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a b s t r a c t
Visibility graph (VG) and horizontal visibility graph (HVG) play a crucial role in modern
complex network approaches to nonlinear time series analysis. However, depending on
the underlying dynamic processes, it remains to characterize the exponents of presumably exponential degree distributions. It has been recently conjectured that there is a critical value of exponent λc = ln 3/2, which separates chaotic from correlated stochastic processes. Here, we systematically apply (H)VG analysis to time series from autoregressive
(AR) models, which conﬁrms the hypothesis that an increased correlation length results in
larger values of λ > λc . On the other hand, we numerically ﬁnd a regime of negatively
correlated process increments where λ < λc , which is in contrast to this hypothesis. Furthermore, by constructing graphs based on re-sampled time series, we ﬁnd that network
measures show non-trivial dependencies on the autocorrelation functions of the processes.
We propose to choose the decorrelation time as the maximal re-sampling delay for the
algorithm. Our results are detailed for time series from AR(1) and AR(2) processes.
© 2016 Elsevier B.V. All rights reserved.

1. Introduction
In the last years, complex network representations of time series have been proposed to characterize the underlying system [1–6], covering a great variety of ﬁelds of applications. For example, recurrence network approaches have been applied
to climate data analysis [4,7], chaotic electro-chemical oscillators [8], or two-phase ﬂow data [9]. Some basic network motif
structures have be identiﬁed in music data [10]. Visibility graph (VG) and horizontal visibility graph (HVG) algorithms have
been successfully applied to hurricane data in the US [11], ﬁnancial market [12], turbulence [13,14], and sunspot time series
[15,16], providing novel insights from a complex systems perspective. Several other methods have been discussed in [10]. In
this work, we construct (H)VGs [3,17,18] for time series generated by auto-regressive models.
To apply (H)VG approaches, a proper transformation of the time series to a network representation is required. The VG
algorithm maps a time-ordered set of N real numbers to a graph G with N nodes, which is completely described by the
binary N × N adjacency matrix A. More speciﬁcally, let us consider a univariate time series x = [x1 , x2 , . . . , xi , . . . , xN ], where
N denotes the time series length and the subscript i represents the discrete sampling time. In terms of the associated VG,
individual observations are interpreted as vertices of a complex network, and edges are placed between pairs of vertices
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that exhibit some visibility condition, namely,

xi − x j
xi − xk
>
,
k−i
j−i

(1)

which has to be fulﬁlled for all time points k with i < k < j [3].
As a notable modiﬁcation of the VG algorithm, the simpliﬁed HVG criterion has been proposed in [17]. Speciﬁcally, two
observations made at times i and j are considered to be connected in a HVG if and only if



xk < min xi , x j



(2)

for all k with i < k < j. It can be easily seen that the edge set of the HVG associated with a given time series is a subset
of the edge set of the associated VG. One advantage of the HVG is that for certain simple stochastic processes, some basic
graph properties can be calculated analytically [18].
Recent work on (H)VGs has mainly concentrated on the properties of the degree distribution p(k). Concerning the HVG,
exponential functional forms have been obtained for many random processes, namely, p(k ) ∼ e−λk . A scaling factor of
λc = ln(3/2 ) has been found in the case of uncorrelated noise (white noise), which has been further proposed to separate stochastic from chaotic dynamics in the following senses [18–20]: (i) correlated stochastic series are characterized by
λ > λc , slowly tending to an asymptotic value of ln (3/2) for very weak correlations, whereas (ii) chaotic series are often
characterized by λchaos < λc for decreasing correlations or increasing chaos dimensionality, respectively [18]. In this work,
we provide some further examples supporting argument (i). Meanwhile, we show some peculiar results indicating that λc
should not be interpreted as a general critical value separating chaos from noise.
In fractal processes, numerical results suggest that p(k) exhibits a power law [3], p(k ) ∼ k−γ . For instance, VG analysis
has been suggested to characterize fractional Brownian motions, ﬁnding some heuristic relationship between γ and the
process’ Hurst exponent [21,22]. Depending on the fractality properties of the underlying process, recently an algorithm
for constructing VGs from segmented time series has been proposed [23], which estimates power-law exponents reﬂecting
scale-free properties quite well. The idea hinges on a proper choice of the time delay τ , which re-samples the original time
series resulting in a number of segmentations. As we will discuss below, the number of segments to be used is often not
known in the original algorithm. In other words, we do not know the upper bound of τ max to terminate the computation. So
far, only a heuristic choice of τ max has been suggested when network characteristics of segmented time series show more
or less convergent behavior [23].
In this work, we will focus on applying (H)VG analysis to auto-regressive (AR) stochastic processes, which often describe
certain time-varying processes in nature, economics, etc. AR models also have wide applications to climate research. The
AR model speciﬁes that the output variable depends linearly on its own previous values and on a stochastic term. More
speciﬁcally, x = [x1 , x2 , . . . , xi , . . . , i ∈ Z] is an AR model of order p denoted as AR(p) if

xt =

p


ϕ j xt− j + εt ,

(3)

j=1

where ϕ j , j ∈ [1, p], are real-valued coeﬃcients of the model, and ε t is white noise. We further assume that the error terms
ε t follow a Gaussian distribution with zero mean and unit variance. Speciﬁcally, we will perform both VG and HVG analysis
for AR(1) and AR(2) processes in their stationary regimes, namely, (i) |ϕ 1 | < 1 for the AR(1) model, and (ii) ϕ1 + ϕ2 < 1, ϕ2 −
ϕ1 < 1, |ϕ2 | < 1 for the AR(2) model. Time series of AR models exhibit serial correlations conveniently captured by the
autocorrelation function (ACF). For AR(p) processes, the ACFs can be computed analytically [24]. In general, the correlation
length of a stochastic process increases if the corresponding ACF shows rather slow decays to zero [25].
The objectives of this work are the following. First, we test the hypothesis of the universality of the critical value of λc
when anti-correlated increments are present in AR processes. Second, we apply the re-sampling algorithm to time series
from AR(p) models and extend the existing (H)VG analysis from disclosing degree distribution properties to characterizing
global network properties. Third, we suggest to choose the decorrelation time of the given time series as the maximal delay
τ max for the re-sampling algorithm, after which network measures converge to some asymptotic values that are expected
for uncorrelated stochastic processes with the given probability distribution function.
This paper is organized as follows: In Section 2, we review the main network measures that will be used in this work. We
present the re-sampling algorithm to obtain segmented time series in Section 3. The results will be shown in Section 4 and
some conclusions are drawn in Section 5.
2. Structural properties of (H)VG
We characterize the structural properties of VG and HVG based on the following two aspects: (i) degree distributions
p(k) and (ii) global network measures.
2.1. Degree distributions

The degree ki of a node i simply counts the number of direct connections associated with i, ki = j Ai, j , where A is
the adjacency matrix. The degree distribution p(k) gives the fraction of nodes in the network with degree k. Exponential
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functional forms have been reported for many stochastic processes, p(k ) ∼ e−λk . When estimating the scaling parameter λ,

it is often useful to employ the cumulative probability distribution F (k ) = k>k0 p(k ) to obtain a more robust statistical
ﬁtting [26].
2.2. Global network measures
Many quantitative measures have been proposed in the literature to characterize networks, making use of local, mesoscale and global structural information [27]. Here, we focus on the following network measures:
(i) Network transitivity T [27,28], which globally characterizes the linkage relationships among triples of vertices in a
complex network (i.e., the probability of a third edge within a set of three vertices given that the two other edges are
already known to exist).
(ii) Global clustering coeﬃcient C [29], which gives the arithmetic mean of the local clustering coeﬃcient Cv taken over
all vertices v. C is often called the Watts-Strogatz clustering coeﬃcient, which is closely related to T but gives more
weight to poorly connected vertices [30]. Note that T is sometimes referred to as the Barrat-Weigt clustering coeﬃcient. Though C and T are closely related, in order to avoid confusion, in this work we prefer to discuss both measures
separately.
(iii) Average path length L, which quantiﬁes the average geodesic distance between all pairs of vertices.
(iv) Assortativity coeﬃcient R [31], which characterizes the similarity of the connectivity at both ends of all edges in the
network (i.e., the correlation coeﬃcient between the degrees of all pairs of connected vertices).
In many cases, the edge density ρ (simply representing the present fraction of possible links of the graph) helps to
understand the properties of the above global network measures as has been observed in [16].
3. Re-sampling algorithm for time series
Recently, an improved algorithm to study the scaling properties of VGs for long-term correlated stochastic processes
based on re-sampled time series has been proposed, which allowed a better estimation of the characteristic fractal scaling
exponent [23]. The key idea of the algorithm relies on the concept that each pattern in a fractal time series is repeated
frequently over different scales [23]. The multiple scales can be captured if proper delays τ are continuously introduced to
re-sample the original time series. More speciﬁcally, considering a scalar time series x = [x1 , x2 , . . . , xi , . . . , xN ] of N sample
times as described above, the proposed re-sampling algorithm consists of the following steps:
(a) Let initially τ = 1, and τ ∈ Z.
(b) Re-sample x every τ steps, which yields new sequences as

xτm = [xm , xm+τ , xm+2τ , . . . , xm+ N−m τ ],
τ

( m = 1, 2, . . . , τ ),

(4)

where · denotes the lower integer value and τ determines the delay between successive points in the sequence xτm .
Note that the original time series x is recovered when τ = m = 1.
(c) Construct VG and HVG for each sequence xτm (m = 1, 2, . . . τ ). Afterwards, compute all network measures for each
segment and the ensemble average over all m segments.
(d) Increase τ = τ + 1 and repeat steps (b) to (c). The algorithm stops when τ = τmax , for which the network measures
remain roughly constant. In the particular case of fractal time series, the double logarithmic plots of p(k) are expected
to show similar scaling regimes where roughly the same power law exponents are estimated for different τ .
One of the beneﬁts of re-sampling is that the estimation of the fractal scaling exponent of a time series at multiple scales
is more robust against noise, since noise may manifest at one scale but may not be signiﬁcant at other scales. There is an
algorithmic parameter τ which should be chosen properly. Put differently, we need to know when we should terminate the
computation loop of the algorithm. The original idea of choosing τ max is based on the power-law exponents of p(k ) ∼ k−γ
that are computed from the networks. In particular, values of γ are expected to converge if τ ≥ τ max [23].
However, it remains largely unclear whether this re-sampling algorithm can be applied to also estimate the parameter λ
of exponential scaling laws for stochastic processes. Varying the parameter settings of the AR processes, we will show that
network measures strongly depend on the corresponding ACFs. Furthermore, for AR processes, we show that the decorrelation time (which can be expressed as τ 1/e or τ 0.1 , i.e., time lags after which the estimated ACF has decayed to 1/e or 0.1) of
a time series often yields a good choice of τ max .
4. Results
In this section, we ﬁrst demonstrate the effects of the correlation length on the degree distributions, and then study the
inﬂuence of re-sampling delays on the network measures.
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Fig. 1. ACFs of AR(1) processes. (A) ϕ1 = 0.3, (B) ϕ1 = 0.9, (C) ϕ1 = −0.5, and (D) ϕ1 = −0.9. The correlation length is longer if ϕ1 = 0.9 than for ϕ1 = 0.3
as shown by the slow decay of ACF. When ϕ 1 is negative, the ACF alternates around zero and decays to zero more quickly for ϕ1 = −0.5 (C) than for the
case of ϕ1 = −0.9 (D).

Fig. 2. ACFs of AR(2) processes. (A) ϕ1 = 0.3 and ϕ2 = 0.3, and (B) ϕ1 = 0.9 and ϕ2 = −0.8.

Fig. 3. (color online) (A, B) Estimates of λ for approximately exponential degree distributions of AR(1) process. (C, D) λ versus ϕ 1 . (A, C) VG, and (B, D)
HVG. When ϕ 1 > 0, λ has a decreasing trend in the VG, while in the HVG, λ rises when the correlation length increases. Each dot in panels C and D
represents an average over 50 independent random realizations of 50 0 0 data points. In (D), λ values smaller than ln 3/2 are highlighted by red color. (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

4.1. Autocorrelation functions of AR processes
Estimating the ACF of a stationary time series at lag τ is straightforward as long as τ is small compared to the total
length of the time series, N. The ACF of an AR process can be estimated as the ensemble average of the ACF evaluated for
many realizations (in this work, we consider 50 realizations). For stationary stochastic processes, the functional form and
rate of decay of the ACF depends on the speciﬁc properties of the process [24]. Speciﬁcally,
(a) AR(1) processes have only one degree of freedom, such that no oscillation can arise at longer time-scales. In Fig. 1, we
show the ACFs of AR(1) processes for four different parameters: ϕ1 = 0.3, ϕ1 = 0.9, ϕ1 = −0.5, and ϕ1 = −0.9. When
increasing ϕ 1 from 0.3 to 0.9, the correlation length becomes larger, which is characterized by a slower decay of the
ACF (Fig. 1A and B). A negative coeﬃcient ϕ 1 results in the ACF alternating around zero (Fig. 1C). Again, a smaller
negative ϕ 1 leads to a slower decay to zero (Fig. 1D).
(b) AR(2) processes have two degrees of freedom and can oscillate depending on the choice of the parameters ϕ 1 and ϕ 2 .
For instance, when ϕ1 = 0.3 and ϕ2 = 0.3, the process has a behavior comparable to that of an AR(1) process with
slow decay of correlations (shown in Fig. 2A). However, when ϕ1 = 0.9 and ϕ2 = −0.8, the AR(2) process shows a
quasi-periodic behavior as shown in Fig. 2B.
4.2. Effects of the correlation length on degree distributions
Let us start with the case of ϕ 1 > 0 in the AR(1) model. We ﬁnd that p(k) approximately follows an exponential distrik
bution. To illustrate this ﬁnding, the cumulative degree distributions F (k ) = 1 − 0 p(k )dk ∼ e−λk for ϕ1 = 0.3, 0.9 and −0.5
are shown in Fig. 3A and B, where clear scaling regimes are present in the semi-logarithmic plots. Furthermore, we ﬁnd
that the exponents λ estimated for VGs are smaller than those are estimated for HVGs. When increasing ϕ 1 , in the VG, the
exponent λ shows a monotonically decreasing trend (Fig. 3C). In contrast, the value λ for the HVG is increased (Fig. 3D).
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Fig. 4. Estimates of λ of exponential degree distribution functions of AR(2) processes. The length of the time series is 50 0 0 points. (A) VG, (B) HVG, where
λ > λc = ln 3/2 for both (ϕ1 , ϕ2 ) = (0.3, 0.3 ) and (ϕ1 , ϕ2 ) = (0.9, −0.8 ).

Fig. 5. Estimates of the scaling parameter λ versus re-sampling delay τ for AR(1) processes (error bars indicating standard deviations obtained over 50
independent random realizations). (A, E) ϕ1 = 0.3, (B, F) ϕ1 = 0.9, (C, G) ϕ1 = −0.5, and (D, H) ϕ1 = −0.9. The results have been obtained for VG (A-D),
and HVG (E-H), respectively. The vertical dashed lines indicate the positions of τ 0.1 , where the ACFs decay to 0.1.

The result of Fig. 3D conﬁrms the hypothesis stated in [18] that all λ should be larger than λc = ln(3/2 ) as the correlation
length is increased in the case of positively correlated increments .
In turn, when ϕ 1 < 0, we observe some peculiar results that seem to contradict the hypothesis stated in [18]. According
to this hypothesis, λ should be larger than λc (λ > λc ) in stochastic processes in contrast to λ < λc for chaotic maps. The
results of Fig. 3D do not support this claim when ϕ 1 is negative in the AR(1) model. Instead, we ﬁnd a region where the
slope of the exponential degree distribution is smaller than ln (3/2) (as highlighted in Fig. 3D). This suggests that the critical
value of ln (3/2) should not be understood as a general law of separating correlated stochastic from chaotic processes, which
requires further investigation.
Fig. 4 shows the estimation of λ for two examples of AR(2) models. In contrast to the AR(1) processes in Fig. 3, the
values of λ are larger than λc consistent with the argument of [18] as the correlation length is increased. In the case of
varying parameters ϕ 1 , ϕ 2 of the AR(2) model, we expect to have similar results as for the AR(1) case since λ depends on
the sign of correlations between the increments of the underlying processes.
4.3. Effects of re-sampling delays on the network characteristics
First, we note that the length of a time series might affect the network statistics of (H)VGs. According to the original
idea of the re-sampling algorithm, we generate a time series of length N, say N = 10 0 0 points. The network size of the
original time series is N = 10 0 0 when τ = 1. When τ is increased to 10, there are 10 segmented sequences, each having
100 data points, where the network size of each sequence is N = 100. Clearly, the network sizes are systematically reduced
when increasing τ . In turn, the recommended strategy is to guarantee that each network from different τ has the same size,
which is often required to avoid sample size effects when comparing network measures. A simple solution in the case of
stationary processes could be the following: we generate a much longer time series of length L = N × τ . The ﬁrst N = 10 0 0
points are taken for a sampling delay τ = 1. According to the re-sampling algorithm, for any τ ≥ 2 we re-sample from L
time points in such a way that each re-sampled sequence has the same length of N = 10 0 0 points as τ = 1.
The results are summarized in the following:
(a) Estimated scaling parameter of exponential degree distributions (Figs. 5 and 6).
The estimates of the exponential scaling parameter λ show non-trivial dependencies on the behavior of ACFs. More
speciﬁcally, for positive values of ϕ 1 of AR(1) models, the convergence of λ to some constant values is signiﬁcantly
delayed when ϕ 1 is increased from 0.3 to 0.9 (shown in Fig. 5A and B (VG), D and E (HVG)). For negative ϕ 1 values,
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Fig. 6. Estimated scaling parameters λ versus re-sampling delay τ for AR(2) processes (error bars indicating the standard deviations obtained over 50
independent random realizations). (A, C) ϕ1 = 0.3 and ϕ2 = 0.3, and (B, D) ϕ1 = 0.9 and ϕ2 = −0.8. Results have been obtained from VG (A, B), and HVG
(C, D), respectively. The vertical dashed lines indicate the positions of τ 0.1 , where ACFs decay to 0.1.

Fig. 7. Network properties versus re-sampling time delay τ in AR(1) processes. Positively correlated increments (A-D) ϕ1 = 0.3, (E-H) ϕ1 = 0.9, and negatively correlated increments (I-L) ϕ1 = −0.5. (A, E, I) transitivity T , (B, F, J) clustering coeﬃcient C, (C, G, K) average shortest path length L, and (D, H, L)
assortativity R. y-axes on the left side of each panel are for VGs (− ◦ −), and results of HVGs (−−) are aligned to the right y-axes.

the convergence becomes faster if ϕ1 = −0.5 (Fig. 5C) than that of the case of −0.9 (Fig. 5D). Slow decays have also
been found in AR(2) models with positive values of both ϕ 1 and ϕ 2 (Fig. 6A and C). However, oscillations appear
when ϕ2 = −0.8 in the AR(2) process (Fig. 6B and D). Taken together, in the AR(2) process with negative parameter
ϕ 2 , a stable value of λ is often not expected if the re-sampling delay τ is small.
(b) Global measures: T , C, L, and R (Figs. 7 and 8).
All considered global network measures show similar variation patterns as the ACFs do themselves. For instance, the
effects due to increasing correlation lengths are clearly captured by all network measures, showing slower convergence to constant values when ϕ 1 is increased from 0.3 to 0.9 in the AR(1) model (cf. each panel of Fig. 7(A–D)
to (E–H)). When ϕ 1 < 0, the network measures display oscillatory behavior but quickly approach stable values if
ϕ1 = −0.5 (Fig. 7(I–L)). The corresponding results for AR(2) models with positive parameters ϕ 1 and ϕ 2 are shown
in Fig. 8(A–D). The damped oscillation patterns of AR(2) with negative ϕ 2 are well captured by all network measures
(Fig. 8(E–H)). Consistent results have been obtained for VGs and HVGs. Note that in Figs. 7 and 8, results for VGs are
aligned to the left y-axes, while the right y-axes are for the results of HVGs.
(c) Decorrelation time τ d as a proxy for τ max .
In general, the hypothetical monotonical convergence of all network measures with increasing re-sampling delay is
not found in AR processes. In nonlinear time series analysis, the decorrelation time τ d is often suggested for attractor
reconstruction from scalar time series [32]. Empirically, τ d is expressed as τ 1/e or τ 0.1 , i.e., the time lags after which
the estimated ACF has decayed to 1/e or 0.1, respectively, which often yield good estimates of the decorrelation time.
We ﬁnd that the decorrelation time τ d as an upper limit for the re-sampling delay commonly leads to a reliable
estimation of λ. More speciﬁcally, the variances σ λ of the estimated values of λ based on 50 independent random
realizations are signiﬁcantly smaller when τ 0.1 is used for the segmentation, in comparison to the case of τd = 1 in
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Fig. 8. Network properties versus re-sampling time delay τ in AR(2) processes. The correlation lengths are captured in (A-D) ϕ1 = ϕ2 = 0.3, and oscillation
patterns appear in (E-H) ϕ1 = 0.9, and ϕ2 = −0.8. (A, E) transitivity T , (B, F) clustering coeﬃcient C, (C, G) average shortest path length L, and (D, H)
assortativity R. y-axes on the left side of each panel are for VGs (− ◦ −), and results of HVGs (−−) are aligned to the right y-axes.

the original VG analysis (see error-bars in Figs. 5 and 6). Based on these observations, we conjecture that values of λ
converge to the case of white noise, i.e., uncorrelated stochastic processes, when τ > τmax = τd . Similar convergence
of global network measures to the values for white noise when τ > τ d is shown in Figs. 7 and 8.

5. Conclusions
In summary, we have performed a systematic (H)VG analysis for time series generated by auto-regressive (AR) processes.
We have found the approximate presence of exponential degree distributions (fully determined by a single exponential
scaling parameter λ) for AR models. Our results for AR(1) models with a positive parameter ϕ 1 are in favor of the hypothesis
that all λ > λc = ln 3/2 when the correlation length is increased in short-term correlated stochastic processes. In turn, we
have observed that a pronounced interval of negative ϕ 1 where λ < λc . This result suggests that the previously considered
critical value of ln (3/2) should not be interpreted as a general law of separating correlated stochastic from chaotic processes.
Further understanding of this ﬁnding requires both theoretical and numerical investigation.
We have furthermore checked the applicability of the re-sampling algorithm to AR processes. The properties of (H)VGs
show non-trivial dependence on the re-sampling delay τ . More speciﬁcally, network measures show (i) slow decays when
the correlation length is increased, and (ii) oscillations when the second coeﬃcient ϕ 2 of an AR(2) process becomes negative.
Furthermore, we have proposed the decorrelation time τ d as an educated choice of the maximal time delay τ max in the resampling algorithm. This shares the same spirit as the fact that the time delay τ is often used for time-delay embedding
when performing nonlinear time series analysis in phase space [32]. Our detailed comparison demonstrates that network
measures often converge to different values between the original VGs and HVGs, when increasing the time delay τ . Note
that the delay τ introduced in the re-sampling algorithm is different from the case where time-shifted series are used to
test irreversibility of non-stationary processes [16,33–35].
Although it has been shown that the HVG condition yields network edges that are a subset of the original visibility
criterion [18], the resulting networks’ structural properties might be quite different. Further network measures (e.g., betweenness) have not been further discussed here in the present work. It is worth pointing out that, to this end, proper
interpretations of the global network measures in terms of the dynamical properties of the underlying dynamical system
largely remain unclear.
Studying time series from complex network perspectives has attained considerable interest and has led to the development of a plethora of algorithms highlighting different aspects of the complex dynamics encoded in time series data. In
this work, we have focused on stationary processes, however, many real-world processes are non-stationary. For instance,
climate or hydrological data often show seasonal variations. Non-stationary behaviors can be expressed in terms of trends,
cycles, random walks, or combinations of them, especially when self-similarity is involved. One classical example is fractional Brownian motion (fBm), which has long-range temporal correlations as its deﬁning property [36]. It has been argued
that self-similarity properties of fBm can be successfully captured by VG analysis [18,21,22]. We note that ﬁtting a powerlaw to empirical data and assessing the accuracy of the scaling exponent γ is a complicated problem [26]. Concerning the
re-sampling algorithm on fBm, most likely one obtains only some properties that are speciﬁc for one realization of the process of a particular length. This is because the autocorrelation of fBm processes shows arbitrarily long time-scales due to
the self-similar nature of the process. In other words, all or almost all values are correlated with one another at very long
lags in time. This makes ﬁnding a suitable value of τ a challenging task, which has been demonstrated in detail in [37].
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