Commun. Theor. Phys. 66 (2016) 179-188

Vol. 66, No. 2, August 1, 2016

Darboux Transformation and N-soliton Solution for Extended Form of Modified

Kadomtsev—Petviashvili Equation with Variable-Coefficient*

Xing-Yu Luo (¥ 2£) and Yong Chen ([45)T

Shanghai Key Laboratory of Trustworthy Computing, East China Normal University, Shanghai 200062, China

(Received February 1, 2016; revised manuscript received April 21, 2016)

Abstract The extended form of modified Kadomtsev—Petviashvili equation with variable-coefficient is investigated
in the framework of Painlevé analysis. The Lax pairs are obtained by analysing two Painlevé branches of this equation.
Starting with the Lax pair, the N-times Darboux transformation is constructed and the N-soliton solution formula is

given, which contains 2n free parameters and two arbitrary functions.

Furthermore, with different combinations of

the parameters, several types of soliton solutions are calculated from the first order to the third order. The regularity
conditions are discussed in order to avoid the singularity of the solutions. Moreover, we construct the generalized Darboux
transformation matrix by considering a special limiting process and find a rational-type solution for this equation.
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1 Introduction

Integrable systems are differential and difference equa-
tions with various mathematica structures and wide ap-
plications in physics and engineering. Most integral equa-
tions have multi-soliton solutions. Among these equa-
tions, the Kadomtsev—Petviashvili (KP) equation has
been considered as a ubiquitous and important physical
model. Tt is a (241)-dimensional partial differential equa-

tion which describes nonlinear wave motion:[!!

(Ut + Uy + Upgz)s — Uyy = 0. (1)

This equation can be applied to model long wavelengths
water waves with weakly non-linear restoring forces and
frequency dispersion. It is a two-dimensional generaliza-
tion of one-dimensional Korteweg-de Vries (KdV) equa-
tion.

The modified Kadomtsev—Petviashvili (mKP) equa-
tion:

Ut + Upgy + 3('“);1uyy — 6ulu, — Guw('“);luy =0 (2)
describes water waves in (z,y) plane when the nonlin-

Equation (2)
can be considered as a model for the propagation of

earity is higher than the KP equation.

the water waves in fluid dynamics,>=3! ionacoustic waves
in a plasma with nonisothermal electrons,*=¢ nonlinear
Alfvén waves in a cold collision-free plasma,!” and elec-
tromagnetic wave in an isotropic charge-free infinite ferro-
magnetic thin film.®=?] The Darboux transformation for

Eq. (2) was obtained in Ref. [10] via Painlevé analysis,
and the line soliton solutions for this equation were con-
structed by means of the Hirota bilinear method.l'! The
Miura transformations between mKP and KP equation
were also studied in Ref. [12].

Generally, there is a considerable amount of work
in the extended forms of nonlinear evolution equations.
These works focus on the effect of the additional terms on
the integrability, the dispersion relations of the equation,
the amplitudes, the velocity and other physical phenom-
ena of the solutions.

An extended form of the mKP equation (2)

U + Uppe + 38;1uyy — 6uuy — 6ux8;1uy + auy + Buy
=0 (3)

is investigated in Ref. [3], where a and (3 are arbitrary
constants, and uz, u, are the potentials in the z- and the
y-directions, respectively. This extended form of the mKP
equation is obtained by adding the terms au, and Su, to
Eq. (2).

The celebrated KP-like equations possess certain im-
portant properties and physical applications from water
waves to plasma physics as well as field theories. Because
of the assumptions of the constant coefficients, the physi-
cal models in which they arise tend to be highly idealized,
for example, in the propagation of small-amplitude sur-
face waves in a fluid with constant depth. However, the
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variable-coefficient generalizations of the KP-like equation
are better able to provide us with more certain realistic
physical satiation in these models, such as the dynamics of
nonlinear waves in a real ocean,'3~1%! which is inhomoge-
neous, and the waves are comparatively influenced by the
refraction and geometric divergence. In fact, the KP-like
models with variable-coefficient are among the most inter-
esting variable-coeflicient nonlinear evolution equations.

Based on the facts we have clarified above, and in order
to possess the soliton solutions with more parametric free-
dom, we consider the following variable-coefficient version
for Eq. (3):

Ut + Ugpy + 38;1uyy — 6ulu, — 6u$('“);1uy + a(t)uy
+ ﬁ(t)u;v = 07 (4)

where a(t) and 3(t) are two arbitrary functions.

The main proposal in our paper is to construct
the Lax-pair and N-times Darboux transformation for
the extended form of the mKP equation with variable-
coeflicient. Singularity analysis and the Painlevé property
are considered to be the important methods for determin-
ing the integrability of nonlinear partial differential equa-
tions (PDEs). Based on the Painlevé property, we can
use the singular manifold method to obtain the Backlund
transformations and Lax pairs of a nonlinear PDE.[16-18]
However, this method has a disadvantage when it is ap-
plied to the PDEs with Painlevé expansion branches more
than one. Afterwards, the modification version for this
method, which is called the generalized singular manifold
method proposed in Ref. [19] by Estevez and Gordoa. It
solves PDEs that include as many singular manifolds as
Painlevé branches. This modification procedure was ap-
plied to Boussinesq equation, the modified Korteweg de
Vries equation?”) and the Mikhailov-Shabat systems,?!
and the relation between singular manifolds and Hirota’s
7 functions?!l was clearly established in these papers.

Following the method proposed in Ref. [10], we would
like to find the Lax-pairs for Eq. (4). First of all, we imple-
ment the Painleve analysis to Eq. (4), so we can write its
solution as the form of Painleve expansion. Then, by com-
paring the coefficients in the leading term of the expan-
sion, we derive two Painleve branches with the correspond-
ing singular manifold being introduced, which constitutes
an auto-Backlund transformation between two pairs of so-
lutions. After a series of complicated calculation and pro-
cedures of linearization, we derive the Lax-pair for Eq. (4).
Secondly, with this Lax-pair, we construct the Darboux
transformation for this equation.

Darboux transformation is a powerful tool in the
construction of solutions for integral partial differential
equations, including multi-solitons, breather solutions and
other interesting solutions. It is essentially a kind of gauge
transformation which can keep the form of the Lax-pair

invariant. Especially, we investigate the N-times Darboux
transformation for Eq. (4). Moreover, the N-soliton solu-
tion formula are also derived in the form of Wronskian de-
terminant. Finally, using the idea inherited from Ref. [23],
we construct a special generalized Darboux transforma-
tion for this equation where the Lax-pair does not contain
a spectral parameter. As a result, the N-times formula
for the rational form solutions are calculated.

The paper is organized as follows. In Sec. 2, the
Lax pairs for the extended mKP equation with variable
coefficients are calculated by analysing its two Painlevé
branches. In Sec. 3, we construct the N-times Darboux
transformation for this equation. The N-times general-
ized Darboux transformation are constructed in Sec. 4.
The final section contains some conclusions discussions.

2 Painlevé Analysis and the Construction of
Lax Pair

2.1 Painlevé Analysis and Auto-Bdcklund Trans-
formations

We can consider Eq. (4) as a two component system
with the following form:
Ut + Ugga + 3wy — 6uuy — 6wy + a(t)uy + ft)us =0,
wg — Uy =0. (5)
In terms of the singularity analysis, Eq. (5) enjoys the

Painlevé property, which means that its solution can be
written as a Painlevé expansion such as

w="Y " u(z,y,t)[x(x,y, ), (6a)
i=0
w= wjl@,y )@y, ) 7. (6D)
i=0
The analysis of the leading term provides:
0121, 5:15 Up = aXz, Wo = aXy, (7)
where @ = +1 and x(z,y,2) is an arbitrary function.

Therefore, there exist two Painlevé branches which can
appear simultaneously in the truncated expansion for

Eq. (5). For each branch, the auto-Backlund transfor-
mation can be introduced as
’ Gz O ’ Py oy
=u+—-——, =w+ -, 8
u'=u 5 . w s o (8)
where, ¢ is the singular manifold for ¢« = 1 and o for
a = —1. Obviously, there exists two pairs of solutions

(u,w) and (uv',w’) of Eq. (5),

Ut + Uy + 3wy — 6uuy — 6w, + a(t)uy, + B(t)u, =0,

Wy — Uy =0, (9)

and

Up + Uy, + 3wy, — 6uul, — 6w'ul, + at)ul, + B(t)u, =0,
' (10)

r_
wx—uy—O.
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Assume that we can decouple the crossed terms
(¢p/ ) (05 /0) through the following expression

Qbac Oz ¢z Ox
—EF_AE+B;, (11)
and define
111:%, wlzﬂ, 7'1:&7
Ga ba o
Vo = %, W = Z—;, TQZZ—Z (12)

Substitute (8) into (10), and use (11) to decouple the
crossed product, then the set of equations can be pro-
vided,

1 1
A= 5(2u—|—vl +7), B= 5(—2u+vg —T2),
6(w — Uy + %) = wi +4v1, + 05 + 377 + a(t)T1 + B(t),

6(w + Uy + u?) = wy + 4va, + V3 + 375 + at)Te + B(1),

vi 3,
(w1 + Vip — ? + 57’1 +Oé(t)7'1) +37’1y =0,
v 3,
(w2+vgm—7+572 —Oé(t)TQ) +3T2y20. (13)
From (13), we obtain the following relations:
(AB)I = AB(TQ - 7'1)7
[AB(2A — 2B+ V1 — Vg — 37’1 - 37’2) — Oé(t)]x

In this case, taking the derivative of (11) with respect to
x, y and t, and using (11) again, we have:

Am:A(Ug—A—B), Bm:B(’Ul—A—B),
Ay =[A(r2+ B)ls, By=[B(r1 —A)a,
At = [AU)Q +AB(2A — 2B + vy — vy — 37'1

=31 —a())]s,
B; =[-Bw; + AB(2A—2B+v; —vs — 311
— 312 —a(t))]s - (15)

2.2 Construction of Lax Pairs

In order to linearize Eq. (15), the following changes
should be introduced,

A=Y p_ Y
(G2 1
in which case Eq. (15) can be written as the following two
Lax pairs:

1Z)lzz + 21“/)11 + 1Z)ly = 07

B (16)

1/}115 + 41/}1xxx + 6 |:uz + u2 —w— %a(t)u + %B(t)} 1/}130
+ (12u — a(t))Y1ea (17)
1/}2xx - 2u¢2x - 1Z)2y = Oa
1/}215 + 41/}2xxx + 6 [uz + u2 —w— %a(t)u + %B(t)} 1/}2&0
— (12u — a(t))Yous - (18)

3 Darboux Transformation and N-soliton So-
lutions

3.1 N-times Darboux Transformation
From Eq. (17), we can obtain the Lax pair for Eq. (5)

¢1y - _¢1xx - 2u¢lz; (blt = A(U)¢,
A(u) = —49% — (12u — a(t))?

_ 1 1
— 6(uw +u?— (0 luy) — ga(t)u + 66(t))8,

(19)

where 9 = 9, and 99~ =079 = 1.
The elementary Darboux transformation of the spec-
tral problem (19) is:

T(1)o £ 6{1) = 6~ 220 (20)
lx
and the potential satisfies the relation:
_ ¢11
mu_u+am(5?) (21)

where u[l] satisfies Eq. (4), and (u[1], ¢[1]) also satisfies
(19):
(by[l] = _bex[l] - 2’(1,[1](;51[1] s

¢u[1] = A(u[1])o[1]. (22)

Remark 1 Denoting uli], #[i] and ¢;[i] as the action of
i-times repeated Darboux transformation (20), (21) on the
seed solutions: u, ¢, ¢;, then:

bjyli] = —¢j,2li] — 2uli]d; . [d] ,
¢jeli] = A(uli])o;ld] .

Before we construct the N-times Darboux transformation,

(23)

the following lemma is needed:

Lemma 1 For arbitrary integral [,k (1 <I{<n—1,1<
k<l-1), we have

krr
Wil durall. ... uexll) = (—1)’“%%(@[1 1) gl = 1], bl — 1),
l,x
k—11;
Wi(prall], 2l - -, drkl]) = (—1)]“%1%(@[1 =1, [l = 1], .., digill = 1)),
lx

Wi (oll]; G4l - - - Grrk(l]) = (=1)

w_Orl—1]
e l=1]

Wi(oll = 1], [l = 1],..., 14l — 1]).
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The proof of this Lemma was given in Ref. [22]. And _m [N — 1], ¢n[N —1]]
the following theorem gives the N-times Darboux trans- Wa(én[N —1])
formation for Eq. (5): Wi(1, ¢2,...,6n)
- , (29)
Theorem 1 ¢1,¢,...,¢n is the solution of (19), and 2(¢1, 02, .., ON)
u is the solution of extended form of mKP equation with  ith,
variable coefficients, then the N-times Darboux transfor- N1
mation is: u[N] :u[N—l]—l—Bln%
¢[N]:Wl(¢7¢17¢27"'7¢]\/) (24) ¢N[ - ]
W2(¢17¢27"'7¢N) ’ — _ 0 M
u[N = 2]+ 0ln N3
u[N]:u+8an2(¢1’¢2"”’¢N) (25) NN =2
Wi(é1, b2, .., 6N) _,_mnw
and (¢[N],u[N]) satisfies: Wi(on[N — [1]) : o] I
Walpn—1[N — 2], N[N — 2
N| = —¢uz[N| — 2u[N]¢p,[N], =u[N —2]+0ln
PRI el 2ulNIoAN] § N O v A [V — 2oV 2]
4N] = AIN)IN]. (26) s oy Wl ) )
where, wi,wy are two types of Wronskian determinant - o Wi(o1, d2, ..., 0N)
defined by:
qi-1 This completes the proof of Theorem 1. (I
Wl(¢17¢27"'7¢k) = det(A)u Al,] = F¢iu (27)
‘T‘ 3.2 N-soliton Solutions Formula
d7
Wa(¢1, ¢2,...,¢x) = det(B), Bi;= @@‘ . (28) (1) One-soliton solution
Hence, with the conclusion of Lemma 1, we have: Next, using formulation (30) we intend to find the soli-
N[N — 1] ton solution for Eq. (4). Starting from the seed solution
O[N] =[N —1] — eV 1] 1]¢m [N —1] | u = ¢, where ¢ is a constant, then the solution for (19) is:
1= Ok, + Ip,
br, = eklz+(72ck17kf)y7f(6c2k172ca(t)k1+12ckf7a(t)kf+ﬁ(t)k1+4k‘;’) dt4+P1 (k1) 7

- o —Pro+(2epr—p})y— [(=6¢*p1t2ca(t)pr+12ep} —a(t)p} —B()pr—4p}) dt+F1 (p1)
p1 —

; (31)

where, k1 and p; are arbitrary constants. Pi(k1) and | phase position.

Fi(p1) are polynomials of k1 and py, respectively.

In the case of vacuum seed where ¢ = 0, we take
Pi(k1) = Fi(p1) = 0 for convenience, then solution (31)
is reduced to

Op, =

b, = o Pro—Pivt [Upltahpl+pis(n)de
P1 — .

eklszfy+f(f4k‘;’+a(t)kffklﬁ(t))dt

)

Therefore, relation (21) gives one-soliton solution with

arbitrary function «(t), 5(¢):
u[l] _ k%ﬁbkl +p%¢p1 _ k1¢k1 _p1¢p1

k19K, — p1dp, Ok, + Ppy

It is noted that the condition k; # p; and kip; < 0
must be satisfied. Moreover, to make sure the amplitude
is positive, one needs k1 > 0, p; < 0. Solution (32) is
equivalent to the following form:

u[l] = y1(2 cosh[f; (z,y,t) + ¢1] + Vl)_l, (33)

where, 01 (z,y,t) = (ki+p1)z+ (7 —ki)y+ [ —4(k+p?)+
a(t)(kf —p?) = B(t) (ki +p1)dt, ym = (k1 +p1)?*/vV=Fkip1,
v1 = (k1 —p1)/v—Fkip1, and @1 = (1/2) In(—k1/p1) is the

(32)

The amplitude of soliton solution is 1 /(2 + v1). The
center trajectory is

01(z,y,t) +¢1=0.

If k1 and p; satisfy the relation (k; —p1)? +4k1p1 = 0,
then u[1] becomes

0 t
uft] = Wseon2[A0:0 | 21

4 2 217

when y = 0, a(t) and §(t) are taken as constants, so the
wave velocity relative to x-axis is v, = —4(k% — kip1 +
p1) + a(t)(kr — p1) — B().

Solving equations
/(—4k§ +a(t)k} — ki1 B(t))dt = crw (1),

/(4p? +a(t)p? + p1B(t))dt = cows(t),

it yields
B —4k3p1 + 4k1p3 — c1prw! (t) — cakiwh(t)
kipi(k1 + p1)

at) =

)
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B(t) = — Akipl + 4kipi + capiwi (1) — cokfw(t) listed in the following.
k1p1 (k1 +p1) a) Taking k1 = 1, p1 = —1/2, ¢1 = 1, wi(t) =
In addition, choosing different functions «(¢), 8(t), we  cos(pit), ca = 1, wh(t) = cos(pat), we obtain the

can obtain several types of soliton solutions, which are = “periodic-type” soliton u[1]:

exp[%z + %y+ sin(;ilt) + sin(ugt)]

u[l] (JJ, Y, t) = sin sin# sin#2 sin : (34)
dexplo + 2] + Gexplga + Gy + Mt 4 L]+ 2explRy + 2]

Fig. 1 (a)—(b) 3-D plot for the one “periodic-type” soliton when z = 0, y = 0, respectively; (c) Transverse plot of
solution (34) when z =y = 0.

Let u1 = 1, pug = 2, Figs. 1(a)-1(c) show the image of the solution as © = 0, y = 0, and @ = y = 0. Moreover, this
“periodic-type” soliton solution is actually a kind of periodic solution, which has the period 27.

Fig. 2 (a)—(c) 3-D plot for the one “parabolic-type” soliton (35) when z = 0, t = 0 and y = 0, respectively.

b) Taking k1 =1, p1 = —1/2, ¢c; = 1, wi(t) = a1t, ca = 1, wh(t) = aqt, then we obtain a “parabolic-type” soliton:
exp[3z + 3y + 3t%a1 + t%as)
ull](z,y,t) = 2 3 2 1 3 1,2 1,0, 71"
4explr + t2a1] + 2 exp[5y + t2az] + 6 exp[52 + Jy + Ft2a1 + 5t2as]
When a1 = 2, az = 1, Fig. 2(a)-Fig. 2(c) show the images of solution (35) as =0, ¢t =0, and y = 0.

c) Taking k1 = 14, p1 = —1/2, ¢1 = 1, Wi(t) = sech®(mt), co = 1, wh(t) = sech?(nat), then it yields the
“tanh-type” soliton solution:

(35)

tanh(tn1) tanh(tn2)
m + 2 ]
tanh(tni)

exp[%x + %y +

u[l] ($7 Y, t) = 2tanh (1) (36)

4 explz + - tanh(tny)

2tanh(tn2) ] :

] +6exp[sz + 3y + p.

+ ]+ 2exp[3y +

m 2

(c) 0.14
0.12
0.10

- 008
0.06Q

0.04
0.02

50 0 20 10t

Fig. 3 (a)—(b) 3-D plot for the one “tanh-type” soliton when y = 0, z = 0, respectively; (¢) Transverse plot of solution
(36) when x =y = 0.
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If we choose 71 = 1/2, 1y = 1, there exist Figs. 3(a)— 3(c) to show the image of this solution as y = 0, x = 0, and

z=y=0.

(i)

Two-soliton solution

General expressions for two-soliton solutions can be easily obtained by taking N = 2 in (30). However, in order

to guarantee for the regularity of the two-soliton solution, we need to do some regularity analysis. In terms of the

potential relation (30), it must be ensued that functions Wi (¢, ...

,on) and Wa(¢@1,...,¢N) are certainly not zero.

Hence, the choice of the parameters k1, k2, p1, p2 must satisfy the following regularity condition:

ko —k1 20, ki—p2Z0, ka+p1Z0, p1—p2=20,
with,
pip2(p1 —p2) 20, kika(ka — k1) 20, kipa(ki +p2) 20, —pika(pr +k2) Z 0.
(c)
0.06 00 0.06
U, 0.0 0.04] | U “
U, !
0.2 00 0.02
xT
—400 —200 0 200 400 © —150 —100 —50 0 50 100 150 —400 —200 0 200 400 v
Fig. 4 (a) 3D-plot of two-soliton when y = 0 and a(t) = 3(t) = 0; (b) 3D-plot of two-soliton when y = 0 and a(t) = 1,

B(t) = —1; (c)—(e) The interaction progress of two solitons when ¢ is orderly taken as —30, 0, 30.

Fig. 5 3D-plot of two “parabolic-type” solitons inter-

actions.

With the above condition, taking k1 = 1/2, k2 = 2/3,
p1=-1/4, po = —1, a(t) =0, B(t) = 0, one can derive
the elementary 2-soliton solutions interactions depicted in
Fig. 4(a). While Fig. 4(b) corresponds to the case when
a(t) = 1, B(t) = —1. Figures 4(c)—4(e) describe the in-
teraction progress of two solitons when ¢ is orderly taken

as —30,0,30. It is easy to verify that the wave velocity
admits v, > v,,, hence soliton wu; is chasing after soliton
ug, which the amplitude is higher than w;. Then they
have a collision near the moment ¢ = 0, and break into
two original single soliton soon after the interaction.

When the parameters are taken as: ky = 0.2, p; =
—0.1, ks = 04, po = =03, ¢c1 = 1, J'(¥) = ¢, B(t) =
t, aft) (1w’ (t) + k1 B(t) + 4k3) /K3, one obtains the
“Parabolic-Type” soliton interactions in Fig. 5.

If the parameters are taken as: k1 = 0.2, p; = —0.1,
ky = 04, po = —0.3, 1 = 1, W'(t) = sin(t/6), 8(t) =
sin(t), a(t) = (c1w'(t) + k18(t) + 4k3) /K3, it will appear
two-periodic soliton interactions shown in Fig. 6(a). Fig-
ures 6(b) and 6(c) are the density plots for another two
soliton solutions where the variable coefficients are taken
aswi (t) = cos(t/6), wa(t) = cos(t/6) and w1 (t) = cos(t/6),
wa(t) = cos(t/8), separately.
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—100

—200 —500

—300
—100 —-50 0 50 100 -100 =50 0O 50 100 150

Fig. 6 (a) 3D-plot of two periodic soliton interctions; (b)—(c) Density plot for the two periodic solitons.

(iii) Three-soliton solution
In order to analysis the singularities for the 3-soliton solution, we especially define the 3 x 3 Vandermonde deter-
minate Vd[f1, fa, f3] as:

1 1 1
Vd[fi, fo. fa]:=| fi fo f3 |- (37)
g f3
(a) (b)100

—-100 =50 0 50 100

(©) u(z,—85) (d) u(z,1) (e) u(,85)
A 0.10¢
010 0.14
Uy 0.08} 0.12 0.08¢1
U
0.10
t 0.061
0.06 008
0.04 0.0 0.04
002 00 002}, u,
Uy N\ ug/ T ¥ x < o
—600 —400 —200 0 —100 —50 0 50 100 0 200 400 600

Fig. 7 (a) 3-D plot for elementary 3-soliton solutions; (b) Density plot of (a); (c)—(e) Transverse plot of (a) when
x =y = 0, and the interaction progress of 3-solitons when ¢ is orderly taken as —85, 1, 85.

Then the parameters kq, ko, ks, p1, p2, p3 must satisfy the following regularity condition:

(k1koks)Vd[ky, ko, ks] 20, (kikaps)Vd[k, —ps, k2] 2 0,

(k1p2ks)Vd[k1, ks, —p2] 3 0, (prhoks)Vd[—p1, ks, k3] 3 0,
(p1p2ks)Vd[p1, —ks, p2) 20, (prkaps)Vd[—ka,p1,ps] 20,
(k1pops)Vd[pz, —k1,ps] 2 0,  (p1p2ps)Vd[p1,p2.ps] 20,

simultaneously with,
Vd(ky, ko, ks] 20,  Vd[ki, —ps, ko] =

0 =0, Vd[ki, ks, —p2] 20, Vd[—p1, ke, k3]
Vd[plu _k37p2] E 07 Vd[_k27p17p3]

0 i
< <
E 07 Vd[P27 _k17p3] ; 07 Vd[p?aplap?;] z 0.
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Hence we choose k1 = 0.2, ko = 0.4, ks = 0.6, are taken as k1 = 1/2, p1 = —1/4, ko = 2/3, p2 = —1,
p1 = =03, p2 = =05, p3 = =07, at) = 0, B(t) =0, a(t) =1, 4(t) = 2.
which satisfied the above regularity condition. The el-
ementary 3-soliton solutions interactions are dipicted in 50
Fig. 7(a). Moreover, one can see in Figs. 7(c)-7(e) that ==
soliton ug is running after u; and ug while u; is going after z 0 +

ug, simultaneously, which is rooted in the relation of the

wave velocity: vy, > Uy, > Uy,. _50 H
Next, taking variable coefficients as a(t) = ¢, 5(t) = t, ‘

and y = 0, then Fig. 8 shows the interactions of three pEEES 0.03

“parabolic-type” soliton solutions. 0%?%
Moreover, in the case of non-vacuum seed where ¢ # 0, 0 50000

we can derive the soliton solution on the nonzero plane. -0 t

Specifically, Figs. 9(a) and 9(b) separately show the one-

soliton solution and the two-soliton solution with the con-

stant background ¢ = 2 and ¢ = 1 where the parameters |

T

Fig. 8 3-D plot for the interactions of three “parabolic-
type” soliton solutions.

(b) u(z,—3)
1.06

1.05

—100 —50 0 50 007 —200 —150 —100 —50 0 50 100"

Fig. 9 (a)—(b) One-soliton solution and two-soliton solutions with different constant backgrounds ¢ = 2 and ¢ = 1,
seperately.

4 Generalized Darboux Transformation and Rational Type Solutions

From (31) we can regard ¢1 = ¢1(k1,p1) as a function on variable ki, p;, which plays the same role as spectral
parameters, then ¢;1(k1 + €, p1 + €) also admits (19) when v = 0, where ¢ is a small perturbation of the parameters.
Because of the property exits for the DT (20):

(161 = 61 - j’%m —0, (38)

it is obvious to see that:
T[1)¢1(k1 +e,p1+€) =0, ase — 0.
Let ¢2 = ¢1(k1 + €,p1 + €), we may consider the limitation:
(1 T(1]¢1(k d/de)T[1]d2|e— d

e—0 € e—0 € e—0 de

Denoting ¢1[1] = (d/de)p2[1]]c—0, S0 ¢1[1] can be used to the next step Darboux transformation:

$1[1]
o2 = o[1] - ¢x[1] . 40
2] = o[1] o1l 1] (40)
It should be noted that one can only consider the small perturbation on single parameter:
¢1(k1 + €,p1), or ¢1(k1,p1 +€),

and then the above limiting process can be still implemented.
Following this idea, we look back to the Wronskian solution expression:
Wa(é1, ¢2)

Taking N = 2 as a concrete example:
/ 1/
aer (50
ul2l =u+0ln — "= =y +9ln ———22L

Wi(é1, ¢2) det<¢1 /1) '

/
2 2
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Taylor expansion at € — 0:

b1 | ®1 ol | ¢ ol €+ o(e)
= 1 1 =|.n 1 ;
o2 | o1t dllerole) (6t dllerol) | ol (o)
P 9 ol oy ) it
= = + [0} N
6 o e e oo =l oot
where, 1!l = (d/de)(é1 (k1 + €. p1 + ))le—o- L Fit) =20k )+ (0~ k)
Hence, / § —6(k2 4 ph)t +Ci],
(;[511])/ ( ?11])/, Folw,y,t) = ki —pi + 2kipr (k1 +p1)[—2 + (k1 — 1)y
uf2] = u+dln 0;1 ¢’i : (42) +6(kf +pH)t — 1)
[11] ( [11])' Different with the soliton solution we have discussed in

which is a new solution to Eq. (4).
In general, we consider N distinct functions:

b5 = o1(kj,pi), kj=ki+¢€,
j=2.3,...N.

Taking the limit k;, — k1, p; — p1 in u[N], then the
N-times iterated DT of the potential can be reduced to:

pj =p1+ €5,

. W2(¢17¢27"'7¢N)
u[N]=u+ lim Jln
[ ] €2,..0, en—0 W1(¢17¢27"')¢N)
W2(¢la¢[11]7'-'7 [1N_1])
=u-+ 8111 [1] [N—l] ] (43)
Wl(¢1a¢1 vy W1 )
where,
=) !
7= l_im j71¢1(k1+€j,p1+€j)a
€ dEj
j=1,...,N. (44)

Taking N = 2 in above formula, we find a rational
type solution:

Wa (1, 61")
Wl((blv [11])
with W7 and W having the following forms:
Wy = ¥k — e¥r _|__7:1(;C,y7t)e(sak+wp)/2,
Wo = kf e¥k —p% e®r 4 _7.‘2($7y7t)e(sak+wp)/2,

o = 2xky — 2yk? +2 /(—4k§’ + kialt] — k1 B[t]) dt,

u[2] =u+9dln (45)

Pp = —2xp1 — 2yp; + 2 /(41)? + pialt] + piBlt) dt,

with,

¢ = / (k1 — pr)a(t) — B)]dt.

the previous section, the rational type solution (45) which
derived via the above generalized DT procedure is actu-
ally the combination of exponential functions and rational
polynomials with integral of arbitrary functions. It is ob-
vious to notice from W to Wa that solution (45) has some
singularity, therefore, the regularity condition is difficult
and cumbersome to discuss.

5 Conclusion

In conclusion, we investigate the extended form of
the mKP equation with variable coefficients in the frame-
work of Painlevé analysis. The Lax-pairs for the extended
form of the mKP equation are obtained via analysing its
two Painlevé branches. Meanwhile, the N-times Darboux
transformation is constructed with the N-soliton solution
formula given, which has 2n free parameters and two ar-
bitrary functions. In particular, according to different
choices of parameters, several types of soliton solutions are
calculated from the first to the third order, while the regu-
larity conditions are also discussed to avoid the singularity
of the soliton solutions. In addition, using a special limit-
ing process, we construct the generalized Darboux trans-
formation matrix for the extended form of mKP equation
with variable coefficients, and the rational-type solution
is also calculated.

It should be noted that the extended form of mKP
equation is real equation, so we believe that the binary
Darboux transformation can be implemented into this
equation to derive other physical solutions, including the
lump solution or the rogue wave solution, etc. This work
is in progress and will be reported in our further paper.
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