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Adaptive Function Projective Synchronization of Discrete-Time Chaotic
Systems *
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By backstepping control law and active control method, adaptive function projective synchronization of 2D and
3D discrete-time chaotic systems with uncertain parameters are investigated. To illustrate the effectiveness of

new scheme, some numerical examples are given.

PACS: 05.45.Yv, 02.30. Jr, 42.65. Tg

Since the synchronization of chaotic system is
discovered,!!! the synchronization problem in chaotic
systems has been intensively and extensively stud-
ied in recent decades. Up to now, there exist
many types of chaos synchronization schemes in dy-
namical systems.[2~15] Parameters adaptive control,?
active control,[® feedback approach,!*! backstepping
design,®! and so on have been successfully applied to
chaos synchronization. Backstepping design!®! has be-
come a systematic and powerful method for the con-
struction of both feedback controllers and associated
Lyapunov functions.

Over the last decade, some articles have been re-
ported to extend the backstepping design to deduce
some proper controllers to investigate chaos control
and synchronization.”~% However, they are based on
the exactly knowing of the system parameters. In real
situation, some or all of the parameters are unknown.
In this Letter, we study global chaos synchronization
of discrete-time chaotic system with uncertain param-
eters base on Chen and Lil'" and Lii’s scheme.[!5:16]
First, we give a definition of adaptive function pro-
jective synchronization (AFPS). Then a synchroniza-
tion scheme is applied to investigate AFPS between
two identical 2D and 3D discrete-time chaotic systems
based on backstepping design. Moreover, we provide
numerical examples to demonstrate the effectiveness
of proposed method.

The discrete-time chaotic system (called the drive
system) in the form

ok +1) = F(a(k), 1)
and the response system of (1) is defined by
y(k+1) = G(y(k)) + U, (2)

where F' : R™ — R™ G : R™ — R™ are the vector-
valued functions, z(k) = [z1(k), -, zm(k)]T € R™,
y(k) = [y1(k),- -+, ym(k)]T € R™ are the state vectors,
and U = [u1(z1(k), y1(k)), - tm(2m (K), ym(F))] €

R™ is an unknown controller vector. Let the error

state be

e(k) = (e1(k),e2(k), -, em(k))
= (1(k +7) = fa((k + 7))y (k), 22(k + 7)
— fa(x(k +7))y2(k), -z (k +7)
- fm(x(k + 7))ym(k))v (3)

where f;(i = 1---,m) are the scaling function, 7 €
Z/Z~ is a constant. It is said that Egs. (1) and (2)
are globally AFPS when 7 € N (7 is called the syn-
chronization anticipation), if there exists proper con-
trollers U = (uy,u2, -+, uy)T such that klim (e(k)) =
0, we can say that there exist AFPS between the sys-
tems (1) and (2).

Remark. When we choose 7 = 0, (i) f1 = fo =

= fo=1,3) fi = fo=- = fn = a (i)
fl = i, f2 = Qg, ', fn = Qp, (IV) fl = fl(l‘),
fo = fa(z), -+, fn = f3(z), and we will obtain CS[7],

PSt3l MPS! and FPSIMY| respectively.
The Kawakami map!®

z1(k+1) =azi(k) + z2(k),
zo(k+1) = — B+ 23(k). (4)

as the drive system, and the response system!'* reads

y1(k +1) = a1 (k)yi(k) + y2 (k) + wi (2, y),
ya(k +1) = — Bi(k) + 3 (k) + uz(z,y), (5)

where a1 (k) and (31 (k) are uncertain parameters which
estimate parameters of o and 3. Here u; and us are
the controllers such that two chaotic systems can be
synchronized in the sense of AFPS.

In the following we would like to realize Egs. (4)
and (5) by backstepping design method.

Let the error states be e; (k) = z1(k+7) — 3y1(k),
ea(k) = xo(k + 1) — (1 + tanh(z2(k + 7)3)y2(k),
es(k) = ai(k) — «, eq(k) = B1(k) — 8. Then from
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Egs. (4) and (5), we have the discrete-time error sys-
tem

er(k+1) =x1(¢) — 3a1y1 — 3y2 — 3uy(z,y),
ea(k +1) =22(¢) — (1 + tanh(x2(£)?)
(=P + 5 + ua(z,y)). (6)

while { = k+1+7,n=k+7, a1 = a1(k), 81 = p1(k),
z1 = z1(k), z2 = 22(k), y1 = yi(k), y2 = ya(k).
Based on the backstepping design and the improved
ideas of Refs. [11,15,16], we give a systematic and con-
structive algorithm to derive the controllers u(x,y)
step by step such that systems Egs. (4) and (5) are
synchronized together.

Step 1. The first error variable E1(k) = ei(k).
Let the first partial Lyapunov function be Lq(k) =
|E1 (k)| = |e1(k)| and the second error variable be

62(]{7) = el(k + 1) - 61161(k), (7)
where §17 € R. We have the derivative of L;(k)

ALy(k) = lex(k +1)| — |e1 (k)]
< (|611] = Dler (k)] + le2(k)]- (8)
Step 2. Let the second partial Lyapunov function

candidate be Lo(k) = L1 (k) + c1|e2(k)| and the third
error variable be

e3(k) = ea(k +1) — da1e1(k) — dazea(k),  (9)

where ¢; > 1,091, da2 € R. Therefore, from Eqgs. (7)
and (9) we have the derivative Lo (k)

ALy(k) = Lo(k + 1) — La(k)
< (c1lb21] + [611] — D)[ex (k)| + (e1]022]
+ 1 —c1)lea(k)| + c1les (k). (10)

Step 8. Let the third partial Lyapunov function
candidate be L3(k) = La(k) +c2les(k)| and the fourth
error state be

es(k) = es(k+1)—ds31e1(k)—032e2(k)—d33e3(k), (11)

where ¢ > ¢y > 1, 031, 032, d33 € R. Therefore, from
Egs. (9) and (11) we have the derivative L3 (k)

ALs(k) = Ls(k + 1) — Ls(k)
<(calds1| + c1]dor| + [011] — 1)[e1 (k)]
+ (c2|d32] + c1(|d22] — 1) + 1)]e2(k)|
+ (c2|033] + c1 — c2)les (k)| + c2lea(k)]. (12)

Step 4. Let the fourth partial Lyapunov function
candidate be Ly(k) = L3(k)+c3les(k)| and the fourth
error state be

64(]{} + 1) — 54161(]{}) — 54262(/€)
— 64363(]€) — 54464(k) = O, (13)

where ¢3 > cg > ¢1 > 1, 041, 042,043,044 € R. There-
fore, from (11) and (13) we have the derivative L4(k)

ALy(k) = La(k + 1) — La(k)|
< (c3|0a1] + 2|31 + c1]021| + [011] — 1)]er (k)]
+ (c3]0a2| + c2[d32| + c1(|d22] — 1) + 1)[ea (k)|
+ (c3/0a3| + c2[d33] + 1 — c2)|es (k)|
+ (c3|044] 4 c2 — c3)|ea(k)]. (14)

From Eq. (14), we know that the right-hand side
of Eq. (14) is negative and infinite, if the parameters
¢i(i=1,2,3,4) and 6;;(1 < j < i < 4) satisfy

61|(521| + CQ|631| + C3|(541| + |(511| <1,

c1]022| + c2|032] + c3]daz| <1 —1,

— Co

c
C2|033| + c3|0a3] < c2 — c1, |0aa| < 730 (15)
3

Here AL(k) is negative and infinite. From Egs. (7),
(9), (11) and (13) we obtain the controllers

1 2 1
uy(x,y) = §$1(§) oy — gy - 5511!171(77)
1 1
+ oy — §m2(77) + gtanh(fvz(n))zyz,

us (2, ) = : (~22(6) + 42 — By

1+ tanh(z(€))2
— tanh(z5(€))?y5 — tanh(z2(€))* 5
+ 02121 (n) — 3d21y1 + d2222(n)
— 022y2) — 02292 )tanh(z2(n))?, (16)
ai(k+1) =a+ d3121(n) — 3031y1 + d3222(n)
— 032y2 — dz2tanh(xa(n)ye
+ 0331 — d33a + 1 — 3,
Br(k+1) =B+ da121(n) — 364191 + da2x2(n)
— d42y2) — daztanh(z2(n))y2) + dazcn
— 0430 + 04481 — 0443, (17)

E=k+14+1,n=k+7, a1 = ai(k), b1 = Bi(k),
T le(k)a U1 :yl(k)'
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Fig. 1. Orbits of the error states: (a) e1(k) = z1(k+7)—
3y1(k), 7 =1, (b) ea(k) = z2(k + 7) — [1 + tanh(z2(k +
)2y (k). 7 = 1.

We use numerical simulations to verify the effec-
tiveness of the above-mentioned controllers. The pa-
rameters are chosen as o = —0.1, = 1.6, 611 = 0.3,
021 = 0.02, do = 0.4, 633 = 0.05, d32 = 0.1,
033 = —0.2, 041 = 0.01, d42 = 0.02, §43 = 0.03,
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044 = 0.04, ¢y = 2, co = 3, ¢3 = 5 and the initial values
and «a1(0) = 0.1, 51(0) = 0.1, and the figures of syn-
chronization errors are displayed in Fig. 1(a)-1(b), and
simulations of the two parameters a; (k), 81 (k) are dis-
played in Fig. 2(a) and 2(b). Finally the attractors af-
ter being synchronized with controllers are displayed
in Fig. 3.
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Fig. 3. Two attractors after synchronized with 7 = 1, the
dark one is the response system with the controllers, and
the other is the drive system.

The generalized Hénon map!*?

.’lﬁl(k + 1) = — ﬂ.rg(k‘),
zo(k+1) =1+ Baz(k) — ax?(k),
w3(k + 1) = Bza(k) + 21(k). (18)

as the drive system, and the response system is as
follows:

y1(k+1) = = Br(k)ya(k) +ur(z,y),
ya(k +1) =1+ B1(k)ys(k) — a1 (k)yi (k) + ua(z,y),
y3(k + 1) = B1(k)y2(k) + y1 (k) + us(x, y), (19)

where a1 (k) and (1 (k) are uncertain parameters which
estimate the parameters of o and 3, while uq, uy and
ug are the controllers such that two chaotic systems
can be synchronized in the sense of AFPS. Then we
would like to realize AFPS of Egs. (18) and (19).

Let the error states be ey (k) = z1(k+7) — 3y1(k),
e2(k) = wa(k +7) + y2(k), es(k) = x3(k +7) — (1 +
coth(zs(k + 7)))%ys(k), es(k) = a1(k) — o, es(k) =
B1(k) — 8. Then from Eqgs. (18) and (19), we have the
discrete-time error dynamical system

e1(k+1) =z1(§) + 3B1y2 — 3us(z,y),

ea(k+1) =1+ ys + 22(&) — arys + ua(,y),
ea(k +1) =a3(€) — (1 + coth(x3(€))*)
~(Bry2 + y1 + us(z,y)). (20)

while £ = k+ 147, 7 =k+7, a1 = a1(k), B1 = B1(k),
z1 = 21(k), 22 = z2(k), z3 = 23(k), y1 = yi(k),
y2 = y2(k), y3 = ys(k). In the following we consider
AFPS between Egs. (18) and (19) via the following
scheme.

Step 5. Let the fourth partial Lyapunov function
candidate be Ly(k) = L3 (k) + c3les(k)| and the fourth
error state be

es(k) = ea(k+ 1) — Suren (k) — Sasen(k)

— dazes(k) — daaeq(k), (21)
where c3 > ¢ > ¢1 > 1, 041,042, 043,044 € R. There-
fore, from Egs. (11) and (21) we have the derivative
Ly(k)

ALy(k) = La(k+ 1) — La(k)
< (esldar] + c2|ds1] + ca|d21] + 611 — 1)]er (k)|
+ (c3l0a2] + c2|d32| + 1([022] — 1) + 1)[e2(k)|
+ (c3|0a3] + c2|033] + c1 — c2)|es (k)]
+ (c30aa] + c2 — e3)|ea(k)| + esles (k). (22)

Step 6. Let the Lyapunov function be L(k) =
L4(k) + cqles(k)|. From the above steps we have

65(/€ + 1) — (55161(/€) — (55262(]6) — 55363(/€)
— d54e4(k) + d55e5(k) = 0, (23)
where ¢4 > C3 > Cy > C1 > 1, (551,552,553,(554,(555 € R.

Then from Egs. (21),(22), and (23), we obtain the
derivative of the Lyapunov function L(k)

AL(k) = L(k +1) — L(k) < (ca|d51] + c3/641]
+ c2|031] + ¢1]621| + 011 — 1)|el(k)\ + (C4|§52\
+ c3]042| + daesa| + c1(]622] — 1) + 1) [ea (k)]
+ (cal0s3| + c3]das| + c2|033| + c1 — c2)|es(k)|
+ (caldsa] + c3]0as] + c2 — c3)|ea(k)|
+ (c3 — ca + ca|055]) [es (k)| (24)
From Eq.(24), we know that the right-hand side of
Eq.(24) is negative and infinite, if the parameters
ci(1=1,2,3,4) and 6;;(1 < j <14 < 4) satisfy
c1]da1| + c2|d31] 4 c3]da1| + calds1] + [011] < 1,
c1]022] + ca|032| + c3|da2] + ca|ds2| < 1 — 1,
ca|033] + c3]das| + ca|d53] < c2 — e,

cq — C
c3]044] + ca|d54] < €3 — c2, |055] < 4c 37 (25)
4

then AL(k) is negative and infinite. From Egs. (7),
(9), (11), (21) and (23), we can determine the scalar
controllers of u(x,y) in the form

1 1
ui(z,y) = Pry2 + gxl(f) +011y1 — 3511$1(77)
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1 1

- gyz - 5452(77),
ug(z,y) = — 1+ 0613/% —x2(§) — 2y3 — 30211
+ 62121 (n) + d22y2
+ S22w2(n) + w3(n) — y3coth(ws(n))?,
1
uz(z,y) = 5 (=B1y2 —y1 + x3(§)

1+ coth(z3(€))

+ Bryzcoth(z3(€)* — yycoth(zs(€)?

+ 303191 — d3121(1) — 3202 — d3222(7)

+ d33y3 — d333(n)

+ 833yzcoth(z3(n))? — a1 + a), (26)

ar(k+1) =a — 304191 + 04171 (n) + da2y2 + da222(n)
+ b4323(n) — dasyscoth(zs(n))? + daaony
— g + B — B,

Bi(k+1) =5 — 365191 + 05121(n) + 522 + d5222(n)

— 053y3 + 05323(1) — S53y3c0th(23(1))>

+ 05401 — d5ax + 05581 — 65503, (27)

while { = k+1+7,n=k+7, a1 = a1(k), 51 = p1(k),
ry = x1(k), z2 = x2(k), x5 = x3(k), 11 = yi(k),
ya = ya2(k), y3 = yz(k). Then we use numerical
simulations to verify the effectiveness of the obtained
controllers u(x,y). Here take a = 1.07, = 0.3,
511 = 0.3, Ja1 = 0.02, 892 = 0.4, 651 = 0.05, d35 = 0.1,
G35 = —0.2, 041 = 0.01, 49 = 0.02, d43 = 0.03, Gy =
0.04, 551 = 0.01, ds50 = 0.02, d53 = 0.03, d54 = 0.04,
555 = 005, C1 = 2, Cy = 3, C3 = 5, Cqy = 6 and the
initial values [z1(0) = 0.2,25(0) = 0.7, 23(0) = 0.06],
[41(0) = 0.06,2(0) = 0.7,y3(0) = 0.2], and a4(0) =
0.1, 51(0) = 0.1, respectively.

In the case 7 > 0, without loss of generality, we set
7 = 1, Thus the figures of AFPS errors are displayed
in Figs. 4(a)—4(c), and simulations of the two parame-
ters aq (k), 51 (k) are displayed in Figs.5(a) and 5(b).
Finally the attractors after synchronized are displayed
in Fig. 6.
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Fig.4. Orbits of the error states: (a) e1 = z1(k+ 7) —3y1(k), 7 = 1. (b) e2 = x2(k +7) + y2(k), 7 = 1, (c)

es = x3(k +7) — (14 coth(zz(k + 7))?)ys(k), T = 1.
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Fig. 6. Two attractors after synchronized with 7 = 1, the
dark one is the response system with the contollers, and
the other is the drive system.

In summary, we have presented a synchronization
scheme to study AFPS in discrete-time chaotic sys-
tems. The scheme is applied to investigate AFPS be-
tween two identical 2D and 3D discrete-time chaotic
systems with uncertain parameters. Numeric simula-
tions are used to verify the effectiveness of our scheme.
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