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Abstract

This paper introduces a new wavelet-based approach for characterizing the dynamics of turbulence. The proposed
reduces the dynamics of turbulence into a number of time series, each at a different spatial scale. The effectiven
proposed method is illustrated by freely decaying two-dimensional turbulence, which shows three distinct dynamic s
the present wavelet representation. Increase of the wavelet energies in the large scale subbands characterizes the inv
transfer. Moreover, an anomalous transfer of the subband energy and enstrophy among spatial scales is observed
transient stage. The decaying of the subscale enstrophies exhibits power law scaling and, interestingly, the decay rat
monotonically with the refinement of the scales.
 2003 Elsevier B.V. All rights reserved.

PACS: 47.32.Cc; 67.40.Fd; 67.40.Vs

1. Introduction

Turbulence is ubiquitous in nature and it inherently involves huge number of degrees of freedom
wide range of spatial scales. The unsteady feature of turbulence has considerably hindered its under
Traditionally, turbulent motion has been studied by Fourier analysis. Our intuition about large and small tu
scales, and the cascade processes are substantially biased by the Fourier analysis. Other important de
such as Kolmogorov dimensional arguments, also strongly depend on the Fourier spectral distribution. H
Fourier analysis has its limitation for turbulent features of finite spatial or time extensions, and for time-v
unsteady turbulent fields.

Recently, wavelet analysis has been introduced as a powerful tool for studying physical systems tha
unsteady and/or multiscale in nature. Mathematically, wavelets are sets ofL2 functions derived from a singl
function by two elementary operations: translation and dilation. The most appealing feature of wavelets
they are simultaneously localized in both physical and spectral spaces. Another important feature is the
multiresolution analysis. Therefore, compared to the usual orthogonalL2 bases, wavelet bases have much be
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properties for representing physical signals of unsteady and multiscale nature. Physically, the wavelet tr
can decompose a signal into different frequency subbands or scales so that each component can be stu
a resolution matched to its scale, providing excellent frequency and spatial resolution as well as achiev
computational efficiency. So far, wavelet methods have been successfully applied in analyzing, mode
computing turbulence [1]. For example, the wavelet transform has been used to analyze experimenta
turbulence [2,3]. The local wavelet spectrum was defined based on the orthonormal multiscale wavelet tra
which enables us to study the turbulent flow simultaneously in both physical and spectral spaces [4]. An a
based on wavelet-packet transform has been developed to investigate the temporal scaling behavior
dimensional (2D) turbulence [5]. In addition, the nonlinear energy transfer in turbulence has been repr
and studied in the wavelet space [6–8]. Recently, an adaptive wavelet approach has been employed for e
active coherent vortices from the passive background, and for computing the freely decaying turbulence
The above-mentioned approaches are the state of art wavelet algorithms and they have significantly e
our understanding of turbulence. However, the use of wavelets in all the above-mentioned work focuse
on the analysis of a spatial “pattern”, or on a given time series collected at a single spatial point of a tu
field, or on turbulent field compression. The possibility of reducing large turbulence data and charac
the temporal motion corresponding to different scales has not been exploited. The purpose of the pres
is to propose a new wavelet based method that is capable of characterizing the unsteady time evo
turbulent eddy formation, enstrophy decaying, as well as energy cascade and transfer among differen
scales.

In order to characterize the dynamics of turbulence, which usually involves a huge set of data es
recorded in high spatial or temporal resolution, it is necessary to reduce the dynamics and extract the most
dynamic information. In other words, the characterization should provide a reduced representation which
to capture both the spatial inhomogeneity and the unsteady evolution of the original spatiotemporal dy
of turbulence. To this end, it is desirable to reduce the dynamics of turbulence in terms of a minimum
quantitative indices. However, usual dynamics reduction methods, such as the Fourier analysis and Ka
Loéve (KL) decomposition, lose their efficiency when a large amount of activated modes need to be tra
turbulence, due to the interaction of a large number of degrees of freedom, as well as the incompatibility b
the decomposition modes and the physical field of interest. In the current study, a new and effective wavel
method is developed for characterizing the dynamics of turbulence. The wavelet multiscale analysis is firs
out to decompose a spatiotemporal turbulent field into a sequence of nested wavelet subspaces at a g
Then based on this wavelet projection, time series which carry the essential dynamical information corres
to different frequency subbands can be defined so that the time-varying dynamics of certain turbulent
can be studied at different spatial scales. Unlike the conventional spectral characterization, which concen
the statistical properties of turbulence related to spatial scales, but fails to explicitly provide temporal infor
(dynamics), the novelty of the present wavelet-based characterization method lies in that it can simulta
give both the spatial distribution among various scales and the corresponding subscale evolution of cer
properties, such as the energy and the enstrophy of the turbulence. For example, based on this charac
the inverse energy transfer in 2D turbulence can be clearly and directly demonstrated in the physical spa
than in the spectral domain. The enstrophy decaying and the associated power law are further investigate
of the evolution of subscale enstrophies. In addition, our method can be used to capture the process of i
vortex pair interaction more effectively and accurately than the Fourier mode analysis.

The mathematical formulation of the present method of wavelet characterization is developed in the next
In Section 3, the proposed method is applied to the freely decaying 2D turbulence. The numerical as
turbulence simulation are briefly discussed and the detailed characterization is reported. This paper en
conclusion.



S. Guan et al. / Computer Physics Communications 155 (2003) 77–91 79

ulence.
t bases

wavelet
d dilation

denote
al
structed

filter
can be

RA as

since
al field.
ltiscale
ental
ount of
d certain
ss will
nt field
end, we

es
2. Wavelet characterization method

In this section, we introduce a wavelet multiresolution framework to characterize the dynamics of turb
The theory of multiresolution analysis (MRA) presents a natural framework to construct orthonormal wavele
in theL2 [12–17]. The MRA onL2(R3) consists of a family of nested subspaces

(1)· · · ⊂ S−1 ⊂ S0 ⊂ S1 ⊂ · · ·
with the limit S∞ = L2(R3). The spaceS0 contains the scaling functionφ and the spaceSm is spanned by the
orthonormal basis obtained by the translation and dilation of the scaling function. In general, an orthogonal
basis can be generated from either a scaling function, or a mother wavelet, by the standard translation an
technique.

Usually high-dimensional MRA is constructed by the tensor products of the one-dimensional MRA. Let
by φi andψi (i = x, y, z) the scaling function and the mother wavelet in thei direction of the one-dimension
MRA. Then the three-dimensional orthonormal wavelet bases for square integrable turbulent fields are con
as the tensor products of one-dimensional wavelet bases

(2)Ψ
αβγ
m,nx,ny ,nz =




ψx
m,nx

ψ
y
m,nyψ

z
m,nz

, α = H, β = H, γ = H,

ψx
m,nx

ψ
y
m,ny φ

z
m,nz

, α = H, β = H, γ = L,

...
...

φx
m,nx

φ
y
m,ny φ

z
m,nz

, α = L, β = L, γ = L,

(m,nx,ny, nz ∈ Z).

Here,L and H respectively resemble “low-frequency” and “high-frequency”, emphasizing the different
properties of the scaling function and the mother wavelet in the spectral space, i.e. the scaling function
viewed as a low pass filter (φ̂(0) = 1) while the mother wavelet is a high (band) pass filter (ψ̂(0) = 0). {ΨHHH

m,nx,ny ,nz
},

{ΨHHL
m,nx ,ny,nz

}, . . . , and {ΨLLL
m,nx,ny,nz

} are the orthonormal bases spanning the subspacesSHHH
m ,SHHL

m , . . . and

SLLL
m , respectively. Subscriptm is the scale index of wavelet transform whilenx , ny and nz are the position

indices in three dimensions, respectively. These wavelet subspaces are related in the three-dimensional M

(3)Sm+1 = Sm ⊕ SLLH
m ⊕ SLHL

m ⊕ · · · ⊕ SHHH
m ,

whereSm+1 = SLLL
m+1 andSm = SLLL

m .
The wavelet multiresolution analysis (WMA) keeps all the information of the original turbulent field

there exists a perfect reconstruction transform from the wavelet coefficients/modes to the original physic
Thus, there is nothing to gain from the WMA alone when it is used for turbulent analysis, except some mu
information at a given time. However, time-varying turbulent fields might involve a huge amount of experim
data or simulated data. Therefore, characterizing the time-varying turbulent features with a reduced am
data is of pressing importance. In order to substantially reduce the spatiotemporal dynamical data, we nee
quantitative indices which only carry the essential dynamical information. Of course, this reduction proce
inevitably lose certain information and make the reconstruction from these indices to the original turbule
impossible. However, as a bonus, it gives prominence to the most important dynamical features. To this
define the following projection operators

(4)P
αβγ
m =

∑
nx,ny ,nz∈Z

∣∣Ψ αβγ
m,nx,ny ,nz

〉〈
Ψ

αβγ
m,nx ,ny,nz

∣∣ α,β, γ ∈ {L,H },

which can project the physical quantity of the turbulent fieldf (x, y, z) ∈ L2(R3) onto the wavelet subspac
SLLL
m ,SLLH

m , . . . , andSHHH
m , respectively, i.e.
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(5)=

∑
nx,ny,nz∈Z

∣∣Ψ αβγ
m,nx,ny,nz

〉〈
Ψ

αβγ
m,nx ,ny,nz |f

〉 = ∑
nx,ny,nz∈Z

d
αβγ
m,nx,ny,nz

∣∣Ψ αβγ
m,nx,ny ,nz

〉
,

where{dαβγ
m,nx,ny,nz} are the wavelet coefficients/modes andα,β, γ ∈ {L,H }. The basic idea under this projectio

process is to decompose a physical quantity of the turbulent field according to the spatial frequency su
Naturally, we define the index‖f αβγ

m ‖2 as the energy in the wavelet subbandαβγ (α,β, γ ∈ {L,H }) at scalem.
Due to the properties of WMA described above, the wavelet subband energy defined here is a characteris
of spatial complexity for a given turbulent field. Based on this index, the time series of wavelet subband
ρ
αβγ
m (t), (α,β, γ ∈ {L,H }) at each given scalem can be obtained as

(6)ρ
αβγ
m (t) = ∥∥f αβγ

m (t)
∥∥2 =

∑
nx ,ny,nz∈Z

∣∣dαβγ
m,nx,ny ,nz (t)

∣∣2.

Due to the orthogonality of the wavelet basis, we have the Parseval relation

(7)


f (t)



2 =
∑
m∈Z

∑
α,β,γ∈{L,H }

′ 

f
αβγ
m (t)



2
,

where the summation
∑′

α,β,γ∈{L,H } excludesα = β = γ = L. The summation over the three position indices
the definition Eq. (6) reduces the evolution of all the wavelet coefficients/modes in the wavelet space t
number of time series. Each of these time series is related to a frequency subband, or a spatial scale. T
the time seriesραβγ

m (t), (α,β, γ ∈ {L,H }) give a reduced representation of the quantity of interest at diffe
spatial scales. To illustrate the effectiveness of the proposed method for characterizing turbulence, we c
few important examples in the next section.

3. Turbulence characterization

3.1. Numerical aspects

In this section, we apply the proposed wavelet method to the characterization of turbulence. For simpli
focus on freely decaying 2D turbulence [18]. In the framework of direct numerical simulation (DNS), we co
the 2D incompressible Navier–Stocks equations

(8)
∂u
∂t

+ u · ∇u = −∇p + 1

Re
∇2u,∇ · u = 0,

wherep is the pressure, Re is the Reynolds number andu = (u, v) is the velocity field vector which has itsx-
andy-componentu(x, y, t) andv(x, y, t), respectively. The flow is bounded in a square domain[0,2π] × [0,2π]
with 5122 spatial point resolution and periodic boundary conditions in each direction. The Fourier pseudos
method and the Adams–Bashforth–Crank–Nicolson (ABCN) scheme are employed for the spatial and t
discretizations, respectively. The validity for such a numerical scheme has been extensively tested [19,20
present computation, we usually choose Re= 5000 or 6000 to generate turbulent dynamics.

For freely decaying 2D turbulence, the initial condition plays an important role in determining the sta
properties as well as the dynamics. In the present simulation, we choose two commonly used initial
prescribed in the Fourier domain

(9)E(k,0)∼ kne−(k/k0)
2
,
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Table 1
Parameters for two typical numerical simulations

Run Run1 Run2 Run3 Run4

E0(k) Eq. (9) Eq. (10) Eq. (9) Eq. (10)
n 4 5 4 6
k0 16 6 10 6

E0 0.250 0.500 0.402 0.250
Z0 153 178 98.4 7.22

"t 2.5× 10−4 2.5× 10−4 5× 10−4 5× 10−4

tt 50 50 50 50
tc 8.08× 10−2 0.237 0.101 0.372

tt /tc 619 211 495 134

E0(k) is the initial energy spectrum; Re is the Reynolds number;E0 andZ0 are the initial energy and enstrophy, respectively;"t is the time
step;tt is the total integration time;tc = 1/

√
Z0 is the initial eddy turnover time.

(a) (b)

(c) (d)

Fig. 1. Vorticity contours of Run1. (a)t = 0; (b) t = 2; (c) t = 10; (d) t = 50.
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Fig. 2. A schematic plot of two-dimensional three-scale wavelet transform.

or

(10)E(k,0)∼ k/
[
1+ (k/k0)

n+1].
Here k0 is an adjustable constant. Table 1 summarizes the parameters for the typical tests performe
simulations. Similar parameters have been considered by many researchers [20–27]. The convergenceof t
result has been carefully verified and many other parameters are used to confirm the present findings.
integration length is 50, which corresponds to several hundreds of initial eddy turnover time. Important f
of 2D turbulent dynamics include the formation, interaction and evolution of coherent vortices [24], which
organized from the disordered background. Typically, coherent vortices are dynamically stable with lifetime
than the characteristic time scale of the nonlinear turbulent interactions, such as the inertial eddy turnover t
(see Fig. 1).

3.2. Wavelet multiscale analysis

A physical quantity of 2D turbulent field can be regarded as a 2D pattern or a 2D image from the p
view of image processing. Fig. 2 shows the typical 2D multiscale wavelet decomposition to such a quant
Daubechies-8 wavelets are used in the present WMA. Nevertheless, the results are generally independ
wavelet used. In Fig. 2, the upper left square labeled byLL1 contains the information of the largest spatial sc
in both the horizontal and vertical directions. Correspondingly, other nine regions contain information in d
high frequency subbands (or small scales). Among them, the three diagonal regions labeled byHH3,HH2, and
HH1 correspond to the highest frequency subbands at each scale and they contain the most detailed infor
the original turbulent field in the corresponding scale. WMA of a typical turbulent vorticity field is illustr
in Fig. 3. This turbulent field includes both the coherent components and the highly oscillatory comp
as shown in Fig. 3(a). For the purpose of visualization, we plot the decomposed states in physical sp
instance, the vorticity field shown in Fig. 3(b) is reconstructed from the wavelet modes of wavelet subspaLL1.
Similarly, Figs. 3(c)–3(e) correspond to turbulent states projected into the wavelet subbandsHH1, HH2 andHH3,
respectively. It is seen that Fig. 3(b) mainly contains the coherent part of the turbulent field, while high-fre
subbands, as shown in Figs. 3(c)–3(e), consist of large gradients. Although there exists certain similarity
Figs. 3(c)–3(e), the energy spectra in Fig. 3(f) confirm that they belong to different frequency subbands.

3.3. Wavelet characterization of the energy evolution

The major concern of the present paper is to characterize the temporal evolution of the turbulent fi
number of spatial scales. One interesting dynamical feature of 2D turbulence is the inverse energy tran
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avelet
(a) (b)

(c) (d)

(e) (f)

Fig. 3. (a) Vorticity contour of Run1 att = 35. (b)–(e) vorticity contours of different components of turbulent state (a) corresponding to w
subbandsLL1, HH1, HH2 andHH3, respectively; (f ) from left to right: energy spectra of (c), (d) and (e), respectively.
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Fig. 4. The wavelet characterization of the dynamics for Run1 ((a) and (b)), and Run2 ((c) and (d)).

characterize this important dynamical feature, it is desirable to simultaneously give both energy distribution
various spatial scales and the corresponding subscale energy evolution. For the incompressible flow, the
of the kinetic energy per unit volume, i.e.ε(x, y, t) = u2/2 = (u2 + v2)/2, obeys the following dynamic equatio

(11)
∂ε

∂t
= −∇ · u(ε + p) + 1

Re
∇2ε,

where the first termu(ε + p) is the energy flux due to the transfer of the fluid mass and the last term denot
kinetic energy dissipation. By means of wavelet projection operators defined in Eq. (4), the turbulent ener
ε(x, y, t) can be decomposed into a series of wavelet subspaces, corresponding to different spatial scales
in Fig. 2. We record the time evolutions of the subscale energiesρ

αβ
m (t) at four typical subbandsLL1, HH1, HH2

andHH3. Here, the wavelet subband energies have been normalized by the total energy‖ε(t)‖ in order to exclude
the influence of the energy decaying in 2D turbulence. In principle, information in other spatially aniso
subbands, such asLH3 andHL3, could also be important if the system involves directional inhomogeneity
geometric inhomogeneity.

One advantage of the proposed wavelet method is that it monitors the dynamics of the physical quanti
study at different scales. Two typical dynamics characterized in Fig. 4 by the time series of wavelet subba
gies at three high-frequency subbands (HHm, m = 1,2,3) and the low-frequency subband (LL1). Contrary to the
usual energy characterization of decaying 2D turbulence, which shows smooth, slow and monotonic deca
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wavelet characterization reveals that actually the energy evolutions at high-frequency subbands are highly
and intermittent. In addition, it is found that the time seriesρHH

m (t) (m = 1,2,3), as plotted in Fig. 4(a) exhib
similar dynamical features among three high-frequency subbands. On average, there is a dominant deca
spect to time in all small-scales, which implies the formation of large coherent vortices from the random initi
in 2D turbulence. The gradual increase of the energy at the large scale in Fig. 4(b) confirms such vortex fo

By using the present wavelet characterization, the decaying of the 2D turbulence can be divided in
dynamical stages. The first stage, fromt = 0 to t ≈ 2, is a transient period, for which the present wavelet met
reveals a subband-dependent anomalous energy transfer. As shown in Fig. 4(a), during this transient pe
high-frequency scalesHH2 andHH3 actually gain energies. In contrast, there is an energy loss in scaleHH1.
As the energy density in theHH1 scale is much larger than that inHH2 andHH3 scales, the net effect in th
small scales is the loss of energy. Correspondingly, there is a gain in energy at the large scaleLL1. The above
analysis reveals that although in general the energy in 2D turbulence transfers inversely from small scale
scale, the detailed energy transport among different scales might be quite complicated. At present, w
have a satisfactory explanation for this complicated energy transfer among different spatial scales. Certai
small-scale structures, such as vorticity-gradient sheets, might be related to this energy transfer during t
stage [23]. Figs. 4(c) and 4(d) show results for the second numerical experiment, in which the initial energ
at a lower wavenumber and decays fast with respect to the wavenumber, see Table 1. In this case, we fou
typical transient period, in which all high-frequency scales gain certain energies, whereas the low-frequen
LL1 loses energy.

The second stage, fromt ≈ 2 to t ≈ 10 as shown in Fig. 4(a), corresponds to the period of fast vortex forma
During this stage, all high-frequency scales lose energy, while the low-frequency scale gains energy. Altho
decrease of energy at small scales and the increase at large scales are not monotonic due to the vortex in
their trend is obvious. Figs. 4(a) and 4(c) show different decay rates for the three high-frequency subband
Obviously, there is a fast generation, interaction and merger of small size coherent vortices during the sta

The last stage, aftert ≈ 10, is a period of large vortex dominance. As shown in Figs. 4(b) and 4(d), most e
has been accumulated in the low-frequency scales. Turbulence is dominated by the motion of a few large
see Fig. 1(c). The interaction among the coherent vortices is no longer as frequent as that in earlier times
they are well-separated. However, there is still energy exchange among different spatial scales. At this s
vortex dynamics can be described by two basic dynamical processes: the mutual free vortex advection a
merger.

Another advantage of the proposed wavelet approach is that it gives detailed characterization of in
vortex pair interaction during the stage of large vortex dominance. As strong intermittency caused by the
merger is associated with the transient increase in the palinstrophy, this strong nonlinear interaction is trad
characterized by a transient peak in the plot of mean wave numberξ(t) = √

P(t)/Z(t), as shown in Fig. 5(a)
Here,P(t) andZ(t) are the palinstrophy and the enstrophy, respectively. From Fig. 5(a), one can identify a
hump at aboutt = 25, which corresponds to the merger of two interacting vortices, as shown in Figs. 5(b) an
However, such kind of humps are not obvious enough in this mean wavenumber characterization. In c
the present wavelet approach captures the detailed vortex interaction process by an obvious intermitten
wavelet subband energy as shown in Fig. 5(d). The energy peaks in high frequency subband faithfully re
narrow vortex filaments formed during the vortex merger. In fact, during the time interval(20,30), there are three
counts of such vortex interacting processes as shown in Fig. 5(d). However, not all of these events can b
identified by the mean wave numberξ(t) as in Fig. 5(a). Moreover, the time duration of the vortex merger pro
can be accurately determined from the half-width of the peak in the plot ofρHH

3 (t).

3.4. Wavelet characterization of the enstrophy decaying

The study of scaling laws is a central issue of turbulence theory. In the conventional spectral domain, the
behaviors of turbulence are well manifested by the Kolmogorov cascade scenarios [28]. In 2D turbulence
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er events,

predicts
turbulence
e vortex
(a) (b)

(c) (d)

Fig. 5. (a) The mean wavenumber characterization of the vortex dynamics of Run1; (b) vorticity contour showing a typical vortex merg
which begins att = 25; (c) close-up of (b); (d) the wavelet characterization of the vortex dynamics of Run1.

the energy and the enstrophy are both conserved for the inviscid limit, the Kraichnan–Batchelor theory [18]
a direct enstrophy cascade and an inverse energy cascade. Physically, the inverse energy transfer in 2D
corresponds to the formation and evolution of the coherent vortices. It has been further point out that th
dynamics also demonstrates the temporal scaling behaviors in the physical space [29–31].

In two-dimensional turbulence, the energy

(12)E(t) = 1

2

∫

Ω

u2(x, t)dx,

and the enstrophy, defined as the mean square vorticity,

(13)Z(t) = 1

2

∫

Ω

ω2(x, t)dx,
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Fig. 6. The evolution of energyE, enstrophyZ and palinstrophyP for (a) Run3 and (b) Run4.

whereu andω respectively denote the velocity field vector and the vorticity, are the most important flow prop
because they are the only quadratic conserved quantities for the inviscid flow [32]. Therefore, the stud
transfer cascade and the dissipation law of the enstrophy is the key for the understanding of the 2D tur
In two-dimensional turbulence with low viscosity, it is observed that the energy is almost conserved
the enstrophy decays significantly. The enstrophy dissipation law derived by Batchelor based on a sel
analysis [18], predicts that the overall decay of enstrophy satisfies the power lawsZ(t) ∼ t−2. However, the
decaying dynamics, especially the enstrophy dissipation law of freely decaying two-dimensional turbule
not been investigated from the angle of different spatial scales. In the following, we investigate the decay
of the enstrophies at different spatial scales.

Fig. 6 shows the evolution of the main flow properties for two typical runs listed in Table 1. The evolut
the enstrophy is characterized by the smooth, monotonic and algebraic decaying. After the initial transie
observed decay rates of the enstrophy are much slower than that of the theoretical prediction. For the pres
conditions, the decay rates ofZ(t) are about−1.0 for Run3 and−0.8 for Run4. It is believed that the formation
coherent vortices, as well as their large-scale intermittent dynamics, slow down the turbulence decaying p

The evolution of the vorticity is governed by the Helmholtz vorticity equation. For the flow inxy plane, it
degenerates to a scalar equation

(14)
∂ω

∂t
= −u

∂ω

∂x
− v

∂ω

∂y
+ 1

Re
∇2ω,

whereω = ωz is the vorticity component perpendicular to the flow plane. The vorticity evolution corresp
to a series of two-dimensional patterns. Applying the projection operator defined in Eq. (4) to the vortici
ω(x, y, t) and using

(15)
M∑
m

∑
α,β∈L,H

Pαβ
m = 1

yield the evolution of vorticity in the wavelet space

(16)ω(x, y, t) =
∑
nx ,ny

dLL
1,nx ,ny (t)

∣∣ΨLL
1,nx ,ny

〉 +
M∑

m>1

∑
α,β∈{L,H }

′ ∑
nx ,ny

dαβ
m,nx ,ny

(t)
∣∣Ψ αβ

m,nx ,ny

〉
,
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Fig. 7. The power law decay of the subscale enstrophies for Run3 (a) and Run4 (b), respectively. From the up to the bottom: the tota
and the subscale enstrophies at wavelet subbandsLL1, HH1, HH2, HH3, HH4 andHH5, respectively. The curves of the total enstrop
coincide the corresponding curvesZ(t) in Fig. 6. The dotted lines are the power law fitting (t � 5).

whereM denotesM-scale wavelet transform and the summation
∑′

α,β∈{L,H } excludesα = β = L. With the
definition of Eq. (13) and the Parseval relation, we have

(17)Z(t) =
∑
nx ,ny

∣∣dLL
1,nx ,ny (t)

∣∣2 +
M∑

m>1

∑
α,β∈{L,H }

′ ∑
nx,ny

∣∣dαβ
m,nx,ny

(t)
∣∣2.

This shows that after the wavelet decomposition, the enstrophy has been projected onto different wavelet f
subbands, corresponding to different spatial scales. Reasonably, the subscale enstrophy, i.e. the enstrop
wavelet frequency subband, can be defined as the total wavelet energy in such subband

(18)Zαβ
m (t) =

∑
nx,ny

∣∣dαβ
m,nx ,ny

(t)
∣∣2.

Physically, the subscale enstrophies are related to the vorticity generated by the turbulent motion at certa
scales. With this definition, the total enstrophy evolution can be decomposed as

(19)Z(t) = ZLL
1 (t)+

M∑
m>1

∑
α,β∈{L,H }

′
Zαβ
m (t).

The temporal evolution of the enstrophy can be studied at different spatial scales in terms of the tim
of the subscale enstrophies. We carry out five-scale wavelet decomposition of the vorticity fieldω(x, y, t) and
record the time series of the subscale enstrophies at the diagonal subbands, i.e. the subbandsLL1, HH1, . . . ,HH5.
Fig. 7 plots the temporal evolution of the subscale enstrophies at these typical subbands. Immediately, se
features of the dynamics of the subscale enstrophies can be revealed. From Fig. 6, the total enstrophy is
decay smoothly and monotonically. In Fig. 7, however, it is found that this is no longer the case for the s
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Table 2
The exponents of power law decaying of the subscale enstrophies. The settings of Run5 is the same as Run4 except Re= 6000

Subband LL1 HH1 HH2 HH3 HH4 HH5 TotalZ

Run3 −0.74 −2.07 −2.17 −2.30 −2.83 −3.57 −1.00
Run4 −0.68 −1.38 −1.48 −1.72 −2.17 −2.77 −0.80
Run5 −0.55 −1.43 −1.73 −2.02 −2.48 −2.93 −0.70

enstrophies. Instead, the enstrophy at large scale (subbandLL1) decays with small oscillations, while the dynam
of enstrophies at small scales (subbandsHH1,HH2, . . . ,HH5) are highly intermittent though their trends a
essentially decaying. It is notable that an anomalous evolution of the subscale enstrophies is observed d
transient stage (roughlyt < 3). In Fig. 7(a), it is seen that the enstrophies at subbandsHH5,HH4,HH3 andLL1
actually increase instead of decay during the initial period. Similarly, as shown in Fig. 7(b), the subscale ens
increase at all the small scale subbands (subbandsHH1,HH2, . . . ,HH5). Particularly, the gain of enstrophy
the large scale (subbandLL1 in Fig. 7(a)) implies that there exists enstrophy transfer from the small scales
large ones for certain initial conditions although on average the enstrophy goes from the large scale to t
scale.

After the transience, the time series of the subscale enstrophies clearly show that the turbulence enter
decaying regime, in which the coherent vortex advection and merger dominate the dynamics. The vortex
processes lead to the strong intermittent dynamics of the subscale enstrophies, as effectively charact
the bursts in the small-scale enstrophies in Fig. 7. In spite of these highly intermittent dynamics, the po
decay still holds for the trends of the subscale enstrophies. The exponents of the power law fitting to the
enstrophies are listed in Table 2 for the three typical runs. It is found that the smaller the scale, the fa
decaying of the subscale enstrophy. This property is independent of the initial conditions and the total sca
wavelet decomposition. Moreover, the influence of the Reynolds number to the decaying exponents of
enstrophy can be obtained by comparing Run4 and Run5 in Table 2. It is found that with the increase
Reynolds number, the magnitude of the decaying exponent of the total enstrophy decreases. However, this
imply the decrease of all the magnitudes of the decaying exponents of the subscale enstrophy. In fact, the m
of the decaying exponent of the subscale enstrophy only decreases at large scale (LL1), while on the contrary, i
increases at small scales (HHi, i = 1,2, . . . ,5). In two dimension, physically the nonlinear interaction causes
vorticity to cascade toward small scales. Since viscosity acts most strongly on the smaller scales, it turns
the enstrophy is nearly conserved inside the large-scale coherent vortices, and can only be effectively diss
the formation of small-scale vorticity filaments during the vortex merger [24]. For this reason, one observe
decaying for the subscale enstrophies at smaller scales.

4. Conclusion

In this paper, a new wavelet method is proposed to characterize the freely decaying turbulence. The
the current characterization is to give a reduced representation of the original spatiotemporal turbulent dy
and at the mean time to retain the essential dynamical and multiscale information. Wavelet subband e
defined as the characteristic index based on the multiresolution analysis. Numerical experiments demons
the proposed wavelet method provides a powerful characterization of the dynamics of turbulence.

Using the proposed wavelet method, the dynamics of freely decaying turbulence is divided into three
stages, i.e. stages of initial transience, fast vortex formation, and large vortex dominance. Due to this m
characterization of the dynamics of 2D turbulence, some new features, such anomalous subband en
enstrophy transfer are observed. It is shown that the individual vortex pair interaction can also be eff
characterized during the period of large vortex dominance. Further analysis reveals that the decay of the
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