 =
∑
i∈S

[ 1

n

n∑
k=1

p
(k)
j,i

]
��

1 ≥ lim
N→∞

∑
i∈AN

1

mi,i
=
∑
i∈S

1

mi,i
.
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Ïd

1 ≥
∑
j∈S

1

mj,j
≥
∑
j∈S

∑
i∈S

pi,j
mi,i

≥ lim
N→∞

∑
i∈AN

[
lim
M→∞

∑
j∈AM

pi,j
mi,i

]
=
∑
i∈S

1

mi,i
.

ùL²é?¿j ∈ S,

1

mj,j
=
∑
i∈S

pi,j
mi,i

.

dd?�Ú��

1

mj,j
=
∑
i∈S

1

mi,i

[ 1

n

n∑
k=1

p
(k)
i,j

]
,

5¿�1 ≥
∑
i∈S

1
mi,i

, d��Âñ?ê¦Ú�4����5���, �n→∞�,

1

mj,j
=
∑
i∈S

1

mi,imj,j
. (3.4.4)

ùL²
∑
i∈S

1/mi,i = 1, Ïd(1/mj,j , j ∈ S)�X �²­©Ù.

2yc��(Ø�¿©5. �(πj , j ∈ S)´X�?�²­©Ù. é?¿j ∈ S,

πj =
∑
i∈S

πipi,j =
∑
i∈S

πi

[ 1

n

n∑
k=1

p
(k)
i,j

]
. (3.4.5)

díØ10.6

πj =
∑
i∈S

πi

[
lim
n→∞

1

n

n∑
k=1

p
(k)
i,j

]
=


[
∑
i∈S

πifi,j ]/mj,j , j�~�,

0, Ù¦.

,��¡, d
∑
j∈S

πj = 1���3j0 ∈ S¦�πj0 > 0. duj0 → j, �3N¦�p
(N)
j0,j

> 0. Ïd

πj =
∑
i∈S

πipi,j =
∑
i∈S

πip
(N)
i,j ≥ πj0p

(N)
j0,j

> 0.

ù`²j�~�G�, qduX´Ø���, ÏdX´�~�ó.

dué?¿i, j ∈ S, fi,j = 1, d(3.4.5)�0 < πj = 1/mj,j . ùL²²­©Ù7��. Ïd

½n���(Ø�¤á.

éØ���ê¼ó
ó, d½n11.8��, �k�~�óâk²­©Ù, ù�·��±À

Jù�²­©Ù�Ð©©Ù¦�éA�ê¼ó3?Û���©ÙÑ�±ØC. �k¿g�

´:

½n11.9 eX = {Xn}´Ø���~�ê¼ó, PÙ²­©Ù�π = (πi, i ∈ S), Ù¥πi =

1/mii. @oé?¿i, j ∈ S,

lim
n→∞

1

n

n∑
k=0

p
(k)
i,j = πj . (3.4.6)

?�Ú, eX�´�±Ï�, ?¿�½X���Ð©©Ùµ = (µi, i ∈ S), @o�Xn → ∞,

Xn�©ÙÂñ�π, =é?¿j ∈ S, P(Xn = j)→ πj .
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y² duX´Ø��~��, d5�8.7��, é?¿i, j ∈ S, fi,j = 1. díØ10.6��c�

Ü©(Ø¤á.

?�Ú, eX�´�±Ï�, d510.1��, é?¿�i, j ∈ S,

p
(n)
i,j →

1

mjj
= πj .

Ïd�X�Ð©©Ù�µ�,

P(Xn = j) =
∑
i∈S

P(Xn = j,X0 = i)

=
∑
i∈S

P(X0 = i)P(Xn = j|X0 = i) =
∑
i∈S

µip
(n)
i,j .

du
∑
i∈S µi = 1, ?ê

∑
i∈S µip

(n)
i,j én��Âñ. Ïdn→∞�, ·���

lim
n→∞

P(Xn = j) = lim
n→∞

∑
i∈S

µip
(n)
i,j =

∑
i∈S

(µi lim
n→∞

p
(n)
i,j ) =

∑
i∈S

µiπj = πj .

=½n��Ü©�¤á.

~11.3 (~8.5Y) ¯XJ�¬���=�Å�ØUC, ��m��¬���'~´õ�"

) d=£VÇÝ
��, L«�¬��Cz�ê¼óX´Ø���±Ï�. -

Q =


0.8 0.1 1

0.3 0.4 1

0.05 0.1 1

 .

)�§QTπ = π′, = 
0.8π1 + 0.3π2 + 0.05π3 = π1

0.1π1 + 0.4π2 + 0.1π3 = π2

π1 + π2 + π3 = 1

����K)

(π1, π2, π3) = (12/35, 5/35, 18/35).

d=���m��¬���'~.

d	, 5¿�Nn(j) =
∑n
k=1 1{Xk=j}L«L§X3��n�c(¹n)��G�j�gê.

E(Nn(j)) = E(

n∑
k=1

1{Xk=j}) =

n∑
k=1

P(Xk = j)

L«X3��n�c(¹n)��G�j²þgê, E(Nn(j))/nKL«��G�j�²þ'Ç.

d(3.4.6), éX�?¿Ð©©Ùµ = (µi, i ∈ S),

E(Nn(j))

n
=

1

n

n∑
k=1

P(Xk = j) =
1

n

n∑
k=1

∑
i∈S

µip
(k)
i,j =

∑
i∈S

[
µi

( 1

n

n∑
k=1

p
(k)
i,j

)]
.
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-n→∞�
E(Nn(j))

n
→ πj .

ùL²²­©Ù��x
ê¼ó3��mS�¯�G��'Ç.

~11.4 3ïÄ<��¤S.�~¬N�<�éäk�ÓõUØÓ¬ý��¬��¤�¹.

b�kn�¬ý�ÃÅ1, 2, 3, -XnL«�¤ö31ng	ï�ÀJ�¬ý. ��	ïùn�

¬ý�egÀJ�Ó¬ý�VÇ©O�0.8, 0.6, 0.8, e¦�UC¬ýK¬3,	ü�¬ý¥

�Å]À��. ¯�����Ï�¤�3��¬ýþ��¤'~º

) N´wÑX = {Xn}´��=£VÇÝ
�

P =


0.8 0.1 0.1

0.2 0.6 0.2

0.1 0.1 0.8


��àê¼ó. X´Ø���±Ï�. -

Q =


0.8 0.1 1

0.2 0.6 1

0.1 0.1 1

 .

)�§QTπ = π′, = 
0.8π1 + 0.2π2 + 0.1π3 = π1

0.1π1 + 0.6π2 + 0.1π3 = π2

π1 + π2 + π3 = 1

�����K)

(π1, π2, π3) = (2/5, 1/5, 2/5).

d=���3�Ï�¤�¥��¬ý��¤'~.

d½n11.8��, Ø��óX�²­©Ù¥z�©þÑ��ê. dd·������O

ê¼ó´Ä�~���{.

íØ11.10 Ø��ê¼óX´�~����=��§|

ui =
∑
k∈S

ukpk,i

�3���Ø�"��K){ui; i ∈ S}¦�
∑
i∈S

ui <∞.

y² d�{ui/
∑
i∈S ui}�²­©Ù, l
íØ¤á.

~11.5 ?Ø~10.4¥2Â���9�ÅiÄX��~�5.



108

) d~10.4��X~�⇔
∞∑
k=1

q1···qk
p1···pk =∞. Pρk = q1···qk

p1···pk . )�§|

zi =

∞∑
k=0

zkpk,i, i ≥ 0.

dr0 + p0 = 1, rn + pn + qn = 1, n ≥ 1, ��
q1z1 − p0z0 = 0

qn+1zn+1 − pnzn = qnzn − pn−1zn−1, n ≥ 1.

Ïdé?¿n ≥ 0, qn+1zn+1 = pnzn, U


zn+1 =
pn · · · p0

qn+1 · · · q1
z0 =

p0

pn+1ρn+1
z0.

díØ11.9, X�~���=�
∞∑
n=0

zi <∞⇔ z0

∞∑
n=1

p0

pnρn
<∞⇔

∞∑
n=1

1

pnρn
<∞.

d=�X�~��^�.

öSK

11.1 y²?¿Ø��k�G�ê¼ó7´�~��.

11.2 �Ø��óX�3G�j¦��§|

zi =
∑
k 6=j

pi,kzk + fij , i 6= j

��|k�){ui, i 6= j}÷v ∑
k 6=j

pj,kuk <∞.

ej ´~��, y²j ´�~��.

11.3 �X´��Ø���~��ê¼óó, -lj = sup{n ≥ 0, Xn = j,Xk 6= j, k ≥ n},

=lj´X���g��G�j��m. b½XljÑu,¦lj�©Ù�Úþ�.([J«] þ��mii/(1−

fii))

11.4 �X�=£VÇÝ
�


0 1 0

1/4 1/2 1/4

0 1 0

, ¦X�²­©Ù.

11.5 �X�=£VÇ÷vµé?¿i, j ∈ S = {0, 1, 2, · · · },

pi,j =


λi + (1− λi)ui, i = j,

(1− λi)uj , i 6= j,

Ù¥uj > 0,
∞∑
j=0

uj = 1, 0 < λi < 1. y²

(1) X´~��;
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(2) X�~���=�
∞∑
i=0

ui/(1− λi) <∞.

11.6 y²Ø���~�ê¼ó�ØCÿÝµ7´k�ÿÝ(=
∑
i∈S

µ(i) <∞).

11.7 �X�Ø���~�ê¼ó, y²é?¿i, j ∈ S, πj = πieij , Ù¥{πi; i ∈ S} �X�²

­©Ù, eij =
∞∑
n=1

e
(n)
ij .
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1oÙ ê¼ó��
{üA^

ê¼ó3¢S¯K¥kX2�A^. ù�Ù·�0��
�A^k'�äNê¼ó�.

9�'nØ§)û�
A^¯K.

4.1 �;�üè�.

4.1.1 �;�.

kw��ê¼ó3û¬�;ûü¥{üA^�~f. �d·�k�Ñ��­��4�½

n(H{5½n).

½n12.1 PØ���~�ê¼óX = {Xn; n ≥ 0}�²­©Ù�π = {πi; i ∈ S}. eSþ¼

êg÷v
∑
j∈S |g(j)|πj <∞, @o

lim
n→∞

1

n

n∑
k=1

g(Xk) =
∑
j∈S

g(j)πj := Eπ(g), a.s.

y² dug = g+ − g− = g ∨ 0− (−g) ∨ 0. Ø��g�K. ½Âτi(0) = 0,

τi(k) = inf{n > τi(k − 1), Xn = i}, Wi(k) = τi(k)− τi(k − 1), k ≥ 1.

d½n9.11´�{Wi(k), k ≥ 2}�i.i.dS�, �E(Wi(2)) = mi,i <∞. dr�ê½Æ

lim
n→∞

1

n

n∑
k=1

Wi(k) = lim
n→∞

1

n
τi(n) = mi,i, a.s.

2-

Yk =

τi(k+1)∑
n=τi(k)+1

g(Xm).

Ed½n9.11��Yk, k ≥ 1, �ÕáÓ©Ù�ÅCþ. 5¿�

E(Y1) = E
( τi(k+1)∑
m=τi(k)+1

g(Xm)
)

= Ei
( τi(1)∑
m=1

g(Xm)
)

= Ei
( τi∑
m=1

g(Xm)
)

= g(i) +

∞∑
n=1

Pi(τi = n)Ei
( n−1∑
m=1

g(Xm)|τi = n
)

111
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= g(i) +

∞∑
n=1

Pi(τi = n)

n−1∑
m=1

∑
j 6=i

g(j)Pi(Xm = j|τi = n)

= g(i) +

∞∑
n=1

n−1∑
m=1

∑
j 6=i

g(j)Pi(Xm = j, τi = n).

du´�K�¦Ú, ·��±��n,m�¦ÚgS, �

E(Y1) = g(i) +

∞∑
m=1

∑
j 6=i

g(j)Pi(Xm = j, τi ≥ m+ 1)

= g(i) +

∞∑
m=1

∑
j 6=i

g(j)e
(m)
i,j = g(i) +

∑
j 6=i

g(j)ei,j .

dSK11.59½n11.7��

E(Y1) =
∑
j∈S

g(j)πj/πi = mi,iEπ(g) <∞.

dr�ê½Æ

lim
n→∞

1

n

n∑
k=0

Yk = mi,iEπ(g), a.s. (4.1.1)

±Nn =
∑n
k=1 1{Xk=i}L«n�c�¯i�gê. dui~�, d·K9.10��Nn →∞, a.s. Ï

ddSK4.1��

τi(Nn)/Nn → mii a.s. ±9
1

Nn

Nn∑
k=1

Yk = miiEπ(g), a.s.

5¿�

τi(Nn) ≤ n ≤ τi(Nn + 1).

d

τi(Nn)

Nn
≤ n

Nn
<
τi(Nn + 1)

Nn
,

±9
Nn−1∑
k=0

Yk =

τi(Nn)∑
m=1

g(Xm) ≤
n∑

m=1

g(Xm) ≤
τi(Nn+1)∑
m=1

g(Xm) =

Nn∑
k=1

Yk,

?


Nn − 1

n

[ 1

Nn − 1

Nn−1∑
k=0

Yk

]
≤ 1

n

n∑
m=1

g(Xm) ≤ Nn
n

[ 1

Nn

Nn∑
k=1

Yk

]
,

��(Ø¤á.

3½n12.1b�cJe, ?�Ú·���XeíØ.

íØ12.2 eg��K¼ê, @o

lim
n→∞

1

n

n∑
k=1

g(Xk) =
∑
i∈S

g(i)πi, a.s.

y² e
∑
i∈S

g(i)πi < ∞, @oíØ12.2Ò´½n12.1 ���A^. e
∑
i∈S

g(i)πi = ∞, @oé
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?¿N , ½Â¼êgN¦�gN (i) = i ∧N . A^½n12.1 �

lim inf
n→∞

1

n

n∑
k=1

Xk ≥ lim sup
N→∞

lim
n→∞

1

n

n∑
k=1

gN (Xk) = lim sup
N→∞

EπgN =
∑
i∈S

g(i)πi =∞.

ÏdíØ12.2¤á.

~12.1 �Ä~8.1¥�(k,K)û¬�;�.X§Ù¥K = 3, L«I¦��ÅCþξ÷v

p0 = P(ξ = 0) = 0.3, p1 = P(ξ = 1) = 0.4, p2 = P(ξ = 2) = 0.2, p3 = P(ξ = 3) = 0.1

ez�È��û¬�±¼|12�§z�û¬�;��ü �mIs¤2�§Á(½�`

�k¦�l�Ïw²þÂÃ��.

) é?¿�½�k ∈ {0, 1, 2}, �â?ÀüÑ§31n�ü �m¼��À|drn�

rn =


12(3−Xn)− 2Xn = 36− 14Xn, Xn−1 ≤ k

12(Xn−1 −Xn)− 2Xn = 12Xn−1 − 14Xn, k < Xn−1 ≤ 3

=: g(Xn−1, Xn).

db�,X�=£VÇÝ
(pi,j)4÷v

pi,j =



P((3− ξ) ∨ 0 = j) = P(ξ = 3− j) = p3−j , i ≤ k,

P((i− ξ) ∨ 0 = j) = pi−j , k < i ≤ 3, 0 < j ≤ i

P((i− ξ) ∨ 0 = j) = pi + · · ·+ p3, k < i ≤ 3, j = 0

P((i− ξ) ∨ 0 = j) = 0, k < i ≤ 3, i < j ≤ 3

w,X´k�G�Ø��ê¼ó, l
�~�§PÙ²­©Ù�

π = (π0, π1, π2, π3).

dSK12.39½n12.1��²þ|d

1

n

n∑
m=1

rm =
1

n

n∑
m=1

g(Xm−1, Xm)→ r(k) =

3∑
i=0

3∑
j=0

g(i, j)πi pi,j

=

k∑
i=0

3∑
j=0

(36− 14j)πip3−j +

3∑
i=k+1

3∑
j=0

(12i− 14j)πipi,j

= 9.4

k∑
i=0

πi + 12

3∑
i=k+1

iπi − 14

3∑
i=k+1

(
πi

i∑
j=1

jpi−j

)
.

��O���, �k = 2�

r(2) = 9.4

2∑
i=0

πi + 36π3 − 14π3

3∑
j=1

jp3−j = 9.4

3∑
i=0

πi = 9.4.
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�k = 1�d

(pi,j) =



0.1 0.2 0.4 0.3

0.1 0.2 0.4 0.3

0.3 0.4 0.3 0

0.1 0.2 0.4 0.3


�¦�²­©Ù

π = (19/110, 30/110, 40/110, 21/110).

d�²þÂÃ4�

r(1) = 9.4(π0 + π1) + 12(2π2 + 3π3)− 14(π2 + 1.9π3)

= 9.4 + 0.6π2 ≈ 9.62.

�k = 0�d

(pi,j) =



0.1 0.2 0.4 0.3

0.7 0.3 0 0

0.3 0.4 0.3 0

0.1 0.2 0.4 0.3


�¦�²­©Ù

π = (343/1070, 300/1070, 280/1070, 147/1070).

d�²þÂÃ4�

r(0) = 9.4π0 + 12(π1 + 2π2 + 3π3)− 14(0.3π1 + π2 + 1.9π3)

= 9.4− 1.6π1 + 0.6π2 ≈ 9.11.

Ïd(1, 3)üÑ´�Ï²þ|dOKe��`üÑ.

4.1.2 üè�.

·�y3�Äê¼ó3ÑÖXÚ¥A^�~f. 30�ù�~f�c·�I�ü��ä

ê¼ó´Ä(�)~��óä.

½n12.3 �Ø��óX�G��mS = {0, 1, 2, · · · }, e�3{yi; i ∈ S}9,�G�j¦�é

?¿i 6= j, ∑
k∈S

pi,kyk ≤ yi, (4.1.2)


� lim
i→+∞

yi = +∞, @oX�~��.
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y² Ø���5��é?¿i ∈ S, yi > 0, -p̃i,s =


pi,s, i 6= j,

δj,s, i = j

, Y´=£VÇÝ


�P̃ = (p̃i,j)��àê¼ó. KéY
ó,

(1)f̃ij = Pi(τj(Y ) <∞) = Pi(τj(X) <∞) = fi,j .

(2) j�áÂ�. é?¿i ∈ S, ei 6= j, di → j��i�~�, 511.1L²é?¿k ∈ S,

p̃
(n)
k,i → 0; ei = j, dSK9.3��p̃

(n)
k,j → f̃kj .

é?��i ∈ S, i 6= j, S�(4.1.2)��,∑
k∈S

p̃
(n)
i,k yk ≤ yi.

é?¿ε > 0, dyn →∞��, �3¿©��N > j, ¦�

inf
n>N

yn ≥ yi/ε.

d

inf
n>N

yn
∑
k>N

p̃
(n)
i,k ≤

∑
k>N

p̃
(n)
i,k yk ≤ yi

�� ∑
k>N

p̃
(n)
i,k < ε.

Ïd ∑
0≤k≤N

p̃
(n)
i,k > 1− ε

-n→∞¿(Üþ¡�*	(2)��f̃i,j ≥ 1− ε. 2-ε→ 0�f̃i,j = 1. dþ¡�*	(1)9½

n10.1 ��fjj = 1. Ïdj´~��§?
Ø��óX´~��.

½n12.4 Ø��óX�~��¿�^�´�3�Kê�{zi; i ∈ S}9��G�(½?�G

�)j¦� 
∑
k∈S

pi,kzk ≤ zi − 1, i 6= j,

∑
k∈S

pj,kzk <∞.
(4.1.3)

y²“7�5”µ-zj = 0±9zi = mij , i 6= j. d½n10.3.∑
k∈S

pj,kzk =
∑
k 6=j

pj,kmk,j < mjj <∞


é?¿i 6= j, ∑
k∈S

pi,kzk =
∑
k 6=j

pi,kmk,j = mij − fij = mij − 1 = zi − 1.

=�3(?)��G�j±9�Kê�{zi, i ∈ S}¦�(4.1.3)¤á.
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“¿©5”µPδ =
∑
k∈S pj,kzk, K0 < δ < ∞. ?�i 6= j, é?¿n ≥ 2, S�(4.1.3) �

�,

0 ≤
∑
k

p
(n)
i,k zk =

∑
k∈S

∑
l∈S

p
(n−1)
i,l pl,kzk =

∑
l∈S

p
(n−1)
i,l

∑
k∈S

pl,kzk

=
∑
l 6=j

p
(n−1)
i,l (zl − 1) + p

(n−1)
i,j δ =

∑
l 6=j

p
(n−1)
i,l zl − 1 + p

(n−1)
i,j (1 + δ)

≤
∑
l∈S

p
(n−1)
i,l zl − 1 + p

(n−1)
i,j (1 + δ) ≤ · · ·

≤ zi − n+

n−1∑
k=1

p
(k)
i,j (1 + δ).

ùL²
n−1∑
k=1

p
(k)
i,j (1 + δ) ≥ n− zi.

ü>Øn¿-n→∞�

lim
n→∞

1

n

n∑
k=1

p
(k)
i,j ≥

1

1 + δ
> 0.

díØ11.6��j��~�G�, l
X´�~��.

~12.2 *	ÑÖXÚ¥�,��I�, ¯²þ¬kõ�<3üèºI�v<��mÓõ�

'~º

�£�ù��¢S¯K, ·�Ï~I��
b�. ����U�Å��, ��@���

��mm��¤��ÕáÓ©Ù��ÅCþS�, �����Ï~U/k5kÑÖ0��K

�ÉÑÖ��ÑÖ, b��z����ÑÖ�m�´ÕáÓ©Ù��ÅCþ�������

�mm��pÕá, ¡÷vù
b½�ÑÖXÚ�G/G/s XÚ, Ù¥1��GL«����

��mm�©Ù, 1��GL«ÑÖ�m©Ù, s �ÑÖ�(I�)�êþ.

�
{ü, yb������mm�©ÙÑlëê�λ��ê©Ù, ÑÖ�mÑl�Ý¼

ê�g�ëY©Ù, ��Ä��I�. ±XnL«1n���ÑÖ�.lm�, 3I���ÑÖ

���ê, Ð©����1��������, =X0 = 1. @o��yX = {Xn; n ≥ 0}�

~6.2¥ê¼ó. ¯¢þ±Un L«1n����ÉÑÖ���, ξn L«31n ����ÉÑ

ÖÏm�����ê, d�ê©ÙÃPÁ5��{ξn; n ≥ 1} ´ÕáÓ©Ù��ÅCþ, ©Ù

��

pk = P(ξn = k) = E(P(ξn = k|Un)) =

∫ ∞
0

(λt)k

k!
e−λtg(t)dt,
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�

Xn =


Xn−1 − 1 + ξn, Xn−1 > 0,

ξn, Xn−1 = 0.

d�X�=£VÇpi,j÷v^�µé?¿j ≥ 0, p0,j = pj . 
i > 0�§é?¿j ≥ i − 1,

pi,j = pj−i+1, é?¿0 ≤ j < i− 1, pi,j = 0. ��/, ·�¡X�M(λ)/G/1üèXÚ�i\

ó, ¤¦¯K�±ÏLO�XeÚOþ¼�k^&E

(1) lim
n→∞

1

n

n∑
k=1

Xk, (2) lim
n→∞

1

n

n∑
k=1

1{Xk=0}.

e¡·�o�0 < p0, p0 + p1 < 1, ρ =
∑∞
k=1 kpk = E(ξ1) <∞. é?¿s ∈ [0, 1], -

A(s) =

∞∑
k=0

pks
k

L«ÑÖÏm����©Ù�1¼ê. w,ρ = A′(1)
�dSK4.7��, ρ > 1�, �

§A(s) = s3(0, 1)S�3��). ·�Äk�Ñ

·K12.5 eρ > 1, X�~�; eρ = 1, X"~�; eρ < 1, X �~�.

y² �ρ > 1�, PA(s) = s3(0, 1)¥���)�u, @oé?¿i ≥ 0, -zi = ui, @o

zi = ui = ui−1A(u) =

∞∑
k=0

pku
k+i−1

=

∞∑
k=i−1

pk−i+1zk =

∞∑
k=i−1

pi,kzk =
∑
k 6=0

pi,kzk + pi,0, i 6= 0

du{fi,0}i 6=0´�§|

zi =
∑
k 6=0

pi,kzk + pi,0, i 6= 0

����K), Ïdfi,0 < 1. ùL²G�0�~�, l
X�~�.

�ρ ≤ 1�, é?¿i ≥ 1, -yi = i,

yi = i− 1 + 1 ≥ i− 1 + ρ = i− 1 +

∞∑
k=0

kpk =

∞∑
k=0

(k + i− 1)pk

=

∞∑
k=i−1

pk+1−ik =
∑
k∈S

pi,kyk.

d½n12.3��d�X´~��.

�ρ < 1�, d

i− 1 + ρ =

∞∑
k=0

pi,kk, i ≥ 1

��

i

1− ρ
− 1 =

∞∑
k=0

pi,k
k

1− ρ



118

�
∞∑
k=0

p0,k
k

1− ρ
=

∑∞
k=0 kpk
1− ρ

≤ 1

1− ρ
<∞.

d½n12.4��, d�X�~�.

�ρ = 1�, eX�~�§KPÙØCÿÝ�π = {πk}k≥0. é?¿s ∈ [0, 1], -

π(s) =
∑
k≥0

πks
k.

@od

πi =
∑
k∈S

πkpk,i = π0pi +

i+1∑
k=1

πkpi+1−k

��é?¿0 < s < 1,

π(s) =
∑
i≥0

πis
i = π0

∑
i≥0

pis
i +

∞∑
k=1

∞∑
m=0

πkpms
m+k−1

= π0A(s) +
1

s
(π(s)− π0)A(s).

dd��

π(s) =
π0(s− 1)A(s)

s−A(s)
(4.1.4)

±9

A(s)− 1

s− 1
= 1− π0

A(s)

π(s)
.

-s→ 1−�

ρ = A′(1) = 1− π0 (4.1.5)

Ïdρ = 1¿�Xπ0 = 0l
G�0��~�, ù�X�~�b�gñ.

5¿�X�~�^�e(4.1.4)´²­©Ù�1¼ê§(Ü(4.1.5)��

π(s) = (1− ρ)
(1− s)A(s)

s−A(s)
,

l


π′(s) = (1− ρ)
{ (s− 1)A′(s)

s−A(s)
+
A(s)[s−A(s)− (1−A′(s))(s− 1)]

(s−A(s))2

}
díØ12.2, íØ11.6, �ρ < 1�

lim
n→∞

1

n

n∑
k=1

P(Xk = 0) = π0 = 1− ρ,

?�Úe�¦A′′(1−) = E(ξ2
1)− E(ξ1) <∞, ds→ 1�s−A(s) ∼ (1− ρ)(s− 1)��

lim
n→∞

1

n

n∑
k=1

Xk =

∞∑
k=0

kπk = π′(1−) = ρ+
A′′(1−)

2(1− ρ)
.

öSK
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12.1 3~11.1¥e-p0 = p1 = p2 = p3 = 0.25, Ù¦^�ØC, ¦�ZüÑ(k, 3).

12.2 éM(λ)/G/1i\óX, eÑÖ��ÑÖ�mGÑlëê�µ��ê©Ù�λ < µ. ¦�

�m�²þè�ÚI�Ã<��m'~.

12.3* �Ø���~�ê¼óX�=£VÇÝ
�(pi,j)i,j∈S , π = {πi}i∈S�²­©Ù.

-Yn = (Xn, Xn+1). y²Y = {Yn, n ≥ 0} ´G��m�M = {(i, j), i, j ∈ S, pi,j > 0}�Ø

���~�ê¼ó, ²­©Ù�{πipi,j}(i,j)∈M.

12.4* �X´G��mS = {0, 1}�üG��àê¼ó, =£VÇÝ


P =

 p 1− p

1− q q

 ,

Ù¥0 < p, q < 1. e®�X0, · · · , Xn��|*	�x0, · · · , xn, Ù¥��mk�gS���

ü�*	��00, 01, 10, 11�©Okn00, n01, n10, n11é.

(1) y²p, q�4�q,�O©O´

p̂n =
n00

n00 + n01
, q̂n =

n11

n10 + n11
.

(2) y² lim
n→∞

p̂n = p, a.s.
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4.2 �_ê¼ó��AkÛ�[

��^Markovó£ã�XÚ, ~~�±|^§���m��­½©Ù, ��Ùëê�­

½�O��â. 3c¡·�®²w�, 3é°�^�e, ØC©ÙÒ´ù�­½©Ù. 
¦Ø

C©ÙI�)���§, ��5`I�é��ó�þ. ¤3�´, 3¢S¥kéõ¯K÷v

�«é¡5^�,=¤¢�_5^�. éu÷vù«^��Markov ó, k�«¦ØC©Ù�

{B�{. 3�!¥, ·�ò�Ñù�¡�nØÚA^.

4.2.1 �_ê¼ó

½Â13.1 ±P = (pi,j)i,j∈S �=£Ý
�MarkovóX, ¡��_�, XJ�3VÇ©Ùµ =

{µi : i ∈ S}¦�é?¿i, j ∈ S,

µipi,j = µjpj,i. (4.2.1)

µ¡�X��_Ð©Ù, {¡�_©Ù. ÔnÆ¥¡(4.2.1)�[�²ï^�.

dd½Â�, ∑
i

µipi,j =
∑
i

µjpj,i = µj .

=µ´X�²­©Ù. ùL²eX´�_Ø��ó, @o§��_©Ù��
�²­©Ù�±

|^�§(4.2.1)¦Ñ.

~13.1 �	G�S = {0, 1, · · · ,M}, =£VÇ�

0 < pi,i+1 = αi = 1− pi,i−1 < 1, i = 1, · · · ,M − 1,

0 < p0,1 = α0 = 1− p0,0 ≤ 1, 0 ≤ pM,M = αM = 1− pM,M−1 < 1,

�ê¼óX, ¦X�²­©Ù.

) N´wÑX´Ø���. é?¿M > i ≥ 0,

νipi,i+1 = νi+1pi+1,i,

=é?¿M > i ≥ 0

νiαi = νi+1(1− αi+1).

dd��, é?¿M > i ≥ 0, νi+1 =
∏i+1
k=1

αk−1

1−αk ν0. 2-
M∑
i=0

νi = 1��

ν0 =
1

1 +
∑M
i=1

∏i
k=1

αk−1

1−αk

.

d�ν = (ν0, ν1, · · · , νM )�X��_©Ù, ?
�´X�²­©Ù.
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·K13.1 P�_Ø��ê¼óX��_©Ù�µ = {µi : i ∈ S}. @oé?¿i ∈ S, µi > 0,


�é?¿j ∈ S, pi,j = 0��=�pj,i = 0.

y² d(4.2.1)±9êÆ8B{N´y²é?¿n ≥ 1,

µip
(n)
i,j = µi

∑
k∈S

pi,kp
(n−1)
k,j =

∑
k∈S

µipi,kp
(n−1)
k,j

=
∑
k∈S

µkpk,ip
(n−1)
k,j =

∑
k∈S

µkp
(n−1)
k,j pk,i

=
∑
k∈S

µjp
(n−1)
j,k pk,i = µjp

(n)
j,i . (4.2.2)

duµ�©Ù±9XØ��, �3i0 ∈ S¦�µi0 > 0 ±9é?¿i0 6= i ∈ S, �3n ≥ 0¦

�p
(n)
i0,i

> 0. òÙ�\þª��

µip
(n)
i,i0

> 0.

ùL²µi > 0. 2d(4.2.1)��é?¿j ∈ S, pi,j = 0��=�pj,i = 0.

d½n10.8���_Ø��ê¼ó�½´�~��; ��Øý.

��/, éu�_Ø��ê¼ó
ó, ?�i0 ∈ S, é?¿j ∈ S, �3�^´»¦

�i0 → j. Ø��T´»�

i0 ↪→ i1 ↪→ · · · ↪→ in ↪→ j,

ùp↪→L«“�Ú��”, @o

pi0,i1pi1,i2 · · · pin,j > 0

d�d·K13.2��

pj,in · · · pi2,i1pi1,i0 > 0.

3|^(4.2.1)��, é�_©Ùµ = {µi, i ∈ S},

µi0pi0,i1pi1,i2 · · · pin,j = µi1pi1,i2 · · · pin,jpi1,i0

= µi2pi2,i3 · · · pin,jpi2,i1pi1,i0

= · · · = µjpj,in · · · pi2,i1pi1,i0 .

P

v(i0, j) =
pi0,i1pi1,i2 · · · pin,j
pj,in · · · pi2,i1pi1,i0

∈ (0,∞),

@ov(i0, i0) = 1�é?¿j ∈ S, µj = µi0v(i0, j). d

1 =
∑
j∈S

µj =
∑
j∈S

v(i0, j)µi0
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��é?¿j ∈ S

µj =
v(i0, j)∑
j∈S v(i0, j)

. (4.2.3)

e¡½n�·��äØ���~�ó´Ä�_Jø
����*��{.

½n13.2 éu��pi,j = 0Òkpj,i = 0�Ø���~�ê¼óX, §´�_ê¼ó�¿�^

�´l§?¿�G�Ñu£�TG��´»�§���´»k�Ó�VÇ. =éu��G

�i, i1, i2, · · · , ink

pi,i1pi1,i2 · · · pin,i = pi,inpin,in−1
· · · pi1,i. (4.2.4)

y² c¡©Û®�Ñ
7�5, ey¿©5. ?�i, j ∈ S¦�i 6= j�pi,j > 0. é?¿n ≥ 1,

d(4.2.4) ��,

pi,i1pi1,i2 · · · pin−1,jpj,i = pi,jpj,in−1 · · · pi2,i1pi1,i.

'u¤ki1, · · · , in−1¦Ú�

p
(n)
i,j pj,i = pi,jp

(n)
j,i .

?�Ú'un¦Ú¿¦²þ�

lim
k→∞

1

k

k∑
n=1

p
(n)
i,j pj,i = pi,j lim

k→∞

1

k

k∑
n=1

p
(n)
j,i .

duXØ����~�, díØ11.6±9½n11.8��

πjpj,i = πipi,j ,

Ù¥π = {πi, i ∈ S}´X�²­©Ù. ÏdX�_.

½n13.3 ?���lÑ©Ùπ,PÙ¤k��VÇ���:�¤�8Ü�S, =π = {πi, i ∈

S}, Ù¥πi > 0�
∑
i∈S πi = 1. �½�3Sþ��_Ø��ê¼óX, ¦�π´X�²­©Ù.

y² ?���SþØ���ê¼óY¦Ù=£VÇÝ
�Q = (qi,j)i,j∈S÷v

qi,j = 0⇔ qj,i = 0.

é?¿i 6= j ∈ S, -

αi,j = min{πjqj,i
πiqi,j

, 1}, pi,j = qi,jαi,j ,

±9

pi,i = qi,i +
∑
j 6=i

qi,j(1− αi,j).

N´u�P = (pi,j)i,j∈S´��ÅÝ

�d�E��é?¿i 6= j,

pi,j > 0⇔ qi,j > 0.

ÏddY�Ø��5��, ±P�=£VÇÝ
�ê¼óX�´Ø���. ?�Ú, é?
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¿i 6= j, d

πipi,j = πiqi,jαi,j

��, eαi,j < 1, Kαj,i = 1 �

πipi,j = πjqj,i = πjqj,iαj,i = πjpj,i,


αi,j = 1�, eπiqi,j = πjqj,i Kαj,i = 1,�

πipi,j = πiqi,j = πjqj,i = πjqj,i;

eπiqi,j > πjqj,i Kαj,i < 1,�

πipi,j = πiqi,j = πjqj,iα(j, i) = πjqj,i.

o�, d�π�X��_©Ù, l
�X�²­©Ù.

513.1 eéØ��ê¼óY��¦�3,�i¦�pi,i > 0, @oX�´�±Ï�, l
d½

n11.9��π�´X�4�©Ù, =Xn�©ÙÂñ�π.

513.2 ¡½n13.3y²¥�E=£Ý
P?
���_ê¼ó��{�Hastings-Metropolis

�{, ¡=£Ý
Q = (qi,j)i,j∈S�ýÀÝ
.

4.2.2 ê¼ó�AkÛ(MCMC)�{*

3E,�ÚO¯K¥,NõÚOþéJ��?1nØ©Û½O�, I�/Ï�Å�[�

¤. 'X, �·���O�ÃXE(h(X))ù���ªk(J�, �«g,��{´/Ï�ê

½Æ, ÏL)¤���XÓ©Ù��Åêx1, x2, · · · , xn, ,�^
∑n
i=1 h(xi)/nCq. ��)

¤X��Åêk(J�, ù«�Y¢yå5Òk�½JÝ. ê¼ó�AkÛ(MCMC)�{´

U)ûùa¯K��«�Å�[�{. T�{�Ì�g�´òA½©Ù�O¤,�ê¼ó�

²­©Ù, Äuê¼ó�4�½n(½n11.9)ÚH{5½n(½n12.1ÚíØ12.2), ÏL�[

ê¼ó�;�(¢y), Cq)¤A½©Ù��Åê½�O¤I���«ÚOþ. e¡·�(

Üü«;.æ��{{ü0�MCMC�{.

(A) Metropolisæ�

Metropolisæ�Ò´ÄuHastings-Metropolis�{)¤���_ê¼ó��;��Ä

��{. d½n13.3, ��[ù��ê¼ó, '�´�[=£Å�(pi,j), �=3�½Xn =

i�^�e, �[©Ù�{pi,j , j = 1, 2, · · · }. 5¿�j 6= i�pi,j = qi,jαi,j . �YÑl©Ù
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�(qi,1, qi,2, · · · ), Z ∼ U [0, 1]��YÕá. -

W =


Y, Z ≤ αi,Y ;

i, Ù§,

@oj 6= i�

P(W = j) = P(Y = j)P(Z ≤ αi,j) = qi,jαi,j = pi,j ,


P(W = i) = 1 −
∑
j 6=i pi,j = pi,i. =W´Ñl©Ù�(pi,1, pi,2, · · · )��ÅCþ. Ïd�^

Xe�{¢y�[=£Å�(pi,j).

(s1) ��c��Xn = i.

(s2) �)��©Ù��(qi,1, qi,2, · · · )��Åê, b��j;

(s3) O�αi,j ;

(s4) Õá/���Ñl[0, 1]þþ!©Ù��Åêu, XJu ≤ αi,j , KòG��#�Xn+1 =

j¿£�(s1), ÄKG�Ø�#,=-Xn+1 = i, ¿£�(s1).

�Ä�αi,j =
πjqj,i
πiqi,j

∧ 1, ·��±òþã�{¥(s3),(s4)üÚ`z�

(s3) e
πjqj,i
πiqi,j

≥ 1, KòG��#�Xn+1 = j¿£�(s1); ÄK?1(s4);

(s4) Õá/���Ñl[0, 1]þþ!©Ù��Åêu,XJu ≤ πjqj,i
πiqi,j

,KòG��#�Xn+1 =

j¿£�(s1), ÄKG�Ø�#,=-Xn+1 = i, ¿£�(s1).

~13.2 ò¤kn?ü�¤|¤�8ÜFw������m, 3Fþ�±½Â�«lÑ©Ùπ¦

�é?¿v ∈ F, πv = cT (v), Ù¥T (v)L«ü�v¥ên� �, c = (n + 1)!/2�¤kT (v)�

Ú. 'Xn = 3�, ò3?ü��gP�

v1 = 123; v2 = 213; v3 = 231; v4 = 132; v5 = 312; v6 = 321.

d�F = {v1, v2, v3, v4, v5, v6}, 
�

T (v1) = 3; T (v2) = 3; T (v3) = 2; T (v4) = 2; T (v5) = 1; T (v6) = 1.

��O���c = 12, lÑ©Ùπ�

π1 = T (v1)/12 = 1/4; π2 = T (v2)/12 = 1/4; π3 = T (v3)/12 = 1/6;

π4 = T (v4)/12 = 1/6; π5 = T (v5)/12 = 1/12;π6 = T (v6)/12 = 1/12.

Á^Metropolisæ�{)¤n = 50�©Ùπ�����.

�{�O: �
|^Metropolisæ�{, ·�I��O��ýÀÝ
, �dé?¿��50?ü

�v ∈ F, -

N(v) = {u ∈ S, u�dv�õ²L�g��é���}.
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é?¿v, u, -

qv,u =


0, u 6∈ N(v)

1/|N(v)| = 1/50, u ∈ N(v),

Ù¥|N(v)|L«8ÜN(v)¥����ê. du?¿ü�ØÓ�50?ü�o�ÏL��é��

p=�, Ïd�±�y±(qv,u)�=£VÇÝ
�ê¼ó´Ø���, 
�

q(v, u) = 0⇔ q(u, v) = 0.

du����©Ùπ ÷vé?¿v ∈ F, πv = cT (v), Ù¥c�~ê. Ïd

α(v, u) = min

(
πuqu,v
πvqv,u

, 1

)
= min

(
T (u)

T (v)
, 1

)
.

5¿�qv,v > 0, dHastings-Metropolis�{���ê¼óX´Ø���±Ï�_ê¼ó,

π´X�4�©Ù.

e¡·�^Metropolisæ�{�[ê¼óX3����;�e�S�{Xk}, � kv
�

�, Xk��Ò´π���Cq��. Ä��[6§Xe

(s1) �X0?¿D���50?ü�.

(s2) ��c��Xk = v, vL«��n?ü�.

(s3) �)��30�49�ê:þþ!©Ù��Åê, b��j, -uL«é�v¥1j Új + 1 

�þ�ê¤���ü�, �j = 0�u = v;

(s4) eT (u)
T (v) ≥ 1, KòG��#�Xk+1 = u¿£�(s2); ÄK?1(s5);

(s5) Õá/���U [0, 1]��ÅêU , XJU ≤ T (u)
T (v) , KòG��#�Xk+1 = u¿£�(s2),

ÄKG�Ø�#,=-Xk+1 = v, ¿£�(s2).

Äuù
6§, �±?�O�Å§S¢yé©Ùπ�æ�, �ÖögC�¤.

(B) Gibbs æ�

Gibbsæ�´MCMC�[¥¦^���2���«ê¼ó;�æ��{. §��þE´

�«AÏ�Hastings-Metropolis�{. ·�{ãXe:

�X = (X1, X2, · · · , Xn)´lÑ�Å�þ. PÙ¤k�U���8Ü�S. b�

(h1) X�©Ù÷vµé?¿x = (x1, x2, · · · , xn) ∈ S,

P(X = x) = cg(x),

Ù¥c�~ê.

(h2) é?¿1 ≤ i ≤ n ±9?¿xj , Ù¥1 ≤ j ≤ n �j 6= i, ^�©Ù

P(Xi = ·|Xj = xj , j 6= i)
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�3�®�.

513.4 dVÇ©Ù�8�5��c = [
∑
x∈S g(x)]−1, �3éõ�ÿg(x)�¦ÚO�ØN´

¢y, d�·��±@�c´���.

513.5 þã^�(h2)L²3®�
X�?¿n − 1�©þ���, ·�Ò�±�½�©Ù(

½X���.

3±þ^�b�e, Gibbsæ�{�[)¤��þ�ê¼óY = {Yn, n ≥ 0}UXe�=

£�ª)¤��:

(s1) b�8c�G�´Yk = x = (x1, x2, · · · , xn);

(s2) �Å/31�n¥À���eI, 'X´i;

(s3) �½¤kxj , j 6= i, ��, U^�©ÙP(Xi = ·|Xj = xj , j 6= i) )¤xi��Åê, '

Xxi = y;

(s4) òYk+1���¤y = (x1, · · · , xi−1, y, xi+1, · · · , xn)¿£�(s1).

PXþ�ª)¤�ê¼óY��Ú=£VÇ�q(x, y), @o

(q1) �x, y��kü�©þØÓ�q(x, y) = 0;

(q2) �x, y�k��©þØÓ�, b�ØÓ�©þeI�i,

q(x, y) =
1

n
P(Xi = yi|Xj = xj , j 6= i) =

cg(y)

nP(Xj = xj , j 6= i)
;

(q3) �x = y�

q(x, x) = 1−
∑
y 6=x

q(x, y).

N´u�d�Y´��Ø��ê¼ó, q(x, y) = 0⇔ q(y, x) = 0 
�q(x, x) > 0. ?�Ú, d

�Hastings-Metropolis�{¥�¼ê

α(x, y) = min

(
cg(y)q(y, x)

cg(x)q(x, y)
, 1

)
= min

(
cg(y)cg(x)

cg(x)cg(y)
, 1

)
= 1,

ùL²GibbsÄ�{���ê¼óY�´UHastings-Metropolis�{�E��±ÏØ���

_ê¼ó¿±X�©Ù�²­©Ù, Ïd��[�ê¼óY$1v
õ�Ú½�, =kv
�

�, Yk��Ò�±w�X ©Ù�����:.

~13.3 ®�lÑ�Å�þX = (X1, · · · , X50)�z��©þ��U��Ñ´1Ú−1. éX�

z���U��x = (x1, x2, · · · , x50),

P(X = x) = ce−
1
2

∑49
i=1 xixi+1 .

Á^GibbsÄ�{�ÑX©Ù���Cq��.

�{�O: Ä�6§Xe:
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(s1) �X0?¿D���Ð�(x
(0)
1 , x

(0)
2 , · · · , x(0)

50 );

(s2) b�8c�G�´Yk = x = (x1, x2, · · · , x50);

(s3) �Å/31�50¥À���eI, 'X´i;

(s4) �½¤kxj , j 6= i, ��, U^�©ÙP(Xi = ·|Xj = xj , j 6= i) )¤xi��Åê, '

Xxi = y;

(s5) òYk+1���¤y = (x1, · · · , xi−1, y, xi+1, · · · , x50) ¿£�(s2).

äN�§S?�, �ÖögC�¤.

��·��Ñ�´MCMC�{Ø=�±^5Cq�[lÑ©Ù��Åê, ��±^5

�[ëY©Ù��Åê; Ø=�±�[�Åê��±(ÜBayes�{�Oëê±9¦E,�

��mþ¼ê�4�. éù
SNa,��Öö�ë�k'ë�©z, �ÖØ2�ã.

öSK

13.1 y²�q > p�����{ü�ÅiÄ´�_�, ¿dd¦m0,0.

13.2 o�m�x¥Úm�ç¥©O�3A,Bü��f¥, z��fkm�¥, zglùü��

f¥��Å/���¥¿r§�����£. ±XnL«²Lng�A�¥ç¥�ê. ¦Xn�

²­©Ù.

13.3* ÁÏL?§ò~13.2(n = 50)Ú~13.33O�Åþ¢y.
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4.3 ©{L§

ù�!·�0��aAÏ�ê¼�.))©{L§. ùaL§
u[x6¼���ÚO

N�, y3)Ô, ²L, 7K±9�¬ÆïÄ�+�kX2�A^.

4.3.1 Galton-Watson©{L§

�an��©{L§½ÂXeµ

½Â14.1�{Yn,k, n ≥ 1, k ≥ 1}��xÕáÓ©Ù��K�ê���ÅCþ, 48½Â�Å

L§{Xn, n ≥ 0} Xe

Xn+1 =

Xn∑
k=1

Yn+1,k, n ≥ 0,

Ù¥X0´�½��K�ê��ÅCþ��{Yn,k, n ≥ 1, k ≥ 1}Õá. ¡�ÅL§{Xn, n ≥

0}�G-W(Galton-Watson)©{L§.

e±XnL«1n���Nê§Yn+1,kKL«1n�¥1k��N���ê. �*w, G-W

©{L§n�/b�
[x¥z��N�)���1�´����*dÃ'. N´y²d

�X = {Xn;n ≥ 0}´���àê¼ó, =£VÇ

pi,j = P(Y1,1 + · · ·+ Y1,i = j).

d½Â��p0,0 = 1,=G�0�áÂ�. Ppk = P(Y = k). �;�²�,±eo�p1 < 1.

ep0 > 0, Ké?¿i, pi,0 = pi0 > 0§ùL²i→ 0. b½X0 = 1,

τ0 = inf{n ≥ 1, Xn = 0}

@o¤¦VÇ

q = P1(τ0 <∞) = f10 = lim
n→∞

p
(n)
1,0 .

5¿�eÐ©��kk��N, �¦6¼��, ¿�Xz��N9Ù���6¼Ñ���, q

duz��N9Ù���Ly´�pÕá�, Ïd

fk,0 = Pk(τ0 <∞) = fk10 = qk, p
(n)
k,0 = Pk(Xn = 0) = (p

(n)
1,0 )k.

·K14.1 ez��N�)���²þ�Ø�L1, =m = E(Y ) ≤ 1, @oXn 7,��,

=q = 1.

y² d½n10.1��

q = f1,0 =

∞∑
k=1

p1,kfk,0 + p1,0 =

∞∑
k=1

pkq
k + p0.
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-A(s) =
∑∞
k=0 pks

k. @oq÷v�§q = A(q). du0 ≤ q ≤ 1, 
dSK4.7��T�§

3[0, 1)SÃ). ������q = 1.

·K14.2 ez��N�)���²þ��L1, =m = E(Y ) > 1, @oXn±�VÇØ��,

=q < 1.

y² d·K12.6��q´A(s) = s3«m[0, 1]þ��). 5¿�0´áÂG�, é?¿n ≥ 2

p
(n)
1,0 =

∞∑
k=1

p1,kp
(n−1)
k,0 + p1,0 =

∞∑
k=1

pk(p
(n−1)
1,0 )k + p0 = A(p

(n−1)
1,0 ),

Ù¥p
(1)
1,0 = p0. é�§s = A(s)�?¿�K)u±9?¿n, Ñ÷v

u = An(u) = An−1(A(u))

≥ An−1(A(p0)) = An−1(p2
1,0)

≥ · · · ≥ A(p
(n)
1,0 ) = p

(n+1)
1,0 .

-n → ∞, �q = f1,0 ≤ u. ùL²q´s = A(s)����K). dSK4.7���m > 1�,

A(s) = s3[0, 1)Sk���K), l
0 < q < 1.

4.3.2 �£¬�Galton-Watson©{L§

éG-W�.
ó, 0´áÂ�
¤k�"G�Ñ´�~��(ë�SK14.1), ÏdeXØ

«ýK¿�XXn�ª��Ã¡, �*
óÒ´<�¬�¿. ù«ü4zy�w,�<�

��*a�Ø��. �«éG-W �.{ü�?�´Ú?¤¢�/£¬0, ��Xe��£

¬G-WL§.

½Â14.2 �{Yn,k, n ≥ 1, k ≥ 1}��xÕáÓ©Ù��K�ê��ÅCþ, {In, n ≥ 1}�´

�xÕáÓ©Ù��K�ê��ÅCþ��{Yn,k, n ≥ 1, k ≥ 1} Õá, ¡�ÅL§{Xn, n ≥

0} ��£¬�G-WL§, XJ

Xn+1 =

Xn∑
k=1

Yn+1,k + In+1, n ≥ 0,

Ù¥X0´�½��K�ê��ÅCþ��{Yn,k, n ≥ 1, k ≥ 1}�{In, n ≥ 1} Õá.

�*w, 3�£¬�G-WL§�.¥InL«1n�£\�<�ê
�£\êþ�n�c

��<�êÃ', �1n�#)�<��Ã'. dÕá5b�, N´�yd�X = {Xn, n ≥

0}E��àê¼ó. Ppk = P(Y = k), qk = P(I1 = k). �{ü, ·��½1 > p0, q0 > 0. é

?¿i ≥ 0, d

pi,0 = P(Y11 + · · ·+ Y1i + I1 = 0) = pi0q0 > 0, p0,i = P(I1 = i) = qi

��X´Ø���±Ï�.(�SK14.2)
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Pm = E(Y ), σ2 = Var(Y ), λ = E(I1), β2 = Var(I1). dSK14.3��

·K14.3 é�£¬�G-W©{L§X, Xe�^�Ýúª¤á.

(1) E(Xn|Xn−1) = mXn−1 + λ;

(2) E(X2
n|Xn−1) = (mXn−1 + λ)2 + σ2Xn−1 + β2.

·K14.4 em < 1, 0 < λ <∞, @oX�~�.

y² eXØ´�~��, @od511.1��, é?¿i ≥ 0, p
(n)
1,i → 0. ù¿�Xé�~

êM = 2λ
1−m + 2, �3¿©��n, ¦�é?¿0 ≤ k < M , p

(n)
1,k <

1
2M . Ïd

P1(Xn ≥M) = 1−
M−1∑
k=0

p
(n)
1,k > 1/2,

l
E1(Xn) > 1 + λ
1−m . �,��¡, d·K14.3¥(1)��

E1(Xn) = E1(E(Xn|Xn−1)) = mE1(Xn−1) + λ

= · · · = λ(1 + · · ·+mn−2) +mn−1 ≤ λ

1−m
+ 1.

gñL²X�½�~�.

4.3.3 ©{L§ëê�O*

3<�­½^�e, <�g,'%�.p�
­�ëê��O. 'Xïþ��²þ�ê

�ëêmÚz�²þ£\�ê�ëêλ.

e¡·�3σ2Úβ2k�^�e�Äm,λ�ëê�O.

o�m < 1, 0 < λ < ∞. Pd��²­©Ù�π = {πi}i≥0. 5¿Xn−1 ®�^�e, Xn

��Z�O´^�Ï"

E(Xn|Xn−1) = mXn−1 + λ.

3�½��X0, · · · , Xn^�e, ÏL¦�L«Ø��¼ê

Q(m,λ) =
n∑
k=1

(Xk −mXk−1 − λ)2

�����, ·��±��ëêm,λ�,«L«, ¡Ù�(m,λ)����¦�O. ��O��

�m,λ����¦�Oþ�

m̂n =
n
∑n
k=1Xk−1Xk −

∑n
k=1Xk−1

∑n
k=1Xk

n
∑n
k=1X

2
k−1 − (

∑n
k=1Xk−1)2

,

±9

λ̂n =
1

n
(

n∑
k=1

Xk − m̂n

n∑
k=1

Xk−1).
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díØ12.2±9SK12.3��

m̂n =

∑n
k=1 Xk−1Xk

n −
∑n
k=1 Xk−1

n

∑n
k=1 Xk
n∑n

k=1 X
2
k−1

n − (
∑n
k=1 Xk−1

n )2

→
∑∞
i=0 iπi

∑∞
j=0 jpi,j − (

∑∞
i=0 iπi)

2∑∞
i=0 i

2πi − (
∑∞
i=0 iπi)

2

=

∑∞
i=0 i(mi+ λ)πi − (

∑∞
i=0 iπi)

2∑∞
i=0 i

2πi − (
∑∞
i=0 iπi)

2
, a.s. (4.3.1)

e¡·�O�
∞∑
i=0

iπi±9
∞∑
i=0

i2πi. �d·�b�X�Ð©©Ù�π, @oX0, X1�©ÙÑ´π,

l
d·K14.3(1),
∞∑
i=0

iπi = Eπ(X0) = Eπ(X1) = Eπ(Eπ(X1|X0)) = Eπ(mX0 + λ)

Ïd
∞∑
i=0

iπi =
λ

1−m
.

Ó�d·K14.3(2),
∞∑
i=0

i2πi = Eπ(X2
0 ) = Eπ(X2

1 ) = Eπ(Eπ(X2
1 |X0))

= m2Eπ(X2
0 ) + (2λm+ σ2)Eπ(X0) + λ2 + β2

��
∞∑
i=0

i2πi = (
σ2λ

1−m
+ β2)

1

1−m2
+

λ2

(1−m)2
.

Ïd
∞∑
i=0

i2πi − (

∞∑
i=0

iπi)
2 = (

σ2λ

1−m
+ β2)

1

1−m2
,

∞∑
i=0

i(mi+ λ)πi − (

∞∑
i=0

iπi)
2 = (

σ2λ

1−m
+ β2)

m

1−m2
.

ò±þ(J�\(4.3.1)�

m̂n → m, a.s.

?
d½n12.1�

λ̂n →
λ

1−m
−m λ

1−m
= λ, a.s.

=m̂n, λ̂n©O´mÚλ3A�7,Âñ¿Âe��Ü�O.

öSK

14.1 ØØp0´Ä�", y²Galton-Watson�.¤k�"G�Ñ´�~��.

14.2 y²1 > p0, q0 > 0��£¬©{L§´�±ÏØ���.
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14.3 y²·K14.3.
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4.4 Ûê��Åó

�!·�{�0�lÑ�mlÑG��Ûê��Å�..

4.4.1 Ûê��Åó9Ù5�

½Â15.1 �Xn, Yn, n ≥ 0, ´©O��u8ÜSÚWþ�lÑ�ÅCþ. ¡Z = {Zn =

(Xn, Yn), n ≥ 0}�Ûê��Åó, e�3�ÅÝ
P = (pi,j)i,j∈S ÚQ = (qk,l)k∈S,l∈W¦�

é?¿n ≥ 0

P(Zn+1 = (in+1, jn+1)|Zk = (ik, jk), 0 ≤ k ≤ n) = pin,in+1qin+1,jn+1 , (4.4.1)

é?¿i0, i1, · · · , in+1 ∈ S, j0, j1, · · · , jn+1 ∈WÑ¤á.

|^�VÇúª, d½Â��

P(Zn+1 = (in+1, jn+1)|Zk = (ik, jk), 0 ≤ k ≤ n)

= P(Zn+1 = (in+1, jn+1)|Zn = (in, jn))

= P(Zn+1 = (in+1, jn+1)|Xn = in). (4.4.2)

ÏdÛê¼ó´�«äkA½=£VÇÅ���þ��àê¼ó, Ù=£VÇ

p(in,jn),(in+1,jn+1) = pin,in+1qin+1,jn+1 ,

¿�3®�X3n�����, Z�“{¤”�“�5”Õá.

,	, Ed�VÇúª��

P(Xn+1 = in+1|Xk = ik, 0 ≤ k ≤ n) = P(Xn+1 = in+1|Xn = in) = pin,in+1
.

ÏdX = {Xn, n ≥ 0}´��±P = (pi,j)�=£VÇÝ
��àê¼ó. 
é?¿��n, L

§Y = {Yn, n ≥ 0}÷v

P(Yn = jn|Xn = in, Xk = ik, Yk = jk, 0 ≤ k ≤ n− 1)

= P(Yn = jn|Xn = in, Xk = ik, 0 ≤ k ≤ n− 1)

= P(Yn = jn|Xn = in, Yk = jk, 0 ≤ k ≤ n− 1)

= P(Yn = jn|Xn = in) = qin,jn .

Ïd, Y���±Ø´ê¼�, §3?Û��´���6uÓÏX ������ÅCþ, ¿�

©Ù�dÝ
Q = (qk,l) �1�þ�Ñ.

3¢SA^�, �.Z ¥  �kL§Yâ´�*ÿ!�P¹�, 
ê¼óX´Û¹�!

Ø�*ÿ�. ùÒ´·�¡Z�Ûê��Åó�Ì��Ï.
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~15.1 ±Y = {Yn, n ≥ 0}P¹,��¦zF�ÞOÌÝ. Y´�*ÿ�. N´���´, �

¦�ÞO��¦�“Ú”, “=”���', =��¦´Ä3þ,(1)!eO(−1)½öî�(0)�G

�k'. ±X = {Xn}L«�¦zF¤?�G�, w,X´Ø���*ÿ�. ��{ü��

¦d�ÅÄ�.ò(1)zF�¦�ÞOw�´�F�¦G���ÅLy, =�½�F�¦G

�i��, �¦ÞOÑl,«äkëêi��Å©Ù, PT©Ù��(qi,l); (2) zF�¦�G�

L§Xw�´��(�à)ê¼ó, =£VÇÝ
�(pi,j). dd�ï��.Zn = (Xn, Yn)Ò´

���x�¦d�ÅÄÇ�Ûê¼ó�..

~15.2 µ���Åì�)�G�. òÅìG�Xn©�Ð(G�1)Ú�(G�2) ü«, �¦�

âÅì)��¬��þ�¹Yn¢�µ�Åì�)�G�. b½�¬��þ©Ù��6uÅ

ì�c)�G�, 
ÅìG��=C�¤��ê¼ó, @oZn = (Xn, Yn)Ò�¤
��Ûê

��Åó.

~15.3 �Xn´��uG��mS = {1, 2, · · · , L}�Markov ó, Ù��ØU�¢Sÿþ��,


Uÿþ��´Xe�Yn ���,

Yn = g(Xn) + wn,

Ù¥g´����¼ê, {wn}´ÕáÓ©Ù��ÅZ6,��k���,���ÅL§{Xn}Õ

á. @o(Xn, Yn)Ò´��ÛMarkov �..

±eo�Zn = (Xn, Yn)´��Ûê��Åó, e®�X0�Ð©©Ùπ = (πi, i ∈ S), @

odê¼ó�k��©ÙL«��, é?¿n ≥ 0 ±9i0, i1, · · · , in ∈ S, j0, j1, · · · , jn ∈W ,

P(Zk = (ik, jk), 0 ≤ k ≤ n) = πi0qi0,j0

n∏
k=1

pik−1,ikqik,jk . (4.4.3)

ùL²Ð©©Ùπ±9�ÅÝ
P, Q��(½
Z�ÚOA�. Ï~¡(π,P,Q)�Ûê��

ÅóZ�ëê|.

�½j0, j1, · · · , jn ∈W . é?¿0 ≤ m ≤ n, -

Fm(i) = P(Xm = i, Yk = jk, 0 ≤ k ≤ m), i ∈ S.

@od(4.4.2)Ú�VÇúª

F0(i) = πiqi,j0

Fm(i) =
∑

im−1∈S
P(Xm−1 = im−1, Xm = i, Yk = jk, 0 ≤ k ≤ m)

=
∑

im−1∈S

[
P(Xm = i, Ym = jm|Xm−1 = im−1, Yk = jk, 0 ≤ k ≤ m− 1)

×P(Xm−1 = im−1, Yk = jk, 0 ≤ k ≤ m− 1)
]
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= qi,jm
∑

im−1∈S
pim−1,iFm−1(im−1), m ≥ 1. (4.4.4)

é?¿0 ≤ m < n, -

Bm(i) = P(Yn = jn, · · · , Ym+1 = jm+1|Xm = i),

aq/, 2d(4.4.2), ^�VÇúªÚ�VÇúª��

Bm(i) =
∑

im+1∈S
pi,im+1qim+1,jm+1Bm+1(im+1), m ≤ n− 1. (4.4.5)

Ù¥�½Bn(i) ≡ 1.

Äuúª(4.4.4)Ú(4.4.5), ·��±ÏL4í��{��Fm(i)ÚBm(i).

dFm(i)ÚBm(i)�½Â��

P(Yk = jk, 0 ≤ k ≤ n) =
∑
i∈S

P(Xn = i, Yk = jk, 0 ≤ k ≤ n) =
∑
i∈S

Fn(i) (4.4.6)

=
∑
i∈S

P(X0 = i, Yk = jk, 0 ≤ k ≤ n)

=
∑
i∈S

πiqi,j0B0(i). (4.4.7)

���/, é?¿0 ≤ m ≤ n, dê¼5

P(Yk = jk, 0 ≤ k ≤ n) =
∑
i∈S

P(Xm = i, Yk = jk, 0 ≤ k ≤ n)

=
∑
i∈S

P(Xm = i, Yk = jk, 0 ≤ k ≤ m)

×P(Yk = jk,m < k ≤ n|Xm = i, Yk = jk, 0 ≤ k ≤ m)

=
∑
i∈S

Fm(i)P(Yk = jk,m < k ≤ n|Xm = i) =
∑
i∈S

Fm(i)Bm(i). (4.4.8)

Ïd

P(Xm = i|Yk = jk, 0 ≤ k ≤ n) =
Fm(i)Bm(i)∑
i∈S Fm(i)Bm(i)

. (4.4.9)

P(Yn+1 = j|Yk = jk, 0 ≤ k ≤ n)

=
∑

i,in+1∈S
P(Yn+1 = j,Xn+1 = in+1, Xn = i|Yk = jk, 0 ≤ k ≤ n)

=
∑

i,in+1∈S

pi,in+1
qin+1,jFn(i)∑
i∈S Fn(i)

. (4.4.10)

~15.4 b�~15.1¥�¦d�ÅÄÇ©−1, 0, 1n��g, 3�¦G��k−1, 1ü«�/. 3

�¦G��1 �, �¦d�ÅÄÇ©−1, 0, 1 �VÇ©O�0.2, 0.3, 0.5, 
3�¦G��−1�,

�¦d�ÅÄÇ©−1, 0, 1 �VÇ©O�0.6, 0.2, 0.2. b½�¦G�=£VÇ�

p−1,1 = 1/4, p−1,−1 = 3/4, p1,1 = 4/5, p1,−1 = 1/5.

e®�P(X0 = 1) = 4/5±93U�d�ÅÄÇY0 = 1, Y1 = 0, Y2 = −1. Á¯(1)1n�*	
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F�¦3G�1�VÇ, (2)�O1o�*	F�¦d�ÅÄ��U��g.

) (1) �½j0 = 1, j1 = 0, j2 = −1, @^úª(4.4.4), O���

F0(1) = π1q1,1 = 0.8× 0.5 = 0.4, F0(−1) = π−1q−1,1 = 0.2× 0.2 = 0.04;

F1(1) = q1,0[p−1,1F0(−1) + p1,1F0(1)] = 0.099,

F1(−1) = q−1,0[p−1,−1F0(−1) + p1,−1F0(1)] = 0.022;

F2(1) = q1,−1[p−1,1F1(−1) + p1,1F1(1)] = 0.01684,

F2(−1) = q−1,−1[p−1,−1F1(−1) + p1,−1F1(1)] = 0.02178.

Ïdd(4.4.9)(�m = n = 2, d�Bm(i) = 1),

P(X2 = 1|Y0 = 1, Y1 = 0, Y2 = −1) =
0.01684

0.01684 + 0.02178
=

842

1931
≈ 0.4355.

(2) �
O��B, ·�-

a(1) = p1,1q1,1 + p1,−1q−1,1 = 0.44, a(−1) = p−1,1q1,1 + p−1,−1q−1,1 = 0.275;

b(1) = p1,1q1,0 + p1,−1q−1,0 = 0.28, b(−1) = p−1,1q1,0 + p−1,−1q−1,0 = 0.225;

c(1) = p1,1q1,−1 + p1,−1q−1,−1 = 0.28, c(−1) = p−1,1q1,−1 + p−1,−1q−1,−1 = 0.5.

d(4.4.10)��(�n = 2)

P(Y3 = 1|Y0 = 1, Y1 = 0, Y2 = −1) =
a(1)F2(1) + a(−1)F2(−1)

F2(1) + F2(−1)
≈ 0.3469;

P(Y3 = 0|Y0 = 1, Y1 = 0, Y2 = −1) =
b(1)F2(1) + b(−1)F2(−1)

F2(1) + F2(−1)
≈ 0.2490;

P(Y3 = −1|Y0 = 1, Y1 = 0, Y2 = −1) =
c(1)F2(1) + c(−1)F2(−1)

F2(1) + F2(−1)
≈ 0.4041.

Ïd1o�*	F�¦d�ÅÄ��U��g�−1.

4.4.2 G��O�ýÿ*

éÛMarkov �., 3A^¥·�~-�ù��¯K: ®��.ëê(π,P,Q)Ú�ã*ÿ

S�{Yk, k ≤ n}, I��OXm, m ≤ n��Z�. e¡·�Äu4�q,�g�?Øùa¯

K, �=·�@�Xm��Z�´3�½*	S�^�eXm±��VÇ����.

�½�ãS�{Yk, k ≤ n}�*	�y0, · · · , yn. �·���On�c,����m��Z

��, d(4.4.9)

P(Xm = i|Yk = jk, 0 ≤ k ≤ n) =
Fm(i)Bm(i)∑
i∈S Fm(i)Bm(i)

��, Xm��Z�Ò´¦�Fm(i)Bm(i)�����i.
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e·�I��On9n�c¤k����Z�, @od

max
ik∈S,0≤k≤n

P(Xk = ikYk = jk, 0 ≤ k ≤ n)

= max
ik∈S,0≤k≤n

[pin−1,inqin,jnP(Xk = ikYk = jk, 0 ≤ k < n)]

= max
in∈S

{
qin,jn max

ik∈S,0≤k<n

[
pin−1,inP(Xk = ikYk = jk, 0 ≤ k < n)

]}
, (4.4.11)

��, é?¿0 ≤ m ≤ n, e-

Mm(i) = max
ik∈S,0≤k<m

P(Xm = i,Xk = ik, Yk = jk, 0 ≤ k < m)

= max
ik∈S,0≤k<m

[
pim−1,iP(Xk = ikYk = jk, 0 ≤ k < m)

]
,

Kdê¼5��

Mm(i) = max
ik∈S
0≤k<m

[
pim−1,iqim−1,jm−1

pim−2,im−1
P(Xk = ikYk = jk, 0 ≤ k < m− 1)

]
= max

im−1∈S
[pim−1,iqim−1,jm−1

Mm−1(im−1)], (4.4.12)

¿�d(4.4.11)��

max
ik∈S,0≤k≤n

P(Xk = ikYk = jk, 0 ≤ k ≤ n) = max
i∈S

[qi,jnMn(i)]. (4.4.13)

5¿�é?¿i ∈ S, M0(i) = πiÙ¥π´X�Ð©©Ù, |^(4.4.12), d48O���?¿

�Mm(i), ?
dþª��n9n�c¤k���X��Z��Y�*ÿ��éÜVÇ.

�
¼�n9n�c¤k���X��Z�, d(4.4.13)Ú(4.4.12)?�Ú��n9n�c¤

k���X��Z�i0, i1, · · · , in¥

(1) in´¦¼êqi,jnMn(i), i ∈ S, ��������G�;

(2) é?¿1 ≤ m ≤ n, �½im, im−1Ò´¦�¼ê

pi,imqi,jm−1Mm−1(i), i ∈ S,

�������G�.

é?¿0 ≤ m < n±9u ∈ S, PIm(u) ∈ S ¦�

pIm(u),uqIm(u),jmMm(Im(u)) = max
i∈S

pi,uqi,jmMm(i).

@o

in−1 = In−1(in), in−2 = In−2(in−1), · · · , i0 = I0(i1).

�½
*ÿS��*ÿ�, þ¡Ïé��U�G�S���{¡�Viterbi�{.

~15.5 (�~15.4) ¯cn�*	FT�¦��U�G�S�´�o?

) �½j0 = 1, j1 = 0, j2 = 1. db���M0(1) = 0.8,M0(−1) = 0.2,

M1(1) = max
i=−1,1

pi,1qi,j0M0(i) = max
i=−1,1

pi,1qi,1M0(i) = 0.32, I0(1) = 1
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aq��

M1(−1) = max
i=−1,1

pi,−1qi,j0M0(i) = 0.08, I0(−1) = 1.

M2(1) = max
i=−1,1

pi,1qi,j1M1(i) = 0.0768, I1(1) = 1.

M2(−1) = max
i=−1,1

pi,−1qi,j1M1(i) = 0.0192, I1(−1) = 1.

du max
i=−1,1

qi,j2M2(i) = max
i=−1,1

qi,−1M2(i) = 0.015363i = 1������. Ïdcn�*	

FT�¦��U�G�S�´i2 = 1, i1 = I1(1) = 1, i0 = I0(1) = 1.

4.4.3 ÛMarkov�.�ëê�O*

A^�éÛMarkov �.·��~I�l�ã*ÿS�{Yk, k ≤ n}Ñu�O�.ë

êθ = (π,P,Q). ùa¯Kq¡�ÆS¯K, áuëê�O�Æ.

eb�{Xk, k ≥ 1}����®�, d���ê¼óZ = {Zk, k ≥ 0}´��®��. @o

��k¿©����, é?¿i, j ∈ S, rX¥lG�i�e�����G�j�ªêP�Ai,j ,

rG�iÑy�ªêP�Ai, dSK9.10 ±9�ê½Æ�±y², ��i~�Ò�±^

p̂i,j =
Ai,j
Ai

��pi,j��Ü�O, Ó�e±Bi,lL«X��i�Ó�Y��l�ªê, Kaq�y²

q̂i,l =
Bi,l
Ai

´qi,l�Ü�O. ,
ù«�{�´“n�”�, Ï�¢S�.¥X  ´Ø�ÿþ�.

e¡·�=�½Y��|*ÿ�l0, l1, · · · , lN . 4�q,�nw�·�θ���q,�

Oθ̂÷v

P(Yk = lk, 0 ≤ k ≤ N |θ̂) = max
θ

P(Yk = lk, 0 ≤ k ≤ N |θ),

Ù¥P(·|θ)L«�½ëêθe�VÇ.

��
ó, ��¦)T¯K�~(J. �«ò¥�Y´ÏL�E��'uëêθ�4í�

{, ¦�UÅÚJp^�VÇP(Yk = lk, 0 ≤ k ≤ N |θ)���, ¿ò4í�{��ª(J��

ëêθ��O. �{�äNÚ½Xe:

(s1) �½ëêθn = (π(n),P(n) = (pi,j(n))i,j∈S ,Q(n) = (qi,l(n))i∈S,l∈W );

(s2) é?¿θ = (π,P = (pi,j)i,j∈S ,Q = (qi,l)i∈S,l∈W ), -

T (θ|θn) =
∑

ik∈S,0≤k≤N

[
P(Xk = ik, Yk = lk, 0 ≤ k ≤ N |θn)

× ln(P(Xk = ik, Yk = lk, 0 ≤ k ≤ N |θ))
]
.
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(s3) ¦θ∗¦�T (θ∗|θn) = maxθ T (θ|θn).

(s4) -θn+1 = θ∗ ¿£�(s1).

Uþã�{,

0 ≤ T (θn+1|θn)− T (θn|θn)

=
∑

ik∈S,0≤k≤N

[
P(Xk = ik, Yk = lk, 0 ≤ k ≤ N |θn)

× ln
(P(Xk = ik, Yk = lk, 0 ≤ k ≤ N |θn+1)

P(Xk = ik, Yk = lk, 0 ≤ k ≤ N |θn)

)]
Ï�é?¿x ∈ (0,∞), lnx < x− 1, dþª��

P(Xk = ik, Yk = lk, 0 ≤ k ≤ N |θn+1) ≥ P(Xk = ik, Yk = lk, 0 ≤ k ≤ N |θn).

ùL²þã�{���ëêθn(¢U¦^�VÇP(Yk = jk, 0 ≤ k ≤ N |θn)�X�{gê�

O\
`z(O\).

ò¼êT (θ|θn)Ðm�

T (θ|θn) =
∑

ik∈S
0≤k≤N

[
P(Xk = ik, Yk = lk, 0 ≤ k ≤ N |θn) ln(πi0qi0,l0

N∏
n=1

pin−1,inqin,ln)
]

=
∑

ik∈S,0≤k≤N

[
P(Xk = ik, Yk = lk, 0 ≤ k ≤ N |θn)

×(lnπi0 +

N∑
n=0

ln qin,ln +

N∑
n=1

ln pin−1,in)
]

=
∑
i0∈S

P(X0 = i0, Yk = lk, 0 ≤ k ≤ N |θn) lnπi0

+
∑
in∈S

N∑
n=0

P(Xn = in, Yk = lk, 0 ≤ k ≤ N |θn) ln qin,ln

+
∑

in−1,in∈S

N∑
n=1

P(Xn−1 = in−1, Xn = in, Yk = lk, 0 ≤ k ≤ N |θn) ln pin−1,in .

½­��

T (θ|θn) =
∑
i∈S

P(X0 = i, Yk = lk, 0 ≤ k ≤ N |θn) lnπi

+
∑
i∈S
l∈W

N∑
n=0

P(Xn = i, Yk = lk, 0 ≤ k ≤ N |θn)1{Yn=l} ln qi,l

+
∑
i,j∈S

N∑
n=1

P(Xn−1 = i,Xn = j, Yk = lk, 0 ≤ k ≤ N |θn) ln pi,j .

dSK15.1��, �θ = (π∗,P∗,Q∗)�T (θ|θn)�����, Ù¥, é?¿i, j ∈ S, l ∈ W ,
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π∗ = (π∗i ),P∗ = (p∗i,j),Q
∗ = (q∗i,l)÷v

π∗i =
P(X0 = i, Yk = lk, 0 ≤ k ≤ N |θn)∑
i∈S P(X0 = i, Yk = lk, 0 ≤ k ≤ N |θn)

, (4.4.14)

p∗i,j =

∑N
n=1 P(Xn−1 = i,Xn = j, Yk = lk, 0 ≤ k ≤ N |θn)∑

i,j∈S
∑N
n=1 P(Xn−1 = i,Xn = j, Yk = lk, 0 ≤ k ≤ N |θn)

, (4.4.15)

q∗i,l =
P(Xn = i, Yk = lk, 0 ≤ k ≤ N |θn)1{Yn=l}∑

i∈S
l∈W

∑N
n=0 P(Xn = i, Yk = lk, 0 ≤ k ≤ N |θn)1{Yn=l}

. (4.4.16)

-θn+1 = (π∗,P∗,Q∗), ·���
ëêθn+1�θn �m�4íúª.

��¡(4.4.14)-(4.4.16)�Welch–Baumúª. þ¡��{�¡�EM�{. Ù¥EÚM©

O��Ú½(s2)Ú(s3), ¦êÆÏ"�¦���. EM�{´�é3ÿþêâØ���,¦ëê

��«Cqu��q,�O�ÚO�{. ÛMarkov �.ëê��O, ´EM �{��«;.

$^.

éÛMarkov �., <�3A^��¬'%NõÙ¦�¯K, 'Xéu��A½�*ÿ

ó{Yk, k ≤ n}, ®�§�U´d®²ÆSÐ�eZ�.��¤��*ÿ, �û½d*ÿÄ¾

´�gÙ¥=���.. ùa¯K�¡�£O¯K, áu©a�Æ. éuù
¯K, ·�ØÐ

m, éda,��Öö�±ë��']�, ?�ÚÆSÚ
).

öSK

15.1 �zi > 0 (i ∈ T ). y²∑
i∈T

zi ln
( zi∑

i∈T zi

)
= sup

xi>0,i∈T∑
i xi=1

∑
i∈T

zi lnxi.

15.2* ÁÏé�
äN¯K, ^ÛMarkov �.ï�¿�Ñ©ÛÚýÿ.
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ê¼L§I�^�Õá5,�¦3®�y3G��^�e,�5�L�Ã'. �Ù0��

�#L§, ´PoissonL§�í2; ��
ó, �#L§Øäkê¼5, �é,
A½���%

k“�#0�A�.

5.1 �#L§��#�§

�½VÇ�m(Ω,F,P)9ÙþOêL§N = {N(t); t ≥ 0}. d1�Ù1n!��, é?

¿�êk ≥ 1,

Tk = inf{t ≥ 0, N(t) ≥ k} ±9 Wk = Tk − Tk−1,

Ù¥T0 = 0, ©O�1kg(�Å¯�)u)�mÚ1k����m. OêL§N�����S

�{Tk; k ≥ 1}÷vXe'X

N(t) = sup{k; Tk ≤ t} =

∞∑
k=1

1{Tk≤t},


�é?¿k ≥ 0±9t ≥ 0

{N(t) ≥ k} = {Tk ≤ t}, (5.1.1)

{N(t) = k} = {Tk ≤ t < Tk+1}, (5.1.2)

N(t) + 1 = inf{k, Tk > t}. (5.1.3)

5.1.1 �#L§��#5

½Â16.1 eOêL§N = {N(t); t ≥ 0}äkÕáÓ©Ù����mS�, =�3ÕáÓ©

Ù��K�ÅCþS�{Wk; k ≥ 1}, ¦�

N(t) = sup{k ≥ 0 :

k∑
i=1

Wi ≤ t}. (5.1.4)

K¡N��#L§. ¡Wk�©Ù(¼ê)F����m©Ù.

141
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w,ÑtL§´���#L§©Ïd�#L§�w�ÑtL§�í2. d	, �
;

�N(t) ≡ ∞ù«²��/, o�F (0) < 1.

é?¿t ≥ 0±9����Tn,

N(t+ Tn)− n =

∞∑
k=n+1

1{Tk−Tn≤t} =

∞∑
k=n+1

1{
∑k
i=n+1 Wi≤t}.

5¿�Wi, i ≥ 1, ´ÕáÓ©Ù��ÅCþ, Tn =
∑n
k=1Wk��6un�c�Wi, ÏdN(t+

Tn)− n�TnÕá, �

{N(t+ Tn)− n; t ≥ 0} f.d=
{ ∞∑
k=1

1{
∑k
i=1 Wi≤t}; t ≥ 0

}
= {N(t); t ≥ 0}.

ùL²lTÐu)1n¯����Tn �w, �#L§Oþ�TnÕá�Oþ��ÅCzÒ�

´l"��m©��#L§. �*/`§3Tn��§L§N(t)l/#0m©. ·�rù«5

�¡��#5, ·��~¡Tn �(1ng)�#��.

~16.1 b�X = {Xn; n ≥ 1}�Ëã|L§, NnL«ngÁ��c(¹1ng)¤õ�gê, ¿

5½N0 = 0. é?¿t ≥ 0, -N(t) = N[t]. @oN = {N(t); t ≥ 0} Ò´���#L§. d�

����m�WiÑlAÛ©Ùµ

P(W1 = k) = P(X1 = 0, · · · , Xk−1 = 0, Xk = 1) = (1− p)k−1p.

~16.2 ,.û¬;ñAæ�(s, S)-ª?Àó;üÑ, =ûAû¬êØ�Ls �òû¬Öv

�S�, b�m©�ûAkS�û¬
�Ö¿�û¬Uá=?À. e��UrÝ�λ �ÑtL

§N(t)��, 
�z���	ï�û¬ê´ÕáÓ©Ù��ÅCþξi. -C(t)L«(0, t]�ã

S�ÖÀgê, @oC(t)Ò´���#L§, ���mW©Ù�

P(W > t) = P(

N(t)∑
i=1

ξi < S − s).

'X, e�b�{ξi}�N(t)Õá, s = 2, S = 4, ¿�

P(ξi = 1) = p, P(ξi = 2) = q = 1− p.

@o·���

P(W > t) = P({(0, t]Svk��} ∪ {(0, t]S�k1�����ï
1 �û¬})

= e−λt + pλte−λt.

5¿�Tk =
∑k
i=1Wi�Õá�ÅCþ�Ú, dr�ê½Æ��

Tn/n→ µ = E(W1), a.s.

ÏdTn →∞, a.s. d	

P(Tn ≤ t) = F ∗n(t),
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Ù¥F ∗0(t) =


1, t ≥ 0

0, t < 0

, ?
N(t)�©Ù��

P(N(t) = k) = P(Tk ≤ t)− P(Tk+1 ≤ t) = F ∗k(t)− F ∗(k+1)(t),

¿�é��t ≥ 0, n ∈ N,

P(N(t) <∞) = lim
n→∞

P(N(t) < n) = lim
n→∞

P(Tn > t) = 1,

lim
t→∞

P(N(t) < n) = lim
t→∞

P(Tn > t) = 0.

Ïd, N(t)�k���dÙüN�ü5��t→∞�N(t)→∞, a.s.

½n16.1 �#L§N = {N(t); t ≥ 0}�?¿�Ý�3, =é?¿t ≥ 0, k ≥ 1,

E[(N(t))k] < +∞,

AO, m(t) := E(N(t)) =
∞∑
n=1

F ∗n(t).

y² é?¿�½�t ≥ 0,

E[(N(t))k] =

∞∑
n=1

nkP(N(t) = n) ≤
∞∑
n=1

nkP(N(t) ≥ n)

=

∞∑
n=1

nkP(Tn ≤ t) =

∞∑
n=1

nkF ∗n(t).

d lim
n→∞

P(Tn ≤ t) = 0��, �3��êm¦�

a = F ∗m(t) < 1.

qÏ�é��n ≥ 0,

F ∗(m+n)(t) =

∫ t

0

F ∗m(t− s)dF ∗n(s) ≤ F ∗m(t)F ∗n(t).

¤±é?¿l = 0, 1, 2 · · · , r = 0, 1, 2, · · · ,m− 1,

F ∗(lm+r)(t) ≤ (F ∗m(t))l = al.

Ïd

E[(N(t))k] ≤
∞∑
n=1

nkF ∗n(t) =

∞∑
l=0

m−1∑
r=0

(lm+ r)kF ∗(lm+r)(t)

≤ mk+1
∞∑
l=0

(l + 1)kal < +∞. (5.1.5)

d�

m(t) = E(N(t)) =

∞∑
n=1

nP(N(t) = n) =

∞∑
n=1

n(F ∗n(t)− F ∗(n+1)(t))

= F (t) +

∞∑
n=2

[n− (n− 1)]F ∗n(t) =

∞∑
n=1

F ∗n(t). �
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AO, eN´ÑtL§, N´u�

m(t) =

∞∑
n=1

F ∗n(t) =

∞∑
n=1

∫ t

0

λnsn−1

(n− 1)!
e−λsds =

∫ t

0

λe−λs
∞∑
n=0

λnsn−1

(n− 1)!
ds = λt,

ù�·K7.3�'(J��.

5.1.2 �#¼ê��#�§

½Â16.2 ¡m(t) = E(N(t))��#L§N = {N(t); t ≥ 0}��#¼ê. �N����m©

Ù�F�, �¡m´©ÙF��#¼ê.

516.1 �
Qã�B, eÃAO`², �Ùd��#L§����m©ÙFÑ´lÑ�f:

©Ù(ë�SK1.8) ½ö(0,+∞)þ�ëY©Ù�äkÛÜk.(=3?�k.«mþÑk.)

�VÇ�Ý¼ê.

�F´Ú��d�lÑ�f:©Ù�, d�dSK16.7��m(t)��F¼ê, z��F�

a�:Ñ�L«¤nd�/ª.

�FëY�, b��Ý¼ê�f , @oé?¿k ≥ 1, d

F ∗k(t) =

∫ t

0

F ∗(k−1)(t− s)f(s)ds

��F ∗k(t)��Ý¼ê�3, PÙ�fk(t), Ù¥f1(t) ≡ f(t)�

fk(t) =

∫ t

0

fk−1(t− s)f(s)ds.

½n16.1�y²w�·�?ê
∑∞
n=1 F

∗n(t)'ut3?¿k.8þ´��Âñ�. Ïd�Ý¼

êfÛÜk.�, d
∞∑
n=1

fn(t) =
[
f(t) +

∞∑
n=2

∫ t

0

fn−1(t− s)f(s)ds
]

≤ sup
0≤s≤t

f(s)[1 +

∞∑
n=1

∫ t

0

fn(s)ds]

= sup
0≤s≤t

f(s)[1 +

∞∑
n=1

F ∗n(t)] <∞,

��

dm(t)

dt
=

∞∑
n=1

dF ∗n(t)

dt
=

∞∑
n=1

fn(t).

=m(t)´ëY���.

½Â16.3 �b(t)´[0,∞)þÛÜk.¼ê, ¡Xe/ª��§

B(t) = b(t) +

∫ t

0

B(t− s)dF (s), (5.1.6)

��#�§, Ù¥B(t)���¼ê, F (s)´�K�ÅCþ�©Ù¼ê.

516.2��/,�§(3.2.2)¥m>�È©
∫ t

0
B(t−s)dF (s)´¤¢�R-S(Riemann-Stieltjes)È
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©. édÈ©�ÖØÐm0�. 3516.1^�eTÈ©©OéA�lÑ¦Ú�Úî- 4ÙZ

]È©: �F´lÑ.©Ù�, TÈ©´Úª∑
0≤xk≤t

B(t− xk)pk,

Ù¥xk�F| 8(�~1.8)¥���; �F´�Ý¼ê�f�ëY©Ù�, TÈ©�Úî- 4

ÙZ]È© ∫ t

0

B(t− s)f(s)ds.

ØAO`²	, d�·�Ø«©F´ëY�´lÑ©Ù, Ú�^È©
∫ ·

0
φ(s)dF (s)L«é¼

êφ�¦Ú½Úî-4ÙZ]È©.

½n16.2 �#¼êm(t)÷vXeÈ©�§

m(t) = F (t) +

∫ t

0

m(t− s)dF (s). (5.1.7)

y² d�VÇúª

m(t) = E(N(t)) = E(E(N(t)|T1)) =

∫ ∞
0

E(N(t)|T1 = s)dF (s).

�s = T1 > t�, N(t) = 0; �s = T1 < t�, d�#5,

N(t) = N(t− T1 + T1)− 1 + 1
d
= 1 +N(t− T1) = 1 +N(t− s).

Ïd E(N(t)|T1 = s) =


0, s > t,

1 + E(N(t− s)) = 1 +m(t− s), s < t.

dd��

m(t) =

∫ t

0

[1+m(t−s)]dF (s) = F (t)+

∫ t

0

m(t−s)dF (s). �

516.3 Ï~r|^�VÇúªÚ�#5ïá�#�§��{¡��#E|(�{).

~16.3 ��#L§N(t)����m©ÙF�[0, 1]þ�þ!©Ù, ¦éA��#¼êm(t), Ù

¥0 < t ≤ 1.

) é?¿0 < t ≤ 1, ¤¦�#¼ê÷v��#�§�

m(t) = F (t) +

∫ t

0

m(t− s)dF (s) = t+

∫ t

0

m(s)ds.

ü>'ut¦��m′(t) = 1 +m(t). Ïd dm(t)
1+m(t) = dt. dd�)�

ln(1 +m(t)) = c+ t⇒ m(t) = Cet − 1.

dm(0) = 0��C = 1, =m(t) = et − 1.

|^�#¼ê·��±�Ñ�#�§��ÛÜk.)�w«�ª, y²�Ñ"

½n16.3 �b(t)�ÛÜk.¼ê, �#�§(5.1.6)k��ÛÜk.)

B(t) = b(t) +

∫ t

0

b(t− s)dm(s), (5.1.8)
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Ù¥m(s)´F��#¼ê.

516.4 (1) �§(5.1.8)¥�È©
∫ t

0
b(t − s)dm(s)E´R-SÈ©. 3516.1^�e, �F´äk

ÛÜk.�Ý¼ê�ëY©Ù�, m(s)ëY��, TÈ©�XeÚî-4ÙZ]È©��∫ t

0

b(t− s)m′(s)ds;

�F´Ú��d��f:©Ù�, m(s)´�F¼ê, a�:3kd, TÈ©´lÑ¦Ú:∑
kd≤t

b(t− kd)
(
m(kd)−m((k − 1)d)

)
,

Ù¥�½m(−d) = 0.

(2) dN(t) �üN�üÚmëY5��m(t) ´üN�ümëY¼ê,

dm(t) = d
( ∞∑
n=1

F ∗n(t)
)
≈
∞∑
n=1

P(t < Tn ≤ t+ dt).

Ïddm(t)��*/n)�N3�m«m(t, t+ dt]u)a��VÇ.

d½n16.2�½n16.3, ·��±���#¼êm(t)�,�«L«µ

m(t) = F (t) +

∫ t

0

F (t− s)dm(s) (5.1.9)

~16.4 é?¿t, s ≥ 0, ¦E(N2(t)).

) PK(t) = E(N2(t)). d�VÇúª

K(t) = E(E(N2(t)|T1)) =

∫ ∞
0

E(N2(t)|T1 = u)dF (u).

d�#5

E(N2(t)|T1 = u) =


0, u > t

E((1 +N(t− u))2), u < t.

= E(N2(t)|T1 = u) =


0, u > t

1 + 2m(t− u) +K(t− u), u < t.

¤±K(t)÷v�§

K(t) =

∫ t

0

(1 + 2m(t− u) +K(t− u))dF (u)

= F (t) + 2

∫ t

0

m(t− u)dF (u) +

∫ t

0

K(t− u)dF (u)

= 2m(t)− F (t) +

∫ t

0

K(t− u)dF (u).

d½n16.1´�K(t)´ÛÜk.¼ê. d½n16.3±9(5.1.9)��

K(t) = 2m(t)− F (t) +

∫ t

0

(2m(t− s)− F (t− s))dm(s)

= m(t) + 2

∫ t

0

m(t− s)dm(s). �
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~16.5 ¦Xe�§�ÛÜk.)

g(t) = t+

∫ t

0

g(t− s)2e−2sds.

) -dF (s) = 2e−2sds, =F´ëê�2��ê©Ù. 2-b(t) = t. d½n16.3, ¤¦�§��

�ÛÜk.)�

g(t) = b(t) +

∫ t

0

b(t− s)dm(s),

Ù¥m(s)´©ÙF��#¼ê. du±F����m��#L§´rÝ�2�ÑtL§, d·

K7.3��m(s) = 2s. Ïd

g(t) = t+

∫ t

0

(t− s)2ds = t2 + t. �

5.1.3 �#L§�A�ÚOþ

½Â16.4 �N = {N(t); t ≥ 0}��#L§. -

A(t) = t− TN(t), R(t) = TN(t)+1 − t, L(t) = TN(t)+1 − TN(t),

©O¡A(t), R(t), β(t)��#L§N3��t�c#,�{Æ·ÚoÆ·.

w,, 0 ≤ A(t) ≤ t, t ≥ 0 �é?¿x ≥ 0, 0 ≤ y ≤ t,

{R(t) > x,A(t) ≥ y} = {(t− y, t+ x]¥NÃa�}

= {R(t− y) > x+ y} = {A(t+ x) ≥ x+ y}.

�y = 0�

{R(t) > x} = {A(t+ x) ≥ x}.

½n16.4 �N����m©ÙFþ�k�. -F̄ = 1− F (t), Ké?¿x, t ≥ 0,

P(R(t) > x) = F̄ (t+ x) +

∫ t

0

F̄ (t− s+ x)dm(s), (5.1.10)

E(R(t)) =

∫ ∞
t

F̄ (t)dt+

∫ t

0

∫ ∞
t−s

F̄ (u)dudm(s), (5.1.11)

y² 5¿�é?¿x ≥ 0,

P(R(t) > x|T1 = s) =


1, s > t+ x;

0, t < s ≤ t+ x;

P(R(t− s) > x), s ≤ t.

|^�#E|�

P(R(t) > x) = E(P(R(t) > x|T1)) =

∫ ∞
0

P(R(t) > x|T1 = s)dF (s)
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=

∫ ∞
t+x

dF (s) +

∫ t

0

P(R(t− s) > x)dF (s)

= F̄ (t+ x) +

∫ t

0

P(R(t− s) > x)dF (s).

d½n16.3��(5.1.10)¤á. 25¿�é?¿t ≥ 0

E(R(t)|T1 = s) =


s− t, s > t;

E(R(t− s)), s ≤ t.

|^�#E|

E(R(t)) = E(E(R(t)|T1)) =

∫ ∞
0

E(R(t)|T1 = s)dF (s)

=

∫ ∞
t

(u− t)dF (u) +

∫ t

0

E(R(t− s))dF (s)

=

∫ ∞
t

F̄ (u)du+

∫ t

0

E(R(t− s))dF (s). (5.1.12)

d	d(5.1.10)��

P(R(t) > x) ≤ F̄ (x) + F̄ (x)m(t).

Ïd

E(R(t)) =

∫ ∞
0

P(R(t) > x)dx ≤
∫ ∞

0

F̄ (x)dx(1 +m(t)) = µ(1 +m(t))

´ÛÜk.¼ê. ò½n16.3A^��§(5.1.12)=�ª(5.1.11).

éuA(t), L(t)��O�aq¯K, ��SK�ÖögC�¤.

���Ñ�´, é?¿x > 0, eA(t) > x, @oP(L(t) > x) = 1; e0 ≤ s = A(t) ≤ xK

¿�öt���oÆ·�½�us, d�d�#5

P(L(t) > x|A(t) = s) = P(L(s) > x|A(s) = s) = P(W > x|W > s) ≥ P(W > x),

Ù¥WL«�#L§�?¿�����m. ÏdØØt���c#XÛ, ok

P(L(t) > x|A(t)) ≥ P(W > x),

l


P(L(t) > x) ≥ P(W > x). (5.1.13)

ùL²·�3,��½t��*	�����m¬'Ï~“nØþ”����m�
))é

uÑtL§·��±�Ñ��Ù�O�(ë�SK7.6Ú16.4). ù«y��¡��Ý l�

�(length-biased sampling) ½u��Ø. §3ÚO¿Âþ��*)º´µdu�����m

'á����m��U�¹�½���t, Ïdt ��*	�����m¬��.

öSK
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16.1 ��#L§N����m©ÙF��Ý¼ê�f(t) = te−t, t > 0,

(1) é?¿0 < t1 < t2±9��ên,m, ¦P(N(t1) = n,N(t2) = m).

(2) é?¿t > 0, ¦�#¼êm(t).

16.2 ¦~16.3¥m(t)Ù¥t ∈ (1, 2].

16.3 ¦È©�§g(t) = t+
∫ t

0
g(t− s)3e−2sds �ÛÜk.).

16.4 ¦P(A(t) ≥ x), E(A(t))±9P(L(t) ≥ x), E(L(t)).

16.5 �N´rÝ�λ�ÑtL§, ÁO�Ù3��t�c#A(t)!�{Æ·R(t)±9oÆ

·L(t)�êÆÏ".

16.6 �N´�#L§, ���m©ÙÏ"�µ, y²E(TN(t)+1) = µ(1 +m(t)).

16.7* �F´Ú��d��f:©Ù, m(t)´F��#¼ê, y²m(t)´�F¼ê, a�:t7U

�d�Ø, 
��3¿©��N , �n > N �nd´a�:.
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5.2 �#4�½n

þ�!·�é�#L§��#¼ê�ª³�
{ü0�, e¡·�ïÄ�#L§4��

�°[5�¿{�`²ù
5��A^.

5.2.1 �ê½Æ�¥%4�½n

½n17.1 é�#L§N = {N(t); t ≥ 0}

lim
t→∞

N(t)

t
=

1

µ
, a.s.

Ù¥µ =∞�1/µ �0.

y² dTn�½Â��TN(t) ≤ t < TN(t)+1, l


TN(t)

N(t)
≤ t

N(t)
≤
TN(t)+1

N(t)
=

TN(t)+1

N(t) + 1

N(t) + 1

N(t)
. (5.2.1)

5¿�N(t)→∞, a.s.±9Tn/n→ µ, a.s. dSK4.2��

lim
t→∞

TN(t)

N(t)
= µ, , a.s.

òd(JA^u(5.2.1)ü>�t/N(t)→ µ, a.s. l
N(t)/t→ 1/µ, a.s.

Ï~¡1/µ��#L§��Ç.

~17.1 b�Ëã|¢�¥¤õ�VÇ�p, �}�VÇ�q = 1 − p, ëY�eZg¢���

ëY¤õkg½ëY�}kg�d§¯²þ¢�gê.

[©Û] ±ëY¤õ½ëY�}kg��gOê¯�A§b½Ëã|¢�3Oê¯�Au)�

l#m©, ±N(n)L«�1ng¢��¯�A Ñy�gê, @oN ´���#L§. e±ë

Y¤õkg��gOê¯�B, ±N1(n)L«�1ng¢��¯�BÑy�gê, @oN1�´�

��#L§; Ó�±ëY�}kg��gOê¯�C, ±N2(n)L«�1ng¢��¯�C Ñ

y�gê, @oN2�´���#L§. w,N = N1 +N2. d½n13.1§N��#�Ç�N1,

N2��#�Ç�Ú.

): Xþã©Ûïá�#L§N , N1, N2. dSK2.3��N1, N2 �²þ����©O�

µ1 =
1− pk

pk(1− p)
, µ2 =

1− qk

qk(1− q)
.

ÏdN��#�Ç�

1

µ
=
pk(1− p)

1− pk
+
qk(1− q)

1− qk
.

¤±²þ¢�gê�

µ =
(1− pk)(1− qk)

pq(pk−1 + qk−1 − pk−1qk−1)
. �
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½n17.2 ��#L§N = {N(t); t ≥ 0}÷v^�

E(W1) = µ <∞,Var(W1) = σ2 <∞,

Ké��¢êy,

lim
t→∞

P
(N(t)− t/µ

σ
√
t/µ3

≤ y
)

= Φ(y),

Ù¥Φ(y)´IO��©Ù¼ê.

y² -rt = t/µ+ yσ
√
t/µ3, r̂t = [rt] + 1, K

P
(N(t)− t/µ

σ
√
t/µ3

≤ y
)

= P(N(t) ≤ [rt]) = P(N(t) < r̂t)

= P(Tr̂t > t) = P
(Tr̂t − r̂tµ

σ
√
r̂t

>
t− r̂tµ
σ
√
r̂t

)
.

5¿�r̂t →∞,

lim
t→∞

t− r̂tµ
σ
√
r̂t

= lim
t→∞

−yσ
√
t/µ

σ
√
t/µ+ yσ

√
t/µ3

= −y,

±9

Tr̂t − r̂tµ
σ
√
r̂t

=
1

σ
√
r̂t

r̂t∑
k=1

(Wk − µ),

d¥%4�½n��(Ø¤á.

~17.2 ��Åì�UØmä/\ó,�«"�, b½\ó��"���mÑl1 �3©¨�

þ!©Ù, �O100���S±0.95�VÇ���\ó�"��ê.

)µ±©��mü , \ó��"��m�þ��2, ���1/3. ±N(t) L«�t��\ó�

¤�"�ê. d½n17.2, �té��N(t)CqÑlþ��t/2, ���t/24���©Ù. �¤

¦"��ê�x, @o

0.95 = P(N(6000) > x) = P
(N(6000)− 3000√

6000/24
>
x− 3000

5
√

10

)
≈ 1− Φ

(x− 3000

5
√

10

)
.

dd��x ≈ 3000− 1.64× 5
√

10 ≈ 2974.

5.2.2 �#½n

e¡�¤¢'��#½n´·�ïÄ�#�§ÛÜk.)4��­�óä.

½n17.3 �F��K�ÅCþ�©Ù¼ê, Ï"�µ(�±´∞), m(t)´F��#¼ê. h(t)

´ [0,∞)þ�K�È¼ê. B ´�#�§�ÛÜk.),

B(t) = h(t) +

∫ t

0

B(t− s)dF (s) = h(t) +

∫ t

0

h(t− s)dm(s). (5.2.2)
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(1) XJF´Ú��d��f:©Ù, @oé?¿0 ≤ c < d,

lim
n→∞

B(c+ nd) =


d
∑∞
n=0 h(c+ nd)/µ, µ <∞

0, µ =∞
.

(2) eFäkÛÜk.�Ý¼ê��3M > 0¦�h(t)3[M,∞) þüNØO, @o

lim
t→∞

B(t) = lim
t→∞

∫ t

0

h(t− s)dm(s) =
1

µ

∫ ∞
0

h(s)ds,

Ù¥eµ =∞, þªmàn)�0.

y²* (1) �F´Ú��d��f:©Ù�, d�#�§, é?¿n ≥ 1

B(c+ nd) = h(c+ nd) +

n∑
k=0

B(c+ (n− k)d)ν(kd),

Ù¥ν(kd) = F (kd)− F ((k − 1)d) = P(X = kd). ��B, é?¿n ≥ 0, P

an = B(c+ nd), bn = h(c+ nd), un = ν(nd).

K

an = bn +

n∑
k=0

an−kuk. (5.2.3)

5¿, duk�½Â9^���, �3m1,m2, · · · ,mr¦�

um1
, · · · , umr > 0�m1, · · · ,mrp�.

dSK1.9, �3��êJ , é?¿��êj ≥ J �3�K�êl1, · · · , lr, ¦�

j = l1m1 + l2m2 + · · ·+ lrmr. (5.2.4)

e¡·�òy²©nÚ.

1�Ú, y²{an}�k.ê�.

5¿�
∑∞
k=0 uk = 1, u(0) < 1, -

cn =

∑n
k=0 |bk|

1− u0
, n ≥ 0, c−1 = 0.

dh�b�^���
∞∑
k=0

|bk| =
∞∑
k=0

|h(c+ kd)| <∞.

5¿�ck�üNO\ê�, dêÆ8B{N´y², é?¿n ≥ 0,

|an| ≤
|bn|

1− u0
+ cn−1 = cn.

Ïd{an}�k.ê�. PM = sup
n≥0
|an|.

1�Ú, y²lim sup
n→∞

an ≤


d
∞∑
n=0

h(c+ nd)/µ, µ <∞,

0, µ =∞.
�dPl = lim sup

n→∞
an. d��3ni → ∞¦�ani → l. ?�mk, 1 ≤ k ≤ r, eni →
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∞�ani−mk 6→ l, @o�3l′ < l±9Ã¡õ�i¦�ani−mk ≤ l′. -ε = umk(l − l′)/4.

d
∞∑
k=0

uk = 1 ���3N > mk,�n ≥ N�
∞∑
k=n

uk < ε/M

?
�3nj ≥ N¦�

anj > l − ε, anj−mk < l′, |bnj | ≤ ε


�é��n ≥ nj −N , an ≤ l + ε¤á. d�

anj ≤
nj∑
k=0

anj−kuk + ε <

N∑
k=0

anj−kuk +M

nj∑
k=N+1

uk + ε

< (1− umk)(l + ε) + umk l
′ + 2ε

< l + 3ε− umk(l − l′) = l − ε.

gñL² lim
ni→∞

ani−mk = l. ?�Ú�E¦^±þ�{��é?¿�K�êl1, · · · , lk,

lim
ni→∞

ani−
∑r
k=1 lkmk

= l.

d(5.2.4)��, é?¿j ≥ J , lim
ni→∞

ani−j = l. Pn′i = (ni − J) ∨ 1, é?¿j ≥ 0,

lim
n′i→∞

an′i−j = l.

-Un =
∞∑

k=n+1

uk, d'Xªuk = Uk−1 − Uk±9U−1 = 1, (5.2.3)�U��

U0an + U1an−1 + · · ·+ Una0 = U0an−1 + U1an−2 + · · ·+ Un−1a0 + bn, n ≥ 1.

PAn =
n∑
k=0

Ukan−k, @oA0 = b0�An = An−1 + bn, ?
An =
n∑
k=0

bk. Ïdé?¿N ,

U0an′i + · · ·+ UNan′i−N ≤ An′i ≤
∞∑
k=0

|bk|.

k-n′i →∞2-N →∞¿5¿�
∞∑
k=0

Uk =
∞∑
k=1

kuk�

l ≤

∞∑
k=0

bk

∞∑
k=1

kuk

=


d
∞∑
n=0

h(c+ nd)/µ, µ <∞,

0, µ =∞.

1nÚ, y²lim inf
n→∞

an ≥


d
∞∑
n=0

h(c+ nd)/µ, µ <∞,

0, µ =∞.
-l = lim inf

n→∞
an, d1�Ú�aq?ØÓ����3ni ¦�é?¿k ≥ 0,

ani−k → l.
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Pg(N) =
∞∑

k=N+1

Uk, dµ =
∞∑
k=0

Uk <∞ ��g(N)→ 0. 5¿�

ni∑
k=0

bk =

ni∑
k=0

Ukani−k ≤
N∑
k=0

Ukani−k + g(N)M.

k-ni →∞2-N →∞�

l ≥

∞∑
k=0

bn

∞∑
k=1

kuk

=


d
∞∑
n=0

h(c+ nd)/µ, µ <∞,

0, µ =∞.

nÜ1�!nüÚ�(J��(1)¤á.

(2) d�y²�E,, dÑ

517.1 ¯¢þ(2)é����f:©ÙÑ¤á.

517.2 3(1)y²¥·���
Xe(Jµ

eê�{bn}Ú�Kê�{an}, {cn}÷v

(1)
∞∑
n=0
|bn| <∞,

(2)
∞∑
n=0

cn = 1 �ê8{n ≥ 1, cn > 0}���úÏf�1,

(3) é?¿n ≥ 0, an = bn +
n∑
k=0

an−kck.

@o

lim
n→∞

an =

∞∑
n=0

bn

∞∑
n=1

ncn

,

Ù¥ûª©1�+∞����0.

~17.3 �X´±P = (pi,j)i,j∈S�=£VÇ�ê¼ó, ej�±Ï~�, y²

lim
n→∞

p
(n)
i,j =


0, j´"~�,

fij/mjj , j´�~�.

y² 5¿�é?¿n ≥ 1,

p
(n)
i,j = Pi(Xn = j) = Pi(Xn = j,Xn−1 = j) + Pi(Xn = j,Xn−1 6= j)

=

n∑
k=1

Pi(Xn = j,Xk = j,Xv 6= j, v = k + 1, · · · , n− 1)

+Pi(Xn = j,Xv 6= j, v = 1, · · · , n− 1)

= f
(n)
ij +

n−1∑
k=1

p
(k)
i,j f

(n−k)
jj = f

(n)
ij +

n−1∑
k=1

p
(n−k)
i,j f

(k)
jj

én ≥ 1, -an = p
(n)
i,j , bn = f

(n)
ij , cn = f

(n)
jj , ¿�½a0 = b0 = c0 = 0, @odj�±Ï~��

�
∞∑
n=0

cn = 1±98Ü{n : cn > 0}¥¤k�����úÏf�1(ë�SK9.7). N´�y5
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P17.1¥Ù¦ü^�é{an}, {bn}�¤á, Ïd

lim
n→∞

p
(n)
i,j = lim

n→∞
an =

∞∑
n=0

bn

∞∑
n=1

ncn

=

∞∑
n=0

f
(n)
ij

∞∑
n=1

nf
(n)
jj

=


0, j´0~�,

fij/mjj , j´�~�.

�

íØ17.4(Ð��#½n) lim
t→∞

m(t)/t = 1/µ.

y² �F´ëY©Ù�, é?¿a > 0, -h(s) = 1[0,a](s), @oh(s)��KüNØO¼ê, d

'��#½n��

lim
t→∞

(m(t)−m(t− a)) = lim
t→∞

∫ t

0

h(t− s)dm(s) =
a

µ

l
é?¿�K�êN ,

lim
N→∞

m(N)

N
= lim
N→∞

1

N

N∑
k=1

(m(k)−m(k − 1)) =
1

µF
.

qÏ�m(t)üNØü, d

m([t])

t
≤ m(t)

t
≤ m([t] + 1)

t

��íØ¤á.

�F´�f:©Ù��, |^SK17.7�(Ø, Ó��y²íØ¤á. [!�ÖögCÖ

¿.

~17.4 ��#L§N����m©ÙFëY�þ�µ���σ2Ñk�. L(t)´N3��t�o

Æ·, ¦ lim
t→∞

E(L(t)).

) dSK16.3��,  

E(L(t)) =

∫ ∞
t

sdF (s) +

∫ t

0

∫ ∞
t−s

udF (u)dm(s).

-h(t) =
∫∞
t
sdF (s). w,h(t)´üNØO�. 
�duFþ�µ���σ2Ñk�,  ∫ ∞

0

h(t)dt =

∫ ∞
0

∫ ∞
t

udF (u)dt =

∫ ∞
0

u2dF (u) = σ2 + µ2 <∞.

Ïdd'��#½n�� 

lim
t→∞

E(L(t)) =

∫∞
0
h(t)dt

µ
= µ+

σ2

µ
. �

þ~O�(JL², �Xt → ∞, t��oÆ·�þ�Âñ���î��u²þ���m

�4�. ùl,	���Ý�y
·�3þ!¥J���Ý l��½u��Øy�.

~17.5 ���UrÝ�λ�ÑtL§5�,��k��ÑÖI��ÑÖ�, �ÑÖ�ÑÖz

���¤I�m´ÕáÓ©Ù�ëY�ÅCþ,©Ù�G,Ï"�1/µ, Ù¥µ > λ. e����

uyI���Ká�lm,ÄK�ÉÑÖ; ¯��m�XÚ�s�'~©

[©Û] l0�mm©*	§@oÑÖ��s!a²2�s, ù�±
E©©P1i�±Ï

¥�a²���Yi, �s���Ui. db���YiÒ´1i����ÑÖ�m, �pÕá
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�E(Yi) = 1/µ; UiÒ´l1i − 1���ÑÖ��1i�������mm�§d�ê©Ù�

ÃPÁ5, UiÑlëê�λ ��ê©Ù, E(Ui) = 1/λ. e±���s�a²�±Ï, @o*	

��ÑÖXÚÒ´���#L§©�#XÚ��������Wi = Yi + Ui, ²þ��m�

�1/λ+ 1/µ. -At = {t��XÚ�s}, ¤¦'~� lim
t→∞

P(At).

) Xþ½ÂYi, Ui,Wi. PWi�©Ù�F . KF´þ��1/µ+ 1/λ�ëY©Ù. @o

f(t) := P(At) = E(P(At|T1)) =

∫ ∞
0

P(At|T1 = s)dF (s)

=

∫ ∞
t

P(U1 > t|W1 = s)dF (s) +

∫ t

0

P(At−s)dF (s)

5¿�
∫∞
t

P(U1 > t|W1 = s)dF (s) = P(U1 > t,W1 > t) = P(U1 > t), Ïd

f(t) = P(U1 > t) +

∫ t

0

f(t− s)dF (s).

d'��#½n,

lim
t→∞

f(t) =

∫∞
0

P(U1 > t)dt

1/λ+ 1/µ
=

µ

λ+ µ
. �

öSK

17.1 ü�ÅìÕáØmä/\ó"�, eÙ¥��\ó"���mÑlëê�1/2��ê©

Ù, ,	��Ñl(0, 4)þ�þ!©Ù, ¦��mt = 100�ü�Åì�å��\ó90�"�

�VÇ�O.

17.2 �N´���m©Ù�ëY©Ù��#L§, ²þ���m�µ, A(t)L«3��t�c

#, é?¿c > 0, ¯��m�¯�{A(t) < c} u)�VÇ.

17.3 -L(t)L«��t�#L§�oÆ·,e²þ���mµ < ∞, y² lim
t→∞

L(t)/t = 0 A�

7,¤á.

17.4 ��#L§N����m©ÙFëY�þ�µ���σ2Ñk�, y² lim
t→∞

(m(t) − t/µ) =

(σ2 − µ2)/2µ2.

17.5 ��#L§N����m©ÙFëY�þ�µ���σ2Ñk�. A(t)´N3��t�c#,

¦ lim
t→∞

E(A(t)).

17.6 �g(t)´È©�§G(t) = e−t +
∫ t

0
G(t− s)e−2sds����K), ¦ lim

t→∞
g(t). ([J«] 5¿

'��#½n^�)

17.7* �F´Ú��d��f:©Ù, êÆÏ"�µ, m(t)´±F����m©Ù��#¼ê,

y²

lim
n→∞

[m(nd)−m((n− 1)d)] = d/µ.
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5.3 üa2Â�#L§

�#L§��éõí2, �!{�0�k��#L§��ª��#L§.

5.3.1 k��#L§

½Â18.1 �{(Wn, Yn), n ≥ 1}�ÕáÓ©Ù����ÅCþS�, Wn ≥ 0, N´±{Wn}�

���mS���#L§, é?¿t ≥ 0, -

X(t) =

N(t)∑
n=1

Yn,

¡X = {X(t), t ≥ 0}�k��#L§. eN�PoissonL§, {Yn, n ≥ 1}�{Wn, n ≥ 1}Õá,

K¡X�EÜÑtL§.

½n18.1 �X�k��#L§, E(W1) <∞, E|Y1| <∞, K

lim
t→∞

X(t)

t
=

E(Y1)

E(W1)
, a.s. 
� lim

t→∞

E(X(t))

t
=

E(Y1)

E(W1)
.

y² dr�ê½n9N(t)→∞, a.s. ��

X(t)

t
=

∑N(t)
k=1 Yk
N(t)

N(t)

t
→ E(Y1)

E(W1)
, a.s.

½nc�Ü©4�¤á. é��Ü©4�, 5¿�

E
(N(t)+1∑

k=1

Yk

)
=

∞∑
k=1

E
( k∑
i=1

Yi1{N(t)+1=k}

)
=

∞∑
k=1

k∑
i=1

E
(
Yi1
{
k−1∑
n=1

Wn≤t,
k∑
n=1

Wn>t}

)
=

∞∑
i=1

∞∑
k=i

E
(
Yi1
{
k−1∑
n=1

Wn≤t,
k∑
n=1

Wn>t}

)

=

∞∑
i=1

E
(
Yi − Yi

i−1∑
k=1

1
{
k−1∑
n=1

Wn≤t,
k∑
n=1

Wn>t}

)
.

d{(Wn, Yn), n ≥ 1}�ÕáÓ©Ù5��

E
(N(t)+1∑

k=1

Yk

)
=

∞∑
i=1

E(Yi)
(

1−
i−1∑
k=1

P(

k−1∑
n=1

Wn ≤ t,
k∑

n=1

Wn > t)
)

=

∞∑
i=1

E(Yi)(1− P(N(t) + 1 ≤ i− 1)) =

∞∑
i=1

E(Yi)P(N(t) + 1 ≥ i)

= E(Y1)

∞∑
i=1

P(N(t) + 1 ≥ i) = E(Y1)(1 +m(t)). (5.3.1)

?


lim
t→∞

1

t
E
(N(t)+1∑

i=1

Yi

)
= lim
t→∞

g(t)

t
= E(Y1) lim

t→∞

1 +m(t)

t
=

E(Y1)

E(W1)
.
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,��¡,

E(YN(t)+1) =

∫ ∞
0

E(YN(t)+1|T1 = s)dF (s)

=

∫ ∞
t

E(Y1|W1 = s)dF (s) +

∫ t

0

E(YN(t−s)+1)dF (s).

PB(t) = E(YN(t)+1), b(t) =
∫∞
t

E(Y1|W1 = s)dF (s), K

B(t) = b(t) +

∫ t

0

B(t− s)dF (s).

d|b(t)| ≤
∫∞

0
E(|Y1||W1 = s)dF (s) = E(|Y1|) < ∞��b(t)�ÛÜk.¼ê, �d(5.3.1)´

�B(t)�´ÛÜk.¼ê, Ïd

B(t) = b(t) +

∫ t

0

b(t− s)dm(s).

qdt→∞�b(t)→ 0��, é?¿ε > 0, �3T , �t > T�, |b(t)| ≤ ε. ¤±

0 ≤ 1

t

∫ t

0

|b(t− s)|dm(s) =
1

t

[ ∫ t−T

0

+

∫ t

t−T

]
|b(t− s)|dm(s)

≤ ε
m(t− T )

t
+ E(|Y1|)

m(t)−m(t− T )

t
.

k-t→∞2-ε→ 0, díØ17.4��

lim
t→∞

B(t)

t
= 0.

��5¿�E(X(t)) = E
(N(t)+1∑

i=1

Yi

)
− E(YN(t)+1), nÜ±þ(J��

lim
t→∞

E(X(t))

t
=

E(Y1)

E(W1)
. �

~18.1 �ÃÅÆ·�Zc, ZÑlëY©ÙH. ,<¦^ÃÅ, e�5ÃÅ^
Tc�v�K

sC���Ü#ÃÅ,e3Tcc��, K^D��#ÃÅ. ¯��m�§d<²þzcõ�a

^uÃÅ��º

) �^k��#L§5£ãù�¯K, -Wn = Zn ∧ T = min{Zn, T}, Ù¥ZnL«1nÜÃ

Å�Æ·, N�±{Wn}��#�m��#L§,

Yn = C1{Wn=T} +D1{Wn<T}

�1ngÃÅ�#�¤^, @o3��t�co�ÃÅ�#¤^�

X(t) =

N(t)∑
i=1

Yi

²þ¤^�

lim
t→∞

X(t)

t
=

E(Y1)

E(W1)
=
C + (D − C)H(T−)∫ T

0
H̄(x)dx

,

Ù¥H(T−) = P(Wn < T ).

~18.2 ���UrÝ�λ�ÑtL§5�,��k��ÑÖI��ÑÖ�, �ÑÖ�ÑÖz
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���¤I�m´ÕáÓ©Ù��ÅCþ,©Ù�G,Ï"�1/µ, µ > λ, ØØ�����´Ä

I���§��Ñ3�ÉÑÖ�âlm. ¯��m�����=��ÉÑÖ�²þVÇ.

) �^k��#L§5£ã¤?Ø¯K. b½XÚl1������m©§w,ÑÖ�

U“ó�”Ú“�s”ü«G��#Ì�$1. ±XiL«1igXÚa���, YiL«1igXÚ

s���, @oWi = Xi + YiÒ´XÚ��ÑÖ±Ï���. Ub½, (Xi, Yi)�ÕáÓ©Ù

����ÅCþ. AOYi�1i�aÏ(å�e��������m, dK�, Ñlëê�λ

��ê©Ù. 3[0, t]�ãS, ����=U�ÉÑÖ����

T (t) =

N(t)∑
k=1

Yi + (t− TN(t) −XN(t)+1)1{t>TN(t)+XN(t)+1}

Ù¥N�±{Wi}��#�m��#L§, þªm>���L«1N(t) + 1�ÑÖ±Ï¥3t�

c��s�m. w,
N(t)∑
i=1

Yi ≤ T (t) ≤
N(t)+1∑
i=1

Yi.

Ïd¤¦²þVÇok

lim
t→∞

T (t)

t
=

E(Y1)

E(W1)
=

1/λ

E(X1) + 1/λ
.

±UL«ÑÖ1������m, VL«ÑÖ1����������ê. w,UÑlG©Ù,


V�rÝ�λ�ÑtL§3[0, U ]�mSâf��ê. ¤±

E(U) =
1

µ
, E(V ) =

∫ ∞
0

λudG(u) =
λ

µ
.

duÑÖ��´ÕáÓ©Ù�, E(X1|U, V ) = U + V E(X1), ?


E(X1) = E(U) + E(X1)E(V ) =
1

µ
+ E(X1)

λ

µ
.

dd��E(X1) = 1/(µ− λ). ¤±

lim
t→∞

T (t)

t
= 1− λ

µ
. �

~18.3 ��xúin�¯�u)ÑlrÝ�λ�PoissonL§, zgn�7�YiÑlëê

�µ��ê©Ù��pÕá. �úiÐ©]��x, ü �mS��¤Â\�c. ¯Túi[Ø

»��VÇ?(úi»�Ò´�úiÀ���K). b½c > λ/µ.

) 3�m«m[0, t]S, úiI|G�n�¤^�
∑N(t)
i=1 Yi, l
t��úi]��

W (t) = x+ ct−
N(t)∑
i=1

Yi.

úi[Ø»��VÇ

B(x) = P(W (t) ≥ 0, t ≥ 0) = P(x+ ct−
N(t)∑
i=1

Yi ≥ 0, t ≥ 0),
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¿�½B(x) = 0, x < 0. @od�VÇúª

B(x) =

∫
P(W (t) ≥ 0, t ≥ 0|W1 = s, Y1 = y)dH(s, y),

Ù¥H(s, y)�(W1, Y1)�éÜ©Ù. w,

P(W (t) ≥ 0, t ≥ 0|W1 = s, Y1 = y) =


0, y > x+ cs,

B(x+ cs− y), y ≤ x+ cs.

db�dH(s, y) = λe−λsµe−µydsdy, Ïd

B(x) =

∫ ∞
0

λe−λsds

∫ x+cs

0

B(x+ cs− y)µe−µydy

=

∫ ∞
x

λ

c
e−

λ
c (u−x)du

∫ u

0

B(u− y)µe−µydy.

ü>'ux¦��

B′(x) =
λ

c
B(x)− λ

c

∫ x

0

B(y)µe−µ(x−y)dy, (5.3.2)

?�Ú'ux¦�, �n�(λc − µ)B′(x) = B′′(x). dd��

B(x) = b+
a

λ
c − µ

e(λc−µ)x,

Ù¥a, b��½~ê. d½n14.1��

lim
t→∞

W (t)

t
= c− λ

µ
> 0,

l
 lim
x→∞

B(x) = 1(y²�Ñ). Ïd

B(x) = 1 +
a

λ
c − µ

e(λc−µ)x,

òÙ�\�§(5.3.2)�a = − λ
cµ (λc − µ). ¤±

B(x) = 1− λ

cµ
e(λc−µ)x. �

5.3.2 �ª��#L§

½Â18.2 e�#L§���m©ÙF±�VÇ�+∞, @o·�¡d�#L§��ª��#

L§.

�
Qã{ü, �516.1��·�E�¦���m©ÙF3[0,∞) S½ökÛÜk.�

�¼ê½ö´�F¼ê�a�:�¹3/X{nd, n ≥ 0}�8Ü¥. cöaqëY©Ù§�ö

aq�f:©Ù.

~18.4 �j´ê¼óX��~�G�, N(t)L«ljÑu�ê¼óX���t��£�G�j�

gê, @oN(t)Ò´�ª��#L§.
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d½Â���ª��#L§Ek�#5, Ù�#¼êm(t) = E(N(t))E÷v�#�§

m(t) = F (t) +

∫ t

0

m(t− s)dF (s),

¿��#�§

B(t) = b(t) +

∫ t

0

B(t− s)dF (s)

�ÛÜk.)E�L«¤

B(t) = b(t) +

∫ t

0

b(t− s)dm(s).

�é�ª��#L§
ó, 3,g¯�u)�¬±�VÇØ2k¯�u). Pù���g¯

�u)����ξ, =

ξ = sup{Tn;Tn <∞, n ≥ 0}.

@oN(∞) = N(ξ)Ò´�#¯�u)�ogê.

½n18.2 �p = F (∞), =1 − p´F3+∞�VÇ. é±F����m©Ù��ª��#L

§N
ó,

P(ξ ≤ t) = (1− p)(1 +m(t)), P(N(∞) = k) = pk(1− p), k ≥ 0,

±9

E(ξ) =
1

1− p

∫ ∞
0

(p− F (t))dt, m(∞) = E(N(∞)) =
p

1− p
.

y² PN�1n����m�Wn. w,

{N(∞) = k} = {W1 <∞, · · · ,Wk <∞,Wk+1 =∞}.

ÏdP(N(∞) = k) = pk(1− p), ?
E(N(∞)) = p/(1− p).

5¿�W1 =∞�ξ = 0, Ïdé?¿t ≥ 0, d�#E|��

P(ξ ≤ t) = E(P(ξ ≤ t|W1)) = 1− p+

∫ ∞
0

P(ξ ≤ t|W1 = s)dF (s)

= 1− p+

∫ t

0

P(ξ ≤ t− s)dF (s).

ÏdP(ξ ≤ t) = (1− p)(1 +m(t)). Ón

E(ξ) = E(E(ξ|W1)) =

∫ ∞
0

(s+ E(ξ))dF (s) =

∫ ∞
0

sdF (s) + pE(ξ).

Ïd

E(ξ) =

∫∞
0
sdF (s)

1− p
=

1

1− p

∫ ∞
0

(p− F (t))dt. �

duN(t)üNØü/A�7,Âñ�N(∞), düNÂñ½n(½n4.14)��, m(t)üN

Øü/Âñ�m(∞) = p/(1− p), ù�Ï~�#L§m(t)→∞��ØÓ.

5�18.3 �F���f:©Ù, p = F (∞) < 1��3λ > 0¦�
∫∞

0
eλtdF (t) = 1. e�
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3M > 0¦�eλt(p−F (t))3t ∈ [M,∞)þüNØO, m(t)´±F����m©Ù��#¼ê,

@o

lim
t→∞

eλt[m(t)−m(∞)] = − 1

λ

[ ∫ ∞
0

teλtdF (t)
]−1

.

y² dm(t) = F (t) +
∫ t

0
m(t− s)dF (s)±9

m(∞) =
p

1− p
=

p

1− p
(1− F (t)) +

∫ t

0

p

1− p
dF (s)

��

eλt[m(∞)−m(t)] = eλt
p− F (t)

1− p
+

∫ t

0

eλ(t−s)(m(∞)−m(t− s))eλsdF (s).

5¿� ∫ ∞
0

eλt
p− F (t)

1− p
dt = − 1

λ

p

1− p
+

∫ ∞
0

1

λ(1− p)
eλtdF (s) =

1

λ
,

d'��#½n

lim
t→∞

eλt[m(∞)−m(t)] =
1∫∞

0
λseλsdF (s)

. �

~18.5 �ÄÔBL,�^�o«�ú´��¤���#L§, Ù�#m�Wi, i ≥ 1�ú�©

Ù�F , 3T�o«1¨�ð�-�ÄÔBLê´��½�Ê���§��c�ÄÔm��

m�uτ �âUÏL. b½,ð�TÐ-�ÄÔBLê´§¦§I����²þ�m.

) -W̃i =


Wi, Wi ≤ τ

+∞, Wi > τ

. Ñ´±W̃i����mm���ª��#L§, ξ�T�ª�

�#L§����#��, @o¤¦²þ�m

t = E(ξ) + τ =
1

1− F (τ)

∫ τ

0

(F (τ)− F (t))dt+ τ. �

öSK

18.1 b��Oêì�Â���âf�òµ4��τ��ã, e3ù�Ïmqkâf�5, lâ

f����å, Oêì�òµ4τ�ã, ��3��τ��ãSvkâf��, d�Oêìâ

­#m�O�. �âf��Ñl��©Ù�F ��#L§, ¦Oêì3��±ÏS�µ4�

²þ��.

18.2 3��ÃÓ6�Â��8I, �Ã1�Â��¦�¥, ,��Ã2�Â��¦�¥, ,��

Ã3�Â��¦�¥, ,�q£��Ã1, XdÌ�. b�n��Ã�¥�VÇ©O�p1, p2, p3,

(½z��Ã�Âgê��§'~.

18.3 �N´���m©Ù�F��#L§, �F�þ�Ú��Ñk�, ©O´µ, σ2. A(t)L

«t���c#, ¦ lim
t→∞

∫ t
0
A(s)ds/t.
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18.4* k��#L§X÷vE(Wi) < ∞, E|Yi| < ∞, Ù¥Wi ÑlëY©Ù. -m(t) =

E(X(t)), y²é?¿a > 0

lim
t→∞

(m(t+ a)−m(t)) =
aE(Y1)

E(W1)
.

18.5* ®�X = {Xn, n ≥ 0}�G��mS = {0, 1}��àê¼ó, Ð��0, =£VÇÝ


P =

 p 1− p

1− q q

 , 0 < p, q < 1.

�Yn, n ≥ 1��xþ��µ�ÕáÓ©Ù�ÅCþ��ê¼óXÕá. -

Wk =


Yk, Xk = 0;

0, Xk = 1.

y²

lim
n→∞

1

n

n∑
k=1

Wk =
µ(1− q)
2− p− q

.
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18Ù ÙK$Ä

���«Ôny�, ÙK$Äd19­V20c�=I�ÔÆ[Robert Brown3*	]23

�NL¡�s®âf�$Ä;,�uy. 1905cEinstein�Ñ
ÙK$Ä�ÔnÆ)ºÚ�

§�x, Ù��g�êÆnØÄ:��EKdWiener31923c��. �8c, ÙK$Ä®¤

�$Ä�2��êÆ�.��, 3g,�Æ!7KÆ!�¬�Æ�+�k�þA^.

6.1 ÙK$Ä9Ù©Ù

6.1.1 ÙK$Ä

|^��©Ù(�ÅCþ), ·�½ÂÙK$ÄXe:

½Â19.1 ¡¢��ÅL§B = {B(t); t ≥ 0} �WienerL§½ÙK$Ä§e

(a) B(0) = 0 �BäkëY;�;

(b) B´ÕáOþL§, =é?¿0 ≤ t1 < t2 < · · · < tn, n ≥ 2, Oþ

B(t1), B(t2)−B(t1), · · · , B(tn)−B(tn−1)

�pÕá;

(c) ��5, é?¿0 ≤ s < t, B(t)−B(s) ∼ N(0, σ2(t− s)), Ù¥σ2 ��~ê.

d(b),(c)��ÙK$ÄBäk²­ÕáOþ.

eÙK$ÄB÷vσ2 = 1, K¡Ù�IOÙK$Ä. w,eB´���σ2�ÙK$Ä, @

oB/σ�IOÙK$Ä.

eBx(t) = x+B(t), ¡Bx = {Bx(t); t ≥ 0}�lxÑu�ÙK$Ä.

3�½¿Âþ, ÙK$ÄB�±ÏL{üé¡�ÅiÄ3�mÚ�mþæ��½�ªë

Yz���. {üé¡�ÅiÄS(n) =
n∑
k=1

Xk�±^5L«zü �m��½�m��U

/a��ü �âf�;,Cz. -

Sm(t) =

[mt]∑
k=1

1√
m
Xk.

165
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@oSm(t)P¹
z1/mü �m��½�m(�1/2�U)a1/
√
mü ål�âf�;,C

z. m → ∞K¿�X, âfa���5�ª�, a�ÌÝ��5��. é?¿�½���t,

¥%4�½n�y


Sm(t) =
1√
m

[mt]∑
k=1

Xk =

√
[mt]√
m

1√
[mt]

[mt]∑
k=1

Xk →
√
tN(0, 1) = N(0, t).

�î��êÆ©ÛL², �ÅL§Sm(t)�Xm → ∞¬Âñ�IOÙK$ÄB. e¡©O

´m = 100, 1000, 5000�, Sm(t)�;�ÛÜ(t ∈ [0, 1]). �m'���, Sm(t) �±Cqw�

ÙK$Ä.

5�19.1 ÙK$ÄB�þ�¼êm(t) ≡ 0; ��¼êV ar(B(t)) = σ2t; ���¼ê

R(s, t) = E(B(s)B(t)) = (s ∧ t)σ2.

y²µ�I�y���¼ê. Ø��s < t,

R(s, t) = E(B(s)B(t)) = E(B(s)(B(t)−B(s)) + E(B2(s)) = σ2s. �

~19.1 �0 < t1 < t2 < t3, ¦E(B(t1)B(t2)B(t3)).

) dÕáOþ���5��

E(B(t1)B(t2)B(t3)) = E
(
B(t1)

(
B(t1) +B(t2)−B(t1)

)(
B(t2) +B(t3)−B(t2)

))
= E

(
B(t1)B(t1)B(t2)

)
+ E

(
B(t1)

(
B(t2)−B(t1)

)
B(t2)

)
= E

(
B3(t1)

)
+ E

(
B(t1)

(
B(t2)−B(t1)

)2)
= 0. �

½n19.2 �B = {B(t); t ≥ 0}�IOÙK$Ä,@oeãL§�´IOÙK$Ä.

(1) {−B(t); t ≥ 0}¶

(2) {B(t+ s)−B(s); t ≥ 0}, Ù¥s�?¿�½�Kê¶

(3) {cB(t/c2); t ≥ 0} Ù¥c�?¿�½�ê¶

(4) {B(u)−B(u− t); 0 ≤ t ≤ u} Ù¥u��½�ê.

y² UÙK$Ä½Â§ØJ�yþã(Ø¤á. e¡±(4)�~)ºXe: -

X(t) = B(u)−B(u− t), 0 ≤ t ≤ u.

(a) w,X(0) = 0�X;�ëY¶
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(b) é?¿0 ≤ t1 < t2 < · · · < tn ≤ u,

(X(t1), X(t2)−X(t1), · · · , X(tn)−X(tn−1))

= (B(u)−B(u− t1), B(u− t1)−B(u− t2), · · · , B(u− tn−1)−B(u− tn)),

dÙK$ÄÕáOþ5�, w,�pÕá

(c) é?¿0 ≤ s < t ≤ u,

X(t)−X(s) = B(u− s)−B(u− t) ∼ N(0, t− s).

Ïd{X(t), 0 ≤ t ≤ u} = {B(u)−B(u− t), 0 ≤ t ≤ u}�IOÙK$Ä.

519.1 (2),(3),(4)©OL«éIOÙK$Ä�å:C�, ºÝC�±9�m��C��E´

IOÙK$Ä. d	·���±y²{tB(1/t); t ≥ 0}(Ù¥t = 0����0)�´IOÙK$

Ä.

6.1.2 ÙK$Ä�©Ù

e¡·�ïÄIOÙK$Ä�k��©Ù. �d, o�B = {B(t); t ≥ 0}�IOÙK$

Ä¿P

φ(x, t) =
1√
2πt

e−
x2

2t ,

=é?¿a ∈ R, t > 0, φ(x− a, t)´��©ÙN(a, t)��Ý¼ê. N´�y

(1) é?¿a, b ∈ R, s, t > 0,

φ(x− a, s)φ(x− b, t) = φ(a− b, s+ t)φ(x− ta+ sb

s+ t
,
st

s+ t
). (6.1.1)

(2)é?¿x ∈ R,∫ ∞
x

φ(y − a, t)dy =

∫ ∞
(x−a)/

√
t

φ(u, 1)du = Φ((a− x)/
√
t)

Ù¥Φ�IO��©Ù¼ê.

½n19.3 é?¿n ≥ 1, 0 ≤ t1 < t2 < · · · < tn, (B(t1), B(t2), · · · , B(tn))´þ��0, ���

Ý
�

D = (ti ∧ tj)i,j=1,···n =



t1 t1 t1 · · · t1

t1 t2 t2 · · · t2

t1 t2 t3 · · · t3
...

...
...

...
...

t1 t2 t3 · · · tn


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�n����ÅCþ. Ïd(B(t1), · · · , B(tn))�éÜ�Ý¼ê�

ρ(x1, · · · , xn; t1, · · · , tn) = φ(x1, t1)

n∏
i=2

φ(xi − xi−1, ti − ti−1).

y² é?¿0 ≤ t1 < t2 < · · · < tn, λ1, · · · , λn ∈ R dÙK$Ä�²­��ÕáOþ5��

�

E
(

exp
{

i

n∑
k=1

λkB(tk)
})

= E
(

exp
{

i

n∑
k=1

(B(tk)−B(tk−1))

n∑
j=k

λj

})
=

n∏
k=1

E
(

exp
{

i(B(tk)−B(tk−1))

n∑
j=k

λj

})
= exp

{
−

n∑
k=1

tk − tk−1

2

( n∑
j=k

λj

)2}
.

���y��
n∑
k=1

tk − tk−1

2

( n∑
j=k

λj

)2

=
1

2

[ n∑
k=1

tk

( n∑
j=k

λj

)2

−
n−1∑
k=1

tk

( n∑
j=k+1

λj

)2]
=

1

2

[ n∑
k=1

2tkλk

n∑
j=k+1

λj +

n∑
k=1

tkλ
2
k

]
=

(λ1, · · · , λn)D(λ1, · · · , λn)T

2
.

Ïd(B(t1), · · · , B(tn))Ñlþ��0���Ý
�D�n���©Ù, éÜ�Ý¼ê

ρ(x1, · · · , xn; t1, · · · , tn) =
1

(2π)n/2
√
|D|

e−
(x1,··· ,xn)D−1(x1,··· ,xn)T

2 .

dÝ
¦_O���D−1�L«�

1 −1 · · · 0 0

0 1 · · · 0 0

...
...

...
...

...

0 0 · · · 1 −1

0 0 · · · 0 1





1
t1

0 · · · 0 0

0 1
t2−t1 · · · 0 0

...
...

...
...

...

0 0 · · · 1
tn−1−tn−2

0

0 0 · · · 0 1
tn−tn−1





1 0 · · · 0 0

−1 1 · · · 0 0

...
...

...
...

...

0 0 · · · 1 0

0 0 · · · −1 1


-x0 = 0, t0 = 0, òD−1�þãL�ª�\éÜ�Ý¼ê�

ρ(x1, · · · , xn; t1, · · · , tn) =
1∏n

i=1

√
2π(ti − ti−1)

e
−

∑n
i=1

(xi−xi−1)2

2(ti−ti−1)

= φ(x1, t1)

n∏
i=2

φ(xi − xi−1, ti − ti−1). �

íØ19.4 �B(tk) = a�, (B(t1), · · · , B(tk−1), B(tk+1), · · · , B(tn))��Ý¼ê�

%(x1, · · · , xk−1, xk+1, · · · , xn; t1, · · · tk−1, tk+1, · · · , tn|a, tk)

= ρ(x1, · · · , xk−1, a, xk+1, · · · , xn; t1, · · · , tn)/φ(a, tk).
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AO %(x2, · · · , xn; t2, · · · , tn|a, t1) = φ(x2 − a, t2 − t1)
∏n
i=3 φ(xi − xi−1, ti − ti−1),

%(x1, · · · , xn−1; · · · , tn−1|a, tn) =
φ(a− xn−1, tn − tn−1)

φ(a, tn)

n−1∏
i=1

φ(xi − xi−1, ti − ti−1).

y² d^�VÇ�Ýúª, ·��Iy²∫ ∞
−∞

dy1 · · ·
∫ ∞
−∞

ρ(y1, · · · , yk−1, a, yk+1, · · · , yn; t1, · · · , tn)dyn = φ(a, tk). (6.1.2)

¯¢þd

l.h.s of (6.1.2) =

∫ ∞
−∞

φ(y1, t1)dy1

∫ ∞
−∞

φ(y2 − y1, t2 − t1)dy2

× · · ·
∫ ∞
−∞

φ(yk−1 − yk−2, tk−1 − tk−2)φ(a− yk−1, tk − tk−1)dyk−1

×
∫ ∞
−∞

φ(yk+1 − a, tk+1 − tk)dyk+1 · · ·
∫ ∞
−∞

φ(yn − yn−1, tn − tn−1)dyn

��

l.h.s of (6.1.2) =

∫ ∞
−∞

φ(y1, t1)dy1 · · ·
∫ ∞
−∞

φ(yk−2 − yk−3, tk−2 − tk−3)dyk−2

×
∫ ∞
−∞

φ(yk−1 − yk−2, tk−1 − tk−2)φ(a− yk−1, tk − tk−1)dyk−1

=

∫ ∞
−∞

φ(y1, t1)dy1 · · ·
∫ ∞
−∞

φ(yk−2 − yk−3, tk−2 − tk−3)φ(a− yk−2, tk − tk−2)dyk−2

= · · · =
∫ ∞
−∞

φ(y1, t1)φ(a− y1, tk − t1)dy1 = r.h.s. of (6.1.2),

Ù¥1���Ò^
úª(6.1.1).

~19.2 3`¯ü<�g1�'m¥,±Y (t)L«��¤100t%�'m´§�`+k��m(±

¦P). b�Y (t)´���σ2�ÙK$Ä§e`±σ¦+kI�'m§¯`3´§¥:+k�

VÇ´õ�º

) 5¿�B(t) = Y (t)/σ �IOÙK$Ä§¤¦VÇ�

p = P(B(1/2) > 0|B(1) = 1)

du3B(1) = 1^�e, B(1/2) ∼ N(1/2, 1/4), Ïd

p = P(N(1/2, 1/4) > 0) = P(N(0, 1) > −1) = Φ(1) ≈ 0.8413,

Ù¥Φ�IO��©Ù¼ê.

3�½ü������^�e, ·�kXe�(Ø, y²�Ñ.

íØ19.5 B(s) = x,B(t) = y�, ?�s ≤ t1 < t2 < · · · < tn ≤ t, (B(t1), · · · , B(tn)) ´þ�

� (
x+

y − x
t− s

(ti − s)
)

1≤i≤n
,
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���Ý


D =
( (t− ti∨j)(ti∧j − s)

t− s

)
i,j=1,··· ,n

�n����ÅCþ.

~19.3 3{B(1) = 0, B(3) = u}^�e, ¦¯�{B(2) > u,B(4) > u}u)�VÇ.

) dÕáOþ5, ¤¦VÇ�

P(B(2) > u,B(4) > u|B(3) = u,B(1) = 0)

= P(B(2) > u|B(3) = u,B(1) = 0)P(B(4) > u|B(3) = u,B(2) > u,B(1) = 0)

= P(B(2) > u|B(3) = u,B(1) = 0)P(B(4) > u|B(3) = u).

díØ19.5��(éA/�s = 1, t = 3, t1 = 2, x = 0, y = u), {B(3) = u,B(1) = 0}^�

eB(2) ∼ N(u/2, 1/2). ¤±

P(B(2) > u|B(3) = u,B(1) = 0) = P(N(u/2, 1/2) > u)

= P(N(0, 1) > u/
√

2) = 1− Φ(u/
√

2).

díØ19.4½ÙK$ÄÕáOþ5��{B(3) = u}^�e, B(4) ∼ N(u, 1). Ïd

P(B(4) > u|B(3) = u) = 1/2.

Ïd¤¦VÇp = (1− Φ(u/
√

2))/2.

6.1.3 ;�5�*

½n19.6 IOÙK$ÄB = {B(t), t ≥ 0}�3.

(KolmogrovëY?�½n) �{X(t), t ≥ 0}�¢��ÅL§, e3,�ëê«m[a, b] ([a, b]�

±´[0,∞])þ�3�~êα, ε¦�é?¿t, t+ h ∈ [a, b]

E(|X(t)−X(t+ h)|α) ≤ const · h1+ε,

@o{X(t), t ∈ [a, b]}�3��;�ëY�?�.

½n19.6�y² é?¿÷v^�σ2 = 1, B(0) = 0�ÙK$Ä, ·�k

E(|B(t+ h)−B(t)|4) = 3h2.

dKolmogorovëY?�½n��(Ø¤á.

½n19.7 IOÙK$ÄB = {B(t); t ≥ 0}�A�¤k;�??Ø��.

y² ��Ät ∈ [0, 1]��/. ?�;�ω, eB(·, ω)3s ��, K�3δ ∈ (0, 1/2)��êl ≥
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1¦��|t− s| < δ�

|B(t, ω)−B(s, ω)| < l|t− s|.

é?¿n > 4/δ, -i = [ns] + 1 ≤ n+ 1, éj = i± 1, i± 2, i± 3ÑAk

|B(j/n, ω)−B((j − 1)/n, ω)|

≤ |B(j/n, ω)−B(s, ω)|+ |B((j − 1)/n, ω)−B(s, ω)|

≤ l|j/n− s|+ l|(j − 1)/n− s| ≤ 7l/n. (6.1.3)

-Ain,l = {ω;é�½� l, i (6.1.3) é j = i + 1, i + 2, i + 3,½é j = i − 1, i − 2, i − 3¤á}.

w,�Xl�O\, Ain,l üNØü. AO�δ = 1/m, m = 2, 3, · · · , K

Ω1 = {ω;�3s ∈ [0, 1]¦�B(·, ω)3s:��}

⊂
⋃

l≥1,m≥2

⋂
n≥4m

⋃
i≤n+1

Ain,l.

�´�n→∞�

P(
⋃

i≤n+1

Ain,l) ≤ (n+ 1) max
1≤i≤n+1

P(Ain,l)

≤ 2(n+ 1)
[
P(|B(j/n)−B((j − 1)/n)| ≤ 7l/n)

]3
= 2(n+ 1)

[ ∫ 7l/n

−7l/n

1√
2π/n

e−ny
2/2dy

]3
≤ 2(n+ 1)(14l/

√
2πn)3 → 0.

ÏdP(Ω1) ≤ lim
l→∞

lim
n→∞

P(
⋃

i≤n+1

Ain,l) = 0. =éA�7,�ω, B(·, ω)??Ø��.

ÙK$Ä;�¼êB(·, ω)�·�Jø
ëY�??Ø���¼ê¢~.

öSK ±eo�B = {B(t), t ≥ 0}�IOÙK$Ä.

19.1 é?¿0 ≤ s < t, ¦B(s) +B(t)�©Ù�Ý¼ê.

19.2 ®�B(1) = x, é?¿0 ≤ s1 < s2 ≤ s3 < s4 ≤ 1, y²

(1) E((B(s4)−B(s3))(B(s2)−B(s1))) = (s4 − s3)(s2 − s1)(x2 − 1)

(2) E[((B(s4)−B(s1))2] = (s4 − s1) + (s4 − s1)2(x2 − 1)

19.3 3~19.2¥e`3��m§�+k¯σ¦, ¯'m(å�`+k�VÇ.

19.4 -Y (t) = B2(t) − t, R(t) = ecB(t)−c2t/2, Ù¥c > 0�~ê. y²é?¿0 ≤ t < s,

E(Y (s)|B(t)) = Y (t)±9E(R(s)|B(t)) = R(t).
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6.2 ���n�4�©Ù

é?¿a ∈ R, ½Â

τa = inf{t ≥ 0; B(t) = a} =


inf{t ≥ 0; B(t) ≥ a}, a ≥ 0;

inf{t ≥ 0; B(t) ≤ a}, a < 0.

¡τa�BÄg��G�a���,{¡�a�Ä��.

6.2.1 ���n

|^ÙK$Ä�é¡5ÚÕáOþ5, ��Xe���n.

Ún20.1(���n) é?¿a ∈ R9x ≥ 0,

P(B(t) ≥ a+ x, τa ≤ t) = P(B(t) < a− x, τa ≤ t). (6.2.1)

���n��*ã/)ºXe,

éT�*)ºØî��êÆL«Xe: �τa�©Ù¼ê�F (s), @o

P(B(t) ≥ a+ x, τa ≤ t) = P(B(t) > a+ x, τa ≤ t)

=

∫ t

0

P(B(t) > a+ x|τa = s)dF (s)

=

∫ t

0

P(B(t) > a+ x|B(s) = a,B(u) 6= a, 0 ≤ u < s)dF (s) (;�ëY)

=

∫ t

0

P(B(t) > a+ x|B(s) = a)dF (s)

=

∫ t

0

∫ ∞
a+x

φ(y − a, t− s)dF (s) =

∫ t

0

∫ a−x

−∞
φ(y − a, t− s)dF (s) (é¡5)

=

∫ t

0

P(B(t) < a− x|B(s) = a)dF (s) = P(B(t) < a− x, τa ≤ t).

íØ20.2 é?¿a ∈ R, P(B(t) ≥ a|τa ≤ t) = 1/2.



173

6.2.2 4��Ä��©Ù

½n20.3 PB∗(t) = max
0≤u≤t

B(u). é?¿z ≥ 0, x ≤ z,

P(B∗(t) ≥ z,B(t) < x) = P(B(t) > 2z − x) =

∫ ∞
2z−x

φ(y, t)dy.

Ïd(B∗(t), B(t))�éÜ�Ý¼ê�

h(z, x) = 2
∂φ(2z − x, t)

∂x
=

2(2z − x)√
2πt3

e−
(2z−x)2

2t , x ≤ z, z ≥ 0.

y² d;�ëY59B(0) = 0��, é?¿z ≥ 0,

{B∗(t) ≥ z} = {τz ≤ t} (6.2.2)

l
d���n(6.2.1)��

P(B∗(t) ≥ z,B(t) < x) = P(τz ≤ t, B(t) < x)

= P(B(t) < z − (z − x), τz ≤ t) = P(B(t) > z + (z − x), τz ≤ t)

= P(B(t) > 2z − x) =

∫ ∞
2z−x

φ(y, t)dy.

þªü>'uz, x¦��·Ü �=�éÜ�Ý¼êh(z, x).

~20.1 ¦P(B∗(t) > x|B(t) = B∗(t)).

) dVÇØ�£��{B(t) = B∗(t)}^�eB∗(t)�>S�Ý¼ê�

g(z) =
h(z, z)∫∞

0
h(z, z)dz

=
ze−

z2

2t∫∞
0
ze−

z2

2t dz
=
z

t
e−

z2

2t

Ïd

P(B∗(t) > x|B(t) = B∗(t)) =

∫ ∞
x

g(z)dz = e−
x2

2t . �

íØ20.4 é?¿z ≥ 0,

P(B∗(t) ≥ z) = 2P(B(t) ≥ z) = P(|B(t)| ≥ z),

ÏdB∗(t)�|B(t)| Ó©Ù, B∗(t)��Ý¼ê

g(z) =
2√
2πt

e−z
2/2t.

y² é?¿z ≥ 0

P(B∗(t) ≥ z) = P(B∗(t) ≥ z,B(t) ≥ z) + P(B∗(t) ≥ z,B(t) < z)

= P(B(t) ≥ z) + P(B(t) > z) = 2P(B(t) ≥ z)

= 2

∫ ∞
z

1

2πt
e−u

2/2tdu = P(|B(t)| ≥ z).

íØ�y.

~20.2 b½���¦d�UIOÙK$ÄCz§e\±d�b + cï\, 
y3�d�TÐ

�b, \Oy3�¦d�£�b+ c�½�õ2*"T �m�ò�¦�Ñ, ¯\ØU­#¼�ï
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\d��VÇ(c > 0).

) ly3m©w�¦�d�S(t)´��lbÑu�ÙK$Ä, =S(t) = b+ B(t). ¤¢ØU­

#¼�ï\d�Ò´�3��T�c§S(t)����ub+ c, =

B∗T = max
0≤s≤T

B(s) < c.

díØ20.4��¤¦VÇ�

p = 1− P(B∗(T ) ≥ c) = 1− P(|B(T )| > c) = 1− 2Φ(−c/
√
T ). �

íØ20.5 é?¿z > 0, τz�©Ù�Ý¼ê

p(t) =
z√

2πt3
e−z

2/2t.

ÏdP(τz <∞) = 1, E(τz) =∞.

y² é?¿z ≥ 0, d(6.2.2)��

P(τz ≤ t) = P(B∗(t) ≥ z) = 2

∫ ∞
z

1√
2πt

e−u
2/2tdu =

∫ ∞
z/
√
t

2√
2π

e−u
2/2du

ü>'ut¦��

p(t) =
z√

2πt3
e−z

2/2t.

=

P(τz ≤ t) =

∫ t

0

z√
2πs3

e−z
2/2sds.

Ïd

P(τz <∞) =

∫ ∞
0

z√
2πs3

e−z
2/2sds =

∫ ∞
0

2√
2π

e−u
2/2du = 1


�

E(τz) =

∫ ∞
0

z√
2πs

e−z
2/2sds =∞.

íØ�y.

5¿é?¿z ≥ 0, τz�τ−z©Ù�Ó(�SK20.5), Ïdé?¿z ∈ R, τz��Ý¼ê

p(t) =
|z|√
2πt3

e−z
2/2t.

ÏdíØ20.5L²é�mR¥?¿�:z, ÙK$Ä7,3k��mS���ù�:,
��

ù�:�²þ���Ã¡.

~20.3 ¦~19.2¥3'm��§`ÑØá�u¯�VÇ.

) �K�Y (t)´���σ�ÙK$Ä, Ï
B(t) = Y (t)/σ´IOÙK$Ä. -

B∗ = min{B(u); 1/2 ≤ u ≤ 1}.



175

®�B(1) = 1, ¤¦VÇ�

p = P(B∗ ≥ 0|B(1) = 1).

5¿�W = −BE�IOÙK$Ä, Ïd

p = P(W ∗ ≤ 0|W (1) = −1),

Ù¥W ∗ = max{W (u); 1/2 ≤ u ≤ 1}. PW (1) = −1e�^�VÇ�P1, êÆÏ"�E1 @

o

p = P1(W ∗ ≤ 0) = E1

(
P1

(
W ∗ ≤ 0|W (1/2)

))
.

díØ19.4��,W (1) = −1^�eW (1/2) ∼ N(−1/2, 1/4) , Ïd

p =

∫ 0

−∞
P1

(
W ∗ ≤ 0|W (1/2) = x

)
φ(x+ 1/2, 1/4)dx.

5¿�

P1(W ∗ ≤ 0|W (1/2) = x) = P(W ∗ ≤ 0|W (1/2) = x,W (1) = −1)

= P(max{U(t), 0 ≤ t ≤ 1/2} ≤ −x|U(0) = 0, U(1/2) = −1− x),

Ù¥U(t) = W (t+ 1/2)−W (1/2)�IOÙK$Ä. òÙ­#P�B�

P1(W ∗ ≤ 0|W (1/2) = x) = P
(
B∗(1/2) ≤ −x|B(1/2) = −1− x

)
.

ò½n20.3¥éA�x�¤−1− x, t�¤1/2��B(1/2) = −1− x�B∗(1/2)�>S©Ù�Ý

�

g(z| − 1− x) = 4(2z + 1 + x)e−(2z+1+x)2+(1+x)2

, z ≥ 0.

Ïd

P1(W ∗ ≤ 0|W (1/2) = x) =

∫ −x
0

4(2z + 1 + x)e−(2z+1+x)2+(1+x)2

dz = 1− e4x.

?


p =

∫ 0

−∞
(1− e4x)

1√
π/2

e−2(x+1/2)2

dx = 2Φ(1)− 1. �

6.2.3 ":VÇ*

½n20.6 lx 6= 0 Ñu�IOÙK$ÄBx(s) = x+B(s)3[0, t]��k��":�VÇ

pt(x) =
|x|√
2π

∫ t

0

s−3/2e−
x2

2s ds.

y² k�x < 0, @o

pt(x) = P( max
0≤u≤t

B(u) + x ≥ 0) = P( max
0≤u≤t

B(u) ≥ −x) = P(τ−x ≤ t)
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= P(τ|x| ≤ t) =
|x|√
2π

∫ t

0

s−3/2e−
x2

2s ds.

2�x > 0, d�

pt(x) = P( min
0≤u≤t

B(u) + x ≤ 0) = P( min
0≤u≤t

B(u) ≤ −x)

= P( max
0≤u≤t

(−B(u)) ≥ x) = P(τx ≤ t) (Ï�−B�´IOÙK$Ä)

=
x√
2π

∫ t

0

s−3/2e−
x2

2s ds.

nÜü«�¹��½n¤á.

íØ20.7 �0 < s < t, B3�m«m(s, t)S���3��":�VÇ

q =
2

π
arccos

√
s

t
.

y² d½n20.6

q = E(pt−s(B(s))) = 2

∫ ∞
0

φ(x, s)pt−s(x)ds

= 2

∫ t−s

0

du

∫ ∞
0

φ(x, s)φ(x, u)
x

u
dx

= 2

∫ t−s

0

φ(0, s+ u)

u
du

∫ ∞
0

xφ(x,
su

s+ u
)dx =

1

π

∫ t−s

0

1

s+ u

√
s

u
du.

È©Cþ��v =
√
u/s��

q =
2

π

∫ √(t−s)/s

0

1

1 + v2
dv (È©C� )

=
2

π
arctan(

√
(t− s)/s) =

2

π
arctan

√
t− s
s

=
2

π
arccos

√
s

t
.

íØ�y.

~20.4 �c > 0�~ê, ¦p = P(�3t0 ∈ (1, 2)¦�B(t0) = ct0|B(3) = 3c).

) -W (t) = tB(1/t), @oW (t)E�IOÙK$Ä, d�

{�3t0 ∈ (1, 2)¦�B(t0) = ct0} = {�3t0 ∈ (1/2, 1)¦�W (t0) = c}.

?
díØ20.7��

p = P(�3t0 ∈ (1/2, 1)¦�W (t0) = c|W (1/3) = c)

= P(�3t0 ∈ (1/6, 2/3)¦�W (t0) = 0) =
2

π
arccos

√
1

4
= 2/3. �

½n20.8* -vt = sup{s; 0 ≤ s ≤ t, B(s) = B∗(t)}, @ovt��Ý¼ê�

ν(s) =
1

π
√
s(t− s)

, 0 < s < t.

y² 5¿�é?¿0 < s < t,

{vt ≤ s} = { max
0≤u≤s

B(u) > max
s<u≤t

B(u)}.
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Ïd

P(vt ≤ s) = P( max
0≤u≤s

B(u) > max
s<u≤t

B(u))

= E
(
P( max

0≤u≤s
B(u) > max

s<u≤t
B(u)|B∗(s), B(s))

)
= E

(
P(B∗(s)−B(s) > max

s<u≤t
(B(u)−B(s))|B∗(s), B(s))

)
.

d²­ÕáOþ5��

P(vt ≤ s) = E
(
P
(
B∗(s)−B(s) > max

0≤u≤t−s
W (u)

))
,

= E
(∫ B∗(s)−B(s)

0

2φ(u, t− s)du
)

Ù¥WL«IOÙK$Ä��BÕá. d½n19.3,

P(vt ≤ s) =

∫ ∞
0

dz

∫ ∞
0

4φ(z + y, s)
z + y

s
dy

∫ y

0

φ(u, t− s)du

=

∫ ∞
0

dz

∫ ∞
0

4φ(z + u, s)φ(u, t− s)du

=

∫ ∞
0

4φ(z, t)dz

∫ ∞
0

φ(u+
t− s
t

z,
(t− s)s

t
)du

=

∫ ∞
0

4φ(z, t)dz

∫ ∞
z

√
(t−s)
ts

φ(u, 1)du.

ü>¦��

ν(s) =

∫ ∞
0

4φ(z, t)φ(z

√
t− s
ts

, 1)

√
tz

2
√
s3(t− s)

dz

=

∫ ∞
0

z

π
√
s3(t− s)

e−
z2

2s dz =
1

π
√
s(t− s)

.

½n�y.

öSK

20.1 ¦E(B∗(t)|B(t) = x).

20.2 ¦P(B(1) ≤ x|B(u) ≥ 0, 0 ≤ u ≤ 1).

20.3 �¦A,B�d�'Ñl�ÅL§Y (t) = eB(t)Ù¥B(t)�IOÙK$Ä, ®�3��t =

1, t = 2�d�'�©O´e0.5Úe, Á��3(1, 2)�mãSB �¦d�Q�LA d��VÇ

20.4 y²é?¿z ≥ 0, τz�τ−zÓ©Ù.

20.5 é?¿λ ≥ 0, ¦E(e−λτz ).

20.6 �0 < z → ∞�, y²τz → +∞, a.s. ([J«] τzüNØül
4�7,�3, é?¿t > 0,

P( lim
z→∞

τz > t) = lim
z→∞

P(τz > t) = 1.)

20.7* -γt = sup{s ≤ t;B(s) = 0}, y²

P(γt ≤ x) =
2

π
arcsin

√
x

t
, x ≤ t.
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6.3 AÛÙK$Ä�Black-Scholesúª

AÛÙK$Ä´ºx]�d�ï�¥�2�$^, Ù¥���Í¶�A^Ò´Ï�½d

nØ¥�Black-Scholesúª"

6.3.1 AÛÙK$Ä

½Â21.1 eB = {B(t), t ≥ 0}�IOÙK$Ä, µÚσ´ü?¿�½�~ê, ¡dY (t) =

σB(t) +µt½Â�e�ÅL§{Y (t), t ≥ 0}�÷v¤£Xê�µÚ���σ2�ÙK$Ä"{¡

��¤£�ÙK$Ä"

w,, é¤£Xê�µÚ���σ2�ÙK$Ä
ó:

(1) Y (0) = 0; (2) {Y (t), t ≥ 0}k²­ÕáOþ;

(3) Y (t)Ñlþ��µt, ���σ2t���©Ù.

½Â21.2 eY = {Y (t), t ≥ 0}��¤£�ÙK$Ä, @o¡dX(t) = eY (t)½Â��ÅL

§X = {X(t), t ≥ 0}�AÛÙK$Ä.

d�¤£ÙK$Ä�ÕáOþ5�±9��©Ù5���, é?¿t > u±9¼êg

E(g(X(t))|X(s), 0 ≤ s ≤ u) = E(g(eYt)|eY (s), 0 ≤ s ≤ u)

= E(g(eY (u)eY (t)−Y (u))|eY (s), 0 ≤ s ≤ u)

= E(g(eY (u)eY (t)−Y (u))|eY (u))

=

∫ +∞

−∞
g(eyex)φ(x− µ(t− u), σ2(t− u))dx

∣∣∣
y=Y (u)

=

∫ +∞

−∞
g(X(u)ex)φ(x− µ(t− u), σ2(t− u))dx, (6.3.1)

ùp^�X(s), 0 ≤ s ≤ uL«®�u�c¤k�X(s), ?


E(X(t)|X(s), 0 ≤ s ≤ u) = X(u)

∫ +∞

−∞
exφ(x− µ(t− u), σ2(t− u))dx

= X(u)e(t−u)(µ+σ2/2). (6.3.2)

6.3.2 Ï�½d�n

éy�7K½|
ó, Ï�Ã?Ø3. ¤¢Ï�´��«Ü�, TÜ�D�±k<3,

�A½FÏ½TF�c�?Û�m±�½d�	?½ÈÑ�«]���|. Ï�½Â��:

Xe: 1!Ï�´�«�|. Ï�Ü����9ï<ÚÑÈ<ü�. ±k<�k�å�Ø«ú
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�A�ÂÖ. 2!Ï��I�Ô. §�)�¦!�?Å �Ä:y , ��)À1!�¦�ê!

û¬ÏÀ�é�. Ï�´ù
I�Ô/û)0�, Ïd¡û)7Kóä½û)y . ��5

¿�´, Ï�ÑÈ<Ø�½PkI�Ô. Ï�´�±/ñ�0�. Ï�	ï<�Ø½ý��

	ï]�I�Ô. Ïd, Ï��Ï�V�Ø�½?1I�Ô�¢Ô��, 
�IUd�Övd

±=�. 3!�ÏF. V��½�Ï��Ï�@�U¡�/�ÏF0, XJTÏ��U3�Ï

F�1, K¡�îªÏ�¶XJTÏ��±3�ÏF½�ÏF�c�?Û�m�1, K¡�

{ªÏ�. 4!Ï���1. �âÏ�Ü�	?½ÈÑI�]��1�¡�/�10. 3Ï�

Ü�¥�½�, Ï�±k<â±	?½ÈÑI�]���½d�, ¡�/�1d�0½/v

½d�0. UÜ�	?/ñÑ�Ï��¡�wÞ/wOÏ�.

eÏ�v½d��K, Ï�I�Ô3�ÏF�d��P , @o�âÏ�Ü�, �°w

Þ/wOÏ�3�ÏF�d�©O�(P −K)+Ú(K − P )+. w,Ï�éÏ�Ü��ï\�´

��k|�²L�|, Ïd�
¼�ù°�|Ï�Ü�ï\�I���ñÑ��½�²LÖ

�. (½Ö��Ün�Ò´éÏ�½d. Ï~T½dL§�Ìü��KµÃ@|½|b�Ú

ºx¥5�n.

@|´�ÏL½|�´�ïñ�d¼�|Ã.¤¢Ã@|½|, �*
ó, Ò´½|þ?

Û�´ÑØU¼�Ãºx�@|. 7K½|þ¢�@|1�C��~��BÚ¯�. 3½|

k�^�e, ù«@|�B$5�¦�7K½|�@|Å¬��3o´6��, Ï���k

@|Å¬, Ý]öÒ¬é¯¢�@|
¦�½|q£�Ã@|Å¬�þï¥. Ïd, Ã@|

½|b��^ué7K�¬?1½d. 7K�¬3½|�Ünd�ò¦�½|Ø�3Ãºx

@|Å¬, ù�¡�Ãºx@|½d�n½ö{¡�Ã@|½d�n.

3Ã@|½|^�e§<�?�ÚJÑºx¥5½d�nµb�²L�¸´ºx¥5

�§=?3T²L�¸¥�Ý]öoN
óé�ºx��Ý´¥5�, Ý]ö3Ý]ºx]

��gC«úºx, ¿Ø�¦?Û�ºxÖ�½ºx�Å"Äuºx¥5b�§3½|Ø�

3?Û@|�U5�^�e§ºx]��Ï"ÂÃÇÑTÐ�uÃºx|Ç"XJû)y

 �d��6u��´�Ä:y §@où�û)y �d�´�äNÝ]ö�ºx�Ý

Ã', 
´Ãºx|Çby�(J"

ÒêÆ�.
ó, Ã@|½|Úºx¥5b�Ò´�¦�^5�x½|ÚO5Æ�VÇ

�m(Ω,F , P )é?Û�Ý]�ºx]�X(t)÷v:

E(X(t+ s)|Ft) = X(t)eλ(t−s),

Ù¥λ�T½|Ãºx|Ç(UE|O�), FtL«t9t�c�¤k½|&E; 
��3t + s�
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�d��Y (t+ s)�û)y , 3t���d�

Y (t) = E(e−λsY (t+ s)|Ft).

XJ½|�k�«ºx]�X(t)Ú�«Ãºx]�r(t), @ot9t�c�¤k½|&EÒd

Tºx]��&E�¤. d�

E(X(t+ s)|X(u), 0 ≤ u ≤ t) = X(t)eλ(t−s), (6.3.3)

±Tºx]��I�Ô�û)y et+ s��d��Y (t+ s), @o3t���d�Ò´

Y (t) = E(e−λsY (t+ s)|X(u), 0 ≤ u ≤ t). (6.3.4)

6.3.3 Black-Scholesúª

�
{ü, y3·�b½k��Ã@|ºx¥5½|, ½|¥�k�«Ãºx]�, T]

��ÂÃÇ�r(UE|O�)§�«�¦, Ùd�Cz�^L§X = {Xt, t ≥ 0}L«, Ú�«

û)y —±T�¦�Ä:y �îªwÞÏ�, Ï���ÏF�T , v½d��K.

UÏ�Ü�, Ï�3�ÏF�d��(XT − K)+. Ïd3Ã@|9ºx¥5b�e,

(6.3.4)L²TÏ�30 ≤ t ≤ T��d�Ct�

Ct = E(e−r(T−t)(XT −K)+|Xs, 0 ≤ s ≤ t).

b½�dd�CzL§X´��AÛÙK$ÄX(t) = eY (t), Ù¥Y (t)´��¤£Xê

�µ!���σ2�ÙK$Ä. d(6.3.1)��

Ct = e−r(T−t)E((XT −K)+|Xs, 0 ≤ s ≤ t)

= e−r(T−t)
∫ +∞

−∞
(yex −K)+φ(x− µ(T − t), σ2(T − t))dx

∣∣∣
y=X(t)

= e−r(T−t)
∫ +∞

ln(K/y)

(yex −K)φ(x− µ(T − t), σ2(T − t))dx
∣∣∣
y=X(t)

.

O��� ∫ +∞

ln(K/y)

yexφ(x− µ(T − t), σ2(T − t))dx

= ye(T−t)(µ+σ2/2)

∫ +∞

ln(K/y)

φ(x− (µ+ σ2)(T − t), σ2(T − t))dx

= ye(T−t)(µ+σ2/2)

∫ +∞

[ln(K/y)−(µ+σ2)(T−t)]/(σ
√
T−t)

φ(u, 1)du

= ye(T−t)(µ+σ2/2)
(

1− Φ
( ln(K/y)− (µ+ σ2)(T − t)

σ
√
T − t

))
= ye(T−t)(µ+σ2/2)Φ

( (µ+ σ2)(T − t)− ln(K/y)

σ
√
T − t

)
.
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,	 ∫ +∞

ln(K/y)

Kφ(x− µ(T − t), σ2(T − t))dx

= K

∫ +∞

[ln(K/y)−µ(T−t)]/(σ
√
T−t)

φ(u, 1)du

= KΦ
(µ(T − t)− ln(K/y)

σ
√
T − t

)
.

P

b(K, y, T, t) =
µ(T − t)− ln(K/y)

σ
√
T − t

,

@o

Ct = e−r(T−t)
[
ye(T−t)(µ+σ2

2 )Φ(σ
√
T − t+ b(K, y, T, t))−KΦ(b(K, y, T, t))

]
y=X(t)

.

,��¡, d(6.3.2)Ú(6.3.3)��

E[X(t+ s)|X(u), 0 ≤ u ≤ t] = X(t)e(µ+σ2/2)s = X(t)ers.

Ïd

r = µ+ σ2/2.

òÙ�\�þ¡$�(J, ��

Ct = yΦ
(
σ
√
T − t+ b(K, y, T, t)

)
−Ke−r(T−t)Φ

(
b(K, y, T, t)

)∣∣∣
y=X(t)

, (6.3.5)

Ù¥

b(K, y, T, t) =
r(T − t)− ln(K/y)

σ
√
T − t

− σ
√
T − t
2

.

úª(6.3.5)Ò´Í¶�îªwÞÏ��½dúª. éwO�îªÏ�kaq�½dúª, ·

�3�öS�ÓÆgCí�.

d(6.3.5)��, îªwÞÏ�3t���d��6u�¦3t���d�y, Ï��1��

mT , v½d�K, ½|Ãºx|ÇrÚ�¦d�ëêσ2, ¿��â½d�n, Td�´Ã@|

�. 3¢Sö�¥, N´�yy, T ÚKÑ´®��, �ëêσ2  ´Û¹�. �
��σ2, 5

¿�±�êÙK$Ä�d���¦, é¿©��∆,

X(t+ ∆)−X(t)

X(t)
∼ Y (t+ ∆)− Y (t) ∼ µ∆ + σ2[B(t+ ∆)−B(t)].


X(t+∆)−X(t)
X(t) L«�¦3[t, t+ ∆]�mS�ÂÃÇ. ÏdCq/w3Ø����m«mþ�

¦ÂÃÇ´Õá�, eØ����m«m�´���, ÂÃÇ��±w�´Ó©Ù�; σ2�Â

ÃÇ�ÅÄÇ. Ïd<�~^ÚO�{�OTÂÃÇ�ÅÄÇ¿òÙÀ�σ2��. �«�g

,/¼�σ2�O��{Xe: b�¼�n����h�ÂÃÇêâx1, · · · , xn. d�êâoN

w��Ñlþ��µhÚ���σ2h���©Ù, l
��Ã ���σ2h �Ã �O.
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~21.1 ®�,�¦yd�100�, ½|Ãºx�czE|Ç�0.15. ,úiMï�«1c��

Ï�îªwÞÏ�, �1d���120, Á�ÑTÏ�y3�z°d�. (b½�¦d�Ñl�

êÙK$Ä§
�L�12����ÂÃÇ�0.03, 0.09, −0.06, −0.03, 0.10, 0.02, −0.07, 0.04,

0.03, −0.05, 0.02, 0.0)

) ·�k�Oσ2. d12���ÂÃÇêâ���ÂÃÇÃ ���

1

11

12∑
i=1

(xi − x̄)2 = 0.003

Ù¥xiL«1i���ÂÃÇ, x̄L«�²þÂÃÇ. l
σ̂2 = 12 ∗ 0.003 = 0.036. òy =

100,K = 120, T = 1, t = 0, r = 0.15, σ2 = 0.036�\(6.3.5)��,

C0 = 100Φ
(√

0.036 + b(120, 100, 1, 0)
)
− 120e−0.15Φ

(
b(120, 100, 1, 0)

)
Ù¥

b(120, 100, 1, 0) =
0.15− ln 1.2√

0.036
−
√

0.036

2
= −0.26522

Ïd

C0 ≈ 100Φ(−0.075)− 103.285Φ(−0.265) ≈ 47− 40.85 = 6.15.

¤±TÏ�y3�z°d��6.15�.

|^ºx¥5½d�n·���±�ÑÙ¦a.�û)y �d�. e¡ù�~f��

þ)º
¤¢£"wÞÏ��½dúª.

~21.2 b�,�¦�d�P (t) = eB(t), Ù¥B(t)�IOÙK$Ä. `¯ü<�7T�¦¾á

Ü�, 5½: ¯3��s�`|Gd�, 
`3s+T���¯|G[s, s+T ]�ãST�¦��d

��v½d�eK�m�d�( max
s≤u≤s+T

P (u) − eK)+. b½ÃºxcE|Ç�1/2, �¦3s�

�d��ex. Á|^ºx¥5½d�n(½d��.

) Uºx¥5½d�n, d�AT�¯3s+ T��ýÏÂÃ3s�Uºx|Ç�òy, =

d = e−T/2E(( max
s≤u≤T+s

P (u)− eK)+|P (s) = ex, P (u), 0 ≤ u < s).

O���

E(( max
s≤u≤T+s

P (u)− eK)+|P (s) = ex, P (u), 0 ≤ u < s)

= E(( max
s≤u≤T+s

eB(s)+B(u)−B(s) − eK)+|B(s) = x)

= E(( max
0≤u≤T

ex+B(u) − eK)+) = E((ex+B∗(T ) − eK)+).

duB∗(T )��Ý¼ê�2φ(y, T ),

E((ex+B∗(T ) − eK)+) =

∫ ∞
(K−x)+

(ex+y − eK)2φ(y, T )dy
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= 2ex
∫ ∞

(K−x)+

eyφ(y, T )dy − 2eK
∫ ∞

(K−x)+

φ(y, T )dy

= 2ex+T/2

∫ ∞
((K−x)+−T )/

√
T

1√
2π

e−
y2

2 dy − 2eK
∫ ∞

(K−x)+/
√
T

φ(y, 1)dy

= 2[ex+T/2Φ((T − (K − x)+)/
√
T )− eKΦ(−(K − x)+/

√
T )].

Ïdd = 2[exΦ((T − (K − x)+)/
√
T )− eK−T/2Φ(−(K − x)+/

√
T )].

öSK

21.1 3Ã@|b�Úºx¥5�neí�îªwOÏ��½dúª.
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6.4 pdL§�È©ÙK$Ä

6.4.1 pdL§�ÙKx

½Â22.1 �X = {X(t); t ∈ T}´VÇ�m(Ω,F,P) þ��ÅL§. ¡X�pdL§(X), e

é?¿�t1, · · · , tn ∈ T ,

(X(t1), X(t2), · · · , X(tn))

Ñl��©Ù(�)òz�/), ½=�3n��þµ = {µ1, · · · , µn}T±9n���½½�½Ý


D¦�é?¿λ = (λ1, · · · , λn)T ∈ Rn,

E(ei
∑n
k=1 λkX(tk)) = exp

{
iλTµ− 1

2
λTDλ

}
.

dd��(X(t1), X(t2), · · · , X(tn))�þ��þ�µ, ���Ý
�D.

w,pdL§�k��©ÙdÙþ�(¼ê)Ú���(¼ê)��(½. d½n19.2, ÙK

$ÄB ´��pdL§; 2díØ19.4,3B(s), B(t)�½�^�eÙK$Ä{B(u); s < u <

t}�´pdL§.

½n22.1 X = {X(t); t ∈ T}´pdX��=�Ù¥?¿k���ÅCþ��5|ÜÑÑl

����©Ù.

y² “7�5”: ?�k���ÅCþX(t1), · · · , X(tn)±9?¿λ1, · · · , λn ∈ R, �5|

Ü
∑n
k=1 λkX(tk)�A�¼ê

E(eiu(
∑n
k=1 λkX(tk))) = E(ei(

∑n
k=1 uλkX(tk))) = exp

{
iuλTµ− u2

2
λTDλ

}
dd��

∑n
k=1 λkX(tk) ∼ N(λTµ, λTDλ).

“¿©5”: ?�X(t1), · · · , X(tn)±9λ1, · · · , λn ∈ R,du
∑n
k=1 λkX(tk)Ñl��©Ù,

E(ei
∑n
k=1 λkX(tk)) = exp

{
iE(

n∑
k=1

λkX(tk))− 1

2
Var(

n∑
k=1

λkX(tk))
}

= exp
{

i

n∑
k=1

λkE(X(tk))− 1

2

n∑
k,j=1

λkλjCov(X(tk), X(tj))
}

= exp
{

iλTµ− 1

2
λTDλ

}
Ù¥µ = {E(X(t1), · · · ,E(X(tn)))}, D =

(
Cov(X(ti), X(tj))

)
i,j
�½½��½.

~22.1 �W�IOÙK$Ä, é?¿x, y ∈ R, �½0 ≤ s < t, é?¿u ∈ [s, t], -

W y
x (u) = W (u) +

( t− u
t− s

(x−W (s)) +
u− s
t− s

(y −W (t))
)
.

��¡{W y
x (u); s ≤ u ≤ t}�ÙKx. ?�s ≤ u1 < · · · < un ≤ t, λ1, · · · , λn ∈ R,

n∑
k=1

λkW
y
x (tk)) =

n∑
k=1

λk

[
W (uk) +

( t− u
t− s

(x−W (s)) +
u− s
t− s

(y −W (t))
)]
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=

n∑
k=1

λkW (uk)−
( n∑
k=1

λk(t− uk)

t− s

)
W (s)−

( n∑
k=1

λk(uk − s)
t− s

)
W (t) + C.

Ù¥~êC =
∑n
k=1

λk(uk−s)
t−s (y − x). duIOÙK$Ä´pdL§, ½n22.1L²ÙKx�

´pdL§. 5¿�W y
x (s) ≡ x,W y

x (t) ≡ y,

E(W y
x (u)) = x+

u− s
t− s

(y − x),


���O���é?¿u ≤ v ∈ [s, t],

Cov(W y
x (u),W y

x (v))

= Cov
(
W (u)− t− u

t− s
W (s)− u− s

t− s
W (t),W (v)− t− v

t− s
W (s)− v − s

t− s
W (t)

)
= Cov

(
W (u),W (v)− t− v

t− s
W (s)− v − s

t− s
W (t)

)
=

(t− v)(u− s)
t− s

.

dupdL§k��©ÙdÙþ�¼êÚ���¼ê��(½, éìíØ15.4,��

{W y
x (u); u ∈ [s, t]}

��½^�B(s) = x,B(t) = y�ÙK$Ä{B(u), s ≤ u ≤ t}k�Ó�k��©Ù,l
�w

�´§�����. 5¿3{W y
x (u)}��E¥,·�¿vkéIOÙK$ÄW�½�	�^

�.

íØ22.2 e{X(t); t ∈ T}´pdL§, @oé?¿sk < tk, k = 1, 2, · · · , n,

{X(tk)−X(sk), k = 1, 2, · · · , n}

´n����ÅCþ.

y² é?¿λk ∈ R, k = 1, 2, · · · , n, d½n22.1
n∑
k=1

λk(X(tk)−X(sk)) =

n∑
k=1

λkX(tk) +

n∑
k=1

(−λk)X(sk)

������ÅCþ, ?
2^�g½n22.1��íØ¤á.

·K22.3 ;�ëY�pdL§{X(t), t ≥ 0}eé?¿0 ≤ s ≤ tÑk

E(X(s)) = 0� E(X(s)X(t)) = s,

@oX = {X(t); t ≥ 0}´IOÙK$Ä.

y² �I�yÙK$Ä�n�^�(a),(b),(c).

(a) X;�ëY�d^�E(X(0)2) = 0��X(0) = 0 a.s.

(b) é?¿0 ≤ s1 < t1 ≤ s2 < t2,

E[(X(t2)−X(s2))(X(t1)−X(s1))]

= E[X(t2)X(t1)]− E[X(t2)X(s1)]− E[X(s2)X(t1)] + E[X(s2)X(s1)] = 0.

du(X(t2) − X(s2), X(t1) − X(s1))������ÅCþ, l
Õá. Ïdé?¿0 ≤ t1 <
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t2 < · · · < tn

X(t1), X(t2)−X(t1), · · · , X(tn)−X(tn−1)

����Ý
�é�Ý
. ùL²(X(t1), X(t2)−X(t1), · · · , X(tn)−X(tn−1))Õá.

(c) é?¿0 ≤ s < t, dE(X(t)−X(s)) = 0,

E[(X(t)−X(s))2] = E[X2(t) +X2(s)− 2X(s)X(t)] = t− s

±9X(t)−X(s)Ñl��©Ù��X(t)−X(s) ∼ N(0, t− s).

·K22.4 �ξn, n ≥ 1, ´�����ÅCþ. eξn
P→ X, @oX�´���ÅCþ, 
�

E(X) = lim
n→∞

E(ξn), Var(X) = lim
n→∞

Var(Xn).

y² duξn, n ≥ 1, ´�����ÅCþ, �3µn, σ2
n ¦�é?¿λ ∈ R

E(eiλξn) = exp{iλµn −
λ2

2
σ2
n}.

dξn
P→ X��P(|X| <∞) = 1
�E(eiλξn)→ E(eiλξ) := Ψ(λ). Ïd

|E(eiλξn)| = e−
λ2

2 σ
2
n → |Ψ(λ)|, iλµn −

λ2

2
σ2
n → ln Ψ(λ).

5¿�Ψ(0) = 1�dΨ(λ)ëY���3δ > 0¦�é?¿λ ∈ (−δ, δ), |Ψ(λ)| > 0. ùL

²n→∞ �, σ2
n 4��3�k�, P�σ2. 5¿�

E(eiλ(ξn−µn)) = exp{−λ
2

2
σ2
n} → exp{−λ

2

2
σ2}.

Ïdξn − µn
d→ N(0, σ2). Plim inf

n→∞
µn = a, lim sup

n→∞
µn = b, @odξn

P→ X��

X − a d
= N(0, σ2) X − b d

= N(0, σ2)

Ïda = b <∞. µn4���3, P�µ. l
X ∼ N(µ, σ2)����ÅCþ.

d·K22.4N´��±eíØ, y²�ÖögC�¤.

íØ22.5�{X(t); t ∈ T}´pdL§, tkl ∈ T , (k = 1, 2, · · · ,m, l = 1, 2, · · · ). eé?Û�

½�k, X(tkl )�VÇÂñuY (k) @o{X(t); t ∈ T}
⋃
{Yk; k = 1, 2, · · · ,m}E´pdX, 


�Cov(Yk, Yn) = lim
l→∞

Cov(X(tkl ), X(tnl )).

6.4.2 �ÙK$Äk'�{üÈ©

3�Ù���, ·�0�üaAÏ�/e�ÙK$Äk'�È©.

�B´ÙK$Ä,duB(t)'utëY, ±B(t)��È¼ê, iùÈ©
∫ t

0
B(u)du ok¿Â.

��/¡�ÅL§{
∫ t

0
B(u)du; t ≥ 0} �È©ÙK$Ä.
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���/�f(t)´äkëY���ê���Å¼ê, é?¿0 ≤ a ≤ b, iùÈ©∫ b

a

B(u)df(u) =

∫ b

a

B(u)f ′(u)du = lim
δ→0

n∑
i=1

δ=max{ti−ti−1}

B(ti)f
′(ti)(ti − ti−1),

ok¿Â, Ù¥a = t0 < t1 < · · · < tn = b�[a, b]�?�©�. 5¿þªm>4�¥z�Ü©

ÚÑ´���ÅCþ, Ïdd·K22.4��
∫ b
a
B(u)df(u) Ñl��©Ù. ?�ÚdíØ22.5

����ÅL§ {∫ t

a

B(u)df(u); t ≥ a
}

´pdL§. ��O���é?¿s, t ≥ a,

E
(∫ t

a

B(u)df(u)
)

=

∫ t

0

E(B(u))df(u) = 0,

Cov
(∫ t

a

B(u)df(u),

∫ s

a

B(v)df(v)
)

=

∫ t

a

∫ s

a

E(B(u)B(v))df(u)df(v)

=

∫ s

a

∫ t

a

(s ∧ t)df(s)df(u).

dþã©Û��, �B´IOÙK$Ä�, È©ÙK$Ä
∫ t

0
B(u)du´þ��0!���(¼

ê)�

R(s, t) =

∫ s

0

∫ t

0

(u ∧ v)dudv =

∫ s

0

∫ s

0

(u ∧ v)dudv +

∫ s

0

∫ t

s

(u ∧ v)dudv

=
s3

3
+

(t− s)s2

2
= s2(

t

2
− s

6
), s ≤ t,

�pdL§, 
�
∫ t

0
B(u)du ∼ N(0, t3/3).

éÙK$Ä��±?Ø,	�«/ªÈ©. ùp·�{ü0�f(t)´äkëY���ê

���Å¼ê�/(éu�����/�ë�[4]), é?¿0 ≤ a ≤ b, ½Â«m[a, b]þ�ÅÈ

© ∫ b

a

f(s)dB(s) = lim
δ→0

n∑
i=1

δ=max{ti−ti−1}

f(ti−1)[B(ti)−B(ti−1)]. (6.4.1)

Ù¥a = t0 < t1 < · · · < tn = b�[a, b]�?�©�. 5¿�
n∑
i=1

φ(ti−1)[B(ti)−B(ti−1)] = f(b)B(b)− φ(a)B(a)−
n∑
i=1

B(ti)(f(ti)− f(ti−1))

Ïd ∫ b

a

f(s)dB(s) = φ(b)B(b)− φ(a)B(a)−
∫ b

a

B(s)df(s),

Ï~·�¡Tª��ÅÈ©�©ÜÈ©úª. d(6.4.1)��, �φ(t)���Å¼ê�, 4�¥

�Ü©ÚE����ÅCþ, Ïd
∫ b
a
f(s)dB(s)�´���ÅCþ. ?�ÚdíØ22.5���

�ÅL§ {∫ t

a

f(u)dB(u); t ≥ a
}
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�´pdL§. �B´IOÙK$Ä�, é?¿a ≤ s ≤ t±9[0, t]¥�©�0 = t0 < t1 <

· · · < tm = s < · · · < tn = t

E
(∫ t

a

f(u)dB(u)
)

= lim
δ→0

n∑
i=1

f(ti−1)(E[B(ti)]− E[B(ti−1)])

=

∫ t

a

f(u)dE(B(u)) = 0,

Cov
(∫ t

a

f(u)dB(u),

∫ s

a

f(u)dB(u)
)

= lim
δ→0

E
( n∑
i=1

f(ti−1)[B(ti)−B(ti−1)]

m∑
i=1

f(ti−1)[B(ti)−B(ti−1)]
)

= lim
δ→0

E
( m∑
i=1

f2(ti−1)[B(ti)−B(ti−1)]2
)
, dÙK$ÄÕáOþ5

= lim
δ→0

m∑
i=1

f2(ti−1)(ti − ti−1) =

∫ s

a

f2(u)du.

~22.2 �B´IOÙK$Ä§Á¦Ñ
∫ 1

0
udB(u)3B(1) = 1^�e�©Ù.

) duB(1) = 1^�eÙK$ÄE´pdL§, d(6.4.1)��, d�
∫ 1

0
udB(u)E´���Å

Cþ. díØ19.4±9SK19.2, �þ¡�O�L§��

E(

∫ 1

0

udB(u)|B(1) = 1) =

∫ 1

0

udE(B(u)|B(1) = 1) =

∫ 1

0

udu =
1

2
,

E
[( ∫ 1

0

udB(u)
)2∣∣∣B(1) = 1

]
= lim
δ→0

m∑
i=1

t2i−1E
(

[B(ti)−B(ti−1)]2
∣∣∣B(1) = 1

)
= lim
δ→0

m∑
i=1

t2i−1(ti − ti−1) =

∫ 1

0

t2dt = 1/3.

=(
∫ 1

0
udB(u)|B(1) = 1) ∼ N(1/2, 1/3).

�5¿�´3�ÅÈ©L�ª
∫
φ(t)dB(t)¥, �,·�/^
�©ÎÒdB(t), �§¿Ø

´B(t)�ý¢�©, Ï�d½n19.7��ÙK$ÄB´??Ø���. Ï~·�¡dB(t)�x

D((½òdB(t)P�Ḃ(t)dt, 
¡Ḃ(t)�xD().

öSK

22.1 �B = {B(t), t ≥ 0}�IOÙK$Ä, Á(½Y =
∫ 1

0
B(s)ds�©Ù.eB(1) = x, Á3d

^�e2(½Y�©Ù.

22.2 �B´IOÙK$Ä§Á¦Ñ
∫ 1

0
udB(u)3B(1) = x^�e�©Ù.

22.3* y²íØ22.5.



1ÔÙ lÑ�

�(Martingale)ù�Vg5gÙÆüÑïÄ, Ù�c{5g{©¥�Äi1 �. �

gLévyÚDoob �<òÙÚ\VÇØ�§8c®¤�ïÄ�Å¯K���rkåóä. �Ù

ò{�/0�lÑ�m��Ä�nØ.

7.1 ��Ê�

7.1.1 ��½Â9Þ~

½Â23.1 �X = {Xn;n ≥ 0}, Y = {Yn;n ≥ 0}´ü��ÅL§, ¡�ÅL§X'uY´

�(e�, þ�), eéz�n ≥ 0,

(1) E(|Xn|) <∞,

(2) Xn´X0, Y0, · · · , Yn�¼ê.

(3) E(Xn+1|X0, Y0, · · · , Yn) = Xn(≥ Xn,≤ Xn),

523.1 �X'uY´��, d^�êÆÏ"5�, ½Â¥^�(2)g,¤á.

l½Âþw, ¤¢(e, þ)�Ò´3®�X0, Y0, · · · , Yn^�e, Xn+1�^�Ï"�Xn�

Ó('Xn�, 'Xn�). �/�
, eò��nn)�y3, X0, Y0, · · · , Yn n)��y3�&

E, @o(e, þ)�Ò´3Ýºy3&E�^�eýÿ�5�y3�Ó(`uy3, �uy3).

eY = X½dþe©YØóg²�, ·��{¡{Xn;n ≥ 0}��(e�, þ�).

��(e, þ)��@�~f, Ñy3Ùä¯KïÄ¥.

~23.1 b½,Ùäë�,«Ó�Ù, �ÙäÐ©Ù��a, ±XiL«ÙäzÛI½Ñ�Ê

è, ±Y0L«ÙÛ�Ð©&E§YiL«Ùäl1i�ÙÛ¥¤U¼��¤k&E, -S0 = a,

Sn = Sn−1 +Xn = a+
∑n
k=1Xk, @oSnL«1nÛ�UÙäPk�]�.

(1) eé?¿n ≥ 0, E(Xn+1|S0, Y0, · · · , Yn) = 0, @o

E(Sn+1|S0, Y0, · · · , Yn) = E(Sn +Xn+1|S0, Y0, · · · , Yn)

= E(Sn|S0, Y0, · · · , Yn) + E(Xn+1|S0, Y0, · · · , Yn) = Sn,

189
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=S = {Sn, n ≥ 0}'uY = {Yn, n ≥ 1}´�.

(2) eé?¿n ≥ 0, E(Xn+1|S0, Y0, · · · , Yn) > 0, @o

E(Sn+1|S0, Y0, · · · , Yn) = E(Sn +Xn+1|S0, Y0, · · · , Yn)

= E(Sn|S0, Y0, · · · , Yn) + E(Xn+1|S0, Y0, · · · , Yn) ≥ Sn

=S'uY´e�.

(3) eé?¿n ≥ 0, E(Xn+1|S0, Y0, · · · , Yn) < 0, @o

E(Sn+1|S0, Y0, · · · , Yn) = E(Sn +Xn+1|S0, Y0, · · · , Yn)

= E(Sn|S0, Y0, · · · , Yn) + E(Xn+1|S0, Y0, · · · , Yn) ≤ Sn,

=S'uY´þ�.

�*
ó, 3ÙÆ�.¥S��L«ÙÛ(��)´ú²�; eSØ´�, @oÙÛ(��)´Øú

²�, þ�Kk|u“B[”, e�Kk|uÙä. dÙä�.��±wÑ, duÙ�Sn �C

zØv±���NÙ|&E�Cz, 3��½Â¥Ú?“&E”L§Y 3k
�ÿ´ék7�

�©

e¡~fL², �(y�)3�ÅL§¥�±g,/Ñy.

~23.2 �Y = {Yn;n ≥ 0}´G��mSþ�àê¼ó, =£VÇÝ
P = (pi,j)©éSþ?¿

k.¼êg, -φ(i)
∧
=
∑
j∈S pi,jg(j), i ∈ S, ½Â 

X0 = g(Y0), Xn = g(Yn)−
n−1∑
k=0

[φ(Yk)− g(Yk)], n ≥ 1.

@od^�Ï"5��ê¼5, é?¿n ≥ 1  

E(Xn+1|Y0, · · · , Yn) = E(g(Yn+1)|Yn)−
n∑
k=0

[φ(Yk)− g(Yk)]

=
∑
j∈S

pi,jg(j)|i=Yn −
n∑
k=0

[φ(Yk)− g(Yk)] = φ(Yn)−
n∑
k=0

[φ(Yk)− g(Yk)]

= g(Yn)−
n−1∑
k=0

[φ(Yk)− g(Yk)] = Xn.

ùL²X = {Xn;n ≥ 0}'uY��. AO, eé?¿i ∈ S, φ(i) = (≥, ≤)g(i), @oX =

{g(Yn);n ≥ 0}��(e�, þ�).

~23.3 �X = {Xn;n ≥ 1}�ÕáÓ©Ù�ÅCþ.

(1) eE(Xn) = µ, -S0 = 0, Sn =
n∑
k=1

Xi − nµ, KS = {Sn, n ≥ 0}'uX��.

(2) e�3λ ∈ R¦�φ(λ) = E(eλXn) <∞, -

Yn = [φ(λ)]−ne
λ

n∑
k=1

Xi
, n ≥ 0, (5½Y0 = 1)
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K{Yn;n ≥ 0} ��. AO, eφ(λ0) = 1, K
{

exp{λ0

n∑
i=1

Xi};n ≥ 0
}
��.

(3) �f0, f1�üVÇ�Ý¼ê, -

Ln =

n∏
i=1

f1(Xn)

f0(Xn)
, n ≥ 0, (5½L0 = 1)

3b�u�¥±Xn�©Ù�Ý¼ê�f0��b�, d�{Ln, n ≥ 0}��.

) (1) é?¿n ≥ 0

E(Sn+1|S0, X1, · · · , Xn) = E(Sn +Xn+1 − µ|S0, X1, · · · , Xn)

= Sn + E(Xn+1 − µ|S0, X1, · · · , Xn) = Sn.

¤±{Sn, n ≥ 0}��.

(2)é?¿n ≥ 0

E(Yn+1|Y0, X1, · · · , Xn) = E(Ynφ
−1(λ)eλXn+1 |Y0, X1, · · · , Xn)

= Ynφ
−1(λ)E(eλXn+1) = Yn.

¤±{Yn, n ≥ 0}��.

(3)3Xn�VÇ©Ù�Ý¼ê�f0�^�b�e, é?¿n ≥ 0

E(Ln+1|L0, X1, · · · , Xn) = E
(
Ln

f1(Xn+1)

f0(Xn+1)

∣∣∣L0, X1, · · · , Xn

)
= LnE

(f1(Xn+1)

f0(Xn)

)
= Ln

∫ ∞
−∞

f1(x)dx = Ln.

¤±{Ln, n ≥ 0}��.

~23.4 (1)�N(t)´rÝ�λ�ÑtL§, é?¿�K4Oê�{tn}, -

Mn = N(tn)− λtn.

@od^�êÆÏ"5��ÕáOþ5

E(Mn+1|M0, · · · ,Mn) = Mn + E(Mn+1 −Mn|M0, · · · ,Mn)

= Mn + E(N(tn+1)−N(tn)− λ(tn+1 − tn)|N(t0), · · · , N(tn))

= Mn + E(N(tn+1)−N(tn)− λ(tn+1 − tn)) = Mn.

Ïd{N(tn)− λtn;n ≥ 0} ´�.

(2)�B(t)´���σ2�ÙK$Ä, é?¿0 ≤ t0 < t1 < · · · < tn < · · · , -

Mn = exp
{
− λB(tn)− λσ2tn

2

}
.

@oÓ�d^�êÆÏ"5�,ÕáOþ5���5

E(Mn+1|M0, · · · ,Mn)

= MnE
(

exp
{
λ(B(tn+1)−B(tn))− λσ2(tn+1 − tn)

2

}∣∣∣B(t0), · · · , B(tn)
)
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= MnE(exp{λ(B(tn+1)−B(tn))− λσ2(tn+1 − tn)

2
}) = Mn.

Ïd
{

exp
{
λB(tn)− λσ2tn

2

}
;n ≥ 0

}
�´�.

7.1.2 ��{ü5�

d½Â23.1��3�½“&E”L§^�e, X = {Xn;n ≥ 0}�þ���=�X�e�;

X����=�XQ´þ�q´e�.

5�23.1 e�ÅL§X = {Xn;n ≥ 0}, Y = {Yn;n ≥ 0}'u{Zn;n ≥ 0}Ñ´þ�(e�),

K

(1) E(Xn),E(Yn) ´�O(ü)ê�;

(2) é?¿�K¢êα, β, {αXn + βYn;n ≥ 0}´þ�(e�)¶

(3) {Xn ∧ Yn;n ≥ 0} ´þ�({Xn ∨ Yn;n ≥ 0} ´e�).

y² ±þ��~, �y(3), Ù¦w,¤á. é?¿n ≥ 0

E(Xn+1 ∧ Yn+1|Z0, · · · , Zn) ≤ E(Yn+1|Z0, · · · , Zn) ≤ Yn,


�

E(Xn+1 ∧ Yn+1|Z0, · · · , Zn) ≤ E(Xn+1|Z0, · · · , Zn) ≤ Xn.

Ïd

E(Xn+1 ∧ Yn+1|Z0, · · · , Zn) ≤ min{Xn, Yn} = Xn ∧ Yn.

¤±{Xn ∧ Yn, n ≥ 0} E´þ�.

Ún23.2(JessenØ�ª) �ψ(x) ´Rþà¼ê, X��ÅCþ,

E(|X|) <∞� E(|ψ(X)|) <∞,

@oψ(E(X)) ≤ E(ψ(X)). ?�Ú, ?��ÅCþS�{Yn, n ≥ 0}, é?¿n ≥ 0

ψ(E(X|Y0, · · · , Yn)) ≤ E(ψ(X)|Y0, · · · , Yn).

y² �y���Ø�ª. duψ´à¼ê, dêÆ©Û�£��ψ��m�êÑ�3�é?

¿x, y ∈ R

ψ(y)− ψ(x) ≥ ψ′+(x)(y − x),

Ù¥ψ′+(y)L«y�m�ê. Ïd

ψ(x)− ψ(E(X|Y0, · · · , Yn)) ≥ ψ′+(E(X|Y0, · · · , Yn))(X − E(X|Y0, · · · , Yn)).
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ü>'uY0, · · · , Yn¦^�Ï"�

E(ψ(x)− ψ(E(X|Y0, · · · , Yn))|Y0, · · · , Yn)

≥ ψ′+(E(X|Y0, · · · , Yn))E(X − E(X|Y0, · · · , Yn)|Y0, · · · , Yn)

≥ ψ′+(E(X|Y0, · · · , Yn))[E(X|Y0, · · · , Yn)− E(X|Y0, · · · , Yn)] = 0.

ÏdE(ψ(x)|Y0, · · · , Yn) ≥ ψ(E(X|Y0, · · · , Yn)).

5¿�é?¿r > 1,xr, x > 0�à¼ê, dJessenØ�ª��hölderØ�ªµ

E(|X|r) ≥ [E(|X|)]r = E(|X|) ≤ [E(|X|r)]1/r.

5�23.3 �{Xn}'u{Yn}�(e)�, ψ(x)�Rþ(�ü)à¼ê. eE(|ψ(Xn)|) < ∞ é¤

kn ≥ 0Ñ¤á, @o{ψ(Xn), n ≥ 0}´e�.

y² dJessenØ�ª, é?¿n ≥ 0

E(ψ(Xn+1)|Y0, · · · , Yn) ≥ ψ(E(Xn+1|Y0, · · · , Yn) = ψ(Xn)(≥ ψ(Xn)).

Ïd{ψ(Xn), n ≥ 0}´e�.

d5�23.3·�N´�EÑe�. e{Xn;n ≥ 0}´�, ��e¡��ÅCþS�k¿Â

��È, @o

{|Xn|;n ≥ 0}, {eXn ;n ≥ 0}, {− ln(Xn), n ≥ 0}

Ñ´e�, 
�r ≥ 1�{|Xn|r;n ≥ 0}�´e�.

5�23.4 eY = {Yn;n ≥ 0}'uX = {Xn;n ≥ 0}´e�, @o�3��'uX�

�{Mn;n ≥ 0}¦� 

Yn = Mn +Nn,

Ù¥{Nn;n ≥ 0}´��üNØü��ÅS�, N0 = 0�NndY0, X0, · · · , Xn−1���½.

y² é?¿n ≥ 1, - 

Nn =

n−1∑
k=0

[E(Yk+1|Y0, X0, · · · , Xk)− Yk].

d^�êÆÏ"�e�½Â��Nn´Y0, X0, · · · , Xn−1�¼ê, 
�{Nn;n ≥ 1}´��üN

Øü��ÅS�. 2-Mn = Yn −Nn, @o 

E(Mn+1|Y0, X0, · · · , Xn)

= E(Yn+1|Y0, X0, · · · , Xn)−
n∑
k=0

[E(Yk+1|Y0, X0, · · · , Xk)− Yk]

= Yn −
n−1∑
k=0

[E(Yk+1|Y0, X0, · · · , Xk)− Yk] = Mn.

dd��Mn��?
(Ø¤á.
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��/, ·�¡Nnù«?¿nÚ���UdnÚ±c&E(Y0, X0, · · · , Xn−1)��(½�

�ÅL§����(Predictable)½�NN�(Admissible).

~23.5 ��Ùäë\�«�Úf�ÙÆ, ±XiL«1iÛTÙä��K�¹, eÙä�

KXi = 1, ÄKXi = −1. b�z�Û�K(J�pÕá, 
�P(Xi = 1) ≤ 1/2. ¯TÙäU

ÄÏL�OüÑ(=ÄÛÝ51, �¡zÛÝ5Ñ´c�Û�ü���TÙäI��Û, ,�

­#�1ù«Ý5üÑ)¢y­Iº(�½X0 = 1)

) ±HnL«1nÛ�Ý5þ, w,Hn��U���{1, 2, · · · , 2n−1}
�é?¿k ≤ n− 1,

{Hn = 2k} = {Xn−k−1 = 1, Xn−k = −1, · · · , Xn−1 = −1}

ÏdHn�X0, X1, · · · , Xn−1�¼ê, =�3¼êφn ≤ 2n¦�

Hn = φn(X0, X1, · · · , Xn−1).

�1nÛ, TÙäI��Ù5�

Mn =

n∑
k=1

HkXk.

-M0 = 0, d^�Ï"5�

E(Mn|M0, X0, · · · , Xn−1) =

n∑
k=1

E(HkXk|M0, X0, · · · , Xn−1)

=

n−1∑
k=1

HkXk +HnE(Xn|M0, X0, · · · , Xn−1) ≤
n−1∑
k=1

HkXk = Mn−1

=Mn'uXn�þ�, l
E(Mn)��OS�. ùL²�OüÑØU¢y­I.

7.1.3 Ê�9Ù{ü5�

31�Ù1�!¥, ·�®�Ñ
lÑ�ÅL§�Ê�½Â. ·�¡�K�ê���Å

Cþ(�±�+∞)T´�ÅL§X = {Xn}n≥0�Ê�(Stopping time), eé?¿�K�ên,

�Å¯�{T = n}�±ÏLX0, · · · , XnL«, �=�ÅCþ1{T=n} �L«¤X0, · · · , Xn�¼

ê. �ÃIrN“&E”L§X �, ·��{¡T �Ê�. �*/w, Ê�½Â����¦Ò

´�Å¯�{T = n}´Äu)dX0, · · · , Xn�&EÒ��ä,ØÉn��X��K�.

~23.6 eT�~ê,@oT�½´Ê�, d�¯�{T = n}½ö�Ø�U¯�∅½ö�7,¯

�Ω.

~23.7 �X = {Xn;n ≥ 0}´G��m�S��àê¼ó, é?¿i ∈ S, τi = inf{n ≥

1;Xn = i}�Ê�. ¯¢þ,en = 0, {τi = 0} = ∅; en > 0,

{τi = n} = {Xk 6= i, k = 1, · · · , n− 1, Xn = i}.
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~23.8 �N(t)´±Wi, i ≥ 1����mS���#L§, Tn�1n g�#u)��m, @o

é?¿t ≥ 0, N(t)'uT = {Tn;n ≥ 0} Ø´Ê�,�N(t) + 1'uT ´Ê�. ¯¢þ, é?

¿n ≥ 0, d

{N(t) = n} = {Tn ≤ t, Tn+1 > t}, {N(t) + 1 = n} = {Tn > t, Tn−1 ≤ t}

��, �ä{N(t) = n}´Äu)Ø=I���T3n9�c�&E����T3n���&E,


�ä¯�{N(t) + 1 = n}´Äu), K�I���T3n 9�c�&E©

5�23.6 eS, T´'uX = {Xn;n ≥ 0}�Ê�,@oS + T, S ∧ T, S ∨ TÑ´Ê�.

y² duS, Tþ�Ê�, é?¿k ≥ 0, �3φk, ψk¦�

1{S=k} = φk(X0, · · · , Xk), 1{T=k} = ψk(X0, · · ·Xk).

é?¿n ≥ 0, d{S + T = n} = ∪nk=0{S = k, T = n− k}��

1{S+T=n} =

n∑
k=0

1{S=k}1{T=n−k} =

n∑
k=0

φk(X0, · · · , Xk)ψn−k(X0, · · · , Xn−k).

ÏdS + T�Ê�. aq, d

{S ∧ T = n} = ({S = n} ∪ {T = n}) \ ({S = n, T < n} ∪ {S < n, T = n}),

��

1{S∧T=n} = φn(X0, · · · , Xn) + ψn(X0, · · · , Xn)

−
n−1∑
k=0

φn(X0, · · · , Xn)ψk(X0, · · · , Xk)

−
n∑
k=0

φk(X0, · · · , Xk)ψn(X0, · · · , Xn)

E´X0, · · · , Xn�¼ê, ÏdS ∧ T´Ê�. Ón��S ∨ T�´Ê�, [!�ÖögCÖ

¿.

½n23.7(Wald�ª) �X = {Xn;n ≥ 1}�ÕáÓ©Ù�ÅCþS�, E(|X1|) < ∞, �T'

uX�Ê��E(T ) <∞. @o

E(

T∑
i=1

Xi) = E(X1)E(T ). (7.1.1)

y² é?¿k ≥ 1, duT�Ê�, �P1{T=k} = φk(X1, · · · , Xk).

E
( T∑
k=1

Xk

)
=

∞∑
k=1

E
( k∑
i=1

Xi1{T=k}

)
=

∞∑
i=1

∞∑
k=i

E
(
Xi1{T=k}

)
=

∞∑
i=1

E
(
Xi −Xi

i−1∑
k=1

φk(X1, · · · , Xk)
)
.

|^^�êÆÏ"5�¿5¿�{Xn, n ≥ 1}´ÕáÓ©Ù�,

E
( T∑
k=1

Xk

)
=

∞∑
i=1

E
(
E
(
Xi −Xi

i−1∑
k=1

φk(X1, · · · , Xk)
∣∣X1, · · · , Xi−1

))
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=

∞∑
i=1

E(Xi|X1, · · · , Xi−1)
(

1− E
( i−1∑
k=1

φk(X1, · · · , Xk)
))

= E(X1)

∞∑
i=1

(1− E(

i−1∑
k=1

1{T=k})) = E(X1)

∞∑
i=1

P(T ≥ i).

5¿�
∞∑
i=1

P(T ≥ i) = E(T ), (7.1.1)¤á.

öSK

23.1 �Y = {Yn, n ≥ 0}´G��mSþ�àê¼ó, -Xn = g(Yn) = fYn,j0 , Ù¥fi,j0L

«YliÑuk��mS��(£�),��½G�j0 �VÇ©�yX'uY´þ�.

23.2 �X1, X2, · · ·�ÕáÓ©Ù�ÅCþ÷v 

P(X1 = 1) = p,P(X = −1) = q = 1− p.

é?¿n ≥ 0 -Y0 = 1±9   

Yn =
(q
p

)Sn
, Ù¥ Sn =

n∑
k=1

Xk, n ≥ 1.

y²{Yn, n ≥ 0}'uX��.

23.3 �X1, X2, · · ·�ÕáÓ©Ù�ÅCþ, E(Xn) = 0, E(X2
n) = a2. é?¿n ≥ 0, -Y0 = 0,

Yn = (

n∑
k=1

Xk)2 − na2 n ≥ 1.

y²{Yn, n ≥ 0}'uX��.

23.4 �X = {Xn, n ≥ 0}�?��ÅL§, τ = min{n ≥ 0;Xn = a½b}, η = inf{n ≥ 0;Xn ≤

a}. y²τ, ηÑ´Ê�.

23.5 |^JessenØ�ªy²LyapunovØ�ªµé?¿�ÅCþX, e0 < s < t, K

(E(|X|s))1/s ≤ (E(|X|t))1/t.

23.6* �Ö¿y²eψ(x)´«m(a, b)Sà¼ê,K¼êψ3(a, b)S�m�êÑ�3�é?

¿x, y ∈ (a, b)

ψ(y)− ψ(x) ≥ ψ′+(x)(y − x),

Ù¥ψ′+(y)L«y�m�ê.
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7.2 ��Ê�½n

�!o�X = {Xn;n ≥ 0}'u,�&EL§Y = {Yn;n ≥ 0}�(þ, e)�, ¤kÊ��

±T&EL§�ë�.

7.2.1 k.Ê�½n

Ún24.1 �{Xn;n ≥ 0}´�(þ�), T´��Ê�, @oé?¿0 ≤ k ≤ n

E(Xn1{T=k}) = (≤)E(Xk1{T=k}).

y² d^�êÆÏ"5�

E(Xn1{T=k}) = E(E(Xn1{T=k}|X0, Y0, · · · , Yk))

= E(1{T=k}E(Xn|X0, Y0, · · · , Yk)) = (≤)E(Xk1{T=k}).

Ún�y.

Ún24.2 �{Xn;n ≥ 0}´�(þ�), T´��k.Ê�, 0 ≤ n ≤ T ≤ m, @o

E(XT |X0, Y0, · · · , Yn) = (≤)Xn.

y² 5¿�Xn´X0, Y1, · · · , Yn�¼ê, d^�êÆÏ"�²w5,

E(XT |X0, Y0, · · · , Yn) = E(E(XT |X0, Y0, · · · , Ym−1)|X0, Y0, · · · , Yn)

= E(

m∑
k=n

E(Xk1{T=k}|X0, Y0, · · · , Ym−1)|X0, Y0, · · · , Yn)

= E(

m−1∑
k=n

Xk1{T=k}|X0, Y0, · · · , Yn)

+E(E(Xm1{T=m}|X0, Y0, · · · , Ym−1)|X0, Y0, · · · , Yn).

5¿�

1{T=m} = 1− 1{T≤m−1}

´Y0, · · · , Ym−1�¼ê. d^�©Ù5�±9(þ)�5���

E(E(Xm1{T=m}|X0, Y0, · · · , Ym−1)|X0, Y0, · · · , Yn)

= E(1{T=m}E(Xm|X0, Y0, · · · , Ym−1)|X0, Y0, · · · , Yn)

= (≤)E(Xm−11{T=m}|X0, Y0, · · · , Yn).

Ïd

E(XT |X0, Y0, · · · , Yn) = (≤)E(

m−1∑
k=n

Xk1{T=k}|X0, Y0, · · · , Yn)

+E(Xm−11{T=m}|X0, Y0, · · · , Yn)
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= E(XT∧(m−1)|X0, Y0, · · · , Yn).

­Eþ¡�©Û(òT ∧ (m− 1)w�#�T¿±daí)·���

E(XT |X0, Y0, · · · , Yn) = (≤)E(XT∧n|X0, Y0, · · · , Yn) = Xn.

Ún24.2�y.

½n24.3(k.Ê�½n) �{Xn;n ≥ 0}´(þ)�§eS, T�ük.Ê��S ≤ T a.s. @o

E(XT ) = (≤)E(XS).

y² Ø��S, T ≤ m, dÚn24.2,

E(XT ) =

m∑
n=0

E(XT1{S=n}) =

m∑
n=0

E(XT∨n1{S=n})

=

m∑
n=0

E(E(XT∨n1{S=n}|Y0, · · · , Yn))

=

m∑
n=0

E(1{S=n}E(XT∨n|Y0, · · · , Yn))

= (≤)

m∑
n=0

E(1{S=n}Xn) = E(XS).

½n�y.

7.2.2 ��Ê�½n

Ún24.4 ��ÅCþW÷vE(|W |) <∞, eT�k�Ê�, =P(T <∞) = 1. @o

lim
n→∞

E(W1{T>n}) = 0 � lim
n→∞

E(W1{T≤n}) = E(W ).

y² d��?ê�Âñ5,�n→∞�

E(|W |) ≥ E(|W |1{T≤n}) =

n∑
k=0

E(|W |1{T=k})→
∞∑
k=0

E(|W |1{T=k}).

duP(T <∞) = 1, dÚn3.13��

E(|W |1{T≥n+1}) =

∞∑
k=n+1

E(|W |1{T=k})→ 0.

l


0 ≤ |E(W )− E(W1{T≤n})| ≤ |E(W1{T≥n+1})| ≤ E(|W |1{T≥n+1})→ 0.

dd��Ún(Ø.

½n24.5 �{Xn;n ≥ 0}��§T´��k�Ê�,e

E(sup
n≥0
|XT∧n|) <∞,

@oE(XT ) = E(X0).
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y² -W = sup
n≥0
|XT∧n|. duP(T <∞) = 1,

XT =

∞∑
k=0

Xk1{T=k} =

∞∑
k=0

XT∧k1{T=k}.

l
|XT | ≤W . ÏdE(|XT |) ≤ E(W ) <∞. d�dÚn18.4

|E(XT∧n)− E(XT )| ≤ E(|XT∧n −XT |1{T≥n}) ≤ 2E(W1{T≥n})→ 0.

¤±E(XT ) = lim
n→∞

E(XT∧n) = E(X0), Ù¥�����Òdk.Ê�½n��.

íØ24.6 �{Xn;n ≥ 0}��§T´��k�Ê�, eE(T ) <∞ ��3K <∞¦�

E(|Xn+1 −Xn||X0, Y0, · · · , Yn) ≤ K,

@oE(XT ) = E(X0).

y² -Z0 = |X0|, Zn = |Xn −Xn−1|, W = Z0 + · · ·+ ZT . KW ≥ |XT |�

E(W ) =

∞∑
n=0

n∑
k=0

E(Zk1{T=n}) =

∞∑
k=0

E(Zk1{T≥k}).

5¿�1{T≥k} = 1− 1{T≤k−1}�Y0, · · · , Yk−1�¼ê, d^�b�

E(Zk1{T≥k}) = E(1{T≥k}E(Zk|X0, Y0, · · · , Yk−1))

= E
(
1{T≥k}E

(
|Xk −Xk−1|

∣∣X0, Y0, · · · , Yk−1

))
≤ KP(T ≥ k)

l


E(W ) ≤
∞∑
k=0

KP(T ≥ k) ≤ K(1 + E(T )) <∞.

Ï�|XT∧n| ≤Wé��n¤á, d½n23.5 ��(Ø¤á.

½n24.7 �{Xn;n ≥ 0}��§T´��k�Ê�, eE(|XT |) <∞�

lim
n→∞

E(Xn1{T≥n}) = 0,

@oE(XT ) = E(X0).

y² 5¿�

E(XT ) = E(XT1{T<n}) + E(XT1{T≥n}) = E(XT∧n1{T<n}) + E(XT1{T≥n})

= E(XT∧n)− E(XT∧n1{T≥n}) + E(XT1{T≥n})

d^� lim
n→∞

E(XT∧n1{T≥n}) = 09Ún18.4�� lim
n→∞

E(XT1{T≥n}) = 0. Ïd

E(XT ) = lim
n→∞

E(XT∧n) = E(X0),

Ù¥���Òdk.Ê�½n��.

½n24.8 �{Xn;n ≥ 0}�þ�, T�k�Ê�, e�3�ÅCþW¦�E(|W |) < ∞�é?

¿n ≥ 0, XT∧n ≥ −W ¤á, @oE(X0) ≥ E(XT ).

y² ?¿�½����êN ,-XN
n = Xn ∧N , @o{XN

n , n ≥ 0} E´þ�, l
dk.Ê�
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½n

E(XN
0 ) ≥ E(XN

T∧n).

d^�b���|XN
T∧n| ≤ N ∨ |W | < |W |+N . Ï�T�k�Ê�,

XN
T = lim

n→∞
XN
T∧n, a.s.

l
|XN
T | ≤ N + |W |. �n→∞�,dÚn18.4,

E|XN
T∧n −XN

T | ≤ E(|XN
T∧n −XN

T |1{T>n}) ≤ 2E((N +W )1{T>n})→ 0.

Ïd lim
n→∞

E(XN
T∧n) = E(XN

T ).dd��

E(X0) ≥ E(XN
0 ) ≥ E(XN

T ).

Ï�E(XN
T )�XN�O\
üNO\,

E(X0) ≥ lim
N→∞

E(XN
T ).

,��¡, dXT = lim
n→∞

XT∧n9^�b���XT ≥ −W . ¤±

E(XT1{XT≤0}) ≥ E(−W ) > −∞.

l


E(XT ) = E(XT1{XT≤0}) + E(XT1{XT>0})

= E(XT1{XT≤0}) +

∞∑
k=1

E(XT1{k−1<XT≤k})

≤ E(XT1{XT≤0}) + lim
N→∞

( N∑
k=1

E(XT1{k−1<XT≤k}) +NE(1{XT>N})
)

= lim
N→∞

E(XN
T ).

nþ¤ã��E(X0) ≥ E(XT ).

íØ24.9 e{Xn}��Kþ�, T�k�Ê�, @oE(X0) ≥ E(XT ).

7.2.3 Ê�½nA^Þ~

e¡·�wA�A^Ê�½n�~f.

~24.1 �a < b ���ê, Sn´l �aÑu�{ü(p, q)�ÅiÄ, ½Â

τ0 = inf{n > 0, Sn = 0} τb = inf{n > 0, Sn = b}±9 T = τ0 ∧ τb.

¦E(T ), E(ST )±9P(τb < τ0),

) ±X = {Xi, i ≥ 0}L«�ÅiÄ¥zÚ�Ú�, @oXiÕáÓ©Ù�

P(Xi = 1) = p, P(Xi = −1) = q.

d½Â��T'u{Sn}�Ê�. é?¿k > b, �k = mb + rÙ¥m ≥ 1, r = 0, 1, · · · , b − 1,
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�¯�{T = k}u)�, 3k �c?¿���b Ú¥iÄ��Xi ØU���Ó(ÄKÒJc�

�
0 ½b). òkÚUzbÚ|Ü¤

{1, 2, · · · , b}, {b+ 1, · · · , 2b}, · · · {(m− 1)b+ 1, · · · ,mb}, {mb+ 1, · · · ,mb+ r}.

dXi�ÕáÓ©Ù5��P(T = k) ≤ (1− pb − qb)m, l


E(T ) =

∞∑
m=0

b−1∑
r=0

(mb+ r)P(T = mb+ r)

≤
∞∑
m=0

(1− pb)m(m+ 1)b2 =
b2

p2b
<∞.

-Yn = Sn − n(p− q), w,{Yn;n ≥ 0}'u{Sn}��. d

E(|Yn+1 − Yn||S0, · · · , Sn) = E(|Xn+1 − (p− q)||S0, · · · , Sn) ≤ 1 + (p− q)

±9íØ24.6��

E(YT ) = E(Y0),

=

E(ST ) = a+ (p− q)E(T ). (7.2.1)

d	, �p 6= q�, -

Mn =
(q
p

)Sn
.

K{Mn, n ≥ 0}�´�, 
�é?¿n ≥ 0, MT∧n ≤ (1 ∨ q
p )b, d½n24.5,

E(MT ) = E(M0) =
(q
p

)a
.

=

P(ST = 0) +
(q
p

)b
P(ST = b) =

(q
p

)a
. (7.2.2)

òP(ST = 0) = 1− P(ST = b)�\(7.2.2))�

P(ST = b) =
1−

(
q
p

)a
1−

(
q
p

)b = P(τb < τ0).

l


E(ST ) = bP(ST = b) = b
1−

(
q
p

)a
1−

(
q
p

)b .
òÙ�\(7.2.1)�

E(T ) =
b

p− q

1−
(
q
p

)a
1−

(
q
p

)b − a

p− q
.
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�p = q = 1/2�, d(7.2.1)��E(ST ) = a. -

Mn = S2
n − n.

K{Mn, n ≥ 0}�´�. é?¿n ≥ 0, E(|MT |) < b2 + E(T ) <∞ �

lim
n→∞

E(|Mn|1{T≥n}) ≤ lim
n→∞

E((b2 + T )1{T≥n}) = 0.

d½n24.7,

E(MT ) = E(M0) = a2. (7.2.3)

d(7.2.1), (7.2.3)üª��

P(ST = b)b = a ±9 P(ST = b)b2 − E(T ) = a2.

dd)�

P(ST = b) =
a

b
= P(τb < τ0), ±9 E(T ) = a(b− a). �

~24.2 �Xi, i ≥ 1´ÕáÓ©Ù��ÅCþÑl��©ÙN(µ, σ2), S0 = x > 0, Sn =

x+
n∑
k=1

Xk, -A = {�3n > 0¦�Sn ≤ 0}, �OP(A)�þ..

) -τ = inf{n > 0;Sn ≤ 0}, @oτ�Ê��A = {τ <∞}. dXi ∼ N(µ, σ2)��

E(e−λXi) = e−λµ+λ2σ2/2.

�λ = 2µ/σ2 ∧= θ, d~23.3(2)��Wn = exp{−θSn}��. dk.Ê�½n, é?¿n ≥ 1

e−θx = E(W0) = E(Wτ∧n) = E(Wτ1{τ≤n}) + E(Wτ1{τ>n}) ≥ P(τ ≤ n).

-n→∞�P(A) ≤ e−θx = e−2µx/σ2

.

~24.3 ±ZnL«1ncm©�Y¥OYþ, Yn+1L«1nc�À\¥6þ(Yn+1�KL«À

Ñ¥6þ), bL«Y¥���¥N, w,Zn+1 = (Zn + Yn+1)+ ∧ b. ±aL«Y¥�$´+¥

N, -T = min{n,Zn ≤ a}, Á¦E(T )�e.�O, Ù¥·�b½Z0 = z ∈ (a, b)±9

E(Yn+1|Z0, Y1, · · · , Yn) ≤ m, E(exp{−λYn+1}|Z0, Y1, · · · , Yn) ≤ 1.

) é?¿z ≥ 0, -

g(z) =
1

m

(
eλ(b−a) 1− e−λ(z−a)

λ
− (z − a)

)

±9f(z) =


g(z) ∨ 0, 0 ≤ z ≤ b,

g(b); z > b.

´��0 ≤ z <∞�f(z) ≥ g(z). (ë�eã.)
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�é?¿n ≥ 0, f(Zn+1) = f(Zn + Yn+1). ?�Údb�^�, é?¿n ≥ 0, �a ≤ Zn ≤

b�,

E(f(Zn+1)|Z0, Y1, · · · , Yn) = E(f(Zn + Yn+1)|Z0, Y1, · · · , Yn)

≥ E(g(Zn + Yn+1)|Z0, Y1, · · · , Yn)

=
1

m
E
(

eλ(b−a) 1− e−λ(Zn+Yn+1−a)

λ
− (Zn − a+ Yn+1)

∣∣∣Z0, Y1, · · · , Yn
)

≥ 1

m

(
eλ(b−a) 1− e−λ(Zn−a)

λ
− (Zn − a)

)
− 1

≥ f(Zn)− 1;


��0 ≤ Zn < a�,df(Zn) = 0, f(Zn+1) ≥ 0��þªE,¤á. Ïd

Xn = f(Zn) + n

�e�. de�k.Ê�½n,

E(f(Z0)) = E(X0) ≤ E(XT∧n) = E(f(ZT∧n)) + T ∧ n.

=f(z) ≤ E(f(ZT∧n)) + T ∧ n. duf�k.ëY¼ê, �3~êM > 0¦�

|E(f(ZT∧n))− E(f(ZT ))| ≤ E(|f(ZT∧n)− f(ZT )|) ≤MP(T > n)→ 0.

Ïd

lim
n→∞

E(f(ZT∧n)) = E(f(ZT )) = 0.

qd

E(T ∧ n) = lim
n→∞

∞∑
k=1

P(T ∧ n ≥ k) = lim
n→∞

n∑
k=1

P(T ≥ k) = E(T ).

��E(T ) ≥ f(z), =

E(T ) ≥ 1

m

(
eλ(b−a) 1− e−λ(z−a)

λ
− (z − a)

)
, z ∈ (a, b).

öSK

24.1 Á�E���{Xn, n ≥ 0}ÚÊ�T¦�E(XT ) 6= E(X0).

24.2 y²é?¿�½�Ke�{Xn, n ≥ 0}9Ê�τ , E(|Xτ |) ≤ lim
n→∞

E(|Xn|).

24.3 `¯ü«#�é,«;¾�U�£�Ç©Ob½�p1, p2. ��½ü«�Ô�`�, ·

�'%p1, p2m���'X. �d�ÑXe�Á���OOKµzgÁ�£�ü¾<, �<�

É`�£�, �<�É¯�£�. *	zg£��J, ��«�Ô�\È£�<ê�L,�

«�Ô�\È£�<ê¿��ýk�½���IO�, Á�ÒÊ�¿�½T�',�«�Ô

��Ð. ¯ù«Á��O��ØÇº
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7.3 �Ø�ª�4�

��·�{ü0�A���Ø�ª±9��'u�Âñ�Ä�½n.

7.3.1 4�Ø�ª�DoobØ�ª

½n25.1 �{Xn;n ≥ 0}�þ�, Ké?¿λ > 0k

λP( max
0≤k≤n

Xk ≥ λ) ≤ E(X0)− E(Xn1{ max
0≤k≤n

Xk<λ}); (7.3.1)

λP( min
0≤k≤n

Xk ≤ −λ) ≤ −E(Xn1{ min
0≤k≤n

Xk<−λ}); (7.3.2)

λP( max
0≤k≤n

|Xk| ≥ λ) ≤ E(X0) + 2E(X−n ), Ù¥ X−n = (−Xn) ∨ 0. (7.3.3)

y² (1) -T = min{k;Xk ≥ λ} ∧ n, KT�k.Ê�. dk.Ê�½n

E(X0) ≥ E(XT ) = E(XT1{ max
0≤k≤n

Xk<λ}) + E(XT1{ max
0≤k≤n

Xk≥λ})

≥ λP( max
0≤k≤n

Xk ≥ λ) + E(Xn1{ max
0≤k≤n

Xk<λ}),

£��(7.3.1).

(2)-S = min{k;Xk ≤ −λ} ∧ n, KS�k.Ê�,�S ≤ n. dk.Ê�½n

E(Xn) ≤ E(XS) = E(XS1{ min
0≤k≤n

Xk≤−λ}) + E(XS1{ min
0≤k≤n

Xk>−λ})

≤ −λP( min
0≤k≤n

Xk ≤ −λ) + E(Xn1{ max
0≤k≤n

Xk>−λ}),

£��(7.3.2).

(3) d(7.3.1),(7.3.2)ü����\��(7.3.3).

525.1 d{Xn;n ≥ 0}�e��íÑ{|Xn|;n ≥ 0}E´e�. d(2)��, d�

P( max
0≤k≤n

|Xk| ≥ λ) ≤ 1

λ
E(|Xn|1{ max

0≤k≤n
|Xk|≥λ}).

Ún25.2 e�ÅCþζ, η÷vE(|ζ|p) < ∞,E(|η|q) < ∞, Ù¥1/p + 1/q = 1. @oE|ζη| <

∞�

E(|ζη|) ≤ [E(|ζ|p)]1/p[E(|ηq|)]1/q. (7.3.4)

y² dlnx�]¼ê��, é?¿x, y ∈ (0,∞), λ ∈ [0, 1],

ln(λx+ (1− λ)y) ≥ λ lnx+ (1− λ) ln y.

l
é?¿x, y ∈ (0,∞),

x1/py1/q ≤ x

p
+
y

q
.

w,þªéx, y ∈ [0,∞)�¤á. -x = |ζ|p/E(|ζ|p), y = |η|q/E(|η|q), @o
|ζη|

E(|ζ|p)1/p(E(|η|q))1/q
≤ 1

p

|ζ|p

E(|ζ|p)
+

1

q

|η|q

E(|η|q)
.
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ü>¦Ï"�

E
( |ζη|

(E(|ζ|p))1/p(E(|η|q))1/q

)
≤ 1

p
E
( |ζ|p
E(|ζ|p)

)
+

1

q
E
( |η|q
E(|η|q

)
= 1.

£��¤I(Ø.

��/, ·�¡Ø�ª(7.3.4)�HölderØ�ª.

½n25.3 (�4�Ø�ª)�{Xn;n ≥ 0}��½�Ke�, X∗n = max
0≤k≤n

|Xk|. @o

(1) é?¿λ > 09r ≥ 1, P(X∗n ≥ λ) ≤ λ−rE(|Xn|r). (4�Ø�ª)

(2) é?¿r > 1, E(|X∗n|r) ≤ ( r
r−1 )rE(|Xn|r). (Doob Ø�ª)

y² eE(|Xn|r) = +∞, K(Øw,¤á. e�E(|Xn|r) <∞.

d{|Xn|r, n ≥ 0}��Ke���, é?¿k ≤ n,

E(|Xn|r) ≥ E(|Xk|r).

l
-

Yk =


|Xk|r, k ≤ n;

|Xn|r, k > n.

@o{Yk; k ≥ 0}E��Ke�. -

T = min{k, |Yk| ≥ λ} ∧ n.

w,T �k.Ê��T ≤ n,

E(|Xn|r) = E(|Yn|r) ≥ E(|YT |r) = E(|XT |r) ≥ λrP(XT ≥ λ) = λrP(X∗n ≥ λ).

ddá=��

P(X∗n ≥ λ) ≤ λ−rE(|Xn|r).

5¿�

E(|X∗n|r) =

∫ ∞
0

rλr−1P(|X∗n| ≥ λ)dλ ≤
∫ ∞

0

rλr−2E(|Xn|1{|X∗n|≥λ})dλ

= E(|Xn|
∫ X∗n

0

rλr−2dλ) =
λ

λ− 1
E(|Xn||X∗n|r−1).

dHölderØ�ª�

E(|X∗n|r) ≤ (
r

r − 1
)r(E(|Xn|r))1/r(E(|X∗n|r))1−1/r.

dd��DoobØ�ª¤á.

~25.1 �Xn, n ≥ 1�ÕáÓ©Ù��ÅCþ�

E(X1) = 0, Var(X1) = σ2.
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KSn =
∑n
k=1Xk��, d4�Ø�ª��

P( max
0≤k≤n

Sn ≥ λ) ≤ 1

λ2
E(S2

n) =
nσ2

λ2
. (Kolomogrov Ø�ª)

±9dDoobØ�ª�

E(| max
0≤k≤n

Sk|2) ≤ 4E(S2
n) = 4nσ2.

7.3.2 eBØ�ª

é?¿�ÅS�X = {Xn;n ≥ 0}±94«m[a, b], -

T0 = inf{n ≥ 0, Xn ≤ a}, T1 = inf{n > T0, Xn ≥ b};

T2j = inf{n > T2j−1, Xn ≤ a}, T2j+1 = inf{n > T2j , Xn ≥ b}, j = 1, 2, · · · .

w,{Tk, k ≥ 1}���üNØü�'uXn�Ê��.

½Â25.1 ¡k = sup{j, T2j−1 ≤ n} �S�{X0, · · · , Xn} 3��n �cþB«m[a, b] �g

ê,P�U ba[X,n].

�*/n), ��n�c�þBgêÒ´S�X3n�cU�m^S, X���l«

m[a, b]�e�,�þ�ù«y�k�u)�gê. U½Â,

{U ba[X,n] = j} = {T2j−1 ≤ n < T2j+1}.

½n25.4 �{Xn;n ≥ 0}�þ�,Ké?¿n ≥ 1,

E(U ba[X,n]) ≤ 1

b− a
E[(Xn − a)−].

y² dk.Ê�½n, é?¿k ≥ 0,

0 ≥ E(XT2k+1∧n −XT2k∧n)

= E
(

(XT2k+1∧n −XT2k∧n)(1{T2k≤n<T2k+1} + 1{n≥T2k+1})
)

≥ E((Xn − a)1{T2k≤n<T2k+1}) + (b− a)P(T2k+1 ≤ n)

≥ E((Xn − a)1{T2k≤n<T2k+1}) + (b− a)P(U ba(x, n) ≥ k + 1).

l


P(U ba(X,n) ≥ k + 1) ≤ 1

b− a
E(−(Xn − a)1{T2k≤n<T2k+1})

≤ 1

b− a
E((Xn − a)−1{T2k≤n<T2k+1}).

ü>'uk¦Ú�

E(U ba(X,n)) ≤ 1

b− a
E((Xn − a)−1{T0≤n}) ≤

1

b− a
E((Xn − a)−).

½ny..
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7.3.3 DoobÂñ½n

½n25.5 (DoobÂñ½n) �{Xn;n ≥ 0}�(þ§e)�§eM = sup
n

E(|Xn|) < ∞. K�3

�ÅCþX∞¦��n→∞�Xn → X∞ a.s. �E|X∞| <∞.

y² due��KL§´þ�, ·��?Øþ���/. -QL«knê�N, �a, b ∈ Q,

a < b. -U ba(X)�{Xn}þB[a, b]�gê, =

U ba(X) = lim
n→∞

U ba(X,n).

dþBØ�ª

E(U ba(X)) ≤ 1

b− a
sup
n

E((Xn − a)−) ≤ 1

b− a
(a+ sup

n
E|Xn|) <∞.

u´U ba(X) <∞, a.s. -

Wa,b = {lim inf
n→∞

Xn < a, lim sup
n→∞

Xn = b},

W =
⋃

a,b∈Q,a<b
Wa,b.

dWa,b ⊂ {U ba(X) = +∞}��P(Wa,b) = 0, l
P(W ) = 0. w,é?¿ω 6∈W ,

lim inf
n→∞

Xn(ω) = lim sup
n→∞

Xn(ω),

= lim
n→∞

Xn(ω)�3, P�X∞(ω). eω ∈WKÖ¿½ÂX∞(ω) = 0. Ïd

Xn → X∞, a.s.

-p = P(|X∞(ω)| =∞), @od

lim
n→∞

P(|Xn(ω)| ≥ c)→ P(|X∞(ω)| ≥ c) ≥ p

��, éc = 3M/p�§�3N , �n > N�, P(|Xn| ≥ c) ≥ p/2. Ïdep > 0,K

E(|Xn|) ≥
3M

2
.

ù�^�M = supn E(|Xn|)gñ, Ïdp = 0, =P(|X∞| <∞) = 1.

,��¡,é?¿c > 0, n > 0, ε > 0��

E(|X∞|1{|X∞|≤c}) = E(|X∞|1{|X∞|≤c,|Xn|≤c}) + E(|X∞|1{|X∞|≤c,|Xn|>c})

≤ E(|X∞|1{|X∞|≤c,|Xn|≤c}) + E(|Xn|1{|X∞|≤c,|Xn|>c})

≤ E(|X∞ −Xn|1{|X∞|≤c,|Xn|≤c}) + E(|Xn|1{|X∞|≤c})

≤ εP(|X∞| ≤ c, |Xn| ≤ c) + 2cP(|Xn −X∞| > ε) + E(|Xn|)

≤ ε+ 2cP(|Xn −X∞| > ε) + a

k-n→∞2-ε→ 0�E(|X∞|1{|X∞|≤c}) ≤ a. 2-c→∞�E(|X∞|) ≤ a.
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~25.2 ��K�ÅL§X = {Xn, n ≥ 0}÷v

E(Xn+1|X0, · · · , Xn) = 2Xn + 1, n ≥ 0.

y²�n→∞�Xn/2
nA�7,Âñ.

y² d^�N´�y

E(
Xn+1

2n+1
|X0, · · · , Xn) =

Xn

2n
+

1

2n
≥ Xn

2n

dd��{Xn/2
n}´e�, 
�

E(
Xn+1

2n+1
) = E(E(

Xn+1

2n+1
|X0, · · · , Xn)) = E(

Xn

2n
+

1

2n
)

= E(X1/2) +
1

2
+ · · ·+ 1

2n
≤ E(X1/2) + 1 < +∞.

d½n25.5��n→∞�Xn/2
nA�7,Âñ.

~25.3 �X´�à�Ø��~�ê¼ó, =£VÇÝ
P = (pij)i,j∈S . ey(i), i ∈ S��§

|

u(i) =
∑
j∈S

piju(j), i ∈ S,

�k.), Áy²y(i), i ∈ S, ð�~ê.

y² -Yn = y(Xn), dê¼5��

E(Yn+1|X0, · · · , Xn) = E(y(Xn+1)|X0, · · · , Xn) = E(y(Xn+1)|Xn)

=
∑
j∈S

pXn,jy(j) = y(Xn) = Yn.

Ïd{Yn, n ≥ 0}���k.. d�Âñ½n���3�ÅCþU¦�

Yn = y(Xn)→ U, a.s.

5¿�Xn ´Ø��~�ê¼ó, é?¿i, j ∈ S,

P(Xn = i, i.o.) = P(Xn = j, i.o.) = 1,

Ïd�3ω ∈ Ω¦�Yn(ω)→ U(ω) ��3f�n′k, n
′′
k

Xn′k
(ω) = i, Xn′′k

(ω) = j.

ùL²y(i) = U(ω) = y(j). Ïdy(i), i ∈ S, �ð~ê.

öSK

25.1 �{Xn, n ≥ 0}��, E(Xn) = 0�E(X2
n) <∞, n ≥ 0, y²

P( max
0≤k≤n

Xk ≥ λ) ≤ E(X2
n)

E(X2
n) + λ2

.

25.2 �½λ > 0, eX1, X2, · · · ,÷vé?¿n ≥ 1, E(exp(λXn+1)|X1, · · · , Xn) ≤ 1, -Sn =
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X1 + · · ·+Xn, S0 = 0. y²

P(max
n≥0

(x+ Sn) > l) ≤ e−λ(l−x), , x ≤ l.

25.3 �X1, X2, · · · ,�Õá�ÅCþ��3t > 0¦�é?¿k ≥ 1,

ψk(t) = E(exp(tXk)) <∞.

eΨn(t) =
∏n
k=1 ψk(t)→ Ψ(t) ∈ (0,∞),y²Sn = X1 + · · ·+XnA�7,Âñ.

25.4* y²½n25.5.
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