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ABSTRACT

Laser light with spectral purity and frequency stability is pursued in precision spectroscopy and precision measurements. We
propose a scheme to generate millihertz-linewidth laser light with a frequency instability of 10218 via optical four-wave mixing in
alkaline-earth atoms. We show that the linewidth of the mixing laser light is ultimately limited by the natural linewidth of the
atomic transition rather than by the linewidth of the input lasers. The frequency stability of the mixing laser light depends largely
on the intensity stability of the input lasers. It is possible to generate a millihertz-linewidth laser light with a frequency instability
of 10218 and a power of 10212 W when the input lasers with a relative intensity instability of 1024 and a spectral width of 1Hz inter-
act with strontium (Sr) atoms with a density of 1� 1011 cm23.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5082660

Profiting from long coherence time and low phase noise,
lasers with high frequency stability and narrow linewidth are
central to many applications, such as gravitational wave
detection, optical atomic clock, low phase-noise microwave
generation, optical frequency synthesizer, and quantum
computation.1–6 Most of the state-of-the-art ultra-stable
lasers have been realized by stabilizing their frequencies to
the resonance of stable optical reference cavities.7–9 Thermal
noise of the optical reference cavities is the ultimate limita-
tion on the frequency stability of cavity-stabilized lasers.10

Strength has been exerted to reduce the cavity thermal noise
by increasing the cavity length,8,11–14 reducing the tempera-
ture of cavities,9,15 or using low mechanical loss materials for
mirror substrates and coating.16 By combining some of those
methods, laser frequency instability at an averaging time of 1
s has been pushed from 10215 to 10217, and the laser linewidth
improved from 1Hz to 10 mHz.9

However, the pursuit of generation of laser light with even
better frequency stability has never stopped. Taking optical
atomic clocks as an example, when the frequency instability of a
narrow-linewidth laser as a local oscillator is reduced from 10215

to 10216, the frequency instability of an optical clock is improved
from 10215/�s to 10216/�s (s is the averaging time),11–13 enabling
10218 frequency precision in an averaging time of less than one
day. Further improvement on ultra-stable lasers will speed up the
measurement time using optical atomic clocks and will open up
new applications in sub-mm very long baseline interferometry,17

atom interferometry,18 deep space navigation,19 and geodesy.20,21

Alternative ways have been investigated in parallel to cir-
cumvent the cavity thermal noise. The phase-matching effect of
the non-adiabatic interaction of two quasi-monochromatic
fields with Sr atoms provides a possible way to realize a differ-
ence-frequency-generation-based laser with an expected line-
width of 2 mHz.22 One another approach is to stabilize the laser
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frequency to a narrow-linewidth atomic transition such as the
clock transitions of alkaline-earth atoms used for optical atomic
clocks, which provides a high-resolution laser frequency dis-
crimination signal.23,24 Meanwhile, cavity-enhanced spectros-
copy is employed to compensate the weak interaction with
those transitions. In the method of active optical clocks,
narrow-linewidth laser light can be directly generated in a bad
cavity or superradiant regime,25–27 where the frequency of the
emitted laser light is mainly set by the narrow spectral transition
of gain medium rather than the cavity length. A laser frequency
instability of 6.7� 10216 at 1 s was recently demonstrated.27

In this letter, we propose a scheme for the generation of
millihertz-linewidth laser light with high frequency stability based
on four-wave mixing (FWM) in atoms with an ultra-narrow-line-
width transition, e.g., the clock transitions of alkaline-earth
atoms. Due to energy conservation, the frequency of the mixing
laser is set by the sum of the frequencies of the input lasers.
However, the generation efficiency of FWM is determined by the
narrow-linewidth atomic system, serving as a filter to let the
mixing laser with a narrow spectrum pass through. Any fre-
quency fluctuation on the input lasers is converted into ampli-
tude fluctuation on the mixing light. The spectral purity of the
mixing laser or the filter bandwidth of the atomic system can be
adjusted by varying the intensity and the frequency detuning of
the input lasers. It can ultimately approach the natural linewidth
of the extremely weak dipole transition of alkaline-earth atoms
at the millihertz level, even if the linewidth of the input lasers is
at the hertz level. The frequency stability of the mixing laser is
found to be sensitive to the intensity stability of the input lasers.
With 1024 relative intensity instability and 1Hz spectral width of
input lasers, taking Sr atoms with a density of 1� 1011 cm23 as an
example, the mixing laser light is expected to have a linewidth of
4 mHz, a frequency instability of 10218, and a power of 10212 W,
which is sufficient to phase-lock a slave laser with high power to
inherit the phase coherence of the mixing laser.28

The proposed scheme consists of a four-level atomic system
interacting with three coherent laser fields Ej with angular fre-
quencies of xj (j¼ 1, 2, 3). To reduce the phase excursion of the
input lasers, their frequencies can be stabilized to an optical fre-
quency comb,which is phase-locked to a cavity-stabilized laser,29,30

as shown in Fig. 1(a). The laser fields of E1, E2, and E3 couple the
transitions between j1i $ j2i, j2i $ j3i, and j3i $ j4i, respectively.
The related energy levels are shown in Fig. 1(b). The generated laser
field, referred to as the mixing field Em, satisfies the momentum
conservation relation km ¼ k1 þ k2 � k3 and the energy conserva-
tion relation xm ¼ x1 þ x2 � x3 (kj is the wave vector and xm is
the angular frequency of the mixing field). Here, we consider an
ensemble of N atoms confined in optical lattice sites, where the
Doppler broadening and the recoil effect can be neglected. The
wavelength of the lattice laser is set to the magic wavelength to
cancel out the Stark shift between the energy levels of j4i and j1i.
Three input laser fields propagate along the optical lattice light.

Driven by the laser fields, the evolution of atomic coher-
ence can be described by the following density matrix equation:

d
dt

r tð Þ ¼ � i
�h

H; r tð Þ½ � þ L r tð Þ½ �; (1)

where r tð Þ is the time-dependent atomic density matrix. The
Hamiltonian under the rotating-wave approximation is given by

H ¼ �h

0 �X�1
�X1 �D2

0 �X�m
�X�2 0

0 �X2

�Xm 0
�D3 �X3

�X�3 �D4

0
BBB@

1
CCCA; (2)

where Xj j ¼ 1; 2; 3;mð Þ ¼ }klEj=�h is the Rabi frequency of the
relevant atomic transition in a given laser field Ej, }kl [the sub-
scripts k; l ¼ 1� 4 refer to the four energy levels illustrated in
Fig. 1(b) k 6¼ l] is the dipole matrix element between the relevant
states, D2 ¼ x1 � x21, D3 ¼ x1 þ x2 � x31, and D4 ¼ x1 þ x2 � x3

�x41 (xkl is the angular frequency of atomic transitions. The
Liouville matrix L r tð Þ½ � in Eq. (1) describes atomic decoherence
due to spontaneous emission, given by

L r tð Þ½ � ¼

L11 �c12r12 �c13r13 �c14r14

�c21r21 L22 �c23r23 �c24r24

�c31r31 �c32r32 L33 �c34r34

�c41r41 �c42r42 �c43r43 L44

0
BBBB@

1
CCCCA; (3)

where L11 ¼ C21r22 þ C41r44, L22 ¼ �C21r22 þ C32r33, L33
¼ �ðC32 þ C34Þr33, L44 ¼ �C41r44 þ C34r33, and Ckl and ckl are
the population and coherence decay rates, respectively. Since
the atoms are confined in optical lattice sites, the coherence
decay due to atomic collision is negligible. The coherence decay
rate is ckl ¼ ðCk þ ClÞ=2, where Ck and Cl denote the total decay
rates of energy levels kj i and lj i, respectively.

Under the slowly varying amplitude approximation, the fol-
lowing Maxwell equations describe the propagation of the signal
field E3 and the generation of the mixing laser field Em:

i
@

@z
þ 1
c
@

@t

� �
X3 þ j34r34 ¼ 0; (4a)

FIG. 1. (a) Experimental diagram of FWM in a four-level atomic system in optical
lattice sites. (b) The related energy-level for the FWM scheme.
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i
@

@z
þ 1
c
@

@t

� �
Xm þ j41r41 ¼ 0; (4b)

where j34;41 ¼ x3;m }34;41j j2Na=ð2�he0cÞ, with Na being the atomic
density. Since most atoms are populated in the ground state j1i,
one could assume r11 � 1. The Fourier transformation of the
relatedMaxwell-Bloch Eqs. (1) and (4) is given by

xþ d41ð Þ~r41 þ Km � K1~r42 þ K�3~r31 ¼ 0; (5a)

d42~r42 þ K�3~r32 � K�1 ~r41 � K2~r43 ¼ 0; (5b)

d43~r43 � K�2~r42 ¼ 0; (5c)

�i @
@z

K�3 �
x
c

K�3 þ j43~r43 ¼ 0; (5d)

i
@

@z
Km þ

x
c

Km þ j41~r41 ¼ 0; (5e)

where dkl ¼ Dk � Dl þ ickl, x is the Fourier frequency, and ~rkl
and Kj are the Fourier transformations of rkl and Xj, respec-
tively. In deriving Eqs. (5), we have treated rkl adiabatically
except r41 since the decoherence rate c41 is much smaller than
the other decay rates. The solutions of (5d) and (5e), K3ðz;xÞ and
Kmðz;xÞ, indicate the dynamic evolution of the signal field and
generation of the mixing field in the frequency domain.

By substituting Eqs. (5a)–(5c) into Eqs. (5d) and (5e), we
obtain

i
@

@z
K�3 þ

x
c
þ j43 D0j j2

xþ d

 !
K�3 þ

j43D�0
xþ dð ÞKm ¼ 0; (6a)

i
@

@z
Km þ

x
c
� j41

xþ d

� �
Km �

j41D0

xþ dð ÞK
�
3 ¼ 0; (6b)

where D0 ¼ K1K2=ðd21d31 � K2j j2Þ and d ¼ d41 þ d21 K3j j2=ð K2j j2
�d21d31Þ þ d43 K1j j2=ð K2j j2 � d42d43Þ. For a given initial condition
of Km z ¼ 0;xð Þ ¼ 0, one can get the analytical solutions as
follows:

K�3 z;xð Þ ¼
j41K

�
3

j41 � j43 D0j j2
exp

ixz
c

� �

� j43 D0j j2K�3
j41 � j43 D0j j2

exp i
x
c
� j41 � j43 D0j j2

xþ d

 !
z

" #
; (7a)

Km z;xð Þ ¼
j41D0K

�
3

j41 � j43 D0j j2

� exp i
x
c
� j41 � j43 D0j j2

xþ d

 !
z

" #
� exp

ixz
c

� �( )
:

(7b)

Since our parameters satisfy j41 � j43 D0j j2
� �

z� Im½d�, the
term in the brace of Eq. (7b) is approximately
ðj41 � j43 D0j j2Þz=ðxþ dÞ. Therefore, the intensity of the mixing
laser is

Im /
K1K2K

�
3

�� ��2j2
41z

2

xþ Re d½ �ð Þ2 þ Im d½ �ð Þ2
: (8)

It shows that the linewidth of the mixing laser light is
determined by the product of K1K2K

�
3

�� ��2 and

½ xþ Re d½ �ð Þ2 þ Im d½ �ð Þ2��1. Considering the spectral distribution
of the incident lasers, K1K2K

�
3 can be written as K10K20K

�
30SðxÞ.

Since the spectral width of the input lasers, S xð Þ
�� ��2, can be con-

trolled at the hertz level, which can be larger than Im½d�=p, the
full width at half maximum (FWHM) linewidth of the mixing laser
(D�FWHM) is roughly equal to Im d½ �=p.

When D2 � C2, D3 � C3, D2D3 � K2
2, and D4 ¼ 0

Im d½ � 	 1
2

C41 þ
K30j j2C3

D3j j2
þ K10K20j j2C3

D2D3j j2
þ K10j j2C2

D2j j2

 !
: (9)

The first term in Eq. (9), C41, represents the spontaneous decay
rate of the j4i (3P0) state, whose linewidth is at the millihertz
level for Sr or Yb atoms. Once appropriate intensity and fre-
quency detuning of the input lasers are chosen to satisfy
K30j j2C3= D3j j2þ K10K20j j2C3= D2D3j j2þ K10j j2C2= D2j j2	 C41, Im d½ �
will be close to C41.

For experimental considerations, we take 87Sr atoms as an
example, which are trapped and cooled first on the strong 1S0
! 1P1 transition and second on the narrower 1S0! 3P1 transition.
The atoms are then loaded into optical lattice sites with an
atomic densityNa of 1� 1011 cm23. In order to generate a contin-
uous mixing laser, it might be better to have continuous atom-
loading by preparing laser-cooled atoms right above the optical
lattice and then loading into optical lattice sites with either grav-
ity or optical conveyor.31 The energy levels j2i and j3i are the
states of 3P1 and 3S1, respectively. The laser wavelengths of E1, E2,
and E3 are 689nm, 688nm, and 679nm, respectively. The elec-
tric dipole moments }34 and }41 are 16.2� 10230 C
m and
2.8� 10234 C
m, respectively.32

According to Eq. (8), in order to obtain a mixing laser light
with a linewidth of a few millihertz, we choose K10=ð2pÞ ¼ 20
kHz ðcorresponding to light power of P1 ¼ 6:1 lW when the
beam radius is 500lm for Ej), K20=ð2pÞ ¼ 31:8 MHz
(P2 ¼ 29:8mW), and K�30=ð2pÞ ¼ 10 kHz (P3 ¼ 8:6nW). The
spectral distribution of the input laser fields is chosen as
S xð Þ
�� ��2 ¼ exp �x2=ð2p2=In2Þ

� �
, corresponding to a spectral

width of 1Hz. The frequency detuning of the input lasers is cho-
sen as D2;3;4=ð2pÞ ¼ �64:6 MHz, �1:36 GHz, and 0Hz, respec-
tively. Figures 2(a) and 2(b) show the spectrum of the mixing
laser and the signal laser versus propagation distance z. The
mixing laser grows rapidly during the propagation. Its spectrum
is a Lorentzian profile with a linewidth of 4mHz.The atomic sys-
tem allows the mixing field with an angular frequency satisfying
xm � x41j j < 2Im½d� to generate efficiently. Figure 2(b) shows
that E3 preserves its Gaussian profile during the propagation
except for an additional peak at its central frequency.

To make a comparison with the above analytical solution,
we numerically solve Eqs. (1) and (4). The time evolution of the
atomic density matrix is performed by using an adaptive Runge-
Kutta algorithm, and the propagation of the conjugated laser
fields is carried out by using the Lax-Wendroff finite-difference
method. We made numerical simulation with the same 1-Hz-
linewidth input lasers by considering a temporal distribution
S tð Þ
�� ��2 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p=ð2In2Þ
p

exp �t2=ð2In2=p2Þ
� �

. The solid lines in Figs.
2(c) and 2(d) are the spectrum of the mixing laser and the signal
laser at z¼0.13mm based on the simulation results, which are
close to the analytical results (dashed line).
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The frequency stability of the mixing laser is dependent on
the Stark shift of the transition j1i$j4i, which is determined by
the real part of d

Re d½ � 	 K10j j2

D2
� K30j j2

D3
: (10)

It shows that the frequency or intensity variations of the input
lasers result in the variation of Re d½ �. The fractional frequency
instability of the mixing laser can be written as rf ¼ Re d½ �
� nI þ nfð Þ=xm,where nI and nf represent the fractional intensity
instability and the fractional frequency instability of the input
lasers, respectively. By phase-locking the input lasers to a
frequency-stabilized optical frequency comb, nf can be con-
trolled on the order of 10215 at an averaging time of 1 s.33

Although the frequency of the lattice light is set to the magic
wavelength for j1i $ j4i, it is not magic for the other transitions
involved. Thus, the intensity fluctuation of the lattice light

changes D2 and D3. When the intensity fluctuation of the lattice
light is controlled within 4%, nf ¼ 1� 10�4. The relative intensity
fluctuation nI can be experimentally controlled better than 1023

in most cases and ultimately 1025 at an averaging time of 1 s.5,16

Taking case (d) in Table I as an example, Re d½ �=ð2pÞ can be
�6.2Hz. When nI ¼ 10�4, the fractional frequency instability rf

of the mixing laser is 2� 10218 at an averaging time of 1 s.
When considering the contributions of all higher lying

states that are coupled to j1i and j4i [not shown in Fig. 1(b)], the
net stark shift of 1i ! 4j

�� i transition of Sr atoms induced by the
input lasers is �5.75Hz when using the same parameters as
those for case (d) in Table I. The frequency instability of the mix-
ing laser light will be 2.6� 10218 when nI is 10

24.
While the frequency instability of Ej does not affect the fre-

quency instability of the mixing laser light, it does affect its
intensity. When nf is 1� 10215 (or 5� 10216), the fractional inten-
sity instability of the mixing laser is 13% (or 3.3%), according to
Eq. (8) with the attenuated spectrum amplitude of Ej.

As shown inTable I, the linewidth of the mixing laser can be
adjusted from the hertz level to the millihertz level while its fre-
quency instability can be adjusted from 10215 to 10218 by varying
the intensity and the frequency detuning of the incident laser
fields. The power of the mixing laser is obtained by calculating
the power spectral density (PSD) of the mixing field with the
Wiener-Khintchine theorem34 and integrating the PSD. The
spectral width of the input lasers is 1Hz. The intensity instability
of Ej is nI ¼ 10�4 for cases (a)–(d), while nI ¼ 10�5 for case (e). If nI
is 1025, the power of the mixing laser can be an order of magni-
tude higher, as shown in cases (d) and (e).

Equation (7b) also allows us to determine the peak Rabi fre-
quency of the mixing laser. Figure 3 shows the dependence of
the peak Rabi frequency of the mixing field on the atomic den-
sity Na at different propagation distances z. For weak coherent
propagation, e.g., a short propagation distance or low atomic
density, Km0 / j41z / Naz. While for strong coherent propaga-
tion, the output intensity reaches its maximum of Ks

m0
¼ j41K10K20K30=½ðj41 � j43 D0j j2Þðd21d31 � K20j j2Þ�, when multi-
photon destructive interference becomes effective.35 For the
same values of the input laser fields as those used in Fig. 2,
Km0j j=ð2pÞ reaches its maximum of 0.09Hz when the atomic
density is 2� 1012 cm23 at the propagation distance z ¼ 130lm.

In the proposed FWM scheme, the linewidth of the mixing
laser light is ultimately limited by the natural linewidth of the

FIG. 2. The dynamic evolution of the conjugated laser fields in the four-wave mixing
process. The generation of the mixing field (a) and the propagation of the signal
field (b) versus propagation distance z. The spectra of the mixing and the signal
fields are shown in (c) and (d) at z¼ 0.13 mm, respectively. The black dashed line
and the red solid line represent the analytical solution and the numerical simulation,
respectively.

TABLE I. The detuning and Rabi frequency of the incident laser fields for generating the mixing laser light with different linewidths and frequency instabilities. The power of the
mixing laser is calculated with the Wiener-Khintchine theorem and integrating the PSD, with an atomic diameter of 100 lm. The spectral width of the input lasers is 1 Hz. The
intensity instability is nI ¼ 10�4 for cases (a)–(d), while nI ¼ 10�5 for case (e). The atomic density Na ¼ 3� 1011 cm23 for cases (a)–(c), while Na ¼ 1� 1011 cm23 for cases
(d) and (e) due to saturation broadening.

K10=ð2p) (MHz) K20=ð2p) (MHz) K30=ð2p) (MHz) D2=ð2p) (MHz) D3=ð2p) (GHz)

The mixing laser

D�FWHM (mHz) rf Km0j j=ð2pÞ (Hz) Power (pW)

a 0.65 31.8 0.21 96.6 1.36 600 1� 10215 0.19 6700
b 0.21 31.8 0.067 97.5 1.36 90 1� 10216 0.18 1296
c 0.068 31.8 0.02 107.2 1.36 10 1� 10217 0.13 96
d 0.02 31.8 0.01 64.6 1.36 4 2� 10218 0.03 1.6
e 0.29 95.5 0.028 0.96 4 4 2� 10218 0.095 16
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atomic transition rather than the linewidth of the input lasers.
The frequency stability of the mixing laser depends largely on
the intensity stability of the input lasers and the lattice light. It is
possible to obtain the mixing laser with a frequency instability of
2� 10218, a spectral width of 4 mHz, and an output power of
10212 W if input lasers with an intensity instability of 1024 and a
spectral width of 1Hz interact with Sr atoms with a density of
1� 1011 cm23. This mechanism may open an avenue for generat-
ing millihertz-linewidth laser light with superior frequency
stability.
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