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Abstract

In this paper, based on a variable-coefficient balancing-act method, by means of an appropriate

transformation and with the help of Mathematica, we obtain some new types of solitary-wave solutions to

the generalized Benjamin–Bona–Mahony (BBM) equation and the generalized Burgers–Fisher (BF)
equation with nonlinear terms of any order. These solutions fully cover the various solitary waves of BBM

equation and BF equation previously reported.
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1. Introduction

In recent years, the homogeneous balance method has been widely applied to derive the
nonlinear transformation and exact solutions (especially the solitary-wave solutions) [1–8]. Direct
searching for exact solutions of nonlinear partial differential equations (NPDEs) has become more
and more attractive partly due to the availability of symbolic computing system such as Maple or
Mathematica. Tian et al. [8–12], based on the idea of homogeneous balance, proposed a variable-
coefficient balancing-act method, in which the beginning point is a generic transformation for a
given PDE
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uðx; tÞ ¼ Xðox; otÞff ½wðx; tÞ�g; ð1Þ

where X and wðx; tÞ are an operator and a function to be determined respectively. Substituting
ans€atz (1) into the original PDE, we hope to establish an ordinary differential equation (ODE) for
f ðwÞ. Thus, imposing conditions upon w and X, X might be determined first and foremost, which
would largely reduce the amount of computations. Notice that sometimes the effects of different
mechanisms that change wave forms may exactly be cancelled out, resulting in solitary waves.
thus (see Ref. [12] for detail), ans€atz (1) should have the following special form:
uðx; tÞ ¼ omx o
n
t ff ½wðx; tÞ�g; ð2Þ
where m and n are integers which can be determined by balancing the linear term of highest order
with nonlinear term in PDE. We find that m and n may not be a positive integer. It is necessary to
seek for an appropriate transformation to utilize the above method.

Consider the generalized Benjamin–Bona–Mahony (BBM) equation with nonlinear terms of
any order
ut þ aux þ bupux � duxxt ¼ 0; ð3Þ

and the generalized Burgers–Fisher (BF) equation with nonlinear terms of any order [18]
ut þ purux � uxx � quð1� urÞ ¼ 0: ð4Þ

In the study of many mechanical and physical problems, various of BBM equations (or reg-

ularized long-wave equations) have been proposed [13–17]. In [12], Zhang et al. presented Eq. (3)
with p ¼ 1:
ut þ aux þ buux � duxxt ¼ 0; ð5Þ

and obtained its solitary-wave solutions. By means of an extended tanh-function method, Fan [18]
obtained a travelling solution to the generalized BF equation. In this paper, we obtain the
travelling solutions to Eqs. (3) and (4) by the method mentioned above.
2. The generalized BBM equation

According to the variable-coefficient balancing-act method [8–12], by balancing the highest
order partial derivative term uxxt and the nonlinear term upux in Eq. (3), we obtain balance con-
stants m ¼ 1

p, n ¼ 1
p. Make the following transformation:
uðx; tÞ ¼ v1=pðx; tÞ: ð6Þ

Substituting transformation (6) into Eq. (3) yields
bp2v3vx þ ð�1þ 3p � 2p2Þdvtv2x þ ð�1þ pÞpdvð2vxvxt þ vtvxxÞ þ p2v2ðvt þ avx � dvxxtÞ ¼ 0:

ð7Þ
Balancing v3vx and v2vxxt in Eq. (7), we get the value of the balance constant m ¼ 1, n ¼ 1.
Therefore we seek for the solution of Eq. (7) in the form
v ¼ f 00wxwt þ f 0wxt; ð8Þ

where f ¼ f ðwÞ and w ¼ wðx; tÞ are functions to be determined.
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With the help of Mathematica, substituting (8) into (7) yields (because the formula is so long,
just part of it is shown here)
½bp2ðf 00Þ3f ð3Þ þ ð�1þ 3p � 2p2Þdðf ð3ÞÞ3 þ 3ð�1þ pÞdf 00f ð3Þf ð4Þ � p2dðf 00Þ2f ð5Þ�w5
xw

4
t þ � � � ¼ 0:

ð9Þ

To simplify Eq. (9), setting the coefficient of w5

xw
4
t to zero yields an ordinary differential equation

for f
bp2ðf 00Þ3f ð3Þ þ ð�1þ 3p � 2p2Þdðf ð3ÞÞ3 þ 3ð�1þ pÞdf 00f ð3Þf ð4Þ � p2dðf 00Þ2f ð5Þ ¼ 0: ð10Þ

Solving (10) we obtain a solution
f ¼ � 2dð1þ pÞð2þ pÞ
bp2

logw: ð11Þ
Substituting (11) into (9), we can simplify formula (9) to a linear polynomial of 1
w. Thus, setting the

coefficients of 1
wi ði ¼ 0; . . . ; 8Þ to zero yields a set of partial differential equations for wðx; tÞ
ð�1þ3p�2p2Þdwxttw2
xxtþð�1þ pÞpdwxtð2wxxtwxxttþwxttwxxxtÞþ p2w2

xtðwxtt þawxxt�dwxxxttÞ ¼ 0;

ð12Þ

wxtðdwxtð�3pwxttwxx þ 2ð2þ pÞwxtwxxtÞ þ wxð2ap2w2
xt � ð4� 5p þ p2Þdwxttwxxt

þ ð�4þ pÞpdwxtwxxttÞÞ þ wttð�pdwxtð�2ð�1þ pÞwxxwxxt þ pwxtwxxxÞ þ wxðp2w2
xt

þ ð�1þ 3p � 2p2Þdw2
xxt þ ð�1þ pÞpdwxtwxxxtÞÞ þ wtð2p2w3

xt þ pw2
xtðapwxx � 2dwxxxtÞ

� ð�1þ pÞdð�2pwxwxxtwxxtt þ wxttð2ð�1þ 2pÞwxxwxxt � pwxwxxxtÞÞ
þ wxtðð�1þ pÞdð2w2

xxt þ 2pwxxwxxtt þ pwxttwxxxÞ þ 2p2wxðwxtt þ awxxt � dwxxxttÞÞÞ ¼ 0; ð13Þ

dwxwxtð�4ð2þ pÞw3
xt þ wxtð2ð2þ pÞwxwxtt � ð�7þ pÞpwttwxxÞ þ ð4� 5p þ p2ÞwttwxwxxtÞ

þ wtð4ð�1þ pÞdw3
xtwxx þ dwxwxtðð4þ p þ p2Þwxttwxx � 4ð1þ 2pÞwxtwxxtÞ

þ w2
xð�6ap2w2

xt þ ð4� 5p þ p2Þdwxttwxxt � 2ð�4þ pÞpdwxtwxxttÞ

þ wttð�2ð�1þ pÞpdwxtw2
xx þ dwxð2ð�1þ pÞ2wxxwxxt þ pð1þ pÞwxtwxxxÞ

þ pw2
xð�2pwxt � ð�1þ pÞdwxxxtÞÞÞ þ w2

t ðdðð1� 3p þ 2p2Þwxttw2
xx

þ 2wxtð�2ð�1þ pÞwxxwxxt þ pwxtwxxxÞÞ þ wxð�6p2w2
xt � ð�1þ pÞdð2w2

xxt þ 2pwxxwxxtt

þ pwxttwxxxÞ � 2pwxtðapwxx � 2dwxxxtÞÞ � p2w2
xðwxtt þ awxxt � dwxxxttÞÞ ¼ 0; ð14Þ

2ð2þ pÞdwttw3
xw

2
xt þ dwtw2

xð�12ð2þ pÞw3
xt þ wxtð4ð2þ pÞwxwxtt þ ð4þ 9p � p2ÞwttwxxÞ

þ ð4� 5p þ p2ÞwttwxwxxtÞ þ w2
t wxð2ð�2þ 5pÞdw2

xtwxx þ dwxðð4� 2p þ p2Þwxttwxx

þ 2ð2� 5pÞwxtwxxtÞ � pw2
xð6apwxt þ ð�4þ pÞdwxxttÞ þ wttð�p2w2

x � ð�1þ pÞdw2
xx

þ pdwxwxxxÞÞ þ w3
t ð�2ð�1þ pÞdwxtw2

xx þ 4dwxð�ð�1þ pÞwxxwxxt þ pwxtwxxxÞ
� pw2

xð6pwxt þ apwxx � 2dwxxxtÞÞ ¼ 0; ð15Þ
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wtwxð2ð2þ pÞdwttw3
xwxt þ ð2þ pÞdwtw2

xð�6w2
xt þ wxwxtt þ wttwxxÞ þ w2

t wxð�ap2w2
x

þ 2ð1þ 2pÞdwxtwxx � 2ð�1þ pÞdwxwxxtÞ þ w3
t ð�p2w2

x � ð�1þ pÞdw2
xx þ pdwxwxxxÞÞ ¼ 0;

ð16Þ

w2
t w

3
xðwttw2

x þ wtð�2wxwxt þ wtwxxÞÞ ¼ 0: ð17Þ

Setting
wðx; tÞ ¼ 1þ expðAxþ Bt þ C0Þ; ð18Þ

where A, B, C0 are constants, then substituting (18) into (12)–(17) yields
�A3B3 expð3ðAxþ bt þ C0ÞÞð�aAp2 � BP 2 þ A2BdÞ ¼ 0; ð19Þ

5A3B3 expð4ðAxþ bt þ C0ÞÞð�aAp2 � BP 2 þ A2BdÞ ¼ 0; ð20Þ

9A3B3 expð5ðAxþ bt þ C0ÞÞð�aAp2 � BP 2 þ A2BdÞ ¼ 0; ð21Þ

7A3B3 expð6ðAxþ bt þ C0ÞÞð�aAp2 � BP 2 þ A2BdÞ ¼ 0; ð22Þ

A3B3 expð7ðAxþ bt þ C0ÞÞð�aAp2 � BP 2 þ A2BdÞ ¼ 0: ð23Þ

Therefore,
wðx; tÞ ¼
1þ exp A xþ aAp2

�p2þA2d

� �
þ C0

h i
if a 6¼ 0; �p2 þ A2d 6¼ 0;

1þ exp �
ffiffiffi
p2

d

q
xþ Bt þ C0

� �
otherwise:

8><
>: ð24Þ
From (6), (8), (11) and (24), the set of the exact solutions of the generalized BBM equation (1)
can be obtained as follows:
uðx; tÞ ¼
aA2ð1þpÞð2þpÞd

2bðp2�A2dÞ sech2 1
2
A xþ ap2

�p2þA2d t
� �

þC0

h in o1=p
if a 6¼ 0; A2d� p2 6¼ 0;

� Bð1þpÞð2þpÞ
ffiffi
d

p

2bp sech2 1
2

�
ffiffiffi
p2

d

q
xþ BtþC0

� �� �� 	1=p

otherwise:

8>><
>>: ð25Þ
It is easy to see that the solutions obtained in [12] are special cases of our solutions with p ¼ 1.
3. The generalized BF equation

According to the above method, balancing the highest order partial derivative term uxx and the
nonlinear term urux in Eq. (4), we obtain balance constants m ¼ 1

r, n ¼ 0. Make the following
transformation:
uðx; tÞ ¼ v1=rðx; tÞ: ð26Þ

Substituting transformation (26) into Eq. (4) yields
ð�1þ rÞv2x þ rv2½qrð�1þ vÞ þ pvx� þ rvðvt � vxxÞ ¼ 0: ð27Þ
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Balancing v2vx and vvxx in Eq. (27), we get the value of the balance constant m ¼ 1, n ¼ 0.
Therefore we seek for the solutions of Eq. (27) in the form
v ¼ f 0wx; ð28Þ

where f ¼ f ðwÞ and w ¼ wðx; tÞ are functions to be determined.

With the help of Mathematica, substituting (28) into (27) yields (because the formula is so long,
just part of it is shown here)
½ prf 02f 00 þ ðr � 1Þðf 00Þ2 � rf 0f ð3Þ�w4
x þ � � � ¼ 0: ð29Þ
Setting the coefficient of w4
x to zero yields an ordinary differential equation for f
prf 02f 00 þ ðr � 1Þðf 00Þ2 � rf 0f ð3Þ ¼ 0: ð30Þ

Solving (30) we obtain a solution
f ¼ � 1þ r
pr

logw: ð31Þ
Substituting (31) into (29), we can simplify formula (29) to a linear polynomial of 1
w. Thus, setting

the coefficients of 1
wi ði ¼ 0; . . . ; 3Þ to zero yields a set of partial differential equations for wðx; tÞ
qr2w2
x � ð�1þ rÞw2

xx þ rwxð�wxt þ wxxxÞ ¼ 0; ð32Þ

w2
x ½prwx þ qrð1þ rÞwx � pwxx� ¼ 0: ð33Þ
Setting
wðx; tÞ ¼ 1þ expðAxþ Bt þ C0Þ; ð34Þ

where A, B, C0 are constants, then substituting (34) into (32) and (33) yields
A2 þ rð�Bþ qrÞ ¼ 0; ð35Þ

A2p � Bpr � Aqrð1þ rÞ ¼ 0: ð36Þ

Therefore,
wðx; tÞ ¼ 1þ exp

 
� pr

1þ r
xþ ð1þ rÞ2qr þ p2r

ð1þ rÞ2
t þ C0

!
: ð37Þ
From (26), (28), (31), (37), the solution of Eq. (4) is as follows:
uðx; tÞ ¼ 1

2

(
þ 1

2
tanh

1

2

 "
� pr

1þ r
xþ qrð1þ rÞ2 þ p2r

ð1þ rÞ2
t

!#)1=r

: ð38Þ
4. Summary

In summary, using the variable-coefficient balancing-act method, the appropriate transfor-
mation and Mathematica, we have derived some new types of exact travelling solutions of two
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nonlinear partial differential equation, the generalized BBM equation and BF equation with
nonlinear terms of any order. These solutions fully cover the solitary-wave solutions of various
forms of BBM equations and BF equations previously reported. We introduce two appropriate
transformations to these two equations because m and n in Eq. (2) may not be positive integers.
This method can also be applied to other PDEs.
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