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* |n digital communications, hypotheses are the possible
messages and observations are the output of a channel

* Based on the observed values of the channel output, we
are interested in the best decision making rule in the sense
of minimizing the probability of error
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Detection theory

o Glven M possible hypotheses Hi (signal mi) with

probability

P,=P(m;) , i=1,2,....M

where Pi represents the priori knowledge concerning the
probability of the signal mi (priori probability)

® The observation i1s some collection of N real values

denoted by 7 = (r1,7r5,...,75) With conditional pdf
f(7m;) -- conditional pdf of observation 7’ given the signal m,

o Qur goal is to find the best decision-making rule in the
sense of minimizing the probability of error

my;

Message
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Detection theory

* |ngeneral, r can be regarded as a point in some
observation space
o Each hypothesis Hi Is associated with a decision region Di:

If 1 falls into Di, the decision is Hi

® Error occurs when a decision is in favor of another when
the signal ¢ falls outside the decision region Di

Decision Space M=4

Communications Engineering



Detection theory

o Consider a decision rule based on the computation of the
posterior probabilities defined as

P(m;|7) = P( signal m; was transmitted given 7 observed )
fori=1,.... M

o A posterior since the decision is made after (or given) the
observation

o Different from the a priori where some information about
the decision known before the observation

o By Bayes’ Rule: P(mi|m) = Piﬂ(g,?)

o Minimizing the probability of detection error given ris
equivalent to maximize the probability of correct dection

o Maximum a posterior (MAP) decision rule:

Choose m = my, if and only if
P f(Flmy) > P f(Flm;); for all @ # k

Communications Engineering



o Detection theory

° Ifp; =po = ... = pu, the signals are equiprobable,
finding the signal that maximizes P(m|7) Is equivalent to
finding the signal that maximizes f(v|my,)

o The conditional pdf f(7]m;) is usually called the
likelthood function. The decision criterion based on the
maixmum of f(7|my) is called the maximum likelihood
(ML) dectection

o ML decision rule:
Choose m =m,; if and only if

F(Fmyg) > f(Fm;); for all i # k
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) Optimal receiver structure

o Signal model

» Transmitter transmits a sequence of symbols or
messages from a set of M symbols7ity, M2, ..., M pr

with priori probabilities

p1 = P(my), p2 = P(m2), ppr = P(myy)

» The symbols are represented by finite energy
waveforms si(t),s2(t), ..., sa(t) defined in intervals [0, T]

» The signal Is assumed to be corrupted by additive

Channel

r(t) = s(t) + ny(t)

m t
{ [t&» Transmitter ﬁ-v @

n 1w
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Optimal receiver structure

o Signal space representation

» Signal space of {su1(t),s2(t),...,sm(t)} Is assumed to be of
dimension N (N<M)

> ¢1(t) for k=1,....N will denote the orthonormal basis
functions

» Then each transmitted signal waveform can be

represented as
N T

sm(D) = 3 s,pdn(t) Where s, = / s (£) i (£)dt

J0O
k=1
» Note that the noise nw(t) can be written as

N T
no(t) = no(®) + Y miy(t) where ny = [ nu (D) (0t
k=1 .

o v
Y
/ Projection of n,(t) on the N-dim space

orthogonal to the space, falls outside the signal
space spanned by {¢..(t),k = 1,... N}
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Optimal receiver structure

o Signal space representation
» The received signal can thus be represented as
r(t) = s(t) + nw(t)

N N
= Smk®k(t) + > npdp(t) + no(t)
k=1 k=1

N
= > rxdr(t) +no(t) where 7 = s,k + 1
k=1

J

y
Projection of r(t) on N-dim signal space

> In vector form, we have $2

F=5+n

Received signal point

Observation «— Noise vector

vector _
Message point

hal vector S;

> 91
¢3/
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Optimal receiver structure

e Recelver structure

» Signal demodulator: to convert the received wave form
r(t) into an N-dim vector 7= (r1,72,...,7N)

» Detector: to decide which of the M possible signal
waveforms was transmitted based on the observation
vector r
: receiver :

r(t): Signal T ' m
"I demodulator ” ,

» Two realizations of the signal demodulator: correlation
type and matched-filter type

Communications Engineering
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Matched filter

e Derivation

» The matched-filter (MF) is the optimal linear filter for

maximizing the output SNR.

» Input signal component s,
» Input noise componentz, () W|th PSDS (/)

h(t)

.\

H(f) y(t) = so(t) + no(t

Dy

» Output signal component

5. (1)

:_ZS!. (t—7)h(7)dr
:A(f)H(f)ef&”df

» Sample at t =t

Communications Engineering




) Matched filter

o Derivation
> At the sampling instance ¢ = t, , s, ()= A(f)H(f)e"™df
» Average power of the output noise Is
N=Ew (=2 [ H () o
» Output SNR

AN [ A (e |
SO Iy

@ Find H(f) that can maximize d

Communications Engineering
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'€Y) Matched filter

| '?PF%"’

o Derivation
» Schwarz’s inequality

[ JF@f ] Jof ax=|[" F (x)o(x)as|

equality holds when F(x)=CQ(x)

F (x)=A(f)e™
>Let{Q() 2 . then

(f)=H(f) E : signal energy
/
o 2 - ’ - 5 /
LA a(f e [0 e ok
B NO © 2 % Z\[0
L e ,
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Matched filter

° Derivation
» When the max output SNR 2E/No Is achieved, we have
H,( f)? A (f)er™ /hm ()= m,(f)e"df
(" g —jelt~1) g
b (1)= s, (t,—t) < LA (e dr
| =5, (1, 1)

» Transfer function: complex conjugate of the input
signal spectrum

» Impulse response: time-reversal and delayed version of
the Input signal s(t)

Communications Engineering 15



Matched filter

° Properties
» Choice of £, versus the causality

s, (1) s,(—1)
L1 = ]
0 T - ' 0 >
A hm(t:‘ /
Not implementable

¥§/////m t

f0<T

s.(1,—t) 0<t<1
q—to T'— hm(f):{ 0(0 ) .0

otherwise

« to > T > where 1, =T
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Matched filter

° Properties
» Equivalent form in correlator

» Let si(t) be within [0,T] Prmmmooneooey
| t: |
y(t)=x()*h, ()= x(0)*s,(T 1) x(0)] () -
) — MF |— .
=_[0 x(7)s; (T —t+7)dr !
» Observe at sampling time t=T H
W(T) = IOT x(7)s,(7)dr = J.Orx(z‘)si (¢)dt

Communications Engineering 17



Matched filter

° Properties
» Correlation function

(* 0

R, (z') =5 (I)S2 (Z‘ + r)dt = I:Sl (Z‘ - Z')S2 (t)dt =R, (-7)
> Auto-corre.lation function

R(r) - S(Z‘)S(t+ r)dt

o —00

Communications Engineering



Matched filter

° Properties
» MF output is the auto-correlation function of input

signal s, ()= s (t=u)h, (u)du =Iw s, (t—u)s; (1, —u)du

o —00 —0

> GO

=| s, (u)s[u+t-t,]du=R (t-1,)
> The peak value of s,(¢) happens

s, (%)= j_isf (u)du=E
> 5,(¢) 1ISsymmetric at ¢ =1,

A"(f):A(f)Hm(f)=‘A(f)‘ze—jmrg

Communications Engineering 19



Matched filter

° Properties
» MF output noise

» The statistical auto-correlation of no(t) depends on the
auto-correlation of si(t)

R, (v)=E{n,(t)n,(t+7)} = %EO h, (u)h, (u+7)du
= %j:;si (¢)s,(t—7)dt

» Average power

N (* 0O
E{nj (I)} =R, (0) = 70 s; (y)du Time domain

o =00

N, ¢= 2 N, ¢ 2 -
= %J_Q‘A(f) df = TOJ._JH,” (f)‘ df Frequency domain

:NOE
2
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Matched filter

o Example s(t)
» Consider a rectangular pulse s(t) A
Es = A°T
T
» The impulse response of a filter
matched to s(t) is also a h(t)|= s(T' —1)
rectangular pulse A
» The output of the matched filter so(7)
S h(t) x s(t) 0o T
So(t)

» The output SNR is

_ 2 (T _
(SNR), _Nojo s> (£)dt =

0

2A2T A2T J
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Matched filter

e Colored noise

» In case of colored noise, we need to preprocess the combined
signal and noise such that the non-white noise becomes white
noise- Whitening Process

x(t)=s,(t)+n(t) where n(1) is colored noise with PSD S, (f)

\ / xX'(¢t)=s'(t)+n'(¢)
J
x(1) ¥ (1) il

> H(f) —» H,())

Choose H,(f) so that n/(t) is white, i.e.
S, (f)=|H,(f) S, (f)=C

Communications Engineering 22



9 Matched filter

e Colored noise
> We choose

Hyi(f): ‘Hl(f)

Hy(f) should match with S (t) A(f)=H,(f)A(f)
Hy(f)= A" (1) = i (f) 4" (f)e ™"

» Therefore, the overall transfer function of the cascaded
system:

Communications Engineering 23



o \We have talked about matched filter
o Consider the optimal receiver structure again

' receiver

I —
()i | Signal r

-

l

demodulator

A J
O
D
—t
D
O
—
o]
-

» Two realizations of the signal demodulator: correlation
type and matched-filter type

Communications Engineering



) Updates on the receiver

o Correlation type demodulator

» The received signal r(t) Is passed through a parallel bank
of N cross correlators which basically compute the
projection of r(t) onto the N basis functions{¢,(¢),k = 1,... N}

¢1(t)
_.é@_. T Odt 1,

¢ (t) .
—.é@—. (T (Odt °,

o ?«
———(X)——| Jd Ot A

Communications Engineering 25
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) Updates on the receiver

o Matched filter type demodulator

» Alternatively, we may apply the received signal r(t) to a
bank of N matched filters and sample the output of
filters at t=T. The impulse responses of the filters are

hi(t) = ¢p (T —t), 0<t<T

Jor(r—p L,
62T — 1) 12

r(t)

—{on (T = T

Sarr:lple att=T

Communications Engineering
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Updates on the receiver

o For asignal transmitted over an AWGN channel, either a
correlation type demodulator or a matched filter type
demodulator produces the vector ¥ = (r1,r2,...,7x)

which contains all the necessary information in r(t)

° The next step Is to design a signal detector that makes a
decision of the transmitted signal in each signal interval
based on the observation of 7, such that the probability of
error i1s minimized (or correct probability is maximized)

e Decision rules:

MAP decision rule:

likelihood function f (#|m.)

choose m = m,if and only if

Py f(Flmy) > P;f(7lm;); for all i # k

Communications Engineering

ML decision rule

choose m = my if and only if

F(Fmyg) > f(7Fm;); for all i = k
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Likelthood function

o Distribution of the noise vector

> Since nw(t) Is a Gaussian random process, the noise
component of output n, = / nw(Der(Odt IS Gaussian r.v.

> Mean: ,
Blng) = | Blnu®]éy(dt =0 , k=1,...,N
» Correlation between nj and n«

Blnjma] = | [ mu(®0;@at- [ mu(ron(rar]

5[ [ nw(t)nw(ﬂqu(t)abk(r)dtdfr]
PSD of 14 ()is f ] Elnw(£)nw ()] ¢; (1) s (7)dtdr
Sn(f) = No/2 G T No

O 0 20t = Ty (DT dtdr

No _ [ =k
Coimair ={ 3=

Communications Engineering 28



Likelthood function

o Distribution of the noise vector

» Therefore, nj and nk (J#k) are uncorrelated Gaussian
r.v.s, and hence independent with zero mean and
variance No/2

> The joint pdf of i = (n1,...,nN)
Al 1

’,:]2

p(ny,...,nN) = Hp(nk-)—
k=1 f—

1
N
= (wNp)~ N/Qexp( D n%/No)

Communications Engineering
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Likelthood function

o Conditional probability
» If mgis transmitted, #= 3, +7 with ;= sp +ny
and Elrj|my] = si; + Elnj] = sy,

Transmitted signal values in each dimension
represent the mean values for each received signal

and Var[rjlmg] = Var[n;] = Ng/2
» Therefore, the conditional pdf of

et = B oo 22 207)
© T VTN No

= (7Np) N2 exp (—Zévzl (rj — Skj)Q)

No

Communications Engineering
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Likelthood function

* |Log-likelihood function
» To simplify the computation, we take the natural

logarithm of f(#]m) , which is a monotonic function.

Thus, N 1 N 2
In f(7me) = =2 In (7No) — —— >~ (1 — s;)
> Let
D2 ?? ,§' Z (Tg Sk,j)2 — ||!F’_ gk:||2

denote the Euclldean distance between 7+ and s} In the

N-dim signal space. It is also called the distance metric.

¢2h
r D?(7, 5)

—

Sk
63" 7

Communications Engineering

31



Likelthood function

o Optimal detector
» MAPrule: m=arg max f(#@my)POmy)

{mla'"smﬂ"f

=arg max _In[f(Flm;)P(my)]
{mq,...muy ]

S 2

=arg max ——||7 — 5| +'”Pk}
{mq,...mp} | No

—arg min {||’F—§k||2—N0mPk}
{m1,...mpy

» ML rule:
= rallli it wg sl

AL

in terms of Euclidean distance than to any others; fori# Kk

Minimum distance detection
(will discuss more in decision region)

ML detector chooses m = my, iff received vectors is closer tos;,

Communications Engineering
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Likelthood function

o Optimal receiver structure

» With the above expression, we can develop a receiver
structure using the followmg derlvatlon

—Z(r.v-J skJ)Q—I—NOInPk:—Zr Zsk3+2Zszkj+N0mPk
=1

=1 A==l
LD o2 YN
= —[I7l* = I8kl + 27 8 + No In Py

with

T
- 1I1° = /0 sz (t)dt = Ej, = signal energy

J T8 —f si(t)r(t)dt = correlation between the received signal
vector and the transmitted signal vector

- |I¥I* = common to all M decisions and hence can be ignored

Communications Engineering 33



Likelthood function

o Optimal receiver structure

» Hence, we have

m = arg

Mmax
miy,...,Mmpf

{F’ d

Ey,

N,
“Oinp,

2

}

» The diagram of MAP receiver can be (Method 1)

r(t)

@1(t)
:é »

1 L
I Odt |— —

a
p2(t) r, | COmpute | o |2
»QO——| Jo Odt |—| & — )

[ rjskhj [ ]
: j=1
. <k<
N(t) ) 1< k <M - aAr
N oM
o ~ / ap = A;O Inpg — —

Communications Engineering
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Likelthood function

o Optimal receiver structure
» The diagram of MAP receiver can also be (Method 2)

ai

s1(t)
é@ [ 0 50—

SQ(I‘;) a2
75 Comparator
» (X > fg ()dt —| (select the m

{

¥
=

r(t) . largest) |/
T sm(@®) 0
- S,
@5 o Oa | 89—-
o / No E},
' il i VDR T

This part can also be implemented "°0
using matched filters

E;, Ny
= ar max F-8, —— 4 —|
gml ,,,,, mpy {T Sk 2 + 2

» The structures are general and can be simplified in
certain cases.
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Likelthood function

o Optimal receiver structure

» Both receivers perform identically
» Choice depends on circumstances

» For instance, if N<M and {¢;(t)} are easier to generate
than {sx(t)} , then the choice Is obvious

» Consider for example the following signal set

A
+1

s1()

-

+1

1

2

s3(t)

Communications Engineering
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36



9 Likelihood function

o Optimal receiver structure
» Suppose that we use the following basis functions

b oo1(t) ‘ P2(t)

+1 +1

Lt -

1 2 1 2

-1 -1
s:(1)=1¢1(t)+1-92(t) 5:(1)=101(t)-1-02(t)
;) =-1¢1(t) 12(t)  s.(N=-161(t)-1¢2(t)

» Since the energy Is the same for all four signals, we can

drop the energy term, and hence , — Yo,
2

Communications Engineering 37



9 Likelihood function

o Optimal receiver structure
» Suppose that we use the following basis functions

b oo1(t) ‘ P2(t)

+1 +1

Lt -

1 2 1 2

-1 -1
s:(1)=1¢1(t)+1-92(t) 5:(1)=101(t)-1-02(t)
;) =-1¢1(t) 12(t)  s.(N=-161(t)-1¢2(t)

» Since the energy Is the same for all four signals, we can

drop the energy term, and hence , — Yo,
2
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Likelthood function

o Optimal receiver structure

» We have (Method 1)
N
70“‘1101
o1 (t P8
éjl() - Compute | "L(5
> > foT()dt - r1+ro No
- 5y O%Inpz Choose
_ » o the
r(t) o ' Largest
—r1+r No
#2(t) I RS
@é D Odr |22 T s
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Likelthood function

o Optimal receiver structure

» Method 2

s1(t)
:é »

r(t)

s4(t)

Communications Engineering

No
9
5 npi
7.3
T
Jo Qdt —
No
—1n
5 NP4
75y
Jg Oat _.é)_.

Chose
the
Largest
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Likelithood function

o Optimal receiver structure

» Exercise: In an additive white Gaussian noise channel
with a noise power-spectral density of NO/2, two
equiprobable messages are transmitted by

£ O0<t<sT
51(11):4 T o
\ 0 otherwise
(At
A—— O0<t<T
$,(1) = 1 T
0 otherwise

» Determine the optimal receiver structure.
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Decision regions

o Graphical interpretation

» Signal space can be divided into M disjoint decision
regions Ri, Rz, ..., Rw.

If #eR, = decide m, was transmitted

» Select the decision regions so that Pe Is minimized
» Recall that the optimal receiver sets m = m;, Iff
|7 — 5> — NoIn P, is minimized

» For simplicity, if one assumes px = 1/M for all k, then
the optimal receiver sets m = my, iff [7—s)° is
minimized

Communications Engineering
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Decision regions

o Graphical interpretation

» Geometrically, we take projection of r(t) in the signal
space (l.e., ). Then, decision is made in favor of signal
that Is the closest to + In the sense of minimum
Euclidean distance.

> Specifically, the observations with |17 - 5. < |7 5|2 for
all : = & should be assigned to decision region R«

» Consider for example the binary data transmission over
AWGN channel with PSD Sn(f)=N0/2 using
s1(t) = —s2(t) = VEG(t)

» Assume P(mi1) #P(mz). Determine the optimal receiver
and the optimal decision regions.
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Decision regions

o Graphical interpretation

» For the above example, the optimal decision making
Choose m,

|7 = 511> = NoIn P(m1) 5 ||7 - &2 — NoIn P(ms)
Choose m,

> Letd; = |7 — 51| and do = |7 - 32|
» Equivalently,

Choose m,
P(m
d:f —d% < Ngln (m1) Constant ¢
> 7 P(mp)
Choose m,

> Therefore

Ri:di—-d5<c and R, di—d3>c
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Decision regions

o Graphical interpretation

» Now consider the example with + on the decision

boundary
d=di + do 5 5 5
df — d5 = 2du — d© =
atl=led = e 4 N P(my)
2 — (d— )2 _¢c +d _|_ 0 mq
5= (d—p) K >d P(mg)
R, R, =d/2 ifP(m1) = P(my)
p pw{ >d/2 ifP(my) > P(mo)
) — (1) <d/2 ifP(m1) < P(m2)
o ; 2 >
S, | 0 | S
Td—n B

Communications Engineering
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Decision regions

o Graphical interpretation

» In general, boundaries of decision regions are
perpendicular bisectors of the lines joining the original

transmitted signals

» Example: three equiprobable 2-dim signals

b2 (1) 4

S
R‘1

Communications Engineering
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Decision regions

o Graphical interpretation

» Now consider for example the decision regions for
QPSK

» Assume all signals are equally likely and all 4 signals
could be written as the linear combination of two basis
functions

» Constellations of 4 signals
$2(t) R,

S1=(1 10)

s,=(0,1) Rs

53=(-1 !0)

s,=(0,-1)

Communications Engineering
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Decision regions

o Graphical interpretation

» EXxercise: Three equally probable messages mi, mz, and
ms are to be transmitted over an AWGN channel with
noise power-spectral density NO/2. The messages are

1 0<¢t< E
2
1 0<t<T
s, ()= S,(t)=—s,(t)=1-1 zgrgT
0 otherwise 2
0 otherwise

» What Is the dimensionality of the signal space?

» Find an appropriate basis for the signal space (Hint: you
donot need to perform Gram-Schmidt procedure.)

» Draw the signal constellation for this problem.
» Sketch the optimal decisions Rz, Rz, and Ra.

Communications Engineering
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Error probability analysis

o Probability of error
> Suppose my, is transmitted and 7 is received

» Correct decision is made when 7 € R;, with probability
P(C|my}.) = P(7¥ € Ri|m}. is sent)

» Averaging over all possible transmitted symbols, we
obtain the average probability of making correct
decision M

P(C) = Z P(7 € Ry|my, is sent)P(my,)
k=1

» Average probability of error

M
P. =1-P(C) = 1- ) P(7 € Ry|my, is sent)P(my)
k=1

Communications Engineering 49



Error probability analysis

* Probability of error
» Consider for example the binary data transmission

R, R,
] d _ _d  No, P(mq)
I\ 7 2O F= T 5 " B
D D >
S, | 0 I | S1
“d—u |
> Given ml is transmitted, then P(C|s1) = P(r € Ri]s1)
= P(s14+n>d)
» Sin n is Gaussian with variance NO/2 = P(n> —p)

P(Cls1) =1-Q (\/#/2)
0

Communications Engineering 50



Error probability analysis

o Probability of error
» Similarly, we have

P(Clss) = P(so+n < d) = P(n <d—u) = 1-Q ( d—r )

\/No/2

» Thus,
P(C) = P(my) {1 —Q {—\/N—""—/z] } + P(mo) {1 —@ {%H

where ¢ = 2\/_

Communications Engineering 51




9 Error probability analysis

o Probability of error

» Note that when P(m;) = P(ms)
d
o= vV E = 5

P Q{ﬁk@[ A | = QR
» This shows us that: \ /

1.

When optimal receiver is useth.Pe does not depend on the
specific waveform used
Pe depends only on théir geometrical representation in
signal space
In particular, P depends on signal waveforms only through
their energies (distance)

Communications Engineering
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Error probability analysis

o Graphical interpretation

» EXxercise: Three equally probable messages mi, mz, and
ms are to be transmitted over an AWGN channel with
noise power-spectral density NO/2. The messages are

1 0<¢t< E
2
1 0<t<T
s5,(1) = S,(t)=—s,(t)=1-1 ZSIiT
0 otherwise 2
0 otherwise

» Which of the three messages is more vulnerable to
errors and why? In other words, which of the probability
of error p(Error | m, transmitted) |S Iarger?
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Error probability analysis

o (General expression

> Average probability of symbol error
M
P. =1-P(C)=1-) P(7 € Ri|my is sent) P(my,)

k=1 _~ Likelihood function

————————————————

P(7¥ € Rp|m,. is sent) = / f(ﬂmk.)d?‘
/ ;,1, -----------------
N-dim integration _
» Thus, we can rewrite Pe in terms of likelthood functions,
assuming that svmbols are equally likely to be sent

pe_l—— z / £ (Fmy)di

» Multi-dimension mtegrals are quite difficult to evaluate.
To overcome the difficulty, we resort to the use of
bounds. Then, we can obtain a simple and yet useful
bound of Pe, called union bound.

> Since

Communications Engineering



Error probability analysis

o (General expression

> Let 4;; denote the event that # is closer to 8 than to Sk
In the signal space when my( 5,.) IS sent

» Conditional probability of symbol error when m;, Is sent
P(error|my) = P(F ¢ Ri|lmy) = P ( U Akj)
7k
» Note that

J7k

P ( 9 Akj) < % P(Akj)
Jj*:Flff
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Error probability analysis

o (General expression

» Consider for example
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Error probability analysis

o (General expression
» Define the pair-wise error probability as
P(8 — §;) = P(A;)
> It is equivalent to the probability of deciding in favor of s;

when s}, was sent in a simplified binary system that
Involves the use of two equally likely messages s, ands;

2.
> TN o (5= 2) = P(n > diy/2) =Q( ;—f%)

where di; = |5, — 55|/ 1s the Euclidean distance between
S, ands;
» Therefore the conditional error probability

M d2
P(error|m;) < Z Bls;, — Sj.) = Z Q 2N0
Y iy
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Error probability analysis

o (General expression

» Finally, with M equally likely messages, the average
probability of symbol error is upperbounded by

1 M
it ];: kG e __ The most general
=1 <— formulation of union
M =1 =1 2No
JFk

> Let dmin denote the minimum distance, i.e., dmin = n%ljn dy;
k% j

» Since Q-function is a monotone decreasing function
M a2 . d2..
ki | < (M -1 Q min
;Q(\z%)_( ) ( 2No)
j_
jFEk
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Error probability analysis

o (General expression
» Consequently, we may simplify the union bound as

d2. Simplified form of
min
Pe < (M-1)¢ ( 2N0) union bound

» Think about: What is the design criterion of a good
signal set?
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