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The present paper investigates the higher-order Sawada—Kotera-type equation and
the higher-order Lax-type equation in fluids. The Bell polynomials approach is
employed to directly bilinearize the two equations. For the Lax-type equation,
bilinear Béacklund transformation, Lax pair, Darboux covariant Lax pair and
infinitely many conservation laws are obtained by means of binary Bell polynomials.
Moreover, based on its bilinear form, N-soliton solutions are also obtained. For
the Sawada—Kotera-type equation, with the help of the Riemann theta function
and Hirota bilinear method, its one periodic wave solution is obtained. A limiting
procedure is presented to analyze in detail the relations between the one periodic
wave solution and one soliton solution.
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1. Introduction

As is well known, integrability of the nonlinear evolution equations (NLEEs) plays an important role

in soliton theory, which can be regarded as a pretest and the first step of its exact solvability. Among

the properties that can characterize the integrability of NLEE are the bilinear representation, Backlund

transformation (BT), Lax pair, infinitely many conservation laws, infinite symmetries, Hamiltonian structure,
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Painlevé test and so on. It is well known that the Hirota bilinear method [1-6] enables one to obtain the
bilinear form and bilinear BT for a given NLEE, meanwhile the bilinear BT can be directly linearized to
associated Lax pair. Thus, the key of the Hirota bilinear method to construct bilinear BT, Lax pair and
infinitely many conservation laws is to transform the given NLEE to corresponding bilinear form. However,
the construction of bilinear form by using Hirota bilinear method is not as one would wish. It relies on a
particular skill by choosing suitable variable transformations, such as rational transformation, logarithmic
transformation, etc., but there is no general rule to find these transformations.

In recent years, the Bell polynomials linked with Hirota bilinear operator, are found to play an important
role in the characterization of bilinearizable equations and the relationship between the integrability of a
NLEE and the Bell polynomials [7-11]. In terms of the Bell polynomials approach, one may obtain, on one
hand, such results as the Bell polynomials expression (in the P or #-polynomials form), Bell polynomials
type BT and Lax pair, and on the other hand, the connection between the Bell polynomials and Hirota
bilinear method can be revealed, namely, the Bell polynomials expression can be cast into the bilinear form,
and the Bell polynomials type BT can be mapped into the bilinear BT. Then, both the Bell polynomials
type BT and bilinear BT can lead to the corresponding Lax pair. Moreover, with the help of the gauge
transformation, Darboux covariant Lax pair which can be used to construct the higher-order members of
the given equation can also be obtained. In Refs. [12,13], Fan developed Bell polynomials approach to
nonisospectral and variable—coefficient nonlinear equations. In Refs. [14,15], Fan further developed classical
Bell polynomials into super version. In Ref. [16], Ma systematically analyzed the connection between Bell
polynomials and new bilinear equations.

The KdV equation arises as an approximate equation governing the weakly nonlinear long waves where
the first order nonlinear and dispersive terms are retained and in balance [17]. If the second-order terms are
retained, the following extended Korteweg—de Vries (eKdV) equation is given in the form [17]

g+ Up + a(6uny + usy) + a?(cruuy + colipls, + c3uts, + catisg) = 0, (1.1)

where o < 1 is a non-dimensional measure of the small wave amplitude relative to depth, and ¢y, ¢, c3
and ¢4 are the coefficients of the higher-order terms. Eq. (1.1) describes the evolution of steeper waves of
shorter wave-length than the KdV equation does [18]. Under the condition ¢; = 45¢4,c2 = ¢3 = 15¢4 and
c1 = 30¢q, ca = 20¢y, c3 = 10¢y, eKdV equation (1.1) leads to a Sawada—Kotera-type equation [19]

up + Uy + (6uu, + usy) + a204(45u2um + 15u U0, + 15uug, + us,) = 0, (1.2)
and a Lax-type equation [19]
Uy 4 Uy + a(6uny + usy) + a?es(30uuy, + 20uptg, + 10uus, + us,) = 0. (1.3)

In present paper, our attention will be paid to the Bell polynomials approach, Hirota bilinear method
and Riemann theta function method to perform the analytic study on Egs. (1.3) and (1.2).

Based on the above analysis, the main contexts of this paper will be organized as follows: In Section 2,
we will bilinearize equation (1.3) and (1.2) with the help of the Bell polynomials approach. For Eq. (1.3), we
introduce an auxiliary variable to construct its bilinear form. N-soliton solutions of Eq. (1.3) will be obtained
via Hirota bilinear method. In Sections 3-5, based on the bilinear form of Eq. (1.3), we will construct its
bilinear BT, Lax pair, Darboux covariant Lax pair and infinitely many conservation laws, respectively. In
Section 6, based on the bilinear form of Eq. (1.2), we will construct its Riemann theta function periodic
wave solution. A limiting procedure is presented to analyze in detail the asymptotic behavior of the one
periodic wave and the relations between the one periodic wave solution and one soliton solution. Section 7
will contain our conclusions. Finally, some introduction of Bell polynomials and Riemann theta function are
given in Appendices A and B, respectively.
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2. Bilinear representations

In this section, we construct the bilinear representation of Egs. (1.2) and (1.3) via binary Bell polynomials
approach.

Theorem 1. Under the transformation

u=2(In F)a,, (2.1)
Eqs. (1.2) and (1.3) can be bilinearized into
[DyD, + D2 + aDj + o*cyDS — ¢|F - F =0, (2.2)
and
[DyDy + D;]F - F =0, (2.3a)
[DtDw + D2+ aD* + a2, DS — ga2a4(D§;Dy +D2) - c} F-F=0, (2.3b)

respectively, where ¢ is an arbitrary constant.

Proof. Introducing a dimensionless field ¢ by setting
u = hqay, (2.4)
with h being free constant to be determined such that eKdV equation (1.1) linked with P-polynomials (A.8).

Hereby, substituting transformation (2.4) into eKdV equation (1.1), we can write the resulting equation

as follows
2 2 (1 3 Loy Lo,
Qr,t + Q2o + (3¢5, + qaz) + 36100 T 50203, T C3d2adae — 5C303; T Cadoa | — €= 0, (2.5)
with the choice of h = 1 and c is an arbitrary constant.
e Case 1: ¢; = 45¢q4,¢c0 = c3 = 15¢4. Eq. (2.5) can be rewritten as
E(Q) =zt + g2z + 04(&743: + 3q%x) + 0‘204(15(]33: + 15¢24G42 + q&c) —c=0, (26)
which can be cast into a combination form of P-polynomials (A.8)
Px,t(Q) + P2a:(Q) + aP4;t(Q) + O‘264P67;(Q) - CPOQE(Q) =0. (27)

Thus, according to the relations between P-polynomials and Hirota bilinear operators (A.7), bilinear
representation (2.2) can be derived directly from (2.7) under the change of the dependent variable

q=2InF <= u=qo, =2(In F)a,. (2.8)
e Case 2: ¢; = 30cy, ca = 20cy, c3 = 10c4. In this case, Eq. (2.5) can be rewritten as
E(q) = Got + q2x + (qae + 3¢3,) + @?ca(10g3, + 545, + 10920G4z + goz) — ¢ = 0, (2.9)
which can be decomposed into

Gut + Qoo + (qur + 303,) + a®ca (155, + 15G22quz + Gox) + a*ca(5G3, — 5G2uqur — 5q5y) — €
-0 (2.10)
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In order to write Eq. (2.10) as the combination form of P-polynomials, we introduce an auxiliary variable
y and impose a subsidiary constraint condition

(442 +363,) + @uy = 0, (2.11)

on account of which, Eq. (2.10) becomes

Qu.t + g2z + a(q4m + 3q%z) + 0[204(15qu + 15q2xq4x + qG:v)

5
— gazc4(q3x’y + 3¢22Gu,y + G2y) — ¢ = 0. (2.12)

Thus, Egs. (2.11) and (2.12) can be cast into a couple of combination form of P-polynomials
Py (q) + Pry(q) = 0, (2.13a)
3
Pyt(q) + Pax(q) + aPar(q) + o*csPor(q) — §a204 [P32.4(q) + Pay(q)] — cPos(q) =0.  (2.13b)

Based on system (2.13), similar to case 1, the bilinear representation (2.3) can be directly obtained. [

From the bilinear equations (2.3), N soliton solutions of the Lax-type equation (1.3) can be obtained as
below:

STui&i+ D> pimAn (kj — k)2

:2|:1 ( o = )] ’ Ajl:iv ‘<lv ‘,l:13273a"',
' ’ u;1 ’ 2@ ‘ (kj + Fo)? g ! (2.14)

fj = kjLE + th + Cj = kjll? — k’j (OL2C4I€;L + Oék'? + l)t + Cja

where Zuzo,l indicates the summation over all possible combination of u; =0,1(j = 1,2,...).

For example, taking n = 1, the one soliton solution of the Lax-type equation (1.3) can be written as
below:

k2 k
u=2[In(1+e*)] 2= g sech? [?1(96 — aPegkit — okt —t) + %] (2.15)

The two soliton solution and three soliton solution can also be obtained by taking n = 2 and n = 3,
respectively.

Figs. B.1-B.3 are depicted to graphically discuss the propagation and evolution of two solitons. It can be
shown that Figs. B.1-B.3 lead to the following conclusions

e The sign of the velocity v can control the collisions: the collision will be head-on (Fig. B.3) as we choose
the opposite sign of the two soliton velocities, meanwhile the same sign of the two soliton velocities leads
to the overtaking case (Figs. B.1 and B.2).

e Fig. B.1 illustrates the soliton with the larger amplitude travels faster and catches up with the smaller
one, while the smaller one catches up with the larger one in Fig. B.2.

e Figs. B.1-B.3 have in common that the two solitons maintain their original shapes and amplitudes except
for phase shifts after the collision.

3. Bilinear BT and Lax pair

3.1. Bilinear BT

In this section, we construct the bilinear BT and the Lax pair of the Lax-type equation (1.3).
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Theorem 2. Suppose that F is a solution of the bilinear equation (2.3), then G satisfying

[DZ - \]F-G=0, (3.1a)
[Dy + (15¢40°A* + 3aX + 1) D, + aD3? + a*cy D3 — o] F - G = 0, (3.1b)
is another solution of Laz-type equation (1.3), where X is spectral parameter and o is an arbitrary constant.
Therefore, the system (3.1) is called a bilinear BT for Laz-type equation (1.3).
Proof. In order to obtain the bilinear BT of the Lax-type equation (1.3), let
¢g=2InG and ¢ =2InF, (3.2)
be two different solutions of Eq. (2.9), respectively. On introducing two new variables
v=(¢ —q)/2=W(F/G),w= (¢ +q)/2=W(FG), (3.3)
we associate the two-field condition
E(q") — E(q) = E(w+v) — E(w—v)
= 2[vx’t + Vag + (Vag + 6worvay) + s (10v3,w3, + 30w, Vop + Vep + 10V wo, + 101;;’1)]
= 20, [%(v) + % (v) + a%s, (v, w) + 04204%;8(11,11))} +Z(v,w) =0, (3.4)
with
Z(v,w) = a(bwayvay — 6v§v2x — 6wz, vy) + 04264(10104@’1)295 + 201}%’m + 30w§xv2x — 10ws,v, — 201’493“9%

— 4003V, V2, — 60WoL VL W3, — 20w3wv2 — 60’U)QIU§1)21- — 1011;11121.).

Then, the next step is to decouple the two-field condition (3.4) into a pair of constraints. Thus, a auxiliary
constraint should be introduced which enable one to express Z(v,w) as the z-derivative of a combination
of & -polynomials. The simplest possible choice of such constraint may be

W (v, ) = Woy + 02 — A =0, (3.5)

where A is an arbitrary constant called spectral parameter. In terms of the constraint (3.5), Z (v, w) can be
rewritten as

R(v,w) = 6alva, + 3002 N2, = 20, (3aX + 1504042)\2)%(1)), (3.6)
with the help of the following relations
Woy = A — vi and w3z = —20,V9,.
Then, combining Eqgs. (3.4)(3.6), we deduce a coupled system of #-polynomials expression

Dow(v,w) — A =0, (3.7a)
0%, (v) + 9, [(15c40° N> + 3aX + 1)%, (v) + aPse (v, w) + o’y Py (v, w) — o] =0, (3.7b)

where the second equation can be used to construct conservation laws later. Based on the identity (A.5),
the system (3.7) immediately leads to the bilinear BT (3.1). O

3.2. Laz pair

Theorem 3. The Laz-type equation (1.3) admits the following Laz pair
Ly = (9 +u)ip = M, (3.8a)
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(Y1 + La)¥p
= [0y + 0y + (02 + 3ud, + 3XDy) + &®ca(05 + Huoy 0y + 1500, + 10ud? + 15X%9,) — o] ¥,
(3.8b)
where ¢ is an arbitrary constant and u is a solution of Laz-type equation (1.3).
Proof. By transformation v = In ), it follows from the formulas (A.9) and (A.10) that
B) =L B = Bvw) = e+ 2 Ba(ow) = 300, 4 B
G (G (G v
" " " (3.9)

Then, with the help of (3.9), the system (3.7) is then linearized into a couple of equations with double
parameters A and o

Litp = (97 + qoa)) = M, (3.10a)
(Yt + La)yp = [0y + 0y + (02 + 3¢2205 + 3X0s) + &®ca(05 + 5¢uz05
+15¢3,0, + 10g2,02 + 15X%0,) — o], (3.10D)

which is equivalent to the system (3.8) by replacing go, with u. It is easy to check that the integrability
condition of (3.10)

[Or + Lo, L1 — A\ = uy + ug + a(6uuy, + uss) + a204(20uxuh + 10uus, + 30u?u, + use) =0, (3.11)
exactly gives the Lax-type equation (1.3). Thus, system (3.8) is called the Lax pair of Lax-type equation
(1.3). O

4. Darboux covariant Lax pair

In this section, we construct a kind of Darboux covariant Lax pair whose form is invariant under a certain
gauge transformation.

Theorem 4. Using the associated Lax pair (3.8), the Laz-type equation (1.3) admits a kind of Darboux
covariant Lax pair as follows:

Lyyp = (03 + Gau)yp = A, (4.1a)
(Yt + La,con)t = [0 + 0 + (403 + 3dse + 6G200x) + 0 ca(40G2,03 + 6043207 + 50410z + 1607
+ 15352 + 30G22G3s + 305,0:) — 0] ¥, (4.1b)

whose form is Darboux covariant, namely

TLi(q)T™" = Ly(g),

_1 . (4.2)
T<at + L2,co’u)(q)T = (815 + L2,cov)(q>7
with § = q + 2Invy, under a certain gauge transformation
T=v¢0,0 =0, —0, o=0,n. (4.3)

Proof. To begin with, we let ¢ is a solution of the first equation of Lax pair (3.10). It can be verified that
the gauge transformation (4.3) maps the operator L;(¢) — A onto a similar operator

T(Li(q) = NT ' = L1(q) — A, (4.4)
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which satisfies the covariance condition
L1(§) = L1(G=q+ Aq) with Ag=2In1. (4.5)

But it can be verified that similar property does not hold for the second evolution equation of Lax pair
(3.10). However, one can find another third order operator Lo cov(g) with appropriate coefficients, such that
Ot + L2 cov(q) be mapped, by gauge transformation (4.3), onto a similar operator EQ,COV(Q) which satisfies
the covariance condition

Locov(q) = La,cov(q = g+ Ag). (4.6)
Therefore, assuming that v is a solution of the following Lax pair
Ly =M, (0 + Lacov)¥ =0, (4.7)
with
Ly = 02 + Goz, Locov = 160%¢4(8] + 5103 + bad + 30, + ba) + 43 + 50, + bg) + O,
and by, ..., bg are functions to be determined. It suffices that we require the transformation (4.3) map the

operator 0; + Lg cov onto the similar one

T(Or + Locoy)T ™' =0y + £2,c0va (4.8)
where
Lo cov = 0r + 1607¢4 (0 + 0103 + b202 + b3y + bs) + 4c(03 + b50x + bg) + Oa, (4.9)
with by, ..., b satisfy the following covariant condition
bj =b;(q) + Ab; =bj(g+Ag), j=1,...,6. (4.10)

By virtue of (4.7) and (4.8), we can find that

Abl = 51 — bl = 50'95, (411&)
Aby = by — by = by, + 1009, + Abyo, (4.11b)
Aby = by — by = 0 Aby + 30,01 + bs + 1003, + ba o, (4.11c)
Aby = by — by = 504, + b3z + by + 302,01 + 20,b2 + 7 Abs, (4.11d)
Ab5 = l~)5 - b5 = 30';5, (4116)
Abg :Eﬁ_bﬁ :55,1+b6+300m7 (411f)
and
o1 + 05 + 4a(Abgo + 035 + b + l~75am) +16a2cy (o5, + byow + ba g

+ l~)40' + 61031 —byo + INJQO'QJC) =0. (412)
In terms of relation (4.10), it remains to determine by, ..., bg in the form of polynomial expressions in terms

of derivatives of ¢
b] :Fj(qvqmanzvqfiIa"')u j:17"‘767 (413)

such that

AF; = Fi(¢+ Aq, qw + Aq, - . .) — Fi(¢, qu, - - .) = Aby, (4.14)

with Aqre = 2(In @)z, k =1,...,6 and the Ab; being determined by the relations (4.11).
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Thus, in order to satisfy the first condition

5
Aby = AFy = Fl)qu + FquAqm +---=b0, = §Aq2w, (415)
one chooses
5
b1 = Fi(q2z) = 542z +dy, (4.16)

with d; being arbitrary constant.

The relation (4.11b) contains the term by , = %qu, which should be eliminated such that Abs admits the
form (4.14). It follows from the eigenvalue equation in (4.7), we have

3z = —09z — 200,. (4.17)
Substituting (4.16) and (4.17) into (4.11b) yields
15 15
Abg = ?O'QQ; = ZAQ3$ (418)
It is can be verified that the second condition is satisfied
AFQ = Fg’qu + F2,q$AQ$ +--= Abg, (419)
if one chooses
15
by = F>(q32) = o s + da, (4.20)

in which dy being arbitrary constant.

Proceeding in the same way, we have

25 15

by = g tar + 5 0, + ds, (4.21a)
15 15

by = — Q50 + —Qoeq3e + da, 4.21b

4 16‘15+SCI2CI3+4 ( )
3

bs = 50a t ds, (4.21c)
3

b = 10 T ds, (4.21d)

where d3, dy, ds and dg are all arbitrary constants.

Setting d; = 0(¢ = 1,...,6) in (4.16), (4.20) and (4.21), it follows from (4.7) that we find the following
Darboux covariant evolution equation

wt + LZ,COVw = 0; (4223,)
Locoy = Op + (402 + 3q35 + 6G2,0x) + s (402,02 + 60q3,02 + 5040, + 1605 + 15¢5,
+ 30020 G32 + 3003,05), (4.22b)

which is in agreement with Eq. (4.12).

The integrability condition of the Darboux covariant Lax pair (4.7) precisely gives rise to Lax-type
equation (1.3) in Lax representation

[0 + La.covs L1 — A = g + ug + a(6un, + uzy) + @®cs(20uztia, + 10uus, + 30uu, + us,) = 0, (4.23)
which implies that system (4.7) is also a Lax pair for the Lax-type equation (1.3).
Moreover, the relation between the operator L .oy and the operator Lo is given by

Locov = Lo + 300, (L1 — ) + a?c4[15(02 + N0y + w0y + uy) (L1 — ) + gl (4.24)
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Tt is note that the higher-order members of Lax-type equation (1.3) can be obtained in a similar way step
by step. O

5. Infinitely many conservation laws

In this section, we derive the infinitely many conservation laws for the Lax-type equation (1.3) by using
the binary Bell polynomials.
Theorem 5. The Laz-type equation (1.3) admits an infinitely many conservation laws
It + Fne=0, n=12.... (5.1)

The conversed densities .7, s are given by the recursion formulas

1 1
S =—= r— —FU,
1 2Q2 2U
1 1 1
Sy = *iﬂl,m ZQST Zur’

(5.2)

and the fluzes F) s are given by

971 = —% — %a(?)uz =+ ugm) — 05264 (5”3 + gui + %u4z + E)U’U,Qm) R

f/?*lu +a(1u +§uu)+a20 (Emu +§uu +1u +Eu2u)
2741 43z 2 x 4 U2z 2 3z 451 2 x |

Fu= St Fia=2 Y ASA-6 Y AS) (St 0 Y ASA (53
i+j+h=n iti=n+1 it jthk=n-+2
—10 Y (IS I + IiTiaIha) =10 D RFTs 00+ TiwTj)

itjth=n iti=n+1
£33 ASAALS Y ASIIIn).
i+j+k+l=n it+jtk+li+m=n

Proof. The conservation laws actually have been hinted in the two-field constraint system (3.7), which can
be rewritten in the conserved form

%x(’l}, ’LU) - >\ = 07 (548“)
Wy (v) + Ox [(1504042/\2 + 30X + D% (v) + a%s, (v, w) + ey P (v, w)] =0, (5.4b)

by using the relation
0:%:(v) = 0, % (V) = Vo,
with o = 0.

By introducing a new potential function
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it follows from the relation (3.3) that

Uy =1, Wy =qp + ) (5.6)
Substituting (5.6) into (5.4), we get a Riccati-type equation

e +10° + 2z —” =0, (5.7)
and a divergence-type equation

e + [300[2647}54 — 2a(10acan® — Sacyne, — 3n)e? — 1002 can*ne. — 102 cann? +n + 6a’can® + ano,
+acyNe — 2a173} =0, (5.8)
xr
with \ = 2.
To proceed, inserting the expansion

77:€+an(q,q$,---)€7n, (5.9)

n=1
into (5.7) and equating the coefficients for power of e, we explicitly obtain the recursion relations (5.2) for
the conserved densities .# s.

Furthermore, substituting expansion (5.9) into the divergence-type equation (5.8) leads to

o0 o0 o0 3
Z Ine "+ 3002cset (5 + Z f,ﬁ") — 2« | 10aey (5 + Z ﬂ,ﬁ")
n=1 n=1

n=1
[e*S) [e'S) 9] 2
—5acy Z Inow€ =3 (5 + Z f,ﬁ‘")] e2 —10a’¢y (5 + Z Jns_”> Z In2z€ "
n=1 n=1 n=1 n=1
[eS) oo 2 [eS) [eS) 5
—10a2¢y <5 + Z L " (Z ﬂnxs") +e+ Z Fne "+ 6a’cy (s + Z L "
n=1 n=1 n=1 n=1
[eS) [eS) [eS) 3
+a Z ]n,Zzsin + 04204 Z jn,élmsin — 2« <€ + Z jn€n> = O, (510)
n=1 n=1 n=1
T

which provides us the infinitely many conservation laws (5.1).

In Eq. (5.1), the conversed densities .#,s are given by recursion formulas (5.2), and the fluxes %] s are
obtained by (5.3) through a cumbersome calculation. The first equation of conservation law (5.1) is exactly
the Lax-type equation (1.3). O

6. Quasi-periodic wave solution and asymptotic property

A. Nakamura [20,21] proposed a convenient way to construct a kind of quasi-periodic solutions of nonlinear
equations by means of the Hirota bilinear method and Riemann theta function. More recently, this method
is extended to investigate many NLEEs which include both continuous and discrete ones [22-27]. In the
following, we construct the one periodic wave solution of Sawada—Kotera-type equation (1.2) by this method
and discuss its asymptotic property in detail.

6.1. Quasi-periodic wave solution

Based on the bilinear form (2.2) of Sawada—Kotera-type equation (1.2)
[D¢D, + D2+ aDj + o*cy DS — ¢|F - F =0, (6.1)



Y. Wang, Y. Chen / Nonlinear Analysis: Real World Applications 31 (2016) 533-551 543

with ¢ is a nonzero constant, we consider Riemann theta function solution of Sawada—Kotera-type equation
(1.2)

19(0) _ 19(9’7_) _ Z 677i(n'r,n>+27ri((9,n>, (62)
nezZnN
where the integer value vector n = (ny,na,...,ny)7 € ZV, the complex phase variables 6 = (6,65,

.., 0n)T € ZN and —iT is a positive definite and real-valued symmetric N x N matrix.

Theorem 6. Assuming that ¥(0,7) is a Riemann theta function for N = 1 with 0 = pjx + wit + v;,j =

0,1,2,..., the Sawada—Kotera-type equation (1.2) admits a one periodic wave solution as follows:
u = 202190, 1), (6.3)
where
by —b ba —b
_ 1202 1022 ’ = a1102 1021 ’ (6.4)
11022 — 021012 11022 — 021012
with
] +o00 ) +00 )
0=e", a; = Z —16n%7%ps®™ | alp = Z 52
oo n=—oo n=—oo 2
by = Z (—16n72p% + 256an?7p* — 409602 cyn®70p®)6%"",
n:;&f +oo (6'5)
2 2
a9y = Z [—4(27’1 _ 1)27_‘,2,0] 52n 72n+17 Q9o = Z 52n 72n+17
1:00 n=—oo ]
by = Z [—4(2n — 1)*7%p* 4+ 16a(2n — 1)*np* — 64a”cs(2n — 1)°7%p%) 5% 2+
n=-—oo

and the other parameters p and v are free.

Proof. In order to obtain the one periodic wave solution of Sawada—Kotera-type equation (1.2), we consider
the simplest case of the Riemann theta function ¥(6,7) with N = 1, namely

+o00
9(0,7) = Y eminirrzmind (6.6)
where the phase variable 8§ = pz + wt + v and the parameter Im7 > 0. Thus, p,w and ~ satisfy the following
system:
+00
Z Z(dnmip, 4n7riw)62”2”” =0, (6.7a)

n=-—oo
+o0

S Z2ri(2n —1)p,2mi(2n — Dw] @20 — g, (6.7b)

Substituting the bilinear form (6.1) into the system (6.7) yields

+oo
Z (—16n%72 pw — 160272 p% + 256an’n?p* — 409602 cyn®7r8p® — 6)62"2”” =0, (6.8a)
oo
> [—4@2n - 1)°mpw — 4(2n — 1)°7°p% + 160(2n — 1) 7 p* — 64a°cy(2n — 1)%7p° — ¢
n=-—oo

% e(2n272n+1)ﬂi‘r —0. (68b)
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We introduce the notations by system (6.5), then system (6.8) is simplified into a linear system for the
frequency w and the integration constant ¢, namely

a1l a2 w —b
() ()=

Now we obtain a one quasi-periodic wave solution of Sawada-Kotera-type equation (1.2)
u=20%In9(0,7), (6.10)

which provided the vector (w, —c)? solves Eq. (6.9) with the theta function ¥(6,7) given by Eq. (6.6) and
parameters w, ¢ by Eq. (6.9). The other parameters p and +y are free. Fig. B.4 shows the propagation of the
one periodic wave via solution (6.10). O

6.2. Asymptotic property of one periodic wave solution

Based on the bilinear representation (2.2), the one soliton solution of Sawada—Kotera-type equation (1.2)
can be obtained as

u=2[In(1+¢")] with n = px + vt +¢ = px — p(a’eqpu® + ap® + 1t 4, (6.11)

2z’

on account of which, the relation between the one periodic wave solution and the one soliton solution can
be directly established as follows.

Theorem 7. If the vector (w,—c)T is a solution of the system (6.9) for the one periodic wave solution, we
let

n S — miT
== = 6.12
P~ omi’ omi (6.12)
where p and < are given in (6.11). Then we have the following asymptotic properties:
c— 0,270 — n—mit,9(0,7) = 1+€", asd— 0. (6.13)
Proof. Based on the system (6.5), we write functions a;;, b;,%, j = 1,2 as the series about 6,
ayy = —3202p6% (1 + 46° + - - 4 05627 2 ),
apgy = 1+2(52+68+---+52"2),
by = —32m2p%6°2 [(1- 16am?p? 4 25602 cym*p?) + 6%(4 — 256an°p? + 16 384’ cym pt)
4o+ 8272 (0 — 160 + 256n°) + -],
(6.14)

ag1 = —42pS[2 + 1864 + 98624 + - 4+ 2(2n — 1)%6% 72 .. ],
gz = 2(6 4 0° 4+ 613 4o g2 2L Ly,
by = —Ar?p*6{(2 — Bar®p® + 320 cym? p*) + 6% (18 — 648am?p® + 23 328a cum?p?) + - -
6272 [2(2n — 1) — 8(2n — 1)*an?p? + 32(2n — 1)5a%eym®p®) + - - - }.
With the help of Theorem 9 in Appendix B, we have

0 1 0 0 —3272p 2 0 0
Ao = y A1 = 2 s A2 = p y A5 = 2 5
0 0 —8np 2 0 0 —727%p 2 (6.15)

Az =A,=0,...,
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and

0 3272 p2 Ay 0
By = By = Br =
! (47r2p2A1> ’ 2 ( 0 ’ 5 A% p?Ag )’ (6.16)

where
A =2 — 8an?p? + 32a’%cymtpt,
Ay =1 —16am?p® + 25602 cymp?, (6.17)
Az = 18 — 648am2p? + 2332802 ¢y pt.

Substituting the system (6.15), (6.16) and (6.17) into formulas (B.8), one can obtain

- —gAl v, o [ e - —g(A3+39A1)
o )’ —16m%p* A, )’ —96m2p%A, ) (6.18)

X =X3=0,....
From (B.4), one then has

P 2 P 4 4
w=—2A1 —4pA16° — Z (A3 +3941)6" + 0(6%),
2 2 (6.19)
c=1672p? A16% + 9672 p? A15* + o(6*),
which implies by using relation (6.12) that

c— 0,
6.20
2miw — —mip(2 — 8am?p® + 320 cymip?) = —pu(1 + ap® + oPeyp®),  when § — 0. (6.20)

In order to show that the one periodic wave degenerates to the one soliton solution under the limit 6 — 0,
we first expand the periodic function in the form of

19(977_) =14+ (627ri0 + e—27ri9)6 =+ (647Ti9 + e—47r1'0)54 I (621)
Using the transformation, one has

90, 7) =1+ e + (67& + 62@)52 + (6725 + egé)(sﬁ 414l ass—0,

_ (6.22)
0 = 2mif + wiT = pxr + 2wiwt + <.
Combining Egs. (6.20) and (6.22), one deduces that
0 = 27mif + miT = px + 2miwt + ¢ = pr — p(l + ap® + Pept) 45, as§ — 0,
(6.23)
2w — n — mit, as d — 0.
With the aid of Egs. (6.22) and (6.23), one can obtain
HO)—1+e€", asd—0. O (6.24)

7. Conclusions

In present paper, with the help of the binary Bell polynomials, Hirota bilinear method and symbolic
computation, we systematically investigate the integrability of Egs. (1.3) and (1.2) in fluids with the second-
order nonlinear and dispersive terms.
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e For Sawada—Kotera-type equation (1.2), P-polynomials expression (2.7) and bilinear form (2.2) are
obtained. Employing the Hirota bilinear method, Riemann theta function and symbolic computation,
we derive the one periodic wave solution (6.10) and given the corresponding Fig. B.4. The exact relations
between the one periodic wave solution and the one soliton solution are established. It is rigorously shown
that the one periodic wave solution tend to the one soliton solution under a small amplitude limit § — 0.

e For Lax-type equation (1.3), by introducing an auxiliary variable y and impose a subsidiary constraint
condition (2.11), P-polynomials expression (2.13) and bilinear form (2.3) are obtained. Based on bilinear
form (2.3), by virtue of the Hirota bilinear method, the N soliton solution (2.14) is obtained.

e From the expression (2.9) and by choosing a suitable constraint condition (3.5), the #/-polynomials-type
BT (3.7) and bilinear BT (3.1) are obtained. With the help of formulas (A.9) and (A.10), the Lax pair (3.8)
is obtained, which can also be regarded as the compatibility condition for the bilinear BT (3.1). Moreover,
by applying the properties of elementary Darboux transformation, namely gauge transformation (4.3), a
type of Darboux covariant Lax pair (4.1) is obtained. Note that the Darboux covariant Lax pair (4.1)
can be used to find the higher-order members of Lax-type equation (1.3). Finally, a Riccati-type equation
(5.7) and a divergence-type equation (5.8) are used to construct the infinitely many conservation laws for
the Lax-type equation (1.3). All conserved densities (5.2) and fluxes (5.3) are given with explicit recursion
formulas.

In addition, the present results in this paper demonstrate that the Bell polynomials play an important role
in the characterization of bilinear BTs, Lax pairs and infinitely many conservation laws. We also believe that
there are still many deep relations between generalized Bell polynomials and integrable structures, which
still remain open and worth to be considered. For instance, the relations between the Bell polynomials with
symmetries, Sato theory, Hamiltonian functions, etc.
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Appendix A. Bell polynomials

In this section, we simply recall some necessary notations on the Bell polynomials (see F. Lambert and
his co-workers’ work for details [7-9]).
With the assumption that f = f(z) is a C* function of z and f,, = 0Lf, r =1,2,...,n, then

Yoe(f) = Yn(far ooy frw) = Yal{fra(1 <n)}) =100 fon =, (A1)
i.e.

is a polynomial in the derivatives of f with respect to x, which called the one dimensional Bell polynomials
or % -polynomials.
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With f = f(z1,22,...,2;) be a C* function with multi-variables and f. 4, ... .rz; = O3t ... 3L f, fou, = [,

1
where [ denotes arbitrary integer, then

Yosoroma (F) = Yoo ({frizr o (L < i <m0 < < DY) = e o5 0! (A.3)

is a polynomial in the partial derivatives of f with respect to z1,...,z;, which called the multi-dimensional
Bell polynomials.

Based on the multi-dimensional Bell polynomials, the multi-dimensional binary Bell polynomials can be
defined as follows:

Dy ooz (VW) = Yoz ey (f) = Yn17~».,nl({frlm1 ,,,,, rz 1) ! (A.4)
Uriaxy,...,rixp s E ri is Odd7
Frimy o ma = 71
Wryzy,...mays E T; is even,
=1

where the vertical line means that the elements on the left-hand side are chosen according to the rule on
the right-hand side, v and w are both the C* functions of (z1,z2,...,z;).

Proposition 1. The relations between the binary Bell polynomials and the standard Hirota D-operators can
be given by the identity

F
Bpvan o (v = lna,w = lnFG> = (FG)"'D}'...DI'F -G, (A.5)

where 22:1 n; > 1, and Hirota D-operators defined by

Dt ... Dy F -G = (0p, — 0p,)" ... (Op, — Ony) " F (1. L x)G(2h, . x)) D (A.6)
In the particular case of F = G, the formula (A.5) can be rewritten as
1
0727%‘ 1s odd,
F2D0 - DMF - F =Yooy mm(0,¢=w—0v=2InF)=q¢ = (A7)

1
Poiz,..oma (q),Zni is even,
i—1

which is also called P-polynomials

Pnlxl ..... n;x; (q) - ynlxl c,n Ty (0, q = 21n F), (AS)

. l .
where they vanish unless Y, _, n; is even.

The binary Bell polynomials #;, 5, .. n,a, (v, w) can be written as the combination of P-polynomials and
% -polynomials

(FG)™'D*...D}'F -G = %,

1T 1,0, (v, w)

v=In F/G,w=In FG

= g/nl:vl,...,nlml (Ua v+ q)

v=In F/G,q=2In G

ni ng l
n;
Z Z H (7,) Poig,.. o (q)}/(nl77"1)11,‘-»7(774177”1)11, (U) (A-9>

r1=0 r=0i=1 o
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Proposition 2. Under the Hopf-Cole transformation v = Inv, i.e., b = F/G, the % -polynomials can be

written as

— wnlajlv"ynlwl
v=In 1,[) ’
which provides the shortest way to the associated Lax systems of NLEEs.

Ynlwl,...,nzwz ('U)

Appendix B. Riemann theta function

(A.10)

Based on the results in Refs. [23,27], when N = 1, the Riemann theta function reduces the following

Fourier series in n:

00 )
19(977_) _ § : emin 7—+2mn9’

n=—oo

(B.1)

which can be used to construct the one periodic solution and the phase variable § = ayx1+asz2+- - -+a;x;+ao

and the parameter Im(7) > 0.

Theorem 8. Assuming that ¥(6,7) is a Riemann theta function for N = 1 with § = ai1x1+asxe+- - -+a,;x;+ao

and the parameters ay,az, ..., a;,aq satisfy the following system
—+oo
. . . . 2 7
Z ZLdnmiay, dnmiay, . . ., dnmia;, dnmiag)e®™ ™ =0,
n=-—00
—+oo

3" Z[2mi(2n — 1)ar, 2mi(2n — Das, ..., 2mi(2n — V)ay, 2mi(2n — 1)ag) e 2+ D7T =

n=—oo

the expression
u = h@;’j Ind(0,7),
1s the one periodic wave solution of the NLEE.
We write the coefficient matrix and the vector of system (6.9) into power series of ¢

<a11 a12> :A0—|—A15—|—A252+-~~,

a1 a22

—b
( b1> = Bo+ Bio+Bad® + -+,
—U2

where § = €™,
Substituting (B.4) into (6.9), we have the following recursion relations
Ao Xo = Bo,
A X1 + A1 X = By,
AoXa + A2 X0 + A1 X1 = By,

“ey

AoXp + A X1+ -+ ApXo = B

(B.2a)

(B.4a)

(B.4b)

(B.4c)

(B.5)
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0.6 0.6 0.6
0.4+ 0.4+ 0.4+
u u u
2 0.2+ 0.2
-100 -50 © 50 100 -100 -50 O 50 100 -100 -50 O 50 100
x x x
(a) t = —20. (b) t =2.3. (c) t = 20.
Fig. B.1. Overtaking collision of two solitons via solution (2.14). Parameters are k1 = 0.95,koa = —0.6,a = 0.8,c4 = 3 and
(1 =¢=0.
27 2 2+
14 1 14
-40 20 O 20 40 -40 20 © 20 40 -40 20 © 20 40
x x x
(a) t = —25. (b) t = —0.6. (c) t = 25.
Fig. B.2. Overtaking collision of two solitons via solution (2.14). Parameters are k1 = 1.5, ko = 2, = 0.2,¢4 = —2 and ¢; = {2 = 0.
37 3- 37
2- 2
1 1]
~20 -10 © 10 20 20 -10 10 20 —20 -10 0O 10 20
x x x
(a) t = —15. (b) t = —0.15. (c) t = 15.
Fig. B.3. Head-on collision of two solitons via solution (2.14). Parameters are k1 = 2.5,ks = 2, =0.2,¢4 = —2 and ¢; = {2 = 0.
Theorem 9. If the matriz Ay is reversible, solving (B.5) leads to
n
—1 —1
X() :AO Bo,Xn :AO Bn— E AjBn,1 , N = 1,2,.... (BG)
=1

If Ag and Ay are not inverse, but they take the following form

0 1 0 0
AO = s Al = 2
—8m°p 2

00 (B.7)
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o.z—r- C ﬂ

0.1+ | x

e

Fig. B.4. A one periodic wave of the Sawada—Kotera-type equation (1.2) via expression (6.10) with the parameters ¢; = 45¢4, c2 =
c3 = 15¢c4,¢c4 = 1, = 1,71 = 0, p1 = 0.5. (a) The perspective view of the real part of the periodic wave. (b) Overhead view of the
wave, with contour plot shown. The bright lines are crests and the dark lines are troughs. (c) The wave propagation pattern of the
wave along the x axis.

solving relations (B.5) leads to

L pun )

Xo= [ Ezp P25
I )
B

1 I

x, = "3l A, X)) — 2B{"]
B
i (B.8)
. il (I n I
_87T2p B’I’L-‘rl — Z Aan+1—]> - 2 Bn+1 - Z A]Xn_j

X, = =2 1 o =2 . n=2.3,...

Bn+1 - Z Aan—j
j=2

where VI and VT denote the first and second component of a two dimensional vector V, respectively.
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