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By means of a more general ansatz and the computerized symbolic system Maple, a
generalized algebraic method to uniformly construct solutions in terms of special function
of nonlinear evolution equations (NLEESs) is presented. We not only successfully recover
the previously-known traveling wave solutions found by Fan’s method, but also obtain
some general traveling wave solutions in terms of the special function for the asymmetric
Nizhnik—Novikov—Vesselov equation.
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1. Introduction

The tanh method!™ is considered to be one of the most straightforward and ef-
fective algorithm to obtain solitary wave solutions for large NLEEs. Parkes and
Duffy mentioned the difficulty of applying the tanh method by hand and to find
more general exact solutions but simple NLEESs, due to the complicated and tedious
algebraic calculation and differential computation. Recently, the application of com-
puter algebra to science has a bright future. Parkes and Duffy automated, to some
degree, the tanh method using symbolic computation software Mathematica.' In
line with the development of computerized symbolic computation, much work has
been concentrated on the various extensions and applications of the tanh method,
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596 Y. Chen & Q. Wang

such as the extended tanh method by Fan,* the improved tanh method by Yan,®
the modified extended tanh-function method by Elwakil et al.,® and the generalized
extended tanh-function method by Chen and Zheng.”

On the other hand, Gao and Tian® 19 presented a generalized hyperbolic-
function method by introducing coefficient functions to find soliton-like solution
to NLEEs. Based on the method® '° by Gao and Tian and the tanh function
method,! 7 Chen and Li'! extended tanh function method and presented the gen-
eralized Riccati equation expansion method to construct soliton-like solution of
NLEESs. In Refs. 12 and 13, Fan developed a new algebraic method with symbolic
computation to obtain the above-mentioned various traveling wave solutions in a
unified way and provided us with new and more general traveling wave solutions in
terms of special functions such as hyperbolic, rational, triangular, Weierstrass and
Jacobi elliptic double periodic functions.

The present work is motivated by the desire to extend the transformation in
Refs. 12 and 13 to more general transformations and use symbolic computation to
solve the asymmetric Nizhnik—Novikov—Vesselov equation,* the (2+41)-dimensional
KdV equation (also named the asymmetric NNV (ANNV) equation or BLMP
(Boiti-Leon—Manna—Pempinelli) equation).!®> We not only successfully recover the
previously-known traveling wave solutions found by Fan’s method, but also obtain
some general traveling wave solutions in terms of special function for the asymmet-
ric Nizhnik—Novikov—Vesselov equation.

2. Summary of the Improved Method: Generalized Extended
Tanh-Function Method

In the following we outline the main steps of our general method.

Step 1. Given the nonlinear partial differential equation (NPDE) system with
some physical fields u;(x,y,t) in three variables x, y, t,

Fi(ws, Wity Wig, Wiy, Wit Wint, Uiyt s Wiza s Wiy, Uizy, ---) =0, (1)
by using the wave transformation
Ui(xayvt) :ui(g)v §:k(x+ly—)\t), (2)

where k, [ and A are constants to be determined later, then the nonlinear partial
differential equation (1) is reduced to a nonlinear ordinary differential equation
(ODE):

Gi(ug,uiyul,..)=0. (3)

Step 2. We introduce a new and more general ansatz in the forms:

\/ Z;:o Cp@?

Y

ui(€) = aio + Z aij¢) +bij¢~7 + fij!

=1

D cpd? + ki ; (4)

p=0
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where the new variable ¢ = ¢(§) satisfying

b _
o == )

and aio, @ij, bij, fij, kij (0 =1,2,...5 j =1,2,...,m;) are constants to be deter-
mined later.

Step 3. The underlying mechanism for a series of fundamental solutions such as
polynomial, exponential, solitary wave, rational, triangular periodic, Jacobi and
Weierstrass doubly periodic solutions to occur is that different effects that act to
change wave forms in many nonlinear equations, i.e., dispersion, dissipation and
nonlinearity, either separately or various combinations, are able to balance out. We
define the degree of u;(£) as D[u;(§)] = n;, which gives rise to the degrees of other
expressions as

Dl =n;+a,  Dufu’)]=nia+(B+n;)s. (6)

Therefore we can get the value of m; in Eq. (4). If n; is a non-negative integer, then
we first make the transformation u; = w™:.

Step 4. Substitute Eq. (4) into Eq. (3) along with Eq. (5) and then set all co-
efficients of ¢*(, /Z;:O epdP)? (B =0,1; @ = 0,1,2,...) to zero to get an over-

determined system of nonlinear algebraic equations with respect to A, I, k, a0, as;,
bij, fij and k‘ij (Z = 1,2,...; j = 1,2,...,mi).

Step 5. Solving the over-determined system of nonlinear algebraic equations by
using Maple, we end up with the explicit expressions for A, I, k, a0, aij, bij, fij
and k‘ij (z: 1,2,...; ] = 1,2,...,mi).

Step 6. By using the results obtained in the above steps, we can derive a series
of fundamental solutions such as polynomial, exponential, solitary wave, rational,
triangular periodic, Jacobi and Weierstrass doubly periodic solutions. We are inter-
ested only in solitary wave, Jacobi and Weierstrass doubly periodic solutions. The
tan and cot type solutions appear in pairs with tanh and coth type solutions. The
polynomial and rational triangular periodic solutions are omitted in this paper. By
considering the different values of cg, ¢1, ¢, ¢z and ¢4, Eq. (5) has many kinds of
solitary wave, Jacobi and Weierstrass doubly periodic solutions as follows:

(i) Solitary wave solutions:

(a) Bell-shaped solitary wave solutions:

b= —Z—Qsech(\/ag), co=ci=c3=0, >0, ¢c1<0, (7)
4

¢ = — Zsech? (\/2—0_2§> ; co=cr=c4=0, c2>0. (8)

C3
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(b) Kink-shaped solitary wave solutions:
C2 C2
— 2 ann (. /-2
6=\ [~ tan ( - s) 7
G

co=—, cp=c3=0, c2 <0, cy > 0.
4C4

(c) Solitary wave solutions:

p e ((3) va)
2 eseatanl (1) Veat) s

(ii) Jacobi and Weierstrass doubly periodic solutions:
B —com? Ca
= 04(2m2—1)cn< 2m2—1§) ’

cAm?2(1 —m?)

(10)

C4<0, CQ>0, 60:m7
—m?2 co
= 7d _
¢ ca(2 — m?) n( 2—m2§> ’
(12)
c3(1 —m?)
0 0 =2 =
€4 <V, c2 > U, o (2 —m2)2’
B —com? Ca
¢= \/ 04(m2—|—1)sn< m2—|—1£> ’
(13)
2,2
B csm
cy >0, co <0, 60—704(7”2_'_1)2,
where m is a modulus.
c
¢:p<§£a92ag3) ) 62:07 C3>07 (14)
where go = —4(c1/c3) and g3 = —4(co/c3) are called invariants of Weierstrass

elliptic function. The Jacobi elliptic functions are doubly periodic and possess

properties of triangular functions:

sn2¢ +cn?¢ =1, dn?¢ =1 —m?sn?¢,

(sn&) =cnédné, (cné) = —sn¢, (dn¢) = —m2snéen€.

When m — 1, the Jacobi functions degenerate to the hyperbolic functions, i.e.,

sné — tanh ¢, cné — sech€.
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When m — 0, the Jacobi functions degenerate to the triangular functions, i.e.,
sn€ — siné, cné — cosé.

More detailed notations for the Weierstrass and Jacobi elliptic functions can
be found in Refs. 16 and 17.

12,13

Remark 1. Compared with the method proposed by Fan, our ansatz is more

general. When b;; = f;; = k;j =0, Eq. (4) becomes the ansatz proposed by Fan.

Remark 2. The method can be extended to find soliton-like solutions and more
types double periodic solutions of PDE (1). Only the restriction on £(z,y,t) as
merely a linear function z, y, ¢ and the restrictions on the coeflicients a;o, aij, bij,
fij, kij and ¢; as constants will be removed.

3. Exact Solutions of ANNYV Equation
Let us consider the ANNV equations, 4

U — Ugpe + @(uv), =0,
{ ¢ (uv) (15)

Uy + Bry =0,

where «, § # 0 are all constants. This system also named the (2 + 1)-dimensional
KdV equation or BLMP (Boiti-Leon—Manna—Pempinelli) equation by Boiti et al.1®
using the idea of the weak Lax pair. The ANNV equation (15) can also be obtained
from the inner parameter-dependent symmetry constraint of the KP equation.!'®
Lou pointed out that the ANNV equation (15) is an asymmetric part of the Nizhnik—
Novikov—Vesselov (NNV) equation.!? For more detail about the results of this sys-
tem, the reader is advised to see the remarkable achievements in Refs. 14, 15, and
18-21.

According to the above method, to seek the solutions of Eq. (15), we make the
following transformation:

wz,t)=o(), 0@ =7(), E=z+ly—X, (16)
where A is constant to be determined later, and thus Eq. (15) becomes

Mo’ =" +alor) =0,
(17)

o +8l7 =0.

According to Step 1 in Sec. 2,if a # 0 and 8 # 0, by balancing ¢’ (§) and (o(§)7(&))’
as well as 7/(§) and ¢’(§) in Eq. (17), we suppose that Eq. (17) has the following
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formal solutions:

a=ao+a1¢+%+f1 2¢2+%
(18)
@&+%

where ¢(§) satisfies Eq (5)7 where aop, a1, blu fla kla asz, b2u f23 kQa AOa A17 Blv Fla
K1, As, By, F5 and K> are constants to be determined later.

With the aid of Maple, substituting Eq. (18) along with Eq. (5) into Eq. (17), we
yield a set of algebraic equations for ¢P(&)( Z?:o i), (p=0,1,...;¢=0,1).

Setting the coefficients of these terms ¢ (5)(\/2?:0 ¢;9*)9 to zero yields a set of

over-determined algebraic equations with respect to ag, a1, b1, f1, k1, a2, b2, fo,
k27 Ao, 1417 Bl, F17 Kl, AQ, B27 FQ, Kz, l, and .

By using Maple, solving the over-determined algebraic equations, we get the
following results.

Case 1.
2 1 1
63:—314.1@, 00:_6a327 61:—5310[7
—6B AoBlBy — B?
)\:oz( 6B2a0 + 6A0[l B2 1ﬂl)7 (19)
651 Bs
B2
02:_;&’ by = —fBIBy, by = —pIlBy, Cll:—ﬁlAl,
685
cw=a=fi=fo=h=h=4A=N=h=K =K=0.
Case 2
— oA 2 1
a= AZoM) o BIKy, = -lBia. = ta’K2,
o 3 9
1 9 Lo
by = gBlKSa,  By=-—cKia,  bi=-fiB, (20)

=cag=a=a=H=fi=kh=41=A=FN=NR=K =0.
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Case 3.

A3a a(—6Aza0 + 6A4981A; — A201) 2
Bt S = 2B«
6As 6081 A, @ 3 o

Co =

1 1
cq = —604142, c3 = —§A10¢, ay = —BlAy, by =-0IB;, a1 =-plA,

CO:f1:f2:b2:k1:kQZFleQZBQZKlzKQZO.
(21)

Case 4.

1 1 1
ke = —BlK2, by = gﬂlngoh Ji=-plF, ca= §OZQF12, Ay = —gaFf,

I(—3ad, — A + 202K, F 1 1
aO:_ﬁ( 3ady — 3c2 + 3N+ 207K, 1)7 as = BIaF?, o= ~a’K2, (22)
3o 3 9
1
By=—zKja, ci1=cs=am=fa=bi=ki=A=F,=B =K =0.

3
Case 5.

c3 = —§A1a7 fi=—-plF, \= —Qdo +a§§A0 + Blca 7

1 1 1
cy = §a2F12, Ay = —gaFf, as = gﬂlaFf, a1 = —BlA, (23)

f2=b1=b2=k‘1ZkQZFQZBlzBQZKlzKQZO.

From Egs. (16), (18) and Cases 1-5, we obtain the following solutions for Eq. (15)

Family 1. From Eq. (19), when A; = 0, we obtain the following solutions for the
ANNYV equations:

BB, BlB,

_ B 4
U1 = do+ exp(y/c2§) — 26712 (exp(y/e2€) — 2Cc12)2 7 .
oy = AO B Bl B2 (25)

xp(yest) — = | (ep(Val) — 22

where £ = x +ly — M, A = a(—6Baag + 6 Aol By — B?31)/63( B, c2 = —B3a/6Ba,
ag, Ao, [, B; and By are arbitrary constants.

Family 2. From Eq. (20), we obtain the following solutions for the ANNV
equations:
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o PO —ady) BB BIK2a
@ 9 (@5792793) 3p? (@5792793)
ﬁle\/CO +cip (@5792793) + c3® (@57927990
+ , (26)
o2 (@&9&93)
- By B K2a
ne A @(@5792793) 3p? (@5792793)
KQ\/CO +ap (\/26_35792793) + c3? (@5792793)
+ (27)

p2 (@ga g2, 93)

where £ = +ly — M, go = —4(c1/c3), g3 = —4(co/c3), co = (1/9)a’K3, c1 =
—(2/3)B1av, ¢3 > 0, 1, By, K5 and X are arbitrary constants.

Family 3. From Eq. (21), we obtain the following solutions for the ANNV
equations:

h? (1
U3 = ag — ,BZA]_ camee <§\/5£)
2,/coc4 tanh (5\/65) —c3

2
h? (1
— BlA, conee (i\/EE) ; (28)
2,/coc4 tanh (5\/55) —c3
sech? (L
vy = Ao+ A, cosec (?\/65)
2./cacy tanh (5\/55) —c3
2
sech? (1
oy (e Gvas) ) (29)
2./coc4 tanh (5\/65) —c3
where £ = x + 1y — At, A = a(—6Aza0 + 6AgBlAs — A231) /68l Az, c2 = —A2a/6As,
cs = —(1/3)A1a, ¢4 = —(1/6)aAs, ag, Ay, A1, Ay and [ are arbitrary con-
stants.

Family 4. From Eq. (22), we can obtain the following solutions for the ANNV
equations:

2 2 2_1
u4:a0—7a262m )CHQ( 2 §>—b2704(m 5 )nc2< 2 §>

cq(2m? —1 2m?2 — 1 com

2
+f1\/co (2672;;1—1 cn? (,/ E) 22 1)20n4( 72”;2—15)
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\/CO B cgm?ch(\/ﬁg) N 63m4cn4(\/Eg)
— ko

ca(2m?2—1) ca(2m2—-1)2

e on? (/73 ¢)
Ascom? 9 ca ca2m?—1) ca
v 07 ca@m? — 1)Cn 2m? — 1£ T om? He 2m? — 1£

2,2 2,4
o sz 2 CQm 4
+F1\/C° aem?—n) ( 2m2—1£) ca2m2—12 " ( 2m2 5)

\/00 _ g (y/5F7¢) + ey )
~ Ky

(30)

ca(2m?2—1) ca(2m2—-1)2
com? § ’
ca(2m?— 1) 2m2 1

where £ = z + 1y — M, ko = —BlKs, by = (1/3)BlK3a, f1 = —flF;, Ay =
—(1/3)aFE, ap = —Bl(—3aAg — 3ca + 3XA + 202 K2 F1) /3a, az = (1/3)BlaFE, By =
—(1/3)K3a, co = (1/9)a’K3, ca = (1/9)a?F2, 3 = coca(2m? — 1)2/m?(1 — m?),
Ag, F1, Ko, I and \ are arbitrary constants.

(31)

Family 5. From Eq. (22), we can obtain the following solutions for the ANNV
equations:

2 2
asm [ e ca(2—=m?) C2
= _— _— — b _— d _—
s = o ca(2 — mz)dn ( 2 —m? 5) T ( 2— m2£>

czmzdn2< 23"%25) m4dn4( fonfzf)

T\ co - cs(2 —m?) + cs(2 —m?2)?
B czdenQ(\/2ffn2 f) m4dn4(\/2ffn2 5)
Co ca(2—m?) + ca(2—m?)?
— ko , (32)
ca(2— m2)dn ( P 5)

c4(2 —m?2) cq(2 —m?2)?
\/ chzdn2(\/ 2ffn2 5) m4dn4(\/ 2—72712 f)
K, Co ca(2—m?) ca(2—m?)? (33)
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where £ = z + 1y — M, ko = —BlKs, by = (1/3)8lK3a, f1 = —plFy, Ay =
—(1/3)aF%, ag = —BI(—3aAy — 3ca + 3\ + 202 K2 Fy)/3a, az = (1/3)plaFE,
F=—(1/3)K3a, co = (1/9)a’K3, ¢y = (1/9)a?F2, & = coca(2 —m?)? /(1 —m?),
Ag, F1, Ko, 1 and \ are arbitrary constants.

Family 6. From Eq. (22), we can obtain the following solutions for the ANNV
equations:

2 — 2 1 _
uG:ao_&m)mz( c2 5)_b2mns2( c2 5)

ca(m? +1 m2 41 com? m2+1

2m2gn2 —co 2m4end —co
csm2sn ( m2+1€) csmsn ( m2+1§>

+ fi\|co — ca(m? +1) + ca(m? +1)2
\/ _ CngSnz(\/7n2+1£) + C§m4sn4(\/7"2+1£)
" Co ca(m2+1) ca(m2+1)2 (34)
et (/e
Agcom? (m2 +1) —©
= A — —————S 2 a2 5
ve = Ao~ ) 2+1§ om? 8 1
misnd (/i) dmint (/e
F —
RERERVRY ca(m?+1) * ca(m? +1)?
R
3 2
~ K, iR RIS AR (35)

Cm2 —
PR CEESy 2( mz—fl§>

where f =z + ly — )\t, kQ = _,BZKQ, b2 = (1/3)ﬂlK22a7 f1 = —ﬁlFl, A2 =
—(1/3)aF?, ap = —pBl(—=3ady — 3c2 + 3\ + 202K2F1) /3, as = (1/3)BlaF?,
By = —(1/3)K3a, co = (1/9)a*K3, ¢4 = (1/9)a?F32, 3 = coca(m? + 1)2/m?,
A, F1, Ko, I and X are arbitrary constants.

Family 7. From Eq. (23), when ¢y = ¢; = 0, then we can obtain the following
solutions for the ANNV equations:

sech? (L
U7 = ag — ,BZA]_ casece <§\/a£)
2./cac4 tanh (5\/65) —c3

cosech? (% 025) ? BLF) cosech? (%\/65)
2/czcatanh (1 /e€) —¢3 )\ 2y/Gacatanh (3,/6€) — 3

1
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Co sech? (

2./cacq tanh (

X p|C2+c3

[SIE SIS

vae) o ese?(Byag)
Vet) —es \ 2y/certanh (§/e€) — s )

v =Ag+ A

02sech2 (%\/55)
! 2./coc4 tanh (%\/65) —c3

1, < cosech? (3/28) )2 N < Feosech? (1./c2€) )
(3ve8) —cs

UAa%

— —aF;
3a ! 2,/cacstanh (54/¢2€ 2,/cocq tanh (%\/55) —c3

X p|C2+c3

cosech? (31/26) N cosech? (31/26) :
2/ercs tanh (3/56) e \ 2y/aca tanh (§/€) — 3 )
(37)

where £ = 4+ ly — X, A = (—aag + aflAy + Blc2) /0L, cs = —(2/3)Ara, ¢4 =
(1/9)a?F2, ca > 0, 1, ag, Ag, A1 and Fy are arbitrary constants.

Remark 1. Up to now we have obtained some new forms of solutions which cannot
be obtained by Fan’s method, such as the solutions of Families 2, 4-7. When b; =
fi=k =By =By =F = F, = K; = Ky, = 0, the form of the solutions
of Families 2, 4-7 become the form that can be obtained by Fan’s method. This
further shows that our method is more general than Fan’s method.

Remark 2. Some solutions derived by the generalized transformation are singular
soliton solution and singular Jacobi elliptic doubly periodic wave solution. Although
the wave patterns generally symmetric, sometimes some special wave patterns ap-
pear, these are the singularities in the nonlinear systems. A lot of spatio-temporal
systems show this phenomena, e.g., nonlinear optical systems exhibit self-focusing
effects, which may lead to the collapse of the optical power density into local diver-
gences that may have important consequences on the integrity of optical fibers and
laser system. This method is helpful to study singular solutions of partial differential
equations that model nonlinear physical systems.

4. Summary and Conclusions

In summary, based on symbolic computation, by introducing a new and more gen-
eral ansatz than the one in Refs. 12 and 13, we have proposed a generalized al-
gebraic method to search for more types and general exact solutions for NPDEs.
The asymmetric Nizhnik—Novikov—Vesselov equation is chosen to illustrate this al-
gorithm such that we can successfully obtain the solutions found by the method
presented by Fan'?'3 and find other new and more general solutions at the same
time. The method can easily be extended to other NPDEs and is sufficient to seek
more new formal solution of NPDEs.
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