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The synchronization problem of some general complex dynamical networks with time-varying delays is
investigated. Both time-varying delays in the network couplings and time-varying delays in the dynamical
nodes are considered. The novel delay-dependent criteria in terms of linear matrix inequalities (LMI)
are derived based on free-weighting matrices technique and appropriate Lyapunov functional proposed
recently. Numerical examples are given to illustrate the effectiveness and advantage of the proposed
synchronization criteria.
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1. Introduction

Complex dynamical networks have received a great deal of attention since they are shown to widely exist in various fields of real
world [1]. A complex network is a large set of interconnected nodes, in which a node is a fundamental unit with specific contents. Ex-
amples of complex networks include the Internet, which is a network of routers or domains; the World Wide Web (WWW), a network of
web-site; the brain, a network of neurons; food webs; telephone cell graphs and electricity distribution networks, etc. Many of these net-
works exhibit complexity in the overall topological properties and dynamical properties of the network nodes and the coupled unites. The
complex nature of complex networks has results in a series of important research problems. In particular, one significant and interesting
phenomenon is the synchronization of all its dynamical nodes.

Synchronization is a basic motion in nature. It has been demonstrated that many real-world problems have close relationship with
network synchronization [1,2]. Synchronization of complex dynamical networks has been studied in various fields of science and engi-
neering [3–16]. Recently, Wang and Chen introduced a uniform dynamical network model and investigated its synchronization and control
[7,8]. In [9], Li and Chen further extended the uniform dynamical network model to include coupling delays among the network nodes
and studied its synchronization. Gao et al. [10] considered the synchronization stability of both continuous- and discrete-time networks
with coupling delays. Lü and Chen [11] studied the synchronization of time-varying complex dynamical networks in which the inner-
couplings are time-varying. Zhou et al. [12] studied the adaptive synchronization of uncertain complex dynamical network. Sorrentino et
al. [13] investigated the controllability of complex networks with pinning controllers. Zhang et al. [14] studied the synchronization of a
general complex dynamical network with delayed nodes with adaptive feedback control. However, it is worth noting that the time-delays
of system dynamical states considered in these works are assumed to be constant. Time-varying delay case, which is more general than
the constant one should be considered. Moreover, in much of the literature, time delays in the couplings are considered; however, the
time delays in the dynamical nodes, which are more complex, are still relatively unexplored. In this Letter, we further investigate the syn-
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chronization stability of some general complex dynamical network models with time-varying coupling delays and time-varying delayed
nodes, respectively.

The phenomena of time delays are common in various systems. Due to the finite speeds of transmission and spreading as well as
traffic congestion, a signal or influence traveling through a network often is associated with time delays. Real-world complex networks,
particularly in biological and physical networks, are time-varying networks. The stability criteria for system with time delays can be
classified into two categories, namely, delay-independent and delay-dependent. Since delay-independent criteria tend to be conservative,
especially when the delay is small, considerable attention has been paid to the delay-dependent type. For system with time-varying delay,
fixed model transformations are the main method to deal with delay-dependent stability problems [17], in which some inequalities such
as Park and Moon et al.’s inequalities [18,19], were used to estimate the upper bound of cross product terms. Recently, in order to reduce
the conservatism, a free-weighting matrix method was proposed to estimate the upper bound of the derivative of Lyapunov functional
[20–24]. Therefore, in this Letter, we attempt to introduce some more general time-varying dynamical network models, and based on
the free-weighting matrix method, derive synchronization conditions for delay-dependent stabilities in terms of linear matrix inequality
(LMIs). Numerical examples are given to demonstrate the effectiveness and the advantage of the proposed method.

The rest of this Letter is organized as follows. A complex dynamical network model with coupling time-varying delays and its syn-
chronization theorem are presented in Section 2. Section 3 introduces a complex dynamical network model with time-varying delayed
nodes and derives its synchronization theorems. Section 4 uses two numerical examples for illustration. Conclusions are finally given in
Section 5.

2. Complex dynamical network with coupling delay

Consider the following continuous-time complex dynamical network with time-varying coupling delays:{
ẋi = f (xi) + c

∑N
j=1 Gij Ax j(t − τ (t)), t > 0, i = 1,2, . . . , N,

x(t) = φ(t), t ∈ [−h,0], (1)

where N is the number of coupled nodes; each node is a n-dimensional dynamical system with node dynamics ẋ = f (x, t); f : Rn → Rn

is continuously differentiable; xi = (xi1, xi2, . . . , xin)T ∈ Rn are the state variables of node i; the constant c > 0 is the coupling strength;
A = (aij)n×n ∈ Rn×n is the constant inner-coupling matrix of the nodes; G = (gij)N×N is the outer-coupling matrix of the network, in
which gij is defined as follows: if there is a connection between node i and node j ( j �= i), then gij = g ji = 1; otherwise, gij = g ji = 0
( j �= i), and the diagonal elements of matrix G are defined by

gii = −
N∑

j=1, i �= j

gi j = −
N∑

j=1, i �= j

g ji, i = 1, . . . , N. (2)

Suppose that the network (1) is connected in the sense that there are no isolated clusters, that is, G is an irreducible matrix.
The time delay, τ (t), is a time-varying differentiable function that satisfies

0 � τ (t) � h (3)

and

τ̇ (t) � μ, (4)

where h > 0 and μ are constants. The initial condition, φ(t), is a continuous and differentiable vector-valued function of t ∈ [−h,0].
The network (1) is synchronized if

x1(t) = x2(t) = · · · = xN (t) = s(t), as t → ∞, (5)

where the synchronization manifold s(t) ∈ Rn is a solution of the local dynamics of an isolate node of the network, satisfying ṡ(t) = f (s(t)).
s(t) may be a limit cycle, or a chaotic orbit in the phase space. Apparently, the stability of the synchronized state (5) of network (1) is
determined by the dynamics of the isolate node, the coupling strength c, the inner-coupling matrix A, the outer-coupling matrix G , and
the time delay τ (t). According to the result established in [9], we have the following lemma.

Lemma 1. Consider the coupling delayed dynamical network in (1). Let 0 = λ1 > λ2 � λ3 � · · · � λN be the eigenvalues of the outer-coupling
matrix G. If the following N − 1 liner time-varying delayed differential equations are asymptotically stable about their zero solutions

ẇk(t) = J (t)wk(t) + cλk Awk
(
t − τ (t)

)
, k = 2, . . . , N, (6)

where J (t) := D( f (s(t))) is the Jacobian of f (s(t)) at s(t), then the synchronized states (5) are asymptotically stable.

Consider a Lyapunov functional candidate to be

Vk(t) = w T
k (t)Pk wk(t) +

t∫
t−τ (t)

w T
k (α)Q k wk(α)dα +

t∫
t−h

w T
k (α)Rk wk(α)dα +

0∫
−h

t∫
t+θ

ẇ T
k (α)(Zk1 + Zk2)ẇk(α)dα dθ,

where Pk = P T
k > 0, Q k = Q T

k � 0, Rk = RT
k � 0, and Zki = Z T

ki > 0, i = 1,2 are to be determined. Then, we have the following theorem.

Theorem 1. Consider the coupling delayed dynamical network in (1) with a time-varying delay τ (t) satisfy (3) and (4). Given scalars h > 0 and μ,
the asymptotically synchronization in (5) is achieved if there exist matrices
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Pk = P T
k > 0, Q k = Q T

k � 0, Rk = RT
k � 0, Zki = Z T

ki > 0, i = 1,2,

Nk =
⎡
⎣ Nk1

Nk2
Nk3

⎤
⎦ , Sk =

⎡
⎣ Sk1

Sk2
Sk3

⎤
⎦ and Mk =

⎡
⎣ Mk1

Mk2
Mk3

⎤
⎦

for k = 2,3, . . . , N, such that the following LMI holds:⎡
⎢⎢⎢⎢⎣

Φk hNk hSk hMk h AT
k (Zk1 + Zk2)

∗ −h Zk1 0 0 0
∗ ∗ −h Zk1 0 0
∗ ∗ ∗ −h Zk2 0
∗ ∗ ∗ ∗ −h(Zk1 + Zk2)

⎤
⎥⎥⎥⎥⎦ < 0, (7)

where

Φk = Φk1 + Φk2 + ΦT
k2,

Φk1 =
⎡
⎣ Pk J (t) + J T (t)Pk + Q k + Rk cλk Pk A 0

∗ −(1 − μ)Q k 0
∗ ∗ −Rk

⎤
⎦ ,

Φk2 = [Nk + Mk −Nk + Sk −Mk − Sk],
Ak = [

J (t) cλk 0
]

and ∗ denotes the symmetric terms in a symmetric matrix.

Proof. Calculating the derivative of Vk(t) along the solution of system (6) yields

V̇k(t) = 2w T
k (t)Pk ẇk(t) + w T

k (t)Q k wk(t) − (
1 − τ̇ (t)

)
w T

k

(
t − τ (t)

)
Q k wk

(
t − τ (t)

)
+ w T

k (t)Rk wk(t) − w T
k (t − h)Rk ẇk(t − h) + hẇ T

k (t)(Zk1 + Zk2)ẇk(t) −
t∫

t−h

ẇ T
k (α)(Zk1 + Zk2)ẇk(α)dα

� 2w T
k (t)Pk ẇk(t) + w T

k (t)(Q k + Rk)wk(t) − (1 − μ)w T
k

(
t − τ (t)

)
Q k wk

(
t − τ (t)

) − w T
k (t − h)Rk ẇk(t − h)

+ hẇ T
k (t)(Zk1 + Zk2)ẇk(t) −

t∫
t−τ (t)

ẇ T
k (α)Zk1 ẇk(α)dα −

t−τ (t)∫
t−h

ẇ T
k (α)Zk1 ẇk(α)dα −

t∫
t−h

ẇ T
k (α)Zk2 ẇk(α)dα

+ 2ς T
k (t)Nk

[
wk(t) − wk

(
t − τ (t)

) −
t∫

t−τ (t)

ẇk(α)dα

]
+ 2ς T

k (t)Sk

[
wk

(
t − τ (t)

) − wk(t − h) −
t−τ (t)∫
t−h

ẇk(α)dα

]

+ 2ς T
k (t)Mk

[
wk(t) − wk(t − h) −

t∫
t−h

ẇk(α)dα

]

� ς T
k (t)

[
Φk + h AT

k (Zk1 + Zk2)Ak + hNk Z−1
k1 N T

k + hSk Z−1
k1 S T

k + hMk Z−1
k2 MT

k

]
ςk(t)

−
t∫

t−τ (t)

[
ς T

k (t)Nk + ẇ T
k (α)Zk1

]
Z−1

k1

[
N T

k ςk(t) + Zk1 ẇk(α)
]

dα −
t−τ (t)∫
t−h

[
ς T

k (t)Sk + ẇ T
k (α)Zk1

]
Z−1

k1

[
S T

k ςk(t) + Zk1 ẇk(α)
]

dα

−
t∫

t−h

[
ς T

k (t)Mk + ẇ T
k (α)Zk2

]
Z−1

k2

[
MT

k ςk(t) + Zk2 ẇk(α)
]

dα,

where ςk(t) = [w T
k (t) w T

k (t − τ (t)) w T
k (t − h)]T . Since Zki > 0, i = 1,2, then the last three parts are all less than 0. So if Φk + h AT

k (Zk1 +
Zk2)Ak + hNk Z−1

k1 N T
k + hSk Z−1

k1 S T
k + hMk Z−1

k2 MT
k < 0, which is equivalent to (8) by Schur complements, V̇k < −ε‖w(t)‖2 for a sufficiently

small ε > 0 such that the subsystem in (1) are asymptotically stable. �
3. Complex dynamical network with delayed nodes

In this section, we will study the synchronization of dynamical nodes delayed complex network. Unless otherwise defined, we endorse
the same notations used in the above section.

Consider a general complex network consisting of N delayed dynamical nodes. Each node of the network is an n-dimensional dynamical
system with time-varying delay, which is described by{

ẋi = f (xi(t), xi(t − τ (t))) + c
∑N

j=1 Gij Ax j(t), t > 0, i = 1,2, . . . , N,

x(t) = φ(t), t ∈ [−h,0], (8)
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where f : Rn → Rn is continuous differentiable function, the time-varying delay τ (t) is in the dynamical nodes, which is satisfies (3)
and (4). It is assumed that network (8) is connected in the sense that there are no isolate clusters, that is, G is an irreducible matrix. The
dynamical nodes delayed network (8) is said to be achieve asymptotic synchronization if

x1(t) = x2(t) = · · · = xN (t) = s(t), as t → ∞, (9)

where s(t) ∈ Rn is a solution of an isolate node of the network, satisfying ṡ(t) = f (s(t), s(t − τ (t))).

Theorem 2. Consider the dynamical nodes delayed network (8), Let 0 = λ1 > λ2 � λ3 � · · · � λN denote the eigenvalues of the outer-coupling
matrix G. If the following N − 1 liner time-varying delayed differential equations are asymptotically stable about their zero solutions

ẇk(t) = R(t)wk(t) + S(t)wk
(
t − τ (t)

) + cλk Awk(t), k = 2, . . . , N, (10)

where R(t) := δs(t)( f (s(t), s(t − τ (t))) is the Jacobian of f (s(t), s(t − τ (t))) at s(t), and S(t) := δs(t−τ (t))( f (s(t), s(t − τ (t))) is the Jacobian of
f (s(t), s(t − τ (t))) at s(t − τ (t)). Then the synchronization states (9) are asymptotically stable.

Proof. Define the error vectors as

ei(t) = xi(t) − s(t), i = 1,2, . . . , N. (11)

We have the error system

ėi(t) = ẋi(t) − ṡ(t) = f
(
xi(t), xi

(
t − τ (t)

)) − f
(
s(t), s

(
t − τ (t)

)) + c
N∑

j=1

Gij Ae j(t), i = 1, . . . , N. (12)

Since f is continuous differentiable, it is easy to know that the origin of the nonlinear system (12) is an asymptotically stable equilibrium
point if it is an asymptotically stable equilibrium point of the following liner time-varying system:

ėi(t) = R(t)ei(t) + S(t)ei
(
t − τ (t)

) + c
N∑

j=1

Gij Ae j(t) = R(t)ei(t) + S(t)ei
(
t − τ (t)

) + c A
(
e1(t), . . . , eN(t)

)
(Gi1, . . . , GiN )T . (13)

Letting e(t) = (e1(t), . . . , eN(t)) ∈ Rn×N , we have

ė(t) = R(t)e(t) + S(t)e
(
t − τ (t)

) + c Ae(t)G T . (14)

There exists an nonsingular matrix, Φ = (φ1, . . . , φN ) ∈ RN×N , such that G T Φ = ΦΛ, with Λ = diag(λ1, . . . , λN ). Using the nonsingular
transform e(t)Φ = v(t) = (vi(t), . . . , v N (t)) ∈ Rn×N , from (14), we have the following matrix equation:

v̇(t) = R(t)v(t) + S(t)v
(
t − τ (t)

) + c Av(t)Λ. (15)

Namely,

v̇ i(t) = R(t)vi(t) + S(t)vi
(
t − τ (t)

) + cλi Avi(t), i = 1, . . . , N. (16)

Thus, we have transformed the stability problem of the synchronized states (9) to the stability problem of the N pieces of n-dimensional
linear time-varying delayed differential equations (16). Note that λ1 = 0 corresponding to the synchronization of the system states (9),
where s(t) is an orbitally stable solution of the isolate node. If the following N − 1 pieces of n-dimensional linear time-varying delayed
differential equations

v̇ i(t) = R(t)vi(t) + S(t)vi
(
t − τ (t)

) + cλi Avi(t), i = 2, . . . , N (17)

are asymptotically stable, then e(t) will tend to the zero, which implies that the synchronized states (9) are asymptotically stable. �
Our new delay-dependent condition for ensuring the stability of the synchronized states of the dynamical nodes delayed network in

(8) is presented in the following theorem.

Theorem 3. Consider the dynamical nodes delayed network (8), the time-varying delay τ (t) satisfies (3) and (4). Given scalar h > 0 and μ, the
asymptotically synchronization in (9) is achieved if there exists matrices Pk = P T

k > 0, Q k = Q T
k � 0, Rk = RT

k � 0, Zki = Z T
ki > 0, i = 1,2,

Nk =
⎡
⎣ Nk1

Nk2
Nk3

⎤
⎦ , Sk =

⎡
⎣ Sk1

Sk2
Sk3

⎤
⎦ and Mk =

⎡
⎣ Mk1

Mk2
Mk3

⎤
⎦

for k = 2,3, . . . , N, such that the following LMI holds:⎡
⎢⎢⎢⎢⎣

Φk hNk hSk hMk h AT
k (Zk1 + Zk2)

∗ −h Zk1 0 0 0
∗ ∗ −h Zk1 0 0
∗ ∗ ∗ −h Zk2 0
∗ ∗ ∗ ∗ −h(Zk1 + Zk2)

⎤
⎥⎥⎥⎥⎦ < 0, (18)

where



K. Li et al. / Physics Letters A 372 (2008) 7133–7139 7137
Table 1
Upper bounds of h for different c and μ (Example 1).

Coupling strength c 0.3 0.4 0.5 0.6

μ = 0 1.935 1.130 0.813 0.638
μ = 0.5 1.275 0.854 0.646 0.520
μ = 0.9 0.970 0.711 0.562 0.464
any μ 0.960 0.710 0.562 0.464

Fig. 1. Synchronization errors for the coupling delayed network with c = 0.5, μ = 0.5 and h = 0.646 (Example 1).

Φk = Φk1 + Φk2 + ΦT
k2,

Φk1 =
⎡
⎣ Pk(R(t) + cλk A) + (R(t) + cλk A)T Pk + Q k + Rk Pk S(t) 0

∗ −(1 − μ)Q k 0
∗ ∗ −Rk

⎤
⎦ ,

Φk2 = [Nk + Mk −Nk + Sk −Mk − Sk],
Ak = [

R(t) + cλk A S(t) 0
]

and ∗ denotes the symmetric terms in a symmetric matrix.

Proof. the proof flows a similar line to that of Theorem 1. �
4. Numerical example

In this section, we use three examples (for respectively dynamical networks with coupling time-varying delays and dynamical nodes
time-varying delays) to illustrate the results derived in this work. The above synchronization conditions can be applied to networks with
different topologies and different sizes. We first consider a lower-dimensional network model.

Example 1. Consider a network model with 5 nodes, where each node is a three-dimensional stable linear system described by⎡
⎣ ẋ1(t)

ẋ2(t)
ẋ3(t)

⎤
⎦ =

⎡
⎣ −x1

−2x2
−3x3

⎤
⎦ ,

which is asymptotically stable at s(t) = 0, with Jacobian given by J = diag{−1,−2,−3}. Assume that the inner-coupling matrix is A =
diag{1,1,1}, and the outer-coupling matrix is given by the following irreducible symmetric matrix satisfying condition (2)

G =

⎡
⎢⎢⎢⎣

−2 1 0 0 1
1 −3 1 1 0
0 1 −2 1 0
0 1 1 −3 1
1 0 0 1 −2

⎤
⎥⎥⎥⎦ .

The eigenvalues of G are λi = {0,−1.382,−2.382,−3.618,−4.618}. According to Lemma 1, if the delayed subsystem in (6) are asymptoti-
cally stable, then the asymptotic synchronization is achieved.
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Table 2
Upper bounds of h for different c and μ (Example 2).

Coupling strength c 0.3 0.4 0.5 0.6

μ = 0 1.160 1.218 1.286 1.366
μ = 0.5 1.115 1.148 1.186 1.232
μ = 0.9 1.115 1.147 1.179 1.209
any μ 1.115 1.147 1.179 1.209

Fig. 2. Synchronization errors for the dynamical nodes delayed network with c = 0.5, μ = 0.5 and h = 1.186 (Example 2).

The upper bounds on the time delay for different values of the coupling strength c obtained from Theorem 1 are listed in Table 1.
These results are obtained by using MATLAB LMI toolbox. For example, for the coupling strength c = 0.6, it is found that the maximum
delay bound for the synchronized states to be asymptotically stable is h = 0.638 for μ = 0, constant delay. The result is same as that
obtained by Theorem 1 in [10], much larger than that obtained in [9]. However, theorem obtained in these references only discussed
constant delay; Theorem 1 in this Letter has time-varying delay.

Fig. 1 shows the synchronization errors between the states of node i and node i + 1 for random initial conditions for the case with
c = 0.5, μ = 0.5 and h = 0.646, where ei j(t) = xij(t)−x(i+1) j(t) for i = 1, . . . ,4, j = 1,2,3. We see that the synchronization errors converge
to zero under the above conditions.

Example 2. Next, we consider a network model with 5 nodes, where each node is the following dynamical delayed system:⎡
⎣ ẋ1(t)

ẋ2(t)
ẋ3(t)

⎤
⎦ =

⎡
⎣ −2x1

0.9x2
−0.1x3

⎤
⎦ +

⎡
⎣ −x1(t − τ (t))

x1(t − τ (t)) − x2(t − τ (t))
−x3(t − τ (t))

⎤
⎦ ,

which is asymptotically stable at s(t) = 0, with Jacobian given by R = diag{−2,0.9,−0.1} and S = {−1,0,0;1,−1,0;0,0,−1}. Assume
that the network coupling is same as that in Example 1. The upper bounds on the time delay obtained from Theorem 3 are listed in
Table 2. As a example, the synchronization errors between the states node i and node i + 1 for random initial conditions with c = 0.5,
μ = 0.5 and h = 1.186 are shown in Fig. 2, where ei j(t) = xij(t) − x(i+1) j(t) for i = 1, . . . ,4, j = 1,2,3. Clearly, all the synchronization
errors are converging to zero.

Example 3. Finally, we consider a scale-free network with 50 dynamical nodes. We here take the parameters N = 50, m = 4 and m0 = 3,
and then the coupling matrix G of the network can be randomly generated by the BA scale-free model [25]. In the simulation, each node
is the following dynamical delayed system:[

ẋ1(t)
ẋ2(t)

]
=

[ −2x1
0.9x2

]
+

[ −x1(t − τ (t))
x1(t − τ (t)) − x2(t − τ (t))

]
.

For the coupling strength c = 0.3 and μ = 0,0.5 and any μ, it is easy to obtain that the upper bounds on the time delay are h = 1.17,1.12
and 1.12 according to Theorem 3, respectively. Fig. 3 is the simulation results of the synchronization errors between the states node i and
node i + 1 with c = 0.3, μ = 0.5 and h = 1.12, which shows that the synchronization can be achieved for the scale-free network.

5. Conclusion

We have introduced some general complex dynamical network models with time-varying delays in this Letter. Both time-varying delays
in network couplings and time-varying delays in dynamical nodes have been considered. And further investigated their synchronization
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Fig. 3. Synchronization errors for the scale-free network with c = 0.3, μ = 0.5 and h = 1.12 (Example 3).

criteria respectively. New delay-dependent synchronization criteria in terms of LMIs have been derived based on free-weighting matrices
technique and appropriate Lyapunov functional. These synchronization conditions are applicable to networks with different topologies and
different sizes. Numerical examples have been presented to illustrate the effectiveness and advantage of the proposed synchronization
criteria.
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