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A Method to Construct the Nonlocal Symmetries of Nonlinear
Evolution Equations *
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A method is proposed to seek the nonlocal symmetries of nonlinear evolution equations.

The validity and

advantages of the proposed method are illustrated by the applications to the Boussinesq equation, the coupled
Korteweg-de Vries system, the Kadomtsev—Petviashvili equation, the Ablowitz—Kaup—Newell-Segur equation and

the potential Korteweg-de Vries equation. The facts show that this method can obtain not only the nonlocal

symmetries but also the general Lie point symmetries of the given equations.
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Since the Lie group theory was introduced by So-
phus Lie,['! the study of Lie group has always been
an important subject in mathematics and physics.
Using both classical and non-classical Lie group
approaches,l” ! one can reduce the dimensions and
construct the analytical solutions of the given partial
differential equations (PDEs). In addition to the clas-
sical and non-classical Lie symmetries, there exist the
so-called nonlocal symmetries reported in the litera-
ture in the 1980s largely through the work of Olver.['"!
To search for nonlocal symmetries of the nonlinear
systems is an interesting work because the nonlocal
symmetries!'! 'Y can enlarge the class of symmetries
and they are connected with integrable models.

However, it is difficult to find the nonlocal symme-
tries of nonlinear PDEs. Usually, the nonlocal sym-
metries may be obtained with the help of a recursion
operator.['”) However, sometimes seeking the recur-
sion operators is a difficult work. The concept of po-
tential symmetry[' ! was explicitly formulated first by
Bluman et al. and was subsequently applied in in-
vestigations of important classes of PDEs. Galas!'”
obtained the nonlocal Lie-Bécklund symmetries by
introducing the pseudo-potentials as an auxiliary sys-
tem. Recently, Lou et al.l'%'" obtained explicit ana-
lytic interaction solutions between cnoidal waves and
solitary wave through the localization procedure of
nonlocal symmetries which are related to the Darboux
transformation (DT) for the well-known Korteweg-de
Vries (KdV) equation.

In some cases, one can obtain nonlocal symme-
tries through Lie point symmetries or Lie-Bécklund
symmetries of the extended systems which include the
original equation and auxiliary systems. Nevertheless,
these methods may lose some important results such
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as integral terms or high order derivative terms of non-
local variables in the symmetries. Thus it is necessary
to improve the previous methods to avoid missing the
above important terms. In this Letter, we present a
systemic method to find the high order nonlocal sym-
metries.

We consider a system F of nth order differential
equations in p independent and ¢ dependent variables,
expressed by

Ay(z,u™)y =0, v=1,2,...,1, (1)
involving x = (2!,22,...,27), u = (u',u?,... u9),
and the derivatives of wu with respect to =x

up to order n. The function A,(z,u™) =
(Ay(z,u™),. .., Az, u™)) will be assumed to be
smooth in the arguments. Let X = RP be the space
representing the independent variables.

Let

V= fp(x,u) 0

0
%Jﬂ?q(%u)%v (2)

be the infinitesimal generator of the Lie group of point
transformations & = F'(z,u,¢), @ = G(z,u,&).

Next, we describe the method of constructing the
nonlocal symmetries as follows. For simplicity, we con-
sider the case p =2, ¢ = 1, i.e. (2!,2?) = (¢, 7).

Step 1. Choose the proper auxiliary systems. Usu-
ally, one can use the Lax pair, Backlund transforma-
tion, potential system, pseudo-potential, etc. with the
following forms

Fo(x, tyu, Uy, Uy - - oy Py Wy,
1/’x:cﬂ/)xt7¢tta .. -awkxa@[}ut) = 07
a€Z", (3)
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where ¢ = (¢!, ?,... %) denotes the § auxiliary
variables and ¥, denotes the Ath-order partial deriva-
tives with respect to x, 1,,+ denotes the pth-order par-
tial derivatives with respect to t.

Let U ~ R be the space representing the single
coordinate u, the space U; is isomorphic to R? with
coordinates (uz,u;). Similarly, Uy ~ R? has the coor-
dinates representing the second order partial deriva-
tives of u, and in general, U, ~ RF*1 since there are
k41 distinct kth order partial derivatives of u. Finally,
the space UK =U x Uy x --- x U, with coordinates
UP) = (w3 U, Ug; U Uty Ut - - ).

Step 2. In this step, we prolong the basic space
X x U to the space X x U™, with coordinates
(z,t,u,u, Ug, ug, . ..). The nth prolongation of V', de-
noted by V() will be a vector field on the n-jet space
X x U™, The vector field in general takes the form

2
7 (n i 0 L 0
V=3 gty Fup (4)
=1 L

Here we give a different definition of coefficients,
i.e. the coefficients ¢ and n* all depend on the

variables (z,t,u,..., 0,0, Vg, Vt, ..., ¥rg, ¥pur). Here
n° = n and n’ have the form

2
n* :DLu—ZuLDLfi. (5)

i=1

Remark 1: The prolongation of vector fields show
that this kind of symmetry is neither classical Lie
point symmetries nor Lie-Béacklund symmetries be-
cause it depends on the auxiliary variables and the
high order partial derivatives. More results may be
obtained if we assume the coefficients ¢ and n” have
integral terms of the auxiliary variable, i.e., they are
the functions of (z,t,u,..., [¢dz,...).

Step 8. In order to seek the nonlocal symmetries,
we should solve the following equations

V(”)Av(w,u("))‘ Ay(zuy=o = 0- (6)
Eq. (3)

Using the above equation, one can obtain a large
number of elementary determining equations for the
coeflicient functions. Those determining equations
can be solved and the general solution will determine
the most general symmetry of the system.

Example 1: The well-known
equation('® 2 is

Boussinesq

1
Ut + (uz)xm + gummmx = Oa (7)

and the corresponding Lax pair of Eq. (7) has the form

wt = _wacac - U% (8)

and its adjoint version is

3 3 3
¢zzm = _iuqu - (Zur - Zaglut)gba
Gt = Pz + UuP. (9)

That is to say, the integrable conditions of Egs. (8)
and (9)7 ’(/szzt = wtmzz and (bxzzt = (bt:rzx are jUSt the
Boussinesq equation (7).

Apply the Lax pair and its adjoint Lax pair of the
Boussinesq equation as the auxiliary systems. Then,
the vector field takes the form

0 0 0
S S 27 —_
V_£8x+£ 8t+778u' (10)

One can prolong the basic space V to the space
X x U™ and obtain the prolongation of V,

. 0 0 0 0
_ 1 27 s T
V=¢ 8x+£ 8154—7]8114_77 Ouy

TLTTT

0

0
Gt Dinens

OUgy

8Utt + "

where the coefficients of V all depend on the variables

(x,t,u,ux, Uz, Vs O, Vo, Oy Yo ¢xm)7 and

7]t =D(n— §1Ux - fzut) + fluxt + gzutta
771 = DI(n - fluz - §2ut) + fluzz + €2utxa

N = Dynaa(n — gluzc - §2ut) + fl’uxmﬁxw
+ gzutzzmr- (12)

Applying V to Eq. (7), one can obtain the infinites-
imal criterion (6) to be

1

Substituting the general formulae (12) into (13)
and replaCing uttywza::mwtu ¢a::rx7 (bt by EqS (7)7 (8)
and (9), we obtain the determining equations for the
functions ¢!, ¢2,n. Calculated by computer algebra,
the general solutions of them take the form

V= (%CﬂH—Cs) %+(C1t+02)%—(01U—04(1/J¢)x)%7
(14)

where ¢y, co, c3, ¢4 are arbitrary constants.

Remark 2: The vector field (14) contains two parts,
Vi = (%clx + 63)% + (et + (:2)% — clu% and
V2 = C4(w¢)z8%. One can see that the first part is
the classical Lie point symmetry, and the second part
is the nonlocal symmetry. Therefore, both the gen-
eral local symmetries and nonlocal symmetries can be
obtained by this method.

Ezample 2: The coupled KAV system[****! has the
form

ur = —6vv, + 6UULy — Uges,

v = 6UU$ + 6'UU;E — Ugzx, (15)
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and the Lax pair for Egs. (15) is as follows:

Praz = VP2 + uP1 — A1,
G2za = U2 — VP1 — A2,
1t = —4P120e + 602, + OuP1y + VP2 + Judy,
G2t = —4Pozge + 6uPay — 6VP1, + Suppde — vy P

The vector field has the form

0 0 0

V= re2— R 16
£8x+§8t+n8u+n8v (16)
Using the formula (4), one can prolong the space

V to the space X x U®) x V3 which here we omit.
Applying the prolonged vector field and following step

3, one can obtain the general solutions

V= %+C3t+c4)%+(01t+62)%
2 0
+ [0t - e - sforve + 231+ D]
2 0
—{06(¢1¢2)w—%5(¢§_¢%)$_ 6311]}%' (17)
17

where c¢q, co, c3, ¢4, C5, Cg are arbitrary constants.
Ezample 3: The Kadomtsev—Petviashvili (KP)
equation!”"?"! has the following form

Uyt — 6U2 — 6UUy + Upgas + Sty = 0. (18)

It is well known that the KP equation possesses
the Lax pair and the adjoint Lax pair

Yaw = — by,
= e + 6t +3(us — [ ),
buw = b+ By,

Ot = —4bpar + 6udy + 3(uy + / uydz)¢.

(19)
Let the vector field of Eq. (18) take the form
0 0 0 0
V=g —+&—+8 +n—. 20
SR PR TR P

Using the prolonged vector field and following step
3, one can obtain the solution

x 2 0
V= (*Flt P —Yry -6+ 02)%

3 18 6

2y 0 0 2u x

—F F)l— + F|— —F —F
+<3 1t + 2>8y+ 18t+(3 1t+18 1tt

2
Yy Yy 0
- e Py — Ly — Fyy)—,
c1 (o) 103 T — 5p St) By o)

where Fy, Fy and Fj are arbitrary functions of ¢, and
c1 and ¢y are arbitrary constants.

Example 4: The Ablowitz—Kaup—Newell-Segur
(AKNS) equations!”">°]

U = —tUgy + 2iu2v,

Vp = gy — 200%u (22)

have the following Lax pair
G2z voaA ¢2 )’
<¢1t> - < 2i\2 + juv —2)\u—iuw) <¢1>
- _ . _ . 2 _ . .
Dot 20\ + vy 21\ TUv P2 (23)

Using the same method we can obtain the nonlocal
symmetries taking the form

0 0
V =(c1t + c3x + 02)% + (2¢3t + c@a

B (403+206+01ixu_c ¢2)£
2 >71) 9u
2ce + criT 0
p (et i) 2 (24)

where c1, ca, c3, ¢4, c5 and cg are arbitrary constants.

Example 5: Here we construct the nonlocal sym-
metries by using the Bécklund transformation (BT)
of the potential Korteweg-de Vries (pKdV) equation.
The pKdV equation!””! has the form

Up = —Uggs + 3u920. (25)
For Eq. (25), there exists the following BT*"]

2
u—u
U,z = 7uz*2)\+%a

2 2
U = — U + 2uy + 2u17m + 2ug Uy

- (u - ul)(ul’x - ul,xz)7 (26)

with A being the arbitrary parameter.

Equations (26) show that if « is a solution to
Eq. (25), so is u1, that is to say, they represent a finite
symmetry transformation between two exact solutions
of Eq. (25). Hence u; satisfies the following form

Ut = —Ul,zzx + 3“%71 (27)

In order to obtain the nonlocal symmetry of
Eq. (25), we first give a transformation

v=u—u;, wW=u-+u, (28)

where v and w are functions of z and ¢.
Using Eq. (28), we can obtain
v n w w v
u= — — UG = — — —
) 1 9 9 )

2 2
then, the vector field of u, u; and v,w have the fol-
lowing relations

(29)

Vo= - (30)
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where V;, Va, Vi, Vs are vector field of u, u, v, w,
respectively, and the coefficients of Vi, Vs all depend
on the variables (z,¢,v,w, [vdz, [wdz).

Substituting transformations (29) into Egs. (25)—
(27), one can obtain

3 3
Vi = —VUgge + 3'[);5'[1)1, Wy = —Wyge + ivi + iwga
(31)
2 1 3
wy = —2X 4 %, wy = 51}5 + 5105 — Vg (32)

Using the same method we can obtain the nonlo-
cal symmetries of Egs. (31) with Egs. (32) having the
forms

(33)

Finally, substituting the above results and
Egs. (28) into Eqgs. (30), we can obtain the nonlocal

symmetries of Egs. (25) and (27) with BT (26),

0 0
Vi = (ﬁ +Cﬁt+C7>7 + (Clt—l—CQ)f

3 Ox ot ,
cu cgxr  c3+c
+ (Csef(“—m)dz_ 1?_ % %)%,
Ve = (% +cﬁt+c7>a%c + (e1t + 62)%
‘(C4e—f<"—”1>“+% % %)a%.
(34)

where c¢1, co, c3, ¢4, Cc5, g, c7 and cg are arbitrary
constants. If we set ¢; = ¢c3 = ¢c3 = ¢4 = ¢g =
c; = cg = 0, ¢5 = 1, the same result will be found
in Ref. [16] but their result is only a special case of
ours.

In summary, a systemic method to find the non-
local symmetry of nonlinear evolution equation has
been presented. Through several classical examples,
we can observe that this method can obtain nonlocal
symmetries effectively.

Moreover, how to use the nonlocal symmetries to
build similarity solutions is another important work.

In Ref. [17], the authors proposed a new method. The
idea is to incorporate the original equation(s) in an ex-
tended related system by introducing other auxiliary
dependent variables. In this case, the primary non-
local symmetry is equivalent to Lie point symmetries
of prolonged systems, then one can find the nonlo-
cal group as well as the explicit similarity solutions.
Following this idea, seeking new explicit analytic solu-
tions using the nonlocal symmetries of these nonlinear
systems is worthy of further study.

We would like to thank Professor S. Y. Lou for his
enthusiastic guidance and helpful discussion.
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