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We present a methodology for studying steps at faceted chemically heterogeneous solid/liquid interfaces,
based on equilibrium molecular-dynamics simulations. The methodology is applied to a faceted Al(111)/
Pb(liquid) interface (750 K, ambient pressure), yielding a direct calculation of step free energy and
extensive atomic-scale characterization for the interfacial layer containing the step. We demonstrate the
power spectrum of the equilibrium step ﬂuctuations obeys the capillary wave theory, and the calculated
step free energy is consistent with experimental measurement [Acta Mater 2001; 49:4259]. The step
ﬂuctuations are identiﬁed to be governed by the attachment/detachment limited kinetics. Furthermore,
we characterize the step by calculating the in-plane proﬁles of density, concentration, potential energy,
pressure components and stresses. The fundamental properties of interface solid and interface liquid
extracted from the in-plane proﬁles show orders of magnitudes difference in comparing with those
predicted from the bulk Al-Pb alloy phase diagram. Several excess step properties are also determined
along with deﬁning a generalized Gibbs dividing surface.
© 2017 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction
Steps play important roles in crystal morphology [1] and many
interfacial processes, including surface roughening [2] and faceting
transitions [3], the collective ﬂuctuations among neighboring
vicinal steps [4], layer-by-layer growth process in solidiﬁcation
from of the melt [5,6], as well as VLS nanowire growth [7] and
homoepitaxial growth [8]. Thermodynamic and structural properties of the steps govern the nucleation rate and the island growth
during crystallization [9e12]. In addition, they determine the
magnitude of interfacial mass transport and the persistence probability of step ﬂuctuations, which are necessary to precisely control
nanostructure fabrication [13,14]. Understanding these onedimensional defects, in terms of their fundamental properties, is
crucial for developing theories of phase nucleation at interfaces.
A key property that governs all important processes mentioned
above is the step free energy gst. Using classical capillary wave
theory (CWT) for an atomically rough step [15e17], leads to a well-
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known relationship for the power-spectrum of (step) interfacial
ﬂuctuations [17],
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Here, b
x q is the Fourier amplitude of the step ﬂuctuation with
wave vector q. kB is Boltzmann constant, T is temperature, L is the
2
macroscopic step length and gst ¼ gst þ v g2st is the step stiffness

vq

(related to gst ) and q is an angle of the local step-edge normal
relative to the linear step normal direction. This relationship
forms the core of the capillary ﬂuctuation method (CFM) for the
step system and provides a route to the determination of gst .
Using high-resolution scanning tunneling microscopy (STM), or
other microscopy techniques, the wave vector dependence of the
step ﬂuctuation power spectrum can be directly measured to
extract gst . Such measurements have been typically accompanied
by a second experimental investigation of the equilibrium 2d
surface island shape to further resolve the angular dependence of
gst and back out the value of gst at certain points of the 2d island
perimeter [18,19]. This methodology has been successfully
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applied to the study of surface steps in Si [18] and various metals
[19e23]. Intensive experimental studies have inspired a number
of theoretical achievements [24e27] including a very recent
thermodynamic formalism of the temperature dependence of
surface step free energies by Freitas et al. [28]. Because of the
inherent difﬁculty in characterizing the properties of the steps
buried within solid/liquid interfaces, the fundamental understanding of the faceted solid/liquid interfacial steps remains less
advanced. There have been a few experimental and simulation
studies devoted to the investigations of gst at solid/liquid interfaces [29e32]; however, these studies provided only indirect
measures of gst . At present, the only direct measurement has
been achieved by employing molecular-dynamics (MD) simulation and CFM to determine gst of steps at high temperature
faceted Si(111)/SiAl(l) interfaces [33]. To the best of the authors'
knowledge, no direct calculation of gst has yet been published for
steps at the solid/liquid interface between two bulk phases that
exhibit nearly complete immiscibility - in other words, a chemically heterogeneous solid-liquid interface.
The present study is also motivated by a series of in situ
transmission-electron-microscopy (TEM) studies by Dahmen et al.
[29,34e37] of the equilibrium shape and Brownian motion of small
liquid Pb inclusions embedded in an Al crystal matrix. These studies
yield unique insights into the kinetic processes and thermodynamic properties governing the motion of inclusion facets (e.g., step
nucleation on Al(111)/Pb(l)). In addition, MD-based studies have
been applied to characterize the structural and thermodynamic
properties of planar Al(s)/Pb(l) interfaces [38,39]. These previous
investigations provide excellent background to undertake a more
detailed study of solid/liquid interface steps in this model chemically heterogeneous system.
The goal of this paper is the application of atomistic simulation
methods to investigate the atomic-scale structural and thermodynamic properties of interfacial steps. This work focuses primarily on
the interface liquid (IL), interface solid (IS) and the step lines, which
coexist within an interfacial monoatomic layer at the Al(111)/Pb(l)
interface, a representative faceted chemically heterogeneous solid/
liquid interface. The dynamical properties of step ﬂuctuations are
explored in greater detail than is possible through experimental
studies and we identify the collective disordering of small Al
clusters at step-edges as the primary kinetic source contributing to
mass transport. We perform a thorough analysis of various properties of the coexistence layer through the calculation of proﬁles for
density, concentration, potential energy, pressure components and
stress as functions of the distance normal to the step-edge. These
interfacial proﬁles provide a new level of understanding of the
novel thermodynamical and mechanical conditions for solid/liquid
interface step. The fundamental properties for IL and IS extracted
from the in-plane proﬁles are signiﬁcantly different from those
predicted from the bulk phase diagram [40]. In addition to the
proﬁles, we also apply the CFM method to the direct calculation of
gst for the solid/liquid interfacial steps at Al(111)/Pb(l) interface. In
addition to the step free energy, other step excess quantities (excess
energy, excess stress, and excess Pb absorption) are calculated from
the in-plane proﬁles. The methodology proposed here should be
applicable to interfacial layers engaged in interfacial prefreezing
transitions [41e43], and potentially extendable to the exploration
of multi-complexion equilibria and 1d phase boundaries, among
them at grain boundaries [44e50].
This work is organized as follows. In Sec.2 we review the
detailed methods and protocols used for preparing and performing
the MD simulations, as well as a description of the various calculation/analysis methods employed. The principal results are presented in Sec.3. Finally, in Sec.4 we summarize and conclude.

2. Methodology
All MD simulations are performed using LAMMPS [51] using a
time step of 2.0 fs. Constant NVT and NPT MD simulations use a
!-Hoover thermostat (with a temperature of 750 K) and a
Nose
thermostat relaxation time of 0.1 ps and, for NPT, an Anderson
barostat with a relaxation time of 1.0 ps and a pressure of 1 bar. The
forceﬁeld used to model the Al-Pb alloy system is the glue-type
many-body potential of Landa, et al. [40]. This potential has been
shown to describe the (111) Al/Pb solid/liquid interface well, with a
roughening transition temperature (Tr ¼ 826ð4Þ K) in excellent
agreement with the experimental value of 823 K [39]. Both TEM
experiments [29] and atomistic simulations [38,39], show the
chemically heterogeneous Al(111)/Pb(l) fcc solid/liquid interface to
be faceted between the melting point of Pb and the Tr with stable
interface steps present at orientations vicinal to (111).
To study the thermodynamics and dynamics of interfacial steps
in this system, we constructed, using MD techniques described in
Refs. [5] and [38], a series of well-equilibrated Al(111)/Pb(l) interfaces, each with a single step in the periodic simulation box. The
equilibrated interfaces were sampled using constant NVT MD for 25
million steps, recording 50,000 MD trajectories for the subsequent
analysis. Eleven systems were employed, labeled as system A … K,
to investigate possible ﬁnite size effects in our calculations, as listed
in Table 1. The two cross-sectional dimensions of the interface, Lx
and Ly , range from from 83 "
A and 46 "
A to 203 "
A and 277 "
A,
respectively. The thickness (in the z direction) of the Al crystal slab,
Ls , ranges from 28 "
A to 127 "
A. Also shown in Table 1 are the interfacial orientations and number of particles in each solid Al and
liquid Pb sample. Fig. 1 (a) shows a representative snapshot of an
equilibrated interface from one of the NVT simulations. For each
interface simulation, we divided the total NVT trajectory into ten
independent blocks for statistical averaging. Each simulaition
contains two independent solid/liquid interfacial steps giving a
total of twenty independent samples to determine statistical
uncertainty.
The interfacial monoatomic layer containing the step and both
solid and liquid terraces were extracted using information from the
ﬁne-scaled density proﬁle across each Al(111)/Pb(l) interface
studied. In Fig. 1 (b), which shows the Al and Pb density proﬁles for
system C, the Pb and Al density peaks at the interface overlap,
corresponding to the Al step and the adjacent liquid terrace within
the monoatomic layer. For each recorded MD conﬁguration as
shown in Fig. 1 (a), all Al and Pb particles located between the
neighboring density minima of the interfacial Al and Pb peaks were
deﬁned to form the interfacial layer. The positions of the density
minima, z%i and z%f , are shown as dashed lines. Fig. 1 (c) shows a
snapshot of the extracted interfacial monoatomic layer. To

Table 1
Interfacial orientations, cross-sectional dimensions, crystal slab thickness and
number of solid and liquid atoms in each of the interfacial systems studied.
ID

Orientation

Lx (Å)

Ly (Å)

Ls (Å)

Ns

Nl

A
B
C
D
E
F
G
H
I
J
K

(29,28,29)
(17,16,17)
(29,28,29)
(41,40,41)
(29,28,29)
(29,28,29)
(29,28,29)
(29,28,29)
(17,16,17)
(17,16,17)
(17,16,17)

143
83
143
203
143
143
143
143
83
83
83

46
80
80
80
104
127
196
277
80
80
80

70
70
70
70
70
70
70
70
28
56
127

27272
27716
47725
67679
61361
74997
115904
163632
11692
22692
50111

14611
14865
25541
36227
32844
40171
62017
89267
14865
14865
14865

331

H. Liang et al. / Acta Materialia 143 (2018) 329e337

Table 2
Thermodynamic parameters extracted from an equilibrium Al(111)/Pb(l) interface with a single step (system D), under 750 K and 1 bar. Superscript “s” and “l” stand for (bulk or
s and X l are the coexistence mutual-miscibilities; r and r are the particle number density and the potential energy density; p ,p
interface) solid and liquid. Bulk phases: XPb
11 22
e
Al
~s , X
~l , r
and p33 are the pressure components. IS and IL: X
re , p~11 , p~22 and p~33 . Interface excesses: t, eAl and GAl
Pb
Al ~, ~
Pb are the interfacial excesses of stress, energy and number of Pb
Al
~ . Error bars in parentheses represent 95% conﬁdence intervals on the last digit(s) shown.
atoms. Step excesses: ~
t, ~eAl and G
Pb

s
XPb

l
XAl

rs

rl

%

%

nm& 3

nm& 3

0

0.12 (1)

58.654 (3)

30.986 (3)

& 3.0624 (3)

& 0.9309 (2)

0.007 (9)

0.002 (13)

0.001 (7)

0.001 (9)

0.524 (3)

0.89 (1)

~s
X
Pb

r~s

~
rl

~
rse $10& 10

~
rle $10& 10

~s11;22
p

~ l11;22
p

~ s33
p

~ l33
p

~
t

~
eAl

%

~l
X
Al
%

nm& 3

nm& 3

2.0 (4)

20 (4)

55 (1)

36 (3)

rse $10& 10

rle $0& 10

ps11;22

& 1.20 (10)

pl33

(J,m& 2 )

(J,m& 2 )

(kbar)
& 8.32 (8)

distinguish IS from IL and to locate the positions of the steps at the
faceted solid/liquid interface, we employed a structural order
parameter [52] to classify all particles within the extracted layer as
either solid or liquid. The extracted layer was subdivided into m
discrete strips of width l ¼ 1.444 "
A along the direction parallel to

the step (y axis). We then deﬁned the instantaneous step position
(x) for each strip based on the order parameter distribution. The
instantaneous coarse-grained step shape was then deﬁned by xðyi Þ,
with yi ¼ ði & 0:5Þl; i ¼ 1 ' m. More details, about the interface
construction, as well as the protocol for locating the interfacial layer
and the step, can be found in Section S1 of the Supplemental
Information [53].
Knowledge of the time evolution of the step position function
xðyÞ can be used to directly calculate the relaxation times for step
ﬂuctuations, the step stiffness, as well as to provide an assessment
of the validity of classical CWT in the solid/liquid interfacial step
system. In addition, the extractions of the interfacial monoatomic
layers enable us to carry out a high quality and reliable statistical

& 7.13 (5)

& 9.14 (16)

eAl

t

(kbar)

ðJ,m& 3 Þ
& 2.68 (3)

ps33

pl11;22

ðJ$m& 3 Þ

& 1.77 (10)

0.09 (2)

1.2 (5)

GAl
Pb
"
A& 2
& 0.0173 (3)
Al

~
G
Pb

"
A& 2
& 0.025 (8)

characterization of various structural and thermodynamic properties of the IL and IS, and the step boundary between them. We have
calculated from the trajectories a number of interfacial proﬁles to
show the change in speciﬁc properties as a function of x% . These
calculations consist of both ﬁne-scale and coarse-scaled proﬁles, in
which, the ﬁne-scale proﬁles were determined by binning the
simulation box in x% and averaging the quantity of interest within
each bin, and the coarse-scaled proﬁles were determined from the
ﬁne-scale proﬁles using a ﬁnite-impulse-response (FIR) smoothing
algorithm [54]. In addition, two sets of fundamental parameters
describing IL and IS properties and a few step excess quantities
were determined, based on the coarse-scaled proﬁles described
above. The details for these measurements are as follows:
a) Step ﬂuctuation spectrum, step stiffness and step free energy: Using the time evolution of xðyi Þ from simulation output,
autocorrelation functions of the step ﬂuctuation amplitudes
were calculated as [1,55],

D
E
Cq ðtÞ ¼ An b
x q ðtÞbx & q ð0Þ ;

(2)

where An is the normalizing constant. The calculated Cq ðtÞ were
ﬁtted to expð& t=tq Þ to measure the relaxation times tq for different
wave vectors q. tq ðtÞ should scale as 1=q2 if the step ﬂuctuation

rate-limiting mechanism is attachment/detachment, 1=q3 if the
diffusion of the atoms on the terrace are rate-limiting, or 1=q4 for
diffusion along the step-edge [1]. We also calculated the timeaveraged power spectrum of the capillary ﬂuctuations from
which the interfacial stiffness, gst , was determine using Eq. (1) from
" "2
a weighted least-squares linear regression of a log-log plot of h"b
xq " i

Fig. 1. (a) Snapshot of Al(111)/Pb(l) interface with single ½101) step (a portion of system
C). The viewpoint deﬁned by the direction perpendicular to the page is ½101) (or y). The
vicinal normal is [29,28,29] (or z), x% and z% axes are deﬁned as ½121) and [111] directions, perpendicular to the step. Pb particles are shown as dark grey spheres and
have larger size, while light grey smaller spheres represent Al particles. (b) Fine-scaled
Al (light grey) and Pb (dark grey) density proﬁles [38] for the Al(111)/Pb(l) interface.
Zero point (z% axis) in corresponding to the Gibbs Dividing Surface, chosen as the
interfacial excess of Al atoms equals to zero. Dashed lines show the locations of the
interfacial layer. (c) Plan view of an extracted interfacial layer.

versus q. As will be presented below, the ﬂuctuation spectra of the
Al(111)/Pb(l) interfacial steps at 750 K are well predicted by Eq. (1),
indicating that CFM is applicable to the calculation of the step
stiffness for chemically heterogeneous faceted solid/liquid interfaces. In addition, we have carried out independent long-time
MD simulations of 2d islands within Al(111)/Pb(l) interfaces and
characterized the equilibrium 2d island shape with sufﬁcient statistical quality [53]. To estimate gst we used a relationship,
gst ¼ gst Rm km , proposed by Giesen et al. [19], based on the fact that
2d island in equilibrium has a constant chemical potential related
to gst and the local curvature at any point on its perimeter. The
subscript ‘m’ indicates the point of minimum curvature on the
perimeter, R and k are the radius and curvature at that point.
b) Density proﬁles: The in-plane mean Al and Pb density proﬁles,
r~Al ðx% Þ and ~rPb ðx% Þ, were calculated by binning the interfacial
monoatomic layer in the x% direction using a bin size of
Dx% ¼ 0:05 "
A. The density proﬁle was then calculated from the
binned data
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~
rk ðx% Þ ¼

D

Nxk%

E

Ly Dx% dz%

(3)

;

where Nxk% is the number of particles of type k (k ¼ Al, Pb) between
x% & Dx% =2 and x% þ Dx% =2 at time t, 〈…〉 denotes for the timeaverage. dz% is the thickness of the interfacial layer (deﬁned as the
distance between the minima of the density peaks at the interface
in Fig. 1). The x% coordinates used in this proﬁle and the subsequent
proﬁles listed below were measured relative the generalized Gibbs
dividing surface deﬁned below.
c) Concentration proﬁles: The coarse-scaled density proﬁles were
used to determine the in-plane concentration proﬁles, as
follows

~ ðx% Þ ¼
X
k

~
rk ðx% Þ
:
%
~
rAl ðx Þ þ ~rPb ðx% Þ

(4)

d) Potential energy proﬁles: The in-plane potential energy proﬁles were calculated by averaging the potential energy for atom
k type hUxk% i in discrete bins and dividing by the volume of the
bins,

%

~
re;k ðx Þ ¼

D E
Uxk%

Ly Dx% dz%

(5)

:

e) Pressure proﬁles: For the particles located between
and
the ﬁne-scaled pressure tensors (components) were calculated
as the sum of the ideal gas pressure and the excess pressure
determined based on the virial theorem, in each discrete bins.
The in-plane pressure components proﬁles were calculated as,
z%i

%

~mn ðx Þ ¼
p

D P
1 Nx%
3

j¼1

E DP
E
Nx%
Mj vjm vjn þ
r f
j¼1 jm jn
;
Ly Dx% dz%

z%f ,

(6)

m and n are taken from the set of cartesian directions {x% , y and z% }
(hereafter referred as {1, 2 and 3} for simplicity). The summations
run over jth atom of the Nx% atoms in the discrete bin with a volume
Ly Dx% dz% . M is mass. v, r and f are the velocity, position and force
vector of atom j, respectively.
f) Interfacial stress proﬁle: The interface stress S is deﬁned as the
difference between two pressure components normal and parallel to the Al(111)/Pb(l) interface. Here, we concentrated on
interface layer, as deﬁned above, calculated as a function of x% ,
rather than of z% , as is the usual case:

~33 ðx% Þ &
Sðx% Þ ¼ p

approximately one-third of the coarse-scaled bins in the middle
of IS and IL. Other properties calculated in this study include
~ l and X
~ s ; average potential energy per
mutual miscibilities, X
Al
Pb
~
unit
volume,
rle
and
r~se ; pressure components,
~s11 ; p
~l11 ; p
~s22 ; p
~l22 ; p
~s33 ; p
~l33 . The full set of these calculated propp
erties of interest for IL and IS were used to compare with those
for the bulk phases of Al-Pb alloy, determined from a set of
coarse-scaled interfacial proﬁles [53].

1
~ ðx% Þ þ p
~22 ðx% Þ):
½p
2 11

(7)

i) Excess step properties: Generally, excess interfacial properties
can be deﬁned for an interfacial system by ﬁrst deﬁning a socalled Gibbs Dividing Surface (GDS), which is an imaginary
surface exactly partitioning the interfacial system into volume
regions corresponding to the two phases separated by the
interface. In this view, the interfacial excess of a particular
extensive property is obtained by calculating the value of the
property for the full interfacial system minus the value of the
property calculated as if the partitioned volumes take on their
representative bulk values up to the dividing surface. This difference is then divided by the interfacial area to give the interfacial excess. For the interfacial plane, in which two “semi-2d
phases” (IL and IS) coexist and form a semi-1d defect (step), we
follow Frolov and Mishin [46], and introduce a GDS to separate
IL and IS “phases”. This surface, which is normal to the Al(111)/
Pb(l) interface and parallel to the step, is set at a position ðx%GDS Þ
such that the step excess number of Al particles is equal to zero
[38], that is,

~ ¼
G
Al

~
N
Al
~lAl Llx% & r
~sAl Lsx% ¼ 0
& r
Lx% dz%

(9)

~ is mean total number of particles of Al in the interfacial
where N
Al

layer, ~
rsAl and ~rlAl are the volume densities of Al for IS and IL,

respectively, Llx% and Lsx% are the x% -direction lengths of IL and IS
deﬁned by the dividing plane and Lx% is the sum of the two lengths.
~ for
Once the GDS is set, the step excess of the extensive quantity Y,
the in-plane IL-IS coexistence is deﬁned as:

~excess ¼
y

~
Y
~l Llx% & y
~s Lsx%
& y
Lx% dz%

(10)

~ in the IL
~l and y
~s are the volume densities of the quantities Y
where y
and IS, respectively. Three step excesses were calculated, the excess
energy, ~
eAl , the excess stress, ~
t, and the excess number of Pb atoms,
Al

~ . The superscript “Al” denotes that these quantities are calcuG
Pb

lated using a dividing plane where the excess number of Al atoms is
zero. The calculated step excesses were compared with the corresponding Al(111)/Pb(l) interfacial excesses (t, eAl , GAl
Pb ), at the same
temperature.
3. Results and discussion
3.1. In-plane step geometries and ﬂuctuation kinetics

g) Lateral stress proﬁle for the steps: We deﬁne the in-plane step
lateral stress ~
S as the difference between the pressure components normal and parallel to the interfacial step:

~
~11 ðx% Þ & p
~22 ðx% Þ:
Sðx% Þ ¼ p

(8)

h) Fundamental parameters for IS and IL: The volume densities
~s and r
~l were extracted from the inof the IS and IL, labeled as r
plane total (Al and Pb) density proﬁle by averaging over

After 50 ns of Npz AT MD simulation, the Al(111)/Pb(l) interfaces
reach equilibrium in both structure and concentration. Fig. 2 (a)-(c)
show a series of snapshots of the interfacial monoatomic layer
shown in Fig. 1 (b) separated by 1.0 ps. The atoms are color coded
based on the values of the order parameter, jðiÞ: blue for IS and
green for IL. A few vacancies and Pb impurities (interstitial) are
found in IS. In the IL side, Al appears in the form of single atoms or
small clusters, uniformly dissolved in IL to form a binary solution.
The step positions xðyi Þ, determined from discretized strips, are

H. Liang et al. / Acta Materialia 143 (2018) 329e337

Fig. 2. Snapshots of Al(111)/Pb(l) interfacial layers representing IL-IS coexistence.
T ¼ 750 K. Al and Pb particles are represented with smaller and larger circular discs,
and are color coded based on the order-parameter value: blue for IS and green for IL.
The calculated step positions xðyi Þ are plotted as red solid lines. Frames (a), (b) and (c)
show successive trajectories with a 1ps time interval, whereas, d) captures a conﬁguration in which a large Al cluster loses crystalline order. An animation of the step
ﬂuctuation can be found in the Supplemental Material [53]. (For interpretation of the
references to colour in this ﬁgure legend, the reader is referred to the web version of
this article.)
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Fig. 3. (a) The relaxation times tq , determined by ﬁtting the amplitude autocorrelation
functions Cq ðtÞ to expð& t=tq Þ are shown as a function of the wave vector q, system D. A
1=q2 scaling represents attachment/detachment limited step ﬂuctuation kinetics is
shown as the solid line. (b) Log-log plot of the power spectra of equilibrium ﬂuctuations (scaled with Ly ) for steps at the Al(111)/Pb(l) interfaces (four selected systems
plotted), T ¼ 750 K. The solid line indicates the theoretical slope of & 2.

represented by a thick solid line, which could well separate IL from
IS. Its rugged shape indicates the step is rough, without evident
kinks or noticeable overhangs along the step-edge.
By examining the successive time evolution of the step-edges,
we ﬁnd two distinct modes of mass transport. i) Many small clusters of Al particles in the same vicinity, randomly lose their crystalline order and transform back to the crystalline phase. Such
frequent processes (picosecond timescale) are associated with AlPb inter-diffusion and inter-mixing at step-edges. For example,
Fig. 2 (d) captures an Al cluster consisting of about 30 noncrystalline particles, elongating the step. ii) Sometimes the small clusters
are detaching away from the step-edge into the IL, and sometimes
rejoining the solid terrace.
To distinguish the limiting kinetics that governing the step
ﬂuctuations, we have calculated the autocorrelation functions [53]
of the step ﬂuctuation amplitudes Cq ðtÞ and measured the relaxation times tq as a function of the wave vector q, for system D.
Within the q range as shown in Fig. 3 (a), tq ðqÞ ﬁts well to a power
law ð' 1=qnk Þ with the ﬁtted exponent nk ¼ 2:1ð1Þ, consistent with
that expected for a attachment/detachment limited kinetics
ð' 1=q2 Þ. The ﬂuctuation mode with smallest q has longest relaxation time (' 700ps) that limit the statistics for its sampling in the
MD simulations.

wavelength modes. If one were to extend the simulations substantially longer, these data should also agree with the 1=q2 trend.
At larger q, the power spectrum shows sub-1=q2 behavior, corresponding to length scales where the continuum description of CWT
breaks down. The threshold value (' 0.5 "
A& 1 ) where the deviation

3.2. Step stiffness, free energy

limiting ð1=Ly ¼ 0Þ value of 65(13) * 10& 10 mJ=m for gst. Fitting the
entire data set in Fig. 4 (c) using quadratic and cubic weighted least
squares regression gives nearly identical values of 64(11)
* 10& 10 mJ=m and 67(10) * 10& 10 mJ=m, respectively. These ﬁts are
shown as lines in Fig. 4 (c). The raw data and the ﬁtting functions
shown in Fig. 4 are given in the Supplemental Information [53].
The equilibrium shapes of 2d islands within Al(111)/Pb(l) interfaces were calculated from independent MD simulations [53]. As
shown in Fig. 5, they are found to be perfectly matching circles.
Within statistical uncertainties, the radii along the island perimeter

Fig. 3 (b) shows the power spectrum of the equilibrium step
ﬂuctuations on a log-log scale, where the amplitudes of the ﬂuc" "2
tuation spectra h"b
x q " i are scaled by the step lengths, Ly . The scaling
line with the slope of & 2 predicted by Eq. (1), is observed to hold for
q over a wide range ðq ¼ 2p=Ly < q < ' 0:5 "
A& 1 Þ for all Al(111)/Pb(l)
l

interfaces studied. There are observed leveling off at lower wave
vectors is most likely due to the extremely long equilibration and
sampling time (comparing 50 ns) associated with these long-

occurs is well below the upper wave vector limit qm (wavelength on
the order of the molecular diameter) and is dependent upon the
details of the calculation of the step-edge position xðyi Þ. In determining gst , we performed weighted least-squares ﬁts of
" "2
x q " iÞ versus lnðqÞ, using the data for values of q ranging
lnðLy h"b

A& 1 .
between ql and 0.5 "
To assess ﬁnite size effects, we have calculated gst for a variety of
different values of Lx , Ly and Ls . The data show that gst is constant
(within statistical error) over the values of Lx and Ls examined,
leading us to conclude that the system sizes in these two directions
are outside the ﬁnite size scaling regime, given our resolution - see
Fig. 4 (a) and (b). There is, however, a weak, but signiﬁcant
dependence on Ly - see Fig. 4 (c), which is likely due to changes in
conﬁgurational entropy associated with step ﬂuctuations as functions of step length [56]. To determine the inﬁnite size limit, we
approach this data in two ways. One way would be to assume that
gst is an analytic function of 1=Ly and expand about 1=Ly ¼ 0 in a
Taylor Series. To test this, we ﬁrst ﬁt the ﬁrst 4 points in Fig. 4 (c)
using linear weighted least squares regression in 1=Ly . This gives a
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understanding the limiting facet nucleation size during the equilibrium shape changes in faceted crystal particles or cavities. The
experimental value of the Al(111)/Pb(l) interfacial free energy gsl is
419 mJ=m2 (623 K [58], slightly above the melting point of Pb), and
the liquid/liquid interfacial free energy gll is 126 mJ=m2 at 922.4 K
near melting point of Al [59], no data for gsl is available at 750 K.
However, according to free energies quoted above, we estimate that
gp is approximately an order of magnitude smaller than gsl .
3.3. Atomistic characterization of the in-plane IL-IS coexistence
Now we turn to detailed in-plane structural characterizations
for the interfacial monoatomic layer. All the proﬁles shown below
are calculated from a representative system using a bin size of
0:05 "
A and averaging over 50000 snapshots. The position of the

Fig. 4. (a) gst as a function of 1/Lx , at ﬁxed Ly and Ls (system B, C, D). (b) gst as a
function of 1/Ls , at ﬁxed Lx and Ly (system B, I-K). (c) gst as a function of 1/Ly , at ﬁxed Lx
and Ls (system A, C, E-H). Lines represent the weighted least-squares ﬁts to linear,
quadratic and cubic functions.

GDS corresponds to zero point of the horizontal axis, x% > 0 for IS
and x% < 0 for IL.
A closeup of the ﬁne-scaled variation of the densities (~
rAl and
~
rPb ) is shown in Fig. 6 (a). The plots show the variations in the
densities for each component species and the rapid oscillations in
IS correspond to the spatial periodicities of the surface crystalline Al
atoms. Similarly, the relatively uniform proﬁle corresponds to IL
(Pb). The Al density (gray line) oscillations dampen gradually toward the IL as the step is traversed along the x% axis. This decay
spans over a length scale of roughly 13e15 surface lattice spacings
and transforms into a corrugated ﬂat proﬁle with density value
slightly above zero in the IL. This length scale is in contrast to the
case of a rough type heterogeneous solid/liquid interface
[38,41,42,60], in which the solid density decays over a length scale
of only 5e6 lattice spacings and terminates at the liquid surface.
The relatively large decay length shown in the plot can be attributed to the noticeable capillary waves along the step-edges and the
low values of gst . The weak residual density peaks in the ﬁrst
interfacial liquid layer have been reported as the modulation by the
underlying Al crystal structure [38]. The corrugated Al density
peaks in IL, consistent with the Al crystal lattice, can be attributed

Fig. 5. (a) Density contour map and the coarse-grained outline for the 2d liquid island
in Al(111)/Pb(l) interface at 750 K. The shape outline is represented with white discs.
The solid line is ﬁtted to a circle. Scale bar 1 nm. (b) Radius along the island perimeter
Rp as a function of angular directions qp , error bars represent 95% conﬁdence intervals
estimated from statistical average.

are identical, so that Rm km z1:0, thus gst zgst . This implies that the
free energy of the Al(111)/Pb(l) interfacial steps is isotropic at 750 K.
In a TEM experimental study on the equilibrium shape of liquid
Pb inclusions within Al matrix by Gabrisch et al. [29], a step free
energy at 350 + C (623 K) was estimated to be
gst ¼ 190 * 10& 10 mJ=m. This step free energy decreased with
increasing temperature linearly up to the roughening transition
temperature at 550 + C (823 K), at which point the step free energy
vanishes. A linear interpolation of the experimental data to 750 K
produces an estimated value for gst of 69 * 10& 10 mJ=m, which is in
excellent agreement with the macroscopic value of gst predicted
from our calculations. Dividing gst by the (111) inter-planar distance d
¼ 2.35878 "
A, we obtain the perimeter free energy
½111)

gp ¼ 27(5) mJ=m2 , a quantity that has the same units as the

interfacial free energies. Mullins and Rohrer [57] suggested that the
interfacial free energy to perimeter free energy ratio is valuable for

Fig. 6. In-plane ﬁne-scaled density (a), coarse-scaled concentration (b) and potential
energy (c) proﬁles across the IL-IS coexistence line within Al(111)/Pb(l) interface
(system D). The lines in dark and light gray represent properties for Pb and Al,
respectively. The zero point of x% corresponding to the GDS is chosen so that the step
excess of Al atoms equals to zero.

335

H. Liang et al. / Acta Materialia 143 (2018) 329e337

~11 and p
~22 . From IL to IS, the
both values are different from those of p
pressure components all decay over the same length scale of about
~ ðx% Þ shows a more
40 "
A into states under lower pressures, the p
33

remarkable decrease in comparison with the other two components. The proﬁles in Fig. 7 (a) demonstrate the IL-IS coexistence,
within an equilibrium faceted heterogeneous solid/liquid interface,
is under non-hydrodynamic environment and possesses signiﬁcant
anisotropy and heterogeneity among the pressure components.
The stress proﬁle Sðz% Þ measures the difference between the
longitudinal and transverse average pressures across the solid/
liquid interface. Fig. 7 (b) monitors the in-plane 2d distribution of S
for the interfacial layer ðz%i < z% < z%f Þ. The values of S for both IL and

IS are far from 0 kbar. From IL to IS, S decays from 5.4 kbar
to & 0.82 kbar in the similar fashion as the in-plane density/concentration proﬁles. The change in the sign of S, laterally, is unexpected, because only a few studies uncovered the longitudinal
stress variation coupling with sign changes at solid/liquid interfaces [38,41,42,54,61]. The positive sign in the region x% < & 20 "
A

Fig. 7. In-plane coarse-scaled pressure components (a), interfacial stress (b) and step
lateral stress (c) proﬁles across the IL-IS coexistence line within Al(111)/Pb(l) interface
(system D). The zero point of x*, corresponding to the GDS, is chosen such that the step
excess of Al atoms equals to zero.

to the competition between the kinetic trapping of Al atoms at
binding sites provided by the substrate crystalline plane and their
disordering diffusion driven by the surrounding liquid Pb atoms.
The Pb density (black line) does not contain any remarkable density
oscillations compared with heterogeneous solid/liquid interfaces,
in which liquid in contact with the solid surfaces can exhibit layer
ordering in terms of signiﬁcant density peaks [38,41,42,60]. This
difference may due to the capillary wave ﬂuctuations broadening
the IL-IS transition region and washing out the intrinsic structure.
Complementing the information provided by the oscillatory
ﬁne-scaled density proﬁles are the coarse-scaled concentration and
potential-energy proﬁles plotted in Fig. 6 (b) and (c). The proﬁles
ﬂatten out far away from the GDS and correspond to the “bulk”
parts of the IL and IS. The calculated equilibrium solubility of Pb in
~ l ¼ 0.02(4) and X
~ l ¼ 0.2(4), listed in Table 2,
IS and Al in IL are X
Pb
Al
showing a large increase of two orders of magnitude compared
l and X l for bulk phases of Al-Pb
with corresponding values of XPb
Al
alloy. More fundamental parameters extracted from the coarsescaled in-plane density and potential energy proﬁles are also listed in Table 2 -these show only small differences from their bulk
values.
As expected, the calculated pressure components in bulk solid

and bulk liquid, psmn and plmn , are all equal to ambient pressure
within the statistical uncertainty (see in Table 2), indicating that the
two bulk phases are in mechanical equilibrium [53]. However, the
in-plane pressure components for the interfacial layer (z%i < z% < z%f ),
which are plotted in panel (a) of Fig. 7, represent an entirely different
mechanical picture. All three in-plane pressure components proﬁles show signiﬁcant negative pressure, with absolute values at
least three orders of magnitude larger than the ambient pressure of
the bulk phases. The proﬁles exhibit nonuniform features across
the IL-IS coexistence line, different from the pressure proﬁles across
~11 and p
~22 components listed in
the solid/liquid interfaces. The p
Table 2 share the same values (within statistical uncertainties) of
around & 8.3 kbar and & 7.1 kbar for IS and IL, respectively. However,
~33 for IS and IL are about & 9.1 kbar and & 1.8 kbar,
the values of p

suggesting that IL is under lateral tension, whereas the opposing IS
is under lateral compression (negative stress). The overall magnitude and sign of the interfacial stress for the entire interfacial
monolayer with the step is a hybrid result, a nearly linear combination of tensive or compressive states in the coexisting IL and IS,
based upon the allocation of the two “semi-2d phases”. For
example, system B has a greater proportion of IL than system D,
leading to, S ¼ 4.5 kbar for the interfacial monoatomic layer of B is
larger than S ¼ 3.0 kbar for D.
The in-plane step lateral stress ~
S proﬁle is plotted in Fig. 7 (c). For
a properly equilibrated solid/liquid interface, the stress in the 3d
bulk solid and bulk liquid is zero due to the hydrostatic balance
condition. The proﬁle shows zero ~
S in both IL and IS and a single
positive peak, lies on the position of about 12 "
A to the right of the
GDS. The positive sign in ~
S suggesting that IS near step is in a state

of lateral stretching. At this position, the frequent attachment/
detachment of small Al clusters along the step-edge occurs, which
could be responsible for stretching the step and giving rise to the
semi-1d tensile state along the step-edge.
The calculated interfacial and step excess stresses (for system D),
t and t~ in Table 2, are 0.524(3) and 0.09(2) J,m& 2 , respectively. The
positive signs originate primarily from the tensile states of the bulk
(or interface) solid Al adjacent to GDS of the interface (or step). The
~, similar to the
magnitude of t is about six times larger than t
magnitude difference between the interfacial free energy and the
perimeter free energy above. We found the value of t depends on
the number of the steps rather than the system sizes. For an
equilibrium Al(111)/Pb(l) interface without steps, we obtained a
value of t ¼ 0.515(4) J,m& 2 , slightly lower than values of t for
currently studied interfacial systems with one single step. System B
has much smaller Lx yet a greater proportion of IL than system D,
however, t for system B (0.523(3) J,m& 2 ) is identical to that for
system D. Unfortunately, there has been no fundamental theory
that could accurately predict interfacial or step stresses even on a
qualitatively level.
In contrast to the excess stresses, both excess energies and
excess number of Pb atoms, as listed in Table 2, for the solid/liquid
interface and the IL-IS coexistence step share the same sign and the
similar magnitude. In principle, we could use the calculated step
excesses and the value of gst at 750 K, and extend the Gibbs-Cahn
integration formalism for surface steps [28] to current case of
solid/liquid interfacial steps, to determine the step free energies
over the entire temperature range from the freezing point of Pb up
to the roughening transition temperature. In practice, however,
such calculations of the step free energies would be extremely
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challenging due to the large computational effort required to
calculate excess properties at the many temperature grid points
required for the integration and due to the difﬁculties in accurately
calculating the chemical potential difference between the Al and Pb
species, which would require additional semi-grand canonical
Monte Carlo simulations.
4. Summary
We presented a methodology for the calculation of structural
and thermodynamic properties for steps at faceted chemically
heterogeneous solid/liquid interfaces. The methodology makes use
of equilibrium molecular-dynamics (MD) simulations, calculates
the step free energy, and characterizes the in-plane distribution
proﬁles of various fundamental parameters for the IL-IS coexistence
with the interfacial layer. This methodology was applied to the
faceted Al(111)/Pb(l) interface at 750 K.
We demonstrated that the instantaneous structure of the step is
rough, and the power spectra of the equilibrium step ﬂuctuations
obey classical CWT remarkably well. The attachment/detachment
of clusters of Al atoms via collective disordering or drifting motions
were identiﬁed in the mass transport during the step ﬂuctuation. In
addition, we have measured ﬂuctuation relaxation times as functions of wave vector and found they are consistent with 1=q2
scaling, corresponding to step ﬂuctuation kinetics limited by
attachment/detachment processes along the step-edges. We
examined the equilibrium shape of the 2d island within Al(111)/
Pb(l) interfaces with adequate statistics and proved that the step
free energy gst is isotropic. The ﬁnite-size scaling of gst (or gst ) with
respect to system sizes, i.e., Lx , Ly and Ls , were discussed in detail. A
weak size dependence of the data on Ly was noticed. We extracted
the limiting values of the gst (or gst ) in the limit of the inﬁnite step
length, yielding excellent agreement with the experimental result.
The two sets of fundamental parameters for IL and IS, extracted
from the in-plane proﬁles, were found to be dramatically different
from each other. Several parameters (such as mutual-miscibilities)
in both sets show orders of magnitude difference compared with
bulk phases. More interestingly, our analysis demonstrated that IL
and IS are coexist under negative local pressures. Also demonstrated is the in-plane coexistence of the tensile and compressive
state within the faceted solid/liquid interfaces. In addition, three
excess step properties were calculated based on deﬁning a generalized Gibbs dividing surface. Various properties calculated for the
IL-IS coexistence are essential to the development of a detailed
thermodynamic theory for faceted (heterogeneous) solid/liquid
interfaces.
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SECTION S1. SUPPORTING INFORMATION OF MD SIMULATION DETAILS

A. Solid sample with single stepped vicinal surface

Lx

θc

Ls

(a)

Ly

(b)

Fig. S 1. (a) Construction of a fcc crystal block with vicinal surface containing a single step. The
side view of such block construction, together with its periodic images (lighter color), provide a
simulation model of a vicuna surface which its plane indices (11 10 11). ✓c refers to the angle
between [111] and [11 10 11]. Two of the surfaces (top and bottom) created are normal to z
axis. (b) In-plane view of an atomic layer in the bulk part of the crystal, which is labeled by the
parallel dashed lines in panel (a). To produce a perfect match to the fcc lattice across the periodic
boundaries, the value of Lx needs to be strictly obeying Eq.S1.

The technique of constructing vicinal interfaces in the current study was introduced by
Buta et al.[1] in the study of interfacial kinetics of crystallization of silicon. This technique
has advantages in that it reduce the system sizes without breaking the periodic boundary
condition. Theoretically, steps on fcc (111) surface could exit along two main directions,
[101̄] or [1̄21̄].
2

We use periodic boundary condition in a direction along the step, i.e. [101̄] direction for
y axis in the simulation box. Similarly, the treatment on the creation of the simulation box
on x axis also requires careful considerations.
Besides the periodic boundary condition in y, one could easily create a periodic crystal block with (111) plane normal to z axis of the simulation box, with two parallel surface
steps on the solid terrace along x axis. As discussed in Ref.2, the two steps also have slightly
di↵erent structures. Unfortunately, the simulations based on this type of construction may
present a non-negligible step-step interaction that is harmful to the measurement of

st ,

especially for the step systems with very large capillary fluctuations. We have found that
the intensity and frequency of the step fluctuation are much larger than those in the vicinal
surface systems with single step because the dissolved Al atoms at step-edges di↵use across
the liquid regime, the smaller the step-step distance is, the more e↵ective step-step interactions show up. We found for the largest system size we could reasonably perform in this
study, Lx = 200Å, the step-step interaction is still evident under this type of construction.
To solve this problem, we adopt a vicinal surface construction in which we create a single
step on one surface within a periodic box. The distance between two steps is Lx , nearly twice
as large as the step-step distance in the previous construction, with an identical number of
atoms. To achieve this under periodic boundary condition along x, we must rotate the crystal
by ✓c around [101̄], clockwise or anti-clockwise and simultaneously apply a well defined Lx
so that the stacking sequence within the simulation box is commensurate with its periodic
images. The length Ls along z is constrained to trim crystal surface and produce a single
step on the vicinal surface.
In this study, we rotate the crystal anti-clockwise around [101̄], the crystal orientation
along z axis is changed from [111] to [hkl]. Note that, for a rotation around [101̄], the indices
p
h and l are equal, and ✓c = arccos[(h + k + l)/ 3(h2 + k 2 + l2 )]. The periodic boundary

condition along x for vicinal surface construction requires constraints that (i) periodic length
in x, L2x = d2[111] +

2
[1̄21̄]

and (ii) tan ✓c = d[111] /

between fcc (111) planes,

[1̄21̄]

=m

p

6
a
2 Al

+

p

[1̄21̄] ,

6
a
6 Al

in which, d[111] =

p

3
a
3 Al

is the distance

corresponds to the projection of Lx on

[1̄21̄], m is an integer relating to the number of unit cells of the constructed system box.
3

Finally, the simplified form of the constraints is given by k = m = h
r
3 2
Lx = aAl
h
2h + 1,
2

1, l = h and
(S1)

this periodic length gives a single step on the vicinal surface (hkh). Fig.S1 illustrates such
construction in detail.
B. Construction of the equilibrium solid/liquid interface
The complete process can be described as follows:
i) Samples of solid Al were prepared by trimming a bulk Al ideal fcc crystal lattice at
750K to form simulation boxes with dimensions Lx ⇥ Ly ⇥ Ls . The lattice constant of Al
aAl = 4.08553Å. The box dimensions Lx and Ly were chosen strictly to ensure that the
trimmed solid Al satisfies the periodic boundary conditions, while the choice of Ls validate
two vicinal interfaces (upper and lower) with a single step with its boundary alongs [101̄] or
y axis in the simulation box. Our choice of the interface orientations (vicinal norms), box
dimensions, and the number of Al atoms are listed in Table.I in the main text.
ii) Separate samples of liquid were created with all cross-sectional xy dimensions matching
the crystal box. The dimension in z, Ll , had the value of 70Å, which is large enough to
avoid short-range forces (arises from density waves in the liquid) between two solid/liquid
interface. Here we employed the equilibrium liquid density (⇢l = 0.0309716Å 3 , recorded
in the supporting material of the Ref.3) and solubility predicted from the phase diagram,
XAl = 0.0016,[4] under temperature at 750K and the pressure at 1 bar.
iii) The initial interface configurations were assembled by conjoining the solid Al and liquid Pb samples at their common cross-sections and applying periodic boundary conditions
to the conglomerate. Initial separation distances between the crystal and the liquid samples were chosen to correspond with the minimum energy separation distance in the Al-Pb
interaction energy.
iv) The solid/liquid systems were equilibrated using constant area, constant normal pressure (pz =1 bar), constant temperature MD simulations (N pz AT ) for a long enough equilibration time of 50 ns, to make sure IL-IS coexistence at solid/liquid interface reaching
structural and compositional equilibrium.
v) Finally, fixed volume N V T simulations were carried out, starting from the final configuration of the N pz AT simulations, with Lz matches the average number from the N pz AT
4

simulations. The linear momentum for the solid was set to zero to avoid center of mass
motion.
C. Locating interfacial layer and an animation of the extracted monolayer
In the determination of the interfacial monoatomic layer as described in the methodology
section and Fig.1 in the main text, one might note that the two peaks in the density profile
do not overlap perfectly, which may be due to the size mismatch between the two elements.
Current criterion of using the Al and Pb peak regime separately could avoid over-counting
Al adatoms on top of the Al steps, or miscounting Pb interstitial in the Al steps.
Mov.S1 shows the same interfacial layer with IL-IS coexistence as presented in the Fig.2 of
the the main text. The complete movie includes 350 frames covering a 0.7ns MD simulation,
with time interval 2ps between neighboring frames. As in Fig.2 of the main text, the Al
and Pb atoms are represented with circular plates and colored with the values of the orderparameter.
Our illustration indicates that the MD simulation is serving as a powerful tool aiding
the experimental observation. The advanced TEM technique enables direct observations of
the IL-IS coexistence at some types of solid/liquid interface;[5] however, these observations
are usually limited in the side view aspect as presented in Fig.1 (a) in the main text, and
achieving a in situ plan view of the interfacial layer is still challenging.
D. Step positions
The following procedure is to quantitatively distinguish the interface crystalline phase from
IL, in this process, We calculate the 2d structural order parameter[6] for each atom within
the extracted interfacial layer,
2

Z2d X
1 X
(i) =
exp(iqfcc · rj ) ,
6Z2d j=1 q

(S2)

fcc

where Z2d is the number of atom j in the first neighbor shell surrounding atom i, within
the monoatomic interfacial layer. This order parameter uses six reciprocal lattice vectors
corresponding to the 6 lateral nearest neighbor directions in the fcc lattice. exp(iqfcc ·rfcc ) = 1
if the atom is in the perfect fcc Al lattice at 750K. If atom i is in liquid phase then
5

(i) is

very close to 0. Both Al and Pb atoms were investigated, for those atoms close to the box
boundary, its neighbor should counted in the neighbor periodic box image.
In order to determine the positions of the step-edges, the whole interfacial layer was
coarse-grained into m strips along the step direction ([101̄]). The number of strips depend
on the system size, m = Ly / ,

= 1.44445Å. Note that strips may go across the periodic

boundary, which should be pay special attention to. In each strip, the best estimates of the
step position is defined through a hyperbolic tangent function fitting of the order parameter
⇤

profile across the step, (c1 + c2 tanh( x c4 c3 )). Due to the small transverse size of the strip
and the number of liquid phase atoms, nearly 30 percent of the initially attempted fittings
fail and result in the step positions (⇠) in those strips being undefined. A solution to
circumvent this problem is to carry out two additional passes over the failed fittings. In the
⇤

first pass, a hyperbolic tangent function (c1 + c2 tanh( x W c3 )) was employed to fit the order
parameter profile in all the failure cases again, W is a constant equals to the average of all
c4 values successfully obtained in the initially attempted fittings, under an assumption that
the structural order profiles in all strips have similar width. In the second pass, the values of
⇠ at the remaining strips are interpolated from those values of their nearest neighbor strips.

6

Tab. S I. The step sti↵ness (free energy) measured from the capillary fluctuation spectra. Results
obtained from MD simulation of the in-plane capillary fluctuations of a single step within the
faceted Al(111)/Pb(l) interface at 750K and 1 bar. Data for eleven di↵erent system sizes are
summarized. Error bars in parentheses represent 95% confidence intervals on the last digit(s).
ID
st

A
= ¯st (10

10 mJ/m)

B

C

D

E

F

G

H

I

J

K

75(13) 86(8) 83(10) 72(12) 87(8) 69(7) 79(6) 79(8) 74(9) 72(10) 86(9)

SECTION S2. SUPPORTING INFORMATION OF STEP FLUCTUATIONS AND
STEP FREE ENERGY CALCULATION

A. Supporting data: Al(111)/Pb(l) interfacial step free energy
The calculated data of

st

(or ¯st ) are listed in the Table.SI.

The fitting functions employed in Fig.4 (c) in the main text are listed as follows:
¯st (1/Ly ) = 65 + 1865 ⇥ (1/Ly ),

linear

¯st (1/Ly ) = 64 + 2813 ⇥ (1/Ly )

105640 ⇥ (1/Ly )2 ,

¯st (1/Ly ) = 67 + 1757 ⇥ (1/Ly )

2954650 ⇥ (1/Ly )3 ,

quadratic
cubic

B. Amplitude autocorrelation function
Representative plots of Cq (t) for six selected fluctuation wave vectors in system D, are
shown in Fig.S2. From these results, we measure the relaxation times ⌧q for each fluctuation
mode, which are presented in Fig.3(a) in the main text.
C. Equilibrium island shape at Al(111)/Pb(l) interface
A non-negligible anisotropy in the step free energy is quite normal and sometimes the
degree of the anisotropy can reach a very large value, e.g., STM measurement of the
of equilibrium shape of vacancy island on (111) Pt surface reported a degree of 15% in
the anisotropy.[2] For the current study, there is no information yet available about the
7
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Fig. S 2. Step fluctuation amplitude autocorrelation functions for six wavevectors of system D.
Calculations use time-dependent Fourier amplitudes of steps positions and Eq.2 in the main text.

anisotropy of

st

for the steps in Al(111)/Pb(l) interfaces. Therefore, we carry out an in-

dependent island shape study to check the anisotropy and calculate the step free energy,
using the minimum curvature analysis proposed by Giesen et al.[7] The study is designed
for demonstrating the equilibrium shape of an solid island on liquid terrace, or an liquid
island on solid terrace, within the solid/liquid interface. To avoid possible kinetic barriers
preventing the island shape from reaching its equilibrium, two kinds of initial configurations
of the liquid island on solid terrace are chosen, hexagonal (shown in Fig.S3) and circular
shape (see in Fig.S4). The radius of the circular terrace or the circumradius of the hexagonal
terrace are both equal to 30Å.
A sample of bulk fcc Al with sizes 120Å⇥120Å⇥80Å was prepared with the crystallographic orientations of the fcc sample arranged as [101̄], [1̄21̄], and [111], corresponding to
the x, y and z axes, respectively. Starting from the center of the xy plane, based on the
circular or hexagonal shapes, a portion of Al atoms in both the terminal layers of the solid
8
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Fig. S 3. (a) Schematic diagram of the interfacial 2d island system, a hexagonal liquid Pb island
in solid Al terrace as the initial configuration. T =750K, pz =1 bar. (b) Density contour map
(averaged over 1,260,000 configurations, two interfaces and 6 replica runs) and the coarse-grained
outline for the 2d liquid island in Al(111)/Pb(l) interface at 750K. The shape outline is represented
with white discs. Solid line is fitted to a circle. Scale bar 1nm. Color-scale of the plot for the area
density is restricted to a range between 0 and 0.13Å

2

. (c) Radius along the island perimeter Rp

as a function of angular directions ✓p , error bars represent 95% confidence intervals estimated from
statistical average.

sample are removed to make a solid terrace. We conjoin a sample of liquid Pb which has
the same size as the solid sample together with the solid sample to form two solid/liquid
interfaces under periodic boundary conditions. The equilibrium state of the solid/liquid
interfaces, both in structural and compositional equilibration, are obtained with the same
technique described in Ref.8. In the final equilibrium state, 6 replica N V T MD simulations
last for 210ns each, with time-step of 2fs, and totally record 1,260,000 MD trajectories for
the following analysis.
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Fig. S 4. (a) Schematic diagram of the interfacial 2d island system, a circular liquid Pb island
in solid Al terrace as the initial configuration. T =750K, pz =1 bar. (b) Density contour map
(averaged over 1,260,000 configurations, two interfaces and 6 replica runs) and the coarse-grained
outline for the 2d liquid island in Al(111)/Pb(l) interface at 750K. The shape outline is represented
with white discs. Solid line is fitted to a circle. Scale bar 1nm. Color-scale of the plot for the area
density is restricted to a range between 0 and 0.13Å

2

. (c) Radius along the island perimeter Rp

as a function of angular directions ✓p , error bars represent 95% confidence intervals estimated from
statistical average.

To extract the plan-view of the island-terrace configurations, the interfacial layer was
determined from the mean density profiles as described in the main text. The Fig.S5 presents
snapshot of a typical instantaneous in-plane liquid island-solid terrace coexistence in the
interfacial layer. The atoms are color coded based on the order parameter defined above.
It is shown that the instantaneous shapes of the island are complicated and deviate from
a perfect circular geometry with a rough step structure. However, no clear “overhangs” at
the boundaries are found in current simulations.
10

Fig. S 5. A snapshot of the interfacial island (plan view). The Al and Pb atoms are represented
with the same size symbols and colored based on the order-parameter values same as Fig.2 in the
main text. Rough type step structure without clear “overhangs” at the step-edges is shown.

We employ analysis on the average two-dimensional density map, h⇢xy (r)i, to produce a
precise equilibrium island shape. The average includes liquid phase particles found in the
interfacial monoatomic layer, which is partitioned into a 200⇥200 xy grid. Note that, the 2d
island was found to drift randomly during the equilibrium MD simulation time. In order to
avoid misestimation of the equilibrium shape generated by this island drift (plotted in the
panel (a) of Fig.S6 showing the time evolution of center of mass (COM) of the island), we
have alined the COM of liquid Pb atoms in the calculation of the h⇢xy (r)i. The time-averaged
particle density is calculated in each grid, by averaging over 10,000 configurations. The entire
720,000 configurations give 72 sub-averaged 2d density maps. Three representative subaveraged density contour maps are shown in Fig.S6. The panel (b) in Fig.S3 and in Fig.S4
as shown the contour plots of the h⇢xy (r)i for the average over all 720,000 configurations.
In order to quantitatively measure the shape of the equilibrium island, the island shape
11

(a)
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Fig. S 6. (a) Trajectories of island COM 2d motion in the Al(111)/Pb(l) interfacial layer, recorded
over the same time period of 210ns, each step is 500ps. The time variable is labeled with a
rainbow color scale. 750K. (b)(c)(d) show three selected sub-averaged density contour maps and
the coarse-grained outlines for the islands. Scale bars are 1nm.

is outlined by defining the step-edge positions at the equimolar dividing surfaces. From the
COM of the island, the sub-averaged density contour map is coarse-grained into sectors,
each along a radial line in a direction ✓p . In each sector, the density distribution is treating
as a profile along such radial direction, and we employ a hyperbolic tangent function to fit
such radial order-parameter density profile and calculate the equimolar dividing surface.[9]
The procedure is repeated for 360 equally distributed angular directions ✓p , the outline of
the sub-averaged island shape and the radius along the outline (Rp ) as a function of ✓ are
measured. The three sub-average outlines (with open circles) plotted in Fig.S6 indicate that
fluctuation of the island shape is significant, but the full time-averaged island shape outlines
appear to be almost perfectly circular and are well fitted with circular functions, as shown
in Panel (c) of Fig.S3 and Fig.S4. Alternatively, within statistical uncertainties, the radii
12

along the island perimeter are identical. These statistically meaningful results lead us to
conclude that

st

is isotropic and

st

= ¯st for the solid/liquid interfacial step systems in the

current study.
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SECTION S3.

SUPPORTING INFORMATION OF THE IN-PLANE CHARAC-

TERIZATION

A. In-plane structure of IS and IL at Al(111)/Pb(l)
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Fig. S 7. Two-dimensional RDF of IS and IL Al(111)/Pb(l) interface, T =750K. Solid lines in
panel (a) and (b) represent results of IS and IL, respectively. These are compared with the
two-dimensional RDF calculated for bulk solid (BS) Al and bulk liquid (BL) Pb at the same
temperature, represented with dashed lines.

Structural analyses are carried out to characterized the in-plane structural ordering in
IS and IL. In all analysis, we choose the “bulk” part of IS and IL as the regimes that are
20Å away from the instantaneous step-edge positions ⇠(yi ), and the calculation average over
50000 configurations and two interfaces. The in-plane structural ordering is examined by
the two-dimensional radial distribution function (RDF) g2d (r) for particle-particle pairs. For
comparison, we have also carried out two-dimensional RDF analysis for the bulk solid and
bulk liquid at 750K, using the layer width z ⇤ same as the interfacial layer. Fig.S7 shows
14

l and X̃ s . Error bars in parentheses represent 95% confidence intervals on the last
Tab. S II. X̃Al
Pb

digit(s) shown. Data for eight di↵erent system sizes at 750K are summarized.
ID

A

B

C

D

E

F

G

H

l (%)
X̃Al

22(5)

19(1)

19(2)

20(4)

20(2)

20(2)

20(1)

21(5)

s (%)
X̃Pb

1.8(2)

1.4(1)

1.6(2)

2.0(4)

1.6(2)

1.9(2)

1.8(2)

1.5(3)

the calculated two-dimensional RDF for the interface liquid Pb and bulk liquid Pb phases.
In the g2d (r) of IS and IL, the peaks are commensurate with those of their respective bulk
liquid phases. There are small di↵erences in terms of the amplitude and width of the g2d (r)
peaks, which could due to the increment of the Al-Pb intermixing.
l
s
B. Supporting data: X̃Al
and X̃Pb
l
l
Table.SII lists X̃Pb
and X̃Al
calculated from eight system sizes in current study, within the

statistical uncertainties, the data are nearly identical, indicating the abnormal increase of
the miscibility (comparing with the bulk phase) in IS and IL is robust, independent of the
simulation dimensions.
C. Coarse-scaled interfacial profiles for 750K Al(111)/Pb(l)
The coarse-scaled Al(111)/Pb(l) interfacial density, concentration, potential energy, pressure components profiles are calculated following the method described in Ref.8, for the system size D. In Fig.S8 we plot these profiles as functions of the distance to the Gibbs dividing
surface, defined as the interfacial excess of Al atoms is equal to zero. Bulk phases thermodynamic parameters listed in Table.II in the main text are extracted from bulk region of these
profiles. For example, the pressure profiles across the equilibrium Al(111)/Pb(l) interface,
are found to be uniformly distributed in both bulk phases, with ps = pl =1 bar (under
ambient conditions), and with only exhibiting variations in the vicinity of the interface. The
stress in the 3d bulk solid and bulk liquid is zero due to the hydrostatic balance condition
and the two bulk phases are in mechanical equilibrium.
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Fig. S 8. Coarse-scaled density (a), coarse-scaled concentration (b), coarse-scaled potential energy
(c) and pressure components (d) profiles across the Al(111)/Pb(l) interface (system size D). The
lines in dark and light gray in (a)(b)(c) represent properties for Pb and Al. respectively. Di↵erent
line types stand for the three pressure components in (d). Zero point (z ⇤ axis) in corresponding to
the Gibbs Dividing Surface, chosen as the interfacial excess of Al atoms equals to zero.
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