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Novel exact solutions of coupled nonlinear Schodinger
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We construct various novel exact solutions of two coupled dynamical nonlinear Schodinger equations. Based on the
similarity transformation, we reduce the coupled nonlinear Schddinger equations with time- and space-dependent poten-
tials, nonlinearities, and gain or loss to the coupled dynamical nonlinear Schédinger equations. Some special types of
nontravelling wave solutions, such as periodic, resonant, and quasiperiodically oscillating solitons, are used to exhibit the
wave propagations by choosing some arbitrary functions. Our results show that the number of the localized wave of one
component is always twice that of the other one. In addition, the stability analysis of the solutions is discussed numerically.
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1. Introduction

The nonlinear Schodinger (NLS) equation and its various
generalizations have been used to describe a large number of
physical problems in modern science, including the nonlinear
optical systems,!! dilute atomic gas Bose-Einstein conden-
sates (BECs),!>3! biomolecular dynamics,!¥ and others. >
In recent years, there has been much interest on the study of
NLS equations with nonlinear coefficients depending either on
space (inhomogeneous), time (nonautonomous), or both. The
motivation comes from the applications of the model to the
fields of BECs and nonlinear optics. In BEC, the nonlinear
interaction can be easily tuned by an external magnetic field,
namely, the Feshbach resonance management.>’! In the op-
tical soliton communication, the dispersion management has
been explored extensively to improve the communication.!-8]
For those variable-coefficient equations, various methods have
been applied to investigate explicitly the exact solutions in
The Lax
are very

the literature, particularly soliton-like solutions.
pair analysis®~'#l and the Painlevé analysis!!®:15-18]
useful in discussing integrability conditions, by which some
special solutions similar to the ones of the NLS equation
with constant coefficients can be derived directly.!'” How-
ever, the governing equations of fundamental theoretical in-
terest are usually not complete integrable, as the varying co-
efficients do not satisfy the corresponding integrability con-
ditions. These peculiar cases stimulate the researchers to

find other powerful techniques that can be applied to deal
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with both the integrable and nonintegrable nonlinear wave

equations, such as the similarity transformation method, 2034

[35-38] the Hirota bilinear

the Lie group symmetry method,
method, 349! the subequation expansion method,*'=**! the
F-expansion technique,*>#%! and the direct method.4"~>"]
In particular, the similarity transformation allows us to find
self-similar solutions of equations by connecting the given
variable-coefficient equation to the corresponding equation
with constant coefficients. The coupled NLS (CNLS) equa-
tions in (1+1)-dimension are an important model for a variety
of physical problems.

In this work, we provide some novel solutions of two cou-
pled dynamical NLS equations by means of the special ratio-
nal form expansion method and then present a detailed study
on the exact solution of CNLS equations with variable coeffi-
cients using the similarity transformation method. Some spe-
cial types of nontravelling wave solutions, such as periodic,
resonant, and quasiperiodically oscillating solitons, are used
to exhibit the wave propagations by choosing some arbitrary
functions. Furthermore, the localized wave propagation and
interaction scenario are discussed and simulated. In particular,
for the two CNLS equations with time—space modulation, it is
shown that the number of the localized wave of one compo-
nent is always twice that of the other one. Finally, numerical
simulations are used to show the stability of our analytical so-
lutions.

This paper is organized as follows. In Section 2, we
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present some novel solutions of two coupled dynamical NLS
equations using the special rational form expansion method.
In Section 3, using the similarity transformation, we reduce
the CNLS equations with time- and space-dependent poten-
tials, nonlinearities, and gain or loss to coupled dynamical
NLS equations. Some special types of nontravelling wave so-
lutions, such as periodic, resonant, and quasiperiodically os-
cillating solitons, are used to exhibit the wave propagations
by choosing some arbitrary functions. In addition, the stabil-
ity analysis of the solutions is discussed numerically. Finally,
discussion and conclusion are given in Section 4.

2. Novel solutions of two coupled dynamical
NLS equations

The original N coupled nonlinear Schodinger-like equa-
tions can be written as

k
igjc +qjee + 059+ (Z ujk|61;2> qj
j=1

k
+ <Zl]kqj|2>qj:07 j:17“'7N7 (1)
j=1

where ¢;(&, T) denotes the complex amplitude of the j-th elec-
tric field envelope in the nonlinear optics theory or the j-th
polarization component in the BEC theory, ¥, tj, and 1
are the parameters of the medium and interaction, and the sub-
scripts in & and 7 denote the derivatives with respect to & and 7
as opposed to the subscript j for different components. Based
on an ansatz of Lamé functions, Hioe has developed a general
algorithm to study analytical solutions for the coupled nonlin-
ear Schodinger-like equations. [>1-?]

To obtain the stationary-wave solution for Eq. (29), we
substitute ¢;(&,7) = ®;(&)exp(i27) in Eq. (29), then equa-
tion (29) reduces to the following equations:

d’®; k

—L4vid+ gi®: | ®;,=0, j=1,....N, (2)
d§2 J=J = JK*k J ) IEEREEAS)

where v; = ¥; — Q2 and g = Wjx + 1. Equation (2) can be

called as the associated dynamical coupled NLS equations. In

this work, we only consider the case of N = 2 for Eq. (29), and

rewrite the two coupled dynamical NLS equations as

d2®,

Téz“‘vlq)l‘f'gllq)%‘i‘guq)%q)l =0, (3a)
d’®
W; +12®) + 821 DT, + g0 P = 0. (3b)

For two coupled dynamical NLS equations (3), although abun-
dant families of elliptic function solutions have been given in
Refs. [51] and [52], there are other solutions with different
forms. In the following, with the help of one kind of the spe-
cial rational form expansion method, some nontrivial solutions

of Eq. (3) can be derived directly. We assume the solution of
Eq. (3) in the form
Dy
aotai¢+ad +a39* +a409' +\/as+acd +ar¢?
\/Co+C1(P+Cz(P2 ’

(4a)
D
_ bo+b10 +b29' + 530> +bs99' £ \/bs + b +b79>
- \/d0+d1¢+d2¢2 7
(4b)

where ¢ is the Jacobi elliptic function or rational com-
bination of Jacobi elliptic functions such as sn(ué, k),
en(E,K), dn(uE,K),  sn(ué.K)A+dn(uE k)], and
en(ué k)[A+dn(ué,k)]~! (A > 0). The parameters a,, by,
(m=0,1,...,7), ¢y, and d,, (n =0,1,2) are real constants to
be determined. Substituting Eq. (4) into Eq. (3) yields various
nontrivial solutions as follow.

Family 1 When ®; =qap+a1¢ and ®, = by + b1 ¢,

case 1

A
& = -2 4 asn(ug k),

k
Ab V2k2+2
q>2:71+blsn(w§,k), }L:i%, (52)
vi =vy = p*(1+4),
3u%k? 3u%k?
g1 =821 = — o, g1 =3gn=— . (5b
811 = g1 27 g12=138» 257 (5b)
case 2
A
P = —% +ajen(ué k),
Ab 4K2 -2
Oy =" tbien(uE k), A=, (6a)
V1=V2=.U2(1—2k2)a
3u%k? 3u’k?
g1 =g = b gn=3gn= "t (6b
811 = &21 202 , 812=3gx 25 (6b)
case 3
@) = —Aa; +ardn(pé k),
VA 212
®y = Aby+bidn(ué k), A=t (T)
V1=VZ=,LL2(k2—2),
2 2
3u
311 = 821 = 2, g12 =382 = 2hs 7b
811 = &1 2a%7812 82 252 (7b)
case 4
)
P, :alcd(ué,k), ‘bzzblcd(ug,k),
vi=v = pA (144, (8a)
a} +2u’k a} +2u’k
8122—%7 8222—%; (8b)
1 1
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(ii)

A
A ared(pg, k),

@ ==
Ab V2KE+2
CIJQ:TIer]cd(ué,k), A:i%, (9a)
vi=vy = (14K,
3u%k? 3u’k?
gl =g =——r =3gy =— : (9b
g11 = g1 27 812 =3¢» 25 (9b)
(iii)
_ajen(ué k) ~ bien(u& k)
P = , D= , (10a)
V1—k*+dn(ué, k) V1—k*+dn(ué, k)
2 2_k2
VI =V2 = £ ( ) )7
2g10b% + p2k* 2g21af + p2k*
g 2 ;822 207 (10b)
case 5
(1)
cI)1 ZCIISd(.Uévk), (DZZbISd(.u'gak)y
vi = vy = u?(1 -2k, (11a)
2[,12/(2 — 2[.12/(4 — gl]a%
812 = bz )
1
212 52104 2
g = 2, (11b)
1
(i)
A Ab
)= =2 arsd(uE k), @y =TT +bisd(pE, b),
V2(k2 —2)(1-2k2)
=4 12
A 221 : (12a)
V1=V2=#2(1—2k2)7
3uk* (1 — k%)
3 — -+ ~ 7
811 821 2[1% )
3uk* (1 — k%)
=3gpy =" 7 12b
812 =3g» 257 (12b)
(iii)
_ aisn(ug k) _ bisn(ué k)
' ldn(uE k)’ 7T T+dn(ué k)’
2 kz
vi=pP(1-2), (13a)
k2
e (1-5).
214 2 214 2
k" +2g11a7 Uk™ +2g01a7
gn=—"""753 " 8 =—"773 - (13b)
203 262
(iv)
D — @ alsn(“€7k)
TR Tdn(ug k)

Aby blsn(u§ k)
Py=——FF— 277 A =+2—-k* (14
2772 T T fdn(péE )’ (142)
k2
v1v2“2<12)’
3u%k? 3ulk?
811 = g1 87 812 =3g» 857 (14b)

Family 2 When ®; = ag +a3¢? and &, = by + b3¢2,

azbs 2
P = — d k
1 3b0k2 +a3C (Ju’§7 )a
@y = by +bzcd?(u&, k), (152)
2 b3(b3 +2by)
b0(3b0 + 21)3) ’
2uZ%(3b% + 3bybs + b?
b=y = 1= (3b5 +3bobs + 3)7 (15b)
bo(3bo+2b3)
_ :_a%gzl
812 = 822 b% )
—9u?b% (b3 +2by)?
811 =81 = Wb by ) . (15¢)

2boa3(3bo +2b3)(3b3 + 3bobs + b3)

Family 3 When ®| = ag+a1¢ and &y = /b5 + bed,
case 1

A
@) = L2 4G cd(ué k),

k
@) = +[bs + bsked(ué , k)]'/?, (16a)
2(k2+1) 6Au>
S Mk S 4 I Eidd ol
)L 2 , 812 b5 )
2
u=(1£32)
== 16b
82 s (16b)
_ 8ga _21-12/‘2
811 = 3 — a% )
25k2F 124 — 1
= 2R F6A L), vy = H - ). (160)
case 2
@ = ajA +apdn(ué k),
20272 .
®, :i[u B3k —4)(4— 1)
8g22(2 —2)
_ 6u2k/11dn(u§,k>} 2 (17a)
gl ’
202 — k2
W 123k — 6+ \/2(2 — K2))]
2 oKz — 16 ’
8g21 2u?
=0 7 17b
g1l 3 o (17b)
g2 = Aagan,
o 12 (132:k% — 242, — 40k* + 80)
b 2(2—2) ’
2 2 2
U (5A2k” =122, — 17k +40)'
vy = =2 ;o (79
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case 3
alll
O =
1 Zk(szl) +a13d(.u€7k)a
2 2 1/2
By — + szu +3/11ku sd(u&,k)} 7 (182)
812 812
A=+ 20202 - 1)(1-82), h=£3,/20202 - 1),
2 (18k% — Aok —9
g =5 (36(2k2—1) 2 (186)
8g21  3uZk*(1—k?)
811 = = 2 5
3 4aj
(46> + Aok — 5
V1=—u2(2k2+12k—1)7 V) = — [.L —;2 [)

Family 4 When ®; = a»¢’ and &, = \/%
2

case 1

arien(ug, k) _ bapsn(ug, k)

1=

dn?(ué,k) dn*(u&, k)
v = > (4K° = 5), (19a)
V2 = .uz(kz - 5)7
6(k>—1 6(k* —1)?
g1 =81 = —¥, g =gn= (72); (19b)
a b
2 4
case 2
@, — G2Hen(nE k)
P dn?(pE k)
®, — bapsn(u, k)en(pé, k)
dn?(ué, k) ’
v = 2 (4k>+1), (20a)
6k>
vo=pA (k> +4), gii=gu= -
2
6k*
812 =82 = ﬁ; (20b)
4
case 3
o, _ @i —R)sn(ué k)
! d?(ué k)
1 — 2
&, = _b4.u 11—k sn(,ué,k)cn(ué,k)7 (21a)
dn?(ug,k)
vi = —u>(5k> = 1), vy = —u*(5k* — 4),
6k> 6k*
B =81="7, g2=8n= "5 (21b)
2 4

3. Similarity transformation and the solution to
variable-coefficient CNLS equations

To show the significance of the special solutions obtained
in the above section, we will utilize them to study the novel
features of the two CNLS equations with varying coefficients.

The two CNLS equations with time- and space-dependent po-
tentials and nonlinearities can be written in a dimensionless
form

2
idy; = <3x2 +Vile )+ Y Gl t) |y U(XJ)) v,
frs)

J=12, (22)

where y;(x,1) are complex functions with external potential
V;(x,t) and nonlinearities G jx (x,t) (j,k=1,2), and I(x,t) are
the gain or loss coefficients. Here, we mainly focus on the spa-
tially localized solutions for which lim, .. y; =0 (j=1,2).
Our first objective is to reduce Eq. (22) to two coupled dynam-
ical NLS equations (3) in Section 2. Therefore, we search for
the similarity transformation

v = pj(x,1)e®iEd;(E(x,1)), j=1,2, (23)

where & = & (x,1), and ®;(&) (j = 1,2) satisfy Eq. (3). Then
the following set of equations is found:

206+ pj8 =0, & +28,:0; =0, (24a)

G(x,1)pg + g k&2 =0,

Pt +2Pjx @i+ Pj @i+ P (x,1) =0, (24b)

pjx—PilVi(x ) +vi&l + 9 + 97 =0,
jk=1,2. (24c)

Next, we introduce a new function &(x,z) such that

E(x,t) = F(X), where X = y(£)x(x) + 6(¢). In this case, we
can obtain
VJ (‘x t) p]xx - (pjl (szx - Vi&)cza
j
g2
Gilx,t) = —g-’kfx , (252)
P
Pjir 2PjiQjx
IG(x xx T T T
i) = =0 pj pj
X X)}/(l)+5’ 1)
- dx+a;(t),  (25b
/ ,y(t)x/ ]( ) ( )
. _ F;
ey~ BOSPERO 20U Fe o
%' (x) F

where oj(r) and B;(t) (j = 1,2) are arbitrary functions of ¢.
It follows from Egs. (25) and (26) that if y(¢), x(x), 6(¢), and
F(X) are given, one can generate potential V;(x,), nonlinear-
ities Gj(x,1), and gain or loss coefficients I';(x,?) (j,k=1,2)
for which the solutions of Eq. (22) can be constructed natu-
rally from Eq. (3) using transformation (23). To illustrate the
procedure, we only focus our attention to some specific cases.
Actually, there are many different choices of the free func-
tions. Here, we only consider that X is a linear function of x,
namely, x(x) =x, Ij(x,t) = 0. And we select the Gaussian
shaped nonlinearities
gk¥(t) exp(~3X?)
R? ’

ij(-xvt) = - (27)

000001-4



Chin. Phys. B Vol. 22, No. 11 (2013) 000001

which can be obtained by the application of modulated Gaus-
sian laser beams on a BEC, as experimentally demonstrated in
Ref. [25] to realize optically controlled interactions via opti-
cal Feshbach resonance. Therefore, the potentials including a
combination of harmonic trap and Gaussian barrier read

Vi(xr) = wh(0x? + f(0)x+ (1) = vyy(1)* exp(—2X7),

(j=12), (28)
where
2 =10 ;/y((?; (), (299)
)= 20 -TOZ0 Loys, aow
A0 = Y0711+ 807)— T8~ aio),
(=12 (29¢)

Furthermore, if setting f(r) = 0, hj(t) =0, and 7(¢) =
[ ¥(¢)*dt, one can obtain the potentials

Vi(xt) = w?(1)x* —v;y(t)*exp(—2X?), (j=1,2), (30)

under the conditions

o(r) = Acos(21(1)), o;(r) = A? sin[47(r)] + (1) +¢jo,
(j=1,2). 31)

From Eq. (29a), which is equivalent to the Ermakov—
Pinney equation z, + 4w?(t)z = 4/73 with z = 1/y(t), we
known that ¥(¢) has the form y(¢) = [2s3(r) +2s3(t) /A2 ~1/2,
where A is the Wronskian of two linearly independent solu-
tions {s;(¢),s2(¢)} of the Mathieu equation s, +4w?(t)s = 0.
To discuss the explicit solution, we choose

w2 (1) = 1+ ecos(wot), (32)

where € € (—1,1) and wp # 0 (€ R). The different choices
of parameters € and wgy imply that one can single out three
different types of behaviors: periodic, resonant, and quasiperi-
odic. In the following, we present some special examples cor-
responding to the three different cases.

Now, we select a solution of two coupled dynamical NLS
equations (3) of the following form:

_app(1—K)sn(ug k)

(b =
: dn?(ué k)

vV1—=k2

&, = _b4ﬂ k Sn(ﬂ57k)cn(ﬂg,k)7 (33a)

a7 (W& 1)

v = (5K 1), v = (5K 4),
6k* 6k*

811 =81= 75, §2=8n= 5. (33b)
az b

Meanwhile, we choose & = y/merf(X)/2 + +/7/2 in the par-
ticular case (¢) = 0 (A = 0), which takes values in (0,+/7).
So u = 2nK(k)/+/®, where K(k) is the elliptic integral, can
be derived when the requirement that the zero boundary con-
dition for x — oo must be meet. This leads to the family of
solutions

2ayR 1K (k)(1 —k2)\/y(t) e P& sn[6, (x,1), k]

Vin = VEe M +80F/2dn2(6, (x,1), k] |

(34a)
Vo = —2b4RonK (k)/ (1 —k2)y(r) e %2 sn[6, (x,1), k]

% en[0, (x,1), K| {v/me WO 245210, (x.1),k]} ",

(34b)
with 6, (x,7) = nK (k)erf[y(¢)x] + nK (k).
3 10
(a) 12 ()
3 g
5 [Beeeiee |8 S E 5
4 =
0 5 10 -5 5
t x
3 40
(b) 60 (d)
ERteleetel L T
8 AR 05 & 2
=
20
30 5 10 5 5
t x
3 2
(e) 2.5 (8)
[SATACASAVATE =3
8 1'5§ \E:Z/ 1
0.5 =
-3 0
-5 5
X
10
15 N (h)
SIS
10 Eg \2% 5
5 =
0
—5 5
t xT

Fig. 1. (color online) The density plots of |y (x,7)[> and |y (x,7)|?
given by Eq. (3) with parameters Ry =Ry =ap =bs =1, k=1/2, and
n =1 in panels (c) and (d); n = 2 in panels (g) and (h). The plots of
|1 (x,1)])? and | w2 (x,1)|? at time ¢ = 0 are shown in panels (a), (b) and
panels (e), (), respectively.

For the first example, we consider the periodic behav-
ior of solutions (34), for which ¥(¢) occurs when € = 0 or in
the frontiers between the stability and instability regions of
Eq. (32). So we set € = 0 and require that the initial data for
the Ermakov—Pinney equation are z(0) = v/2 and z(0) = 0.
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In Fig. 1, the plots of the periodic soliton are exhibited cor-
responding to n = 1,2. When € # 0 and s »(r) belong to the
instability region of Eq. (32), the resonant phenomenon can be
observed. In Fig. 2, in the case of € = 0.5 and wy = 2 and with
the same initial data as the periodic case, we show an exam-
ple of such a group of solutions for n — 1, which displays an
increasing resonant behavior. In fact, in this case, few papers
pay attention to the search for some exact solutions to describe
the resonant behavior. Our results provide the explicit reso-
nant solution in a parametrically modulated one-dimensional
BEC. In the quasiperiodic case, we still choose € = 0.5 and
use the same initial data as the periodic case but wy = V2 to
ensure that the solutions s 2 (¢) of Eq. (32) belong to the stabil-
ity region. In this way, ¥(¢) is a quasiperiodic solution and the
solutions (34) show a quasiperiodic behavior. An example of
this behavior is displayed in Fig. 3. For the above three cases,
multisoliton solutions can be constructed when n is larger in
Eq. (34).

H
ot
[4u|?

w
[than®

41
<
=
S
==
0 0 6 12
t
% 2.0 @
=]
=
2,
g
<
0.5
0 6 12

t

Fig. 2. (color online) The density plots of (a) |wi(x,7)|* and (b)
|w> (x,1)|? given by Eq. (34) with the same parameters as those in Fig. 1.
(c) The z(¢) and (d) amplitude /y(¢) for y; and y, versus 7.

It is necessary to point out such a fact that the number
of the localized wave of y, is always twice that of y; (or ex-
change of both) in the expression of solutions (34). This dif-
fers from the situation in Refs. [24], [29], and [37], in which
the propagation of y, is deemed to be similar to y; in cou-
pled system (22). In addition, the center of mass of the soliton
moves with zero velocity d(t) =0 (A = 0), as shown in the

previous discussion. Similarly, if one set &(¢) # 0, a moving
solution will be constructed, in which the center of mass of the
soliton moves in a complex way according to the first equation
in Eq. (31).

2

[4n?

15
o o oo coo oo 'K

—29 5 10 15
t
2
(b) 3
R.Aa AR ana Aadq B
—2) 5 ] 10 15
2.0(7g) : . .
=
+
S
<
0.5
0 5 . 10 15
1.4
© d)
el
=
=
=
g
<
0.6

5 10 15
t

Fig. 3. (color online) The density plots of (a) |y (x,7)|*> and (b)

|y (x,1)|? given by Eq. (34) with the same parameters as those in Fig. 1.

(c) The z(¢) and (d) amplitude /(¢) for y; and y» versus .

6
a —1t=0
5 (@) —1t=10
—t=20
—1t =30

[t *

x
2.0 P
b —1t =
(b) —i=1o
—t =
1.5 ——t=30
£ 1.0
0.5
0

-3 -2 -1 0 1 2 3
T

Fig. 4. (color online) The profiles of (a) |y (x,7)[> and (b) |y (x,1)|?
corresponding to the waves in Figs. 1(a) and 1(b) at different time.
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To verify the stability of the solutions, we carry out nu-
merical simulations of a solution with a small perturbation
initially implanted to see whether the propagation is station-
ary or not. Here we just present a simulation of the solutions
in Figs. 1(a) and 1(b), where about five percent of the ampli-
tudes are initially added as the perturbations. The profiles of
|wi (x,7)|? and |y (x,¢)|? at different time are plotted in Fig. 4.
It is observed that during their propagations, Y is quite stable,
whereas Y, becomes unstable because the oscillation appears
at both ends of two main wave peaks after a longer time.

4. Discussion and summary

In this paper, some novel solutions of two coupled dy-
namical NLS equations are derived using one special rational
form of solution. Based on the similarity transformation, the
CNLS equations with time- and space-dependent potentials,
nonlinearities, and gain or loss are reduced to the coupled dy-
namical NLS equations. Some special types of nontravelling
wave solutions, such as periodic, resonant, and quasiperiodi-
cally oscillating solitons, are used to exhibit the wave propa-
gations by choosing some arbitrary functions. Furthermore,
the localized wave propagation and interaction scenario are
discussed and simulated. In particular, our results show that
the number of the localized wave of one component is always
twice that of the other one. Finally, numerical simulations are
used to show the stability of our analytical solutions. These re-
sults may provide more information for the nonlinear physical
system and should be readily verified experimentally.
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