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1. Introduction

Maxwell equations are foundation and core of the electromagnetic theory. It was first presented at ‘A Dynamical Theory
of the Electromagnetic Field’, published on the Royal Society by British physicist James Clerk Maxwell [1] in 1865, based on
Coulomb’s law, Biot-Savart law, and Faraday’s law. Bloch equations are one of the most important theoretical foundations of
mechanical characterization on nuclear magnetic resonance, and also the basis of studying on the coherent optical transient
phenomena. The Bloch equations were introduced by Felix Bloch [2] in 1946. It is well known that the Maxwell-Bloch
equations successfully demonstrate the propagation of short (< 10-9s) optical pulses in resonant media [3]. In the dielectric
of two level atoms, the most basic semiclassical equations governing the propagation of Electromagnetic waves are the
Maxwell wave equation

Bl (6.7) — B (6.0) = onp < ure (6.7 40) >, (1)

* Corresponding author at:Shanghai Key Laboratory of Trustworthy Computing, East China Normal University, Shanghai, 200062, China
E-mail addresses: ychen@sei.ecnu.edu.cn, profchenyong@163.com (Y. Chen).

https://doi.org/10.1016/j.cnsns.2018.06.021
1007-5704/© 2018 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.cnsns.2018.06.021
http://www.ScienceDirect.com
http://www.elsevier.com/locate/cnsns
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cnsns.2018.06.021&domain=pdf
mailto:ychen@sei.ecnu.edu.cn
mailto:profchenyong@163.com
https://doi.org/10.1016/j.cnsns.2018.06.021

238 L. Huang, Y. Chen/Commun Nonlinear Sci Numer Simulat 67 (2019) 237-252

and the Bloch type equations

u (&, T, 1) =-pvE, T, 1),
v T o) =puE T ) +2ph T E (E Dw(E T ),
wr(§. T, 1) =-2ph 'E'(§, D)v(E, T, ). (2)

The system of Eqs. (1) and (2) is the Maxwell-Bloch (MB) equations [4] with E'(¢, t) the electric field, u(¢, 7, u') the
microscopic polarization, v(&¢, T, i) the phase information, w(&, 7, u’) the atomic inversion, u’ the proportional of atomic
resonant frequency, p the matrix element to the dipole operator, n the atomic dipole density, c the speed of light in vacuum.
The angular bracket < > represents the summation over all the media demonstrated by the frequency, and Au’ is the
energy separation of the two levels. The subscripts £ and t refer to partial differentiation with respect to the space and
time.

In the low density approximation, the Maxwell Eq. (1) can be reduced to an equation describing waves travelling only to
the right [5]

E; +c'E; = —2mc'np < ur > (3)

Eqg. (3) is a good approximation at atomic densities. The system of Eqs. (2) and (3) is called the reduced Maxwell-Bloch
(RMB) equations [6]. The propagation of ultra-short optical pulses is usually governed by the RMB equations.

In 1973, Eilbeck et al. [6] first began the research of the RMB equations, in which slowly varying envelope approximation
was avoided and the backscattered wave was neglected as a weaker assumption. Then the RMB equations enjoy a wide
usage in describing phenomena in nonlinear optics, namely the theory of optical self-induced transparency (SIT). A type of
coherent optical soliton in a two-level resonant system related with the SIT phenomenon was first put forward by McCall
and Hahn [7]. The RMB equations represent the propagation of a short laser pulse in a rarefied medium of two level atoms.
The RMB equations are important in the physics of nonlinear optics and have been observed in a lot of experiments [8] with
essential features. With the tremendous progress of laser technology, ultra-short optical pulses have attracted much more
attentions [9-12].

For plane polarized waves, the RMB equations are found integrable and connected with a Zakharov-Shabat scattering
problem. Many effective methods, such as the inverse scattering transform (IST) [13,14], the Hirota bilinear method [15-17],
the Darboux transformation (DT) [18-20], the Painlevé analysis [21], etc., have been developed to study the explicit N-soliton
solutions of the RMB equations. The RMB equations are one of integrable systems as shown in [22,23] and of course admit
other integrable properties including Hamitonian structure and recursion operator [24] as well as the N-degenerate periodic
solutions, N-rational solutions and rogue waves [25] and interactional solutions [26] by consistent Riccati expansion method.
Owing to the practical significance, further study of the characteristics of the RMB equations, especially the interactional
solutions, is therefore of great importance.

For a long time, the symmetry theory play an important role in solving nonlinear systems, whether integrable system
or not. To find interactional solutions of nonlinear systems is a difficult and tedious but very important and meaningful
work. Fortunately, recent studies [27-32] have shown that nonlocal symmetry method is one of the best tools to find non-
linear waves interacting with each other. Since nonlocal symmetries were first researched by Vinogradov and Krasil’shchik
[33] early in 1980, many mathematicians [34-39] have made great contributions to the development of the research on
nonlocal symmetry. In recent years, nonlocal symmetry method achieves further progress in solving nonlinear system. In
[27,28], the nonlocal symmetries, which related to the DT and Bdcklund transformation (BT), were investigated to derive
soliton-cnoidal interactional wave solutions. In order to avoid missing some important results such as integral terms or
high order derivative terms of nonlocal variables in the symmetries, a systematic method [40] was put forward to find the
nonlocal symmetries of nonlinear systems. Lately, it comes to light that nonlocal symmetries can be derived by Painlevé
analysis [41]. As related to the truncated Painlevé expansion, this kind of nonlocal symmetries is just the residual of the
expansion in regard to singular manifold, and is also known as residual symmetry [42-45]. So far, nonlocal symmetries of
the RMB equations have not been reported. To our knowledge, localized excitations such as rogue waves and breathers of
the nonlinear systems have not yet been found by the nonlocal symmetry method up to the present.

Rogue waves [46-53] have become a hot topic in plenty of research areas in recent years. The concept of freak rogue
wave was proposed by Draper [54] in 1965 in the ocean. Rogue waves are localized in both space and time, which appear
from nowhere and disappear without a trace [55], have taken responsibility for numerous marine disasters. At present, the
most complete recorded rogue wave was the ‘new year’s wave’ [56], spotted in Jan. 1, 1995 in North sea. The optical rogue
wave [57] was first discovered by experiments in nonlinear optics in 2007. The peregrine soliton [58] in nonlinear fibre
optics was observed in 2010. Up to now, the investigation of rogue waves have occurred in many areas, such as atmosphere
[59], capillary flow [60], Bose-Einstein condensates [61], superfluid [62], and even finance [63]. Breathers [64-67] are re-
garded as the crucial prototypes to explain rogue wave phenomena and are the localized breathing waves with a periodic
profile in a certain direction. In many of the existing literatures mainly reported two types of breathers such as Akhmediev
breathers [68,69] and Ma breathers [70], the former are space-periodic breather solutions and the latter are time-periodic
breather solutions. In real life, there are amount of waves interacting with each other. In the process of interaction, many
localized excitations phenomena will appear. The solitons are the most basic excitations of the integrable systems. In 1988,
the dromion solution of the DS system was obtained by Boiti et al. [71]. Since then, plenty of works [72-74] have been
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focus on the localized excitations of the nonlinear integrable systems. Lately, variable separation solutions of the integrable
systems were derived by the variable separation method [75-77]. Because some arbitrary functions were included in the
variable separation solutions, abundant localized excitations, such as solitoff solutions, dromion solutions, breathers, instan-
tons, and ghost solitons were obtained. The richness of localized excitations may play a significant contribution to investigate
dynamical properties of the nonlinear models.

In this paper, the RMB equations are investigated by nonlocal symmetry method. We focus on constructing localized
excitations and interactional solutions of the RMB equations. The nonlocal symmetries of the RMB equations are obtained
by the truncated Painlevé expansion approach and the Mébious invariant property. By introducing suitable auxiliary depen-
dent variables, the nonlocal symmetries are localized to a prolonged system. The prolonged system can be closed to a Lie
point symmetry and a new type of finite symmetry transformations is derived by solving the initial value problems. It is
difficult to find new explicit solutions stemming from nonconstant nonlinear wave such as the cnoidal waves and Painlevé
waves. Based on the finite symmetry transformations, we obtain periodic waves, Ma breathers and breathers travelling on
the background of periodic line waves. By symmetry reduction method, rich exact interactional solutions are derived be-
tween solitary waves and other waves, such as cnoidal waves, rational solutions, Painlevé waves, and periodic waves. As
an arbitrary function generated during the similarity reduction process, several new types of localized excitations including
rogue waves, breathers and other nonlinear waves are obtained. In particular, the dynamics of these interactional solutions
are discussed and shown to exhibit meaningful structures by computer numerical simulation.

This paper is arranged as follows. In Section 2, nonlocal symmetries of the RMB equations are obtained from the trun-
cated Painlevé expansion approach. Then the nonlocal symmetries are localized to Lie point symmetries by prolonging the
original system to a large system. In Section 3, the finite symmetry transformations and similar reductions of the prolonged
system are presented to derive periodic wave solutions, breathers, interactional solutions and rogue waves of the original
system. The last section contains a short summary and discussion.

2. Nonlocal symmetry and its localization

Through the following transformation
x=T-c &, t=—4mnp*(ch)"'u&, E=2ph 'F, (4)
sends the RMB equations to
Uy =—uv, VUx=Ew+ uu,

wy=—Ev, E =-v. (5)
As the RMB Egs. (5) pass the Painlevé test [22], they have the truncated Painlevé expansion
U—u+ B, vope s O 2
=U+—, V=V+—+ -3,
¢ ¢ P
W) | W E;
w=wo+ —+ 5. E=E+ —, (6)
¢ ¢? ¢

with ug, uyq, vg, V1, V2, @g, @1, Wy, Eg, E1, and ¢ being the function of x and t. The manifold ¢ (x,t) = 0 is often called a
movable singularity manifold.

To find nonlocal symmetries of the RMB Egs. (5) related to their truncated Painlevé expansion, one has to substitute
(6) into (5) and balance all the coefficients of different powers of ¢,

Upg = —I//L¢x_l¢xn uy =2lpge, vy = I¢x_l¢xxt - I¢x_2¢xx¢xt7
v ==2lpu, Vo =20dxPr, wo= -’ P — By  Puxe + By PuxPxe, (7)
w1 =2¢x, wy=-2¢x¢:, Eo= _Id)x_ld)xx» Eq = 2I¢x,
and the RMB Egs. (5) are successfully reduced to the following Schwarzian equation:
WG+ S =0, (8)

2
where C = % is the general Schwarzian variable, S = % - %(%) is the Schwarzian derivative.

In accordance with the definition of residual symmetries, the nonlocal symmetries of the RMB Eqs. (5) can be read out
from truncated Painlevé analysis (6)

ol =2Iud;, oV =2lpy, 0% =2py, oF=2I¢,. (9)
It is necessary to point out that the Schwarzian form (8) is invariant under the Mébious transformation
a+ be
¢—> C—|—d¢) (ad;ébc), (10)

which means (8) possesses the symmetry oc® = —¢2 in a special case a=0,b=c=1,d = €. The nonlocal symmetries
(9) can also be derived by substituting the Mobious transformation symmetry o into the linearized equations of ug, vq,
wq, and Eg in (7).
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By introducing another three new dependent variables f=f(x, t), g=g(x, t), and h=h(x, t), the nonlocal symmetries of the
RMB Egs. (5) can be localized to Lie point symmetries

ol =2Iuf, o'=-2g o0®=2g of=2Ih of=-2¢f o%=-2(pg+fh), o"=-2¢h oc?=—¢% (11)
for the prolonged system
Uy +uv =0, vy—Eo—pu=0, wx+Ev=0, E+v=0 u=-lud;'¢u. f=dr
V=10 Poe — 19 P, @ = — PG e — O e + D PP, E = 1y P (12)
g=fuv. h=¢x Mz(f)fd)xt - M2¢x¢xx¢t + ¢§¢xxxt — 3xPxxDrxt — PxDrocxPxt + 3¢3x¢xt =0

Finally, the prolonged system (12) can be closed with the vector form

0 0 0
V=21,uf%—21g%+2ga +21h— 2¢f —2(¢g+fh)a —2¢>h ¢2 (13)

af d¢’

3. Explicit solutions from nonlocal symmetry

After making the nonlocal symmetries (9) equivalent to Lie point symmetry (13), one can construct the explicit solutions
by the Lie group theory in two ways.

A. Finite symmetry transformation

Due to Lie point symmetry (13), by means of solving the initial value problem:

dlfi(:) =2, d’ﬁff) =28 dCZEE) =2 dd(:) = 2Ih,
df(e) dg(e) = - dh(e) dp(e)
G =20f o =-20fh+¢d). — =20k ——=-¢ (14)

4(0) =u, 9(0)=v, @0)=w, EQO)=E, fO)=f §0)=g h©)=nh &) =9,

where € is a group parameter, we can obtain the following symmetry group theorem: o
Theorem 1. If {1, v, w, E, f, g h, ¢} is a solution of the extended system (12), then so is {il, ¥, ®,E, f, & h, ¢} given by

2lepnf 2leg 2I€? fh _ 2¢eg 2¢2fh

=ity VTV Treg P arepr CT T Trep T Urepr
- 2leh - f s & 2/ gy h .
E_E+]+6d)’ f= A tep) g= (1+ep)2 (1+ep)® h= (1 +ep)?’ ¢ = 1+e¢p’ (15)

Remark 1. For a known solution {u, v, @, E} of (5), the above finite symmetry transformation will derive another solution
{u, v, @, E}. It should be point out that the last equation of Egs. (15) is nothing but the corresponding known Mdgbious
transformation.

In order to clearly illustrate Theorem 1, we consider the following three types of periodic solutions for the RMB Egs. (5),
which means that nontrivial solutions for the RMB equations can be derived from trivial solutions by using the finite sym-
metry transformations (15):

Type 1: Considering the trivial solution u = ul;,v=0,w = —lk— and E = k; of the RMB Egs. (5), periodic solutions for
the introduced dependent variables can be obtained:

f=Hyexp((kix + 11t)), g=—kilyexp(I(kix+Lt)), h=Ikiexp(I(kix+1t)), ¢ =1+exp((kix+1it)). (16)
Substituting (16) into (15) yields nontrivial solutions of the RMB Egs. (5):
2e puly exp(I(kix + I1t))

U=mh = T A T expUhix + h0)))’
_ 2lekqly exp(I(kix + t)) 212k 1; exp(2I(kix + 1t))
T 11+e(+exp(kix+ht)))  (1+e(+expU(kix+11t))))2’
o _M _ 2ekil exp(I(kix + Lit)) N 2€2k1; exp(2I(k1x + 1t)) (17)
k1 1+e(1+expUkix+1t))) (A +e(+expU(kix+1t))))?’
E— ki — 2¢eky exp(I(k1x + I1t))

1+e(1+exp((kix + L))

The periodic wave solutions (17) are shown in Fig. (1). It can be seen that these solutions are periodic in both x and ¢,
and maintain constant amplitudes. The maximum amplitudes of the components |u|, |v|, ||, and |E| are 0.6666,0.1667,1.0438,
and 0.6666, respectively. If a kink-solitary wave solution for (8) is chosen as ¢ = tanh(I(k,x + I;t)), solitary wave solutions
of the RMB Egs. (5) can also be obtained by using the finite symmetry transformations (15).
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(c) (d)

Fig. 1. The periodic wave solutions of the RMB equations for the components u, v, @, and E expressed by (17). The parameters are u =1,k; = %,l] =
1 1
3. €= 72

Type 2: If we choose ¢ =1 +exp(I(kix + [1t)) + exp(I(kox + I5t)) in (12), then fundamental solutions can be derived
with k1 = k, = I and Iy, I, are arbitrary constants:
v=0, E=1Iu, h=—u(exp(—ux+Il;) +exp(—ux +Ily)),
u= (i exp(—px+Ihe) + b exp(—px + ) (exp(—ux + Ili) + exp(—pux + Il )) 7,
@ = I (l exp(—px +111t) + L exp(—pux + Il )) (exp(—px + Ili) + exp(—ux +1lp)) ", (18)
f=1exp(—px + 1) + L exp(—ux + 1)), g=—Iu((ly exp(—ux +Ilie) + L exp(—px + Il3))).
Substituting (18) into (15) yields breather solutions of the RMB Egs. (5). The breathers for the components u, v, w, and
E are shown in Fig. (2). It can be seen that these solutions are periodic in t directions and localized in x directions, and
maintain constant amplitudes, which are known as Ma breathers [70].
Type 3: If we choose ¢ =1+ exp(I(k1x + I1t)) + exp(I(kox + Ipt)) + exp(I(ksx + I3t)) in (12), then fundamental solutions
can be derived with k; = ky = k3 = I and [y, I, I3 are arbitrary constants:
u = p(lyexp(—ux+ Iht) + L exp(—ux + Ilht) + Iz exp(—ux + 1l3;))
(exp(—pux + ILt) + exp(—ux + It) + exp(—ux +113)) ™", v=0,
o = Il exp(—pux + IIht) + I exp(—pux + Il t) + I3 exp(—pux + Il5t))
(exp(—ux + I1t) + exp(—ux +Il) + exp(—ux +113))~1, E=1Ipu, (19)
F=1( exp(—pux + i) + L exp(—ux + Iy ) + L exp(—ux + Il3.)),
g=—Iu(lyexp(—ux + Il;t) + L exp(—ux + ll5t) + I3 exp(—ux + Il5t)),
h = —u(exp(—ux + Ilit) + exp(—ux + llt) + exp(—ux + Ilst)).
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(a) (b)

20 .20 20 .20

() (d)

Fig. 2. The breathers of the RMB equations for the components u, v, w, and E. The parameters are u = 1,1; = % I, = % e=1.

Substituting (19) into (15) yields hybrid of breathers and periodic wave solutions for the RMB Eqs. (5). The hybrid solu-
tions for the components u, v, ®, and E are shown in Fig. (3). As can be seen that the solutions for the components u and
w describe breathers travelling on the background of periodic line waves. Both the breathers and periodic line waves are
periodic in t directions and localized in x directions. The solutions for the components v and E describe breathers as in type
2 with different parameters. For the component v, they both come from zero plane wave backgrounds. For the component
E, they both come from nonzero plane wave backgrounds. To our knowledge, it has not discovered this type of solutions for
the RMB Egs. (5).

B. similarity reductions of the prolonged system

In order to construct similarity reductions of (5), we apply the Lie symmetry method to the whole extended system.
Supposing Eqs. (12) are invariant under this infinitesimal transformations

{x.t, uv,w,E, f,g. h,¢} > {x+eX,t+eT,u+elU,v+eV,w+€eW,E+€eM, f+€F,g+€G h+€H, ¢ +ed} (20)
with
=Xuy+Tu; —U, o'=X+Tv -V, 0®=Xwx+Tw —-W, of =XE,+TE —M,
of =Xfi+Tfi—F o08=Xgy+Tg -G, o"=Xhy+Th,—H, 0®=X¢y+T¢.— P, (21)

where X, T, U, V, W, M, F, G, H, and & are functions of {x, t, u, v, , E, f, g h, ¢}, and € is a small parameter.
Next, substituting (21) into the linearized symmetry equations for the extended system

ol 4+ o’ =0, O’U—MO’H—EO’(‘)—C()(TEZO ol +Ec' +v0f =0, of +0'=0, o/ -0l =0,
I¢30'u + M¢xt0 M¢x 0 =0, I¢x0 - ¢x¢xxt(7 + 2¢xx¢xt0 ¢x¢xt(7xx ¢x¢xx xt T ¢2 xd;[ =0,
¢XU + M2¢x O} ( 2¢x¢t + Oxxxe — 2¢xx¢xt)0x ¢x¢xt0'xx ¢x¢xx e + ¢ [ =0, o8- O'xf =0,
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(a) (b)

(c) (d)

Fig. 3. The hybrid solutions of the RMB equations for the components u, v, @, and E. The parameters are i = 2,1 = % I, = % I3 =

e=1.

Nl—=

(12 bt + 3b:Prsbrt — 607 bxt + Bxoahe) 0 — U2 D20, — (12 DI Pt — 6hxpau + 37 Prnt) Ok
+(12¢3 + 3Pk — Bibun) 0t — 3BI D0 — BEDuO + 0P =0, 1920 + o0l — hroh =0,
oh—of =0. (22)

Then collecting the coefficients of all the variables and their partial derivatives, and setting all of them to zero, we get a
system of overdetermined linear equations with the infinitesimals {x, ¢, u, v, o, E, f, g h, ¢}. After solving them, we can
obtain

X=c, T=f, U=-Ilauf- fiu, V=Iag-vfi,, W=—-cg— fyrw, M=-Ich,
1
F=c¢f+caf-fif. G=a(fh+¢g +cg— fig H=ciph+ch, &= §C1¢2 + ¢ +c3, (23)

where f; =f1(t) is an arbitrary function of t, and c¢;(i=1...4) are four arbitrary constants. Especially, when c; =c3 =c¢4 =
f1 =0 and ¢y = -2, the derived symmetry is just Eq. (13), and when c; = 0, the related symmetry is just the general Lie
point symmetry of the original Eq. (5).

For the sake of more corresponding group invariant solutions, the following characteristic equations need to be solved:

dx dt du dv do dE df dg dh _d¢

Pt 24
X T U %4 w M F G H P (24)
Next, two nontrivial similarity reductions originated from (24) will be detailed study under the condition c; #0.
2_
Reduction 1. Without loss of generality, we hypothesize ¢, =1 and f; = k, and define the parameter c by c¢% = sz#

(c#0). By solving (24), we obtain similarity solutions

2
b

5oz IFH tanh” Ay,

u:U—l—%IuFtanhAh U=V+%IGtanhA1 +
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w= W——GtanhA1 FHtanh Ay, E=M+ I—HtanhAL h——Hsecthl, (25)

f= —Fsech? Ay, g=(G+ ?FHtanh A1)sech A, ¢= _e_ ? tanh Aq,
€1
with A; =c(x+ ®). Here U=U(§), V=V(§), W=W(E), M=M(§), F=F&), G=G(&), H=H(§), and ® = ®(£) represent eight
different group invariants in (25), while £ = —kx +t is the similarity variable.
Substituting (25) into the extended system, yields

I/,qu)gg Ikzcbfff K3 CD
U= V = —2Ic*®; + 2Ikc> D2 — ,
ko -1 § 8 ke — 1 (k¢§ - 1)2
K®pes + (U2 —4ct)py KB DE +2c%¢;
W=-2 2(1)2 EEE 3 _ EE S 2
ke D + keps — 1 (kps —1)2 (26)
Ik D 2c? 2kc? 2¢2 2kc?
Skge-1 [T P =Tt e e

where @ satisfies the following four-order ordinary differential equation
kz(kq)g — 1)2d3$§§§ — 4](3(](q>§- - 1)q>§g:-§ + 3](4<D§§ - (k@é -1
(1? — 4C +4IP D} — 127K D7 + 1267k D ) Dy = 0. (27)

It is worthy to mention that Eq. (27) is the most general one having the Painlevé property, that is, having no solutions
with movable singularities except poles. According the Ablowitz-Ramani-Segur (ARS) conjecture [78-80]: every nonlinear
ordinary differential equation obtained by an exact reduction of a nonlinear partial differential equatlon of IST class is of
Painlevé-type. By using the ARS algorithm, there is one possible branch: ®(§) = A/(§ — &;) with A= %, and the resonant
points occur at {—1,1,4,6}. Then the detailed calculation shows Eq. (27) passes the Painlevé test and has the Painlevé
property.

It appears that once the solutions & are solved out in (27), the fields for U, V, W, M, F, G, and H can be solved out directly
from (26). By substituting ®, U, V, W, M, F, G, and H into (25), the exact solutlons of RMB Egs. (5) are immediately obtained.
From the results in reduction 1, one can observe that the final exact solutions include hyperbolic function, Painlevé wave,
and rational function. These solutions represent the wave interactions among solitary wave, Painlevé wave, and rational
wave for the RMB equations. To show the solutions more intuitively, we just take a simple solution of Eq. (27) as ® = mé§.

By choosing the appropriate parameters, different behaviours of u, v, w, and E are shown in Fig. (4). It can be seen
that u, w, E are dark solitary waves, while v is a bright solitary wave. v and @ have the same amplitudes. If choosing the
parameters are =1, m = 2 k= 2I ¢ =1, we can get breather solutions of the RMB equations. The waves propagation for
the components u, v, w, and E are shown in Fig. (5), which are dlfferent from the Ma breathers in Fig. (2).

Reduction 2. Without loss of generality, we hypothesize f; = —- w1th g=q(t), and define the parameter c by c2 = 5%72#
(c#0). By solving (24), we can derive the similarity solutions
u=q: U+ %I/LF tanh A,), v=q/(V+ —IGtanh Ay + 2 IFH tanh? A,),
w=q (W - %Gtanh Ay — 2—612FHtanh2 Ay), E=M+ I%Htanh A,, h=—Hsech’A,, (28)
f= —qusecthz, g=(G+ %FHtanh Az)qfsecthz, ¢ = —C—? — E tanh A,,

with Ay = c(q+ ®). Here U=U(&), V=V(§), W=W(&), M=M(§), F=F(§), GEG(S), H=H(&), and ® = ®(&) represent eight
different group invariants in (28), while & = —c4q + x is the similarity variable.
Substituting (28) into the prolonged system yields

IC4[,LCI)§§ IC4CI)$§§ IC4¢‘§§
U= 755 212Dy + 2Ic%c, P2 — 255 ,
P A R S
2
2, 52 2 wr, Ca®Peee — 1P P
W = CaL” + 2c q>zg- —2c C4(D%- + CDE - q)g , (29)
1® 2 2 2
M=% p_2C 2Gg  _2hg, - zicbé,
q)zg- C1 C1

where @ satisfies the following four-order ordinary differential equation

3C4(D§g;- + (/,Lz — 4CZC4(D§)CD&-E — 4C4q)€ q)EE q)ggg + C4CD§CD&-%-5§ =0. (30)



L. Huang, Y. Chen/Commun Nonlinear Sci Numer Simulat 67 (2019) 237-252 245
14 0.5+
0.4—

0.3 h
v ;

|E]

P 10-10

(©) (d)

Fig. 4. The wave propagation plots of the RMB equations for the components u, v, , and E expressed by (25). The parameters are u =1,m = % k=1,c=1.

By using the ARS algorithm, there is one possible branch: ®(§) =A/(§ — &) with A = C% and the resonant points appear
at {—1,1, 4, 6}. Then the detailed calculation shows Eq. (30) also passes the Painlevé test and has the Painlevé property.

It is also obvious that once the solutions & are solved out in (27), the fields for U, V, W, M, F, G, and H can be solved out
directly from (29). By substituting ®, U, V, W, M, F, G, and H into (28), the exact solutions of RMB Egs. (5) are immediately
obtained. From the results in reduction 2, one can observe that the final exact solutions include hyperbolic function, Painlevé
wave, and rational function. These solutions represent the waves interaction among solitary waves, Painlevé waves, and
rational waves for the RMB equations.

Because of the existence of the arbitrary function q in (28), many new types of interaction solutions can be obtained.
Since q can be expressed by different types of functions, the solutions exhibit the interactions between solitary waves and
abundant cnoidal waves, rational waves, trigonometric functions. In the process of interaction, many localized excitations
including rogue waves and breathers are appeared. To show these localized excitation states more intuitively, we just take a
simple solution of Eq. (30) as ® = mé&.

e For Fig. (6), the solutions of the RMB equations for the components u, v, w, and E are hybrid solutions with the
parameters 4t =2, m=2,c4 =1,c=1 and q = Icos(t). It can be seen that breathers travelling on the background of periodic
waves for the components u and w. Both the breathers and periodic waves are periodic in t directions and localized in x
directions. The solutions for the components v and E describe breathers in ¢t directions. These phenomena are similar with
Fig. (3).

e For Fig. (7), the localized excitation solutions of the RMB equations for the components u, v, @, and E are drawn
with the parameters u=1,m= % cs=ILc=1and q= IJ% For the component u, it changes from a single peak to the
double peak at x = 0, and the amplitude becomes smaller. For the component v, a W-type solitary wave appears at t =0
and disappears at infinity along x axis. For the component w, a W-type solitary wave unchanges along x axis, but the
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Fig. 5. Breathers of the RMB equations for the components u, v, , and E expressed by (25). The parameters are u =1,m = % k= %I, ¢ =1.(a),(b),(c) and
(d) The three-dimensional plots for the corresponding solutions.

" F

| 4 v s Iwl |E|
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Fig. 6. The periodic wave solutions of the RMB equations for the components u, v, w, and E expressed by (28). The parameters are £t =2,m=2,c4 =
I,c=1,q=1Icos(t). (a),(b),(c) and (d) The waves propagation along t axis at x = 0.5; (e),(f),(g) and (h) The three-dimensional plots for the corresponding
solutions.
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Fig. 7. The localized excitations of the RMB equations for the components u, v, w, and E expressed by (28). The parameters are =1, m= % cp=Ilc=
1,q= % (a),(d),(g) and (j) The waves propagate along x axis at x = 0; (b),(e), and (h) The waves propagate along t axis at t = 0; (k) The wave propagates
along t axis at t = 0.1; (c),(f),(i) and (1) The three-dimensional plots for the corresponding solutions.

amplitude of peak gets smaller at infinity along t axis. For the component E, an anti-W-type solitary wave appears at t =0
and disappears to the plane wave E = 3 at infinity along x axis.

e For Fig. (8), the parameters are u =2, m=2,n= %, ¢4 =1,c=1, and q = sn(t, n). The exact solutions (28) with & =
mé for the RMB equations denote the interactional phenomena between solitary waves and cnoidal periodic waves. These
kinds of solutions can be easily applicable to the analysis of interesting physical phenomena. In fact, there are full of the
solitary waves and the cnoidal periodic waves in the real physics world.
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Fig. 8. The wave propagation plots of the RMB equations for solutions u, v, w, and E expressed by (28). The parameters are u =2,m=2,n= %, c=1c=
1.q = sn(t, n). (a),(d),(g) and (j) The wave propagation pattern of the wave along x axis; (b),(e),(h) and (k) The wave propagation pattern of the wave along
t axis; (c),(f),(i) and (1) The three-dimensional plots for the corresponding solutions.

o [f the parameters are 4t =2, m=2,c4=1,c=1, and q = tanh(t). For the component u, a dark solitary wave appears
at t = 0 and disappears at infinity along x axis; it changes from a single peak to the double peak at x = 0, and the amplitude
becomes smaller at infinity along t axis. For the component v, the wave becomes a bright solitary wave both at t =0 and
x =0, disappears at infinity along x axis and t axis. For the component w, a W-type solitary wave appears at t = 0 and
disappears at infinity along x axis; the waveform is narrowed at x =0 and the amplitude is constant along t axis. For
the component E, a kink solitary wave appears at x = 0, the waveform and amplitude unchange over time, but the wave
propagates to the right at |t| <41.
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Fig. 9. The localized excitations of the RMB equations for the components u, v, w, and E expressed by (28). The parameters are u =2,m=2,c4=1,c=
1, q = exp*® sech(t). (a),(d),(g) and (j) The wave propagation pattern of the wave along x axis; (b),(e),(h) and (k) The wave propagation pattern of the wave
along t axis; (c),(f),(i) and (1) The three-dimensional plots for the corresponding solutions.

o For Fig. (9), the parameters are u =2,m=2,c4 = 1,c =1, and q = exp(4lt)sech(t). For the component u, a single peak
solitary wave appears at |t| <333, it becomes a double peak rogue wave at x =0, and when |t| > 333, the wave disappears
along t axis. For the component v, a double peak rogue wave appears at x = 0 and disappears at infinity along t axis. For
the component w, a single peak solitary wave appears at |t| <333, it becomes a double peak rogue wave at x = 0, and when
|t| > 333, the wave disappears along t axis. For the component E, the amplitude unchanges over time, it becomes a double
peak rogue wave at x = 0, but the wave first propagates to the right and then to the left in |t| <41.
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Fig. 10. The wave propagation plots of the RMB equations for the components u, v, @, and E expressed by (28). The parameters are u =2, m=2,c4=1,c=
1,q = tsin(t). (a),(c),(e) and (g) The wave propagation pattern of the wave along t axis; (b),(d),(f) and (h) The three-dimensional plots for the corresponding
solutions.

e For Fig. (10), the parameters are 4 =2,m=2,c4 =1,c=1, and q = tsin(t). For the components u, v, w, and E, the
waves generate in pairs, and the solutions are symmetrical at t = 0.

Remark. Due to q is the function of t, the dynamic behaviours of u, v, @, and E at t = 0 are the same and their modules are
the same in Figs. (8) and (9).

4. Summary and discussions

In summary, nonlocal symmetry, localized excitations and interactional solutions of the RMB equations have been in-
vestigated. Based on the truncated Painlevé expansion approach, nonlocal symmetries of the RMB equations are obtained.
And the Schwartzian form of the RMB equations is reduced from the truncated Painlevé expansion. Meanwhile, the nonlocal
symmetries are related to the Md&bious transformation of the Schwartzian form. By introducing three auxiliary variables,
the nonlocal symmetries are successfully localized to an extended system, which is closed to a Lie point symmetry and a
new type of finite symmetry transformations is derived by solving the initial value problems. Then we obtain the following
results, which is difficult to find stemming from nonconstant nonlinear wave such as the cnoidal waves and Painlevé waves.

« Periodic solutions. Based on the finite symmetry transformations, we obtain three types of solutions including periodic
waves (see Fig. 1), Ma breathers (see Fig. 2) and breathers travelling on the background of periodic line waves (see Fig. 3).
The periodic waves are periodic in both x directions and t directions. The breathers are periodic in t directions and localized
in x directions.

o Interactional solutions. By symmetry reduction method, rich exact interactional solutions are derived between solitary
waves and other waves, such as cnoidal waves, rational solutions, Painlevé waves, and periodic waves (see Figs. 6, 8).

o Localized excitations. To our knowledge, the rogue wave solution of the integrable system has not yet been found by
the nonlocal symmetry method. Because of arbitrary function generated during the similarity reduction process, several new
types of localized excitations including rogue waves, breathers and other nonlinear waves are obtained (see Figs. 7, 9). Some
interesting dynamical behaviour are shown by selecting different functions in graphical way. The rogue wave obtained in
this paper may be called instanton or ghost soliton better.

Due to the important physics significance of the RMB equations, the physical properties of those new dynamical be-
haviour with interactions are needed to do a further investigation. These kinds of solutions can be applied to the analysis
of many interesting physical phenomena and may be useful for studying the optical waves and electromagnetic waves. Our
research results may play a significant contribution to investigate the dynamical properties of the distinct nonlinear waves,
such as rogue waves, breathers, dark solitons and bright solitons, for the nonlinear systems in optics, electromagnetic field,
plasma physics and Bose-Einstein condensates. The results may motivate the relevant experimental investigations in the
ultra-short optical pulses and other media.



L. Huang, Y. Chen/Commun Nonlinear Sci Numer Simulat 67 (2019) 237-252 251
Acknowledgment

We would like to express our sincere thanks to other members of our discussion group for their valuable suggestions.
The project is supported by the Global Change Research Program of China (No. 2015CB953904), the National Natural Sci-
ence Foundation of China (Nos. 11675054 and 11435005), Outstanding doctoral dissertation cultivation plan of action for
East China Normal University. (No. YB2016039), and Shanghai Collaborative Innovation Center of Trustworthy Software for
Internet of Things (No. ZF1213).

References

[1] Maxwell JC. A dynamical theory of the electromagnetic field. Philos. Trans. R Soc London 1865;155:459-512.
[2] Bloch F. Nuclear induction. Phys Rev 1946;70:460.
[3] Maimistov Al, Basharov AM. Nonlinear optical waves. Berlin: Springer press; 1999.
[4] Eilbeck JC, Bullough RK. The method of characteristics in the theory of resonant or nonresonant nonlinear optics. ] Phys A 1972;5:820-9.
[5] Eilbeck JC. Reflection of short pulses in linear optics. ] Phys A 1972;5:1355-63.
[6] Eilbeck JC, Gibbon JD, Caudrey PJ, Bullough RK. Solitons in nonlinear optics i. a more accurate description of the 2 7 pulse in self-induced transparency.
] Phys A 1973;6:1337-47.
[7] McCall SL, Hahn EL. Self-induced transparency by pulsed coherent light. Phys Rev Lett 1967;18:908-11.
[8] Jen S., Mandel B.C.L., Wolf E.. Coherence and quantum optics, vol. 4 plenum new york. 1978.
[9] Brabec T, Krausz F. Intense few-cycle laser fields: frontiers of nonlinear optics. Rev Mod Phys 2000;72:545.
[10] Sun B, Qiao ZJ, Chen ]. Outer circular synthetic apeture radar imaging based on Maxwell's equations. ] Appl Remote Sens 2012;6:063547.
[11] Xu SW, Porsezian K, He ]S, Cheng Y. Circularly polarized few-cycle optical rogue waves: rotating reduced maxwell-bloch equations. Phys Rev E
2013;88:062925.
[12] Feng BF, Ling LM, Zhu ZN. Defocusing complex short-pulse equation and its multi-dark-soliton solution. Phys Rev E 2016;93:052227.
[13] Ablowitz M], Clarkson PA. Solitons, nonlinear evolution equations and inverse scattering. Cambridge University Press; 1991.
[14] Gibbon JD, Caudrey PJ, Bullough RK, Eilbeck JC. An n-soliton solution of a nonlinear optics equation derived by a general inverse method. Lett Nuovo
Cimento 1973;8:775-9.
[15] Hirota R. The direct method in soliton theory. Cambridge University Press; 2004.
[16] Caudrey PJ, Eilbeck JC, Gibbon JD. Exact multisoliton solution of the reduced maxwell-bloch equations of non-linear optics. IMA J Appl Math
1974;14:375-86.
[17] Caudrey PJ. Memories of hirota’s method: application to the reduced maxwell-bloch system in the early 1970s. Phil Trans R Soc A 2011;369:1215-27.
[18] Matveev VB, Salle MA. Darboux transformations and solitons. Springer; 1991.
[19] Guo R, Tian B, Wang L. Soliton solutions for the reduced maxwell-bloch system in nonlinear optics via the n-fold darboux transformation. Nonlinear
Dyn 2012;69:2009-20.
[20] Shi GH, Fan F. Properties of new soliton solutions on the non-vanishing background for the reduced maxwell-bloch system in nonlinear optics. Super-
lattices Microstruct 2017;101:488-92.
[21] Xu GQ. A note on the painlevé test for nonlinear variable-coefficient PDEs. Comput Phys Commun 2009;180:1137-44.
[22] Grauel A. The painlevé test, backlund transformation and solutions of the reduced Maxwell-Bloch equations. ] Phys A 1986;19:479-84.
[23] Grauel A. Soliton connection of the reduced maxwell-bloch equations. Lett Nuovo Cimento 1984;41:263-8.
[24] Aiyer RN. Hamiltonian and recursion operator for the reduced maxwell-bloch equations. ] Phys A 1983;16:1809-11.
[25] Wei J, Wang X, Geng XG. Periodic and rational solutions of the reduced maxwell-bloch equations. Commun Nonlinear Sci Numer Simulat 2018;59:1-14.
[26] Huang LL, Qiao ZJ, Chen Y. Soliton-cnoidal interactional wave solutions for the reduced maxwell-bloch equations. Chin Phys B 2018;27:020200.
[27] Hu XR, Lou SY, Chen Y. Explicit solutions from eigenfunction symmetry of the korteweg-de vries equation. Phys Rev E 2012;85:056607.
[28] Lou SY, Hu XR, Chen Y. Nonlocal symmetries related to backlund transformation and their applications. ] Phys A 2012;45:155209.
[29] Cheng XP, Lou SY, Chen CL, Tang XY. Interactions between solitons and other nonlinear schrodinger waves. Phys Rev E 2014;89:043202.
[30] Chen JC, Xin XP, Chen Y. Nonlocal symmetries of the hirota-satsuma coupled korteweg-de vries system and their applications: exact interaction
solutions and integrable hierarchy. ] Math Phys 2014;55:053508.
[31] Huang LL, Chen Y. Nonlocal symmetry and similarity reductions for the drinfeld-sokolov-satsuma-hirota system. Appl Math Lett 2017;64:177-84.
[32] Huang LL, Chen Y. Nonlocal symmetry and similarity reductions for a (2+1)-dimensional korteweg-de vries equation. Nonlinear Dyn 2018;92:221-34.
[33] Vinogradov AM, Krasil'shchik IS. A method of calculating higher symmetries of nonlinear evolutionary equations, and nonlocal symmetries. Dokl Akad
Nauk SSSR 1980;253:1289-93.
[34] Akhatov IS, Gazizov RK. Nonlocal symmetries, heuristic approach. ] Math Sci 1991;55:1401-50.
[35] Galas F. New nonlocal symmetries with pseudopotentials. ] Phys A 1992;25:1.981.
[36] Guthrie GA. More non-local symmetries of the kdv equation. ] Phys A 1993;26:L905.
[37] Bluman GW, Cheviakov AF, Anco SC. Applications of symmetry methods to partial differential equations. New York: Springer; 2010.
[38] Lou SY. Conformal invariance and integrable models. ] Phys A 1997;30:4803.
[39] Lou SY, Hu XB. Non-local symmetries via darboux transformations. ] Phys A 1997;30:L95.
[40] Xin XP, Chen Y. A method to construct the nonlocal symmetries of nonlinear evolution equations. Chin Phys Lett 2013;30:100202.
[41] Lou S.Y.. Residual symmetries and backlund transformations. 2013. ArXiv:1308.1140.
[42] Gao XN, Lou SY, Tang XY. Bosonization, singularity analysis, nonlocal symmetry reductions and exact solutions of supersymmetric kdv equation. JHEP
2013;05:029.
[43] Ren B, Cheng XP, Lin J. The (2+1)-dimensional konopelchenko-dubrovsky equation: nonlocal symmetries and interaction solutions. Nonlinear Dyn
2016;86:1855-62.
[44] Huang LL, Chen Y. Nonlocal symmetry and exact solutions of the (2+1)-dimensional modified bogoyavlenskii-schiff equation. Chin Phys B
2016;25:060200.
[45] Ren B. Symmetry reduction related with nonlocal symmetry for gardner equation. Commun Nonlinear Sci Numer Simulat 2017;42:456-63.
[46] Peregrine DH. Water waves, nonlinear schrodinger equation and their solutions. ] Austral Math Soc Ser-B 1983;25:16-43.
[47] Akhmediev N, Ankiewicz A, Sotocrespo JM. Rogue waves and rational solutions of the nonlinear schrédinger equation. Phys Rev E 2009;80:026601.
[48] Bludov YV, Konotop VV, Akhmediev N. Vector rogue waves in binary mixtures of Bose-Einstein condensates. Eur Phys ] Spec Top 2010;185:169-80.
[49] Guo BL, Ling LM, Liu QP. Nonlinear schrodinger equation: generalized darboux transformation and rogue wave solutions. Phys Rev E 2012;85:026607.
[50] Ling LM, Zhao LC. Simple determinent representation for rogue waves of the nonlinear Schrédinger equation. Phys Rev E 2013;88:043201.
[51] Zhao LC, Li SC, Ling LM. W-Shaped solitons generated from a weak modulation in the sasa-satsuma equation. Phys Rev E 2016;93:032215.
[52] Chen ]C, Chen Y, Feng BF, Maruno KI. Rational solutions to two- and one-dimensional multicomponent yajima-oikawa systems. Phys Lett A
2015;379:1510-19.
[53] Wang X, Li YQ, Huang F, Chen Y. Rogue wave solutions of AB system. Commun Nonlinear Sci Numer Simulat 2015;20:434-42.
[54] Draper L. Freak wave. Mar Obs 1965;35:193-5.
[55] Akhmediev N, Ankiewicz A, Taki M. Waves that appear from nowhere and disappear without a trace. Phys Lett A 2009;373:675-8.


http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0001
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0001
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0002
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0002
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0003
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0003
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0003
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0004
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0004
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0004
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0005
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0005
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0006
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0006
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0006
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0006
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0006
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0007
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0007
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0007
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0008
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0008
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0008
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0009
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0009
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0009
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0009
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0010
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0010
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0010
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0010
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0010
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0011
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0011
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0011
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0011
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0012
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0012
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0012
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0013
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0013
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0013
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0013
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0013
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0014
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0014
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0015
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0015
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0015
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0015
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0016
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0016
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0017
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0017
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0017
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0018
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0018
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0018
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0018
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0019
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0019
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0019
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0020
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0020
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0021
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0021
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0022
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0022
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0023
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0023
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0024
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0024
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0024
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0024
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0025
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0025
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0025
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0025
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0026
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0026
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0026
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0026
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0027
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0027
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0027
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0027
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0028
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0028
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0028
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0028
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0028
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0029
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0029
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0029
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0029
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0030
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0030
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0030
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0031
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0031
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0031
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0032
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0032
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0032
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0033
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0033
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0033
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0034
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0034
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0035
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0035
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0036
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0036
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0036
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0036
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0037
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0037
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0038
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0038
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0038
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0039
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0039
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0039
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0040
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0040
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0040
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0040
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0041
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0041
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0041
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0041
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0042
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0042
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0042
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0043
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0043
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0044
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0044
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0045
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0045
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0045
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0045
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0046
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0046
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0046
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0046
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0047
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0047
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0047
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0047
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0048
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0048
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0048
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0049
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0049
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0049
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0049
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0050
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0050
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0050
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0050
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0050
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0051
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0051
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0051
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0051
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0051
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0052
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0052
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0053
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0053
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0053
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0053

252 L. Huang, Y. Chen/Commun Nonlinear Sci Numer Simulat 67 (2019) 237-252

[56] Walker DAG, Taylor PH, Taylor RE. The shape of large surface waves on the open sea and the draupner new year wave. Appl Ocean Res 2005;26:73-83.

[57] Solli DR, Ropers C, Koonath P, Jalali B. Optical rogue waves. Nature 2007;450:1054.

[58] Kibler B, Fatome ], Finot C, Millot G, Dias F. The peregrine soliton in nonlinear fibre optics. Nature Phys 2010;6:790-5.

[59] Stenflo L, Marklund M. Rogue waves in the atmosphere. ] Plasma Phys 2010;76:293-5.

[60] Shats M, Punzmann H, Xia H. Capillary rogue waves. Phys Rev Lett 2010;104:104503.

[61] Bludov YV, Konotop VV, Akhmediev N. Matter rogue waves. Phys Rev A 2009;80:033610.

[62] Efimov VB, Ganshin AN, Kolmakov GV, McClintock PVE, Mezhov-Deglin LP. Rogue waves in superfluid helium. Eur Phys J Spec Top 2010;185:181-93.

[63] Yan ZY. Financial rogue waves. Commun Theor Phys 2010;54:947.

[64] Tajiri M, Arai T. Growing-and-decaying mode solution to the davey-stewartson equation. Phys Rev E 1999;60:2297.

[65] Kedziora DJ, Ankiewicz A, Akhmediev N. Second-order nonlinear schrodinger equation breather solutions in the degenerate and rogue wave limits.
Phys Rev E 2012;85:066601.

[66] He ]S, Zhang HR, Wang LH, Fokas AS. Generating mechanism for higher-order rogue waves. Phys Rev E 2013;87:052914.

[67] Liu C, Yang ZY, Zhao LC, Yang WL. Vector breathers and the inelastic interaction in a three-mode nonlinear optical fiber. Phys Rev A 2014;89:055803.

[68] Akhmediev N, Korneev VI. Modulation instability and periodic solutions of the nonlinear schrodinger equation. Theor Math Phys 1986;69:1089-93.

[69] Akhmediev N, Soto-Crespo JM, Ankiewicz A. How to excite a rogue wave. Phys Rev A 2009;80:043818.

[70] Ma YC. On the multi-soliton solutions of some nonlinear evolution equations. Stud Appl Math 1979;60:73-82.

[71] Boiti M, Leon JJP, Martina L, Pempinelli F. Scattering of localized solitons in the plane. Phys Lett A 1988;132:432-9.

[72] Fokas AS, Santini PM. Dromions and a boundary value problem for the Davey-Stewartson i equation. Physica D 1990;44:99-130.

[73] Hietarinta J. One-dromion solutions for genetic classes of equations. Phys Lett A 1990;149:113-18.

[74] Radha R, Vijayalakshmi S, Lakshmanan M. Explode-decay dromions in the non-isospectral davey-stewartson i (DSI) equation. ] Non Math Phys
1999;6:120-6.

[75] Tang XY, Lou SY, Zhang Y. Localized excitations in (2+1)-dimensional systems. Phys Rev E 2002;66:046601.

[76] Tang XY, Lou SY. Extended multilinear variable separation approach and multivalued localized excitations for some (2+1)-dimensional integrable
systems. ] Math Phys 2003;44:4000-25.

[77] Lou SY. Localized excitations of the (2+1)-dimensional sine-gordon system. ] Phys A 2003;36:3877.

[78] Ablowitz MJ, Ramani A, Segur H. Nonlinear evolution equations and ordinary differential equations of painlevé type. Lett Nuovo Cimento
1978;23:333-8.

[79] Ablowitz M], Ramani A, Segur H. A connection between nonlinear evolution equations and ordinary differential equations of p-type. i. ] Math Phys
1980;21:715-21.

[80] Ablowitz M], Ramani A, Segur H. A connection between nonlinear evolution equations and ordinary differential equations of p-type. II. ] Math Phys
1980;21:1006-15.


http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0054
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0054
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0054
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0054
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0055
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0055
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0055
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0055
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0055
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0056
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0056
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0056
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0056
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0056
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0056
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0057
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0057
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0057
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0058
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0058
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0058
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0058
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0059
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0059
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0059
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0059
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0060
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0060
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0060
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0060
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0060
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0060
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0061
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0061
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0062
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0062
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0062
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0063
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0063
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0063
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0063
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0064
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0064
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0064
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0064
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0064
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0065
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0065
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0065
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0065
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0065
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0066
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0066
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0066
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0067
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0067
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0067
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0067
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0068
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0068
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0069
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0069
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0069
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0069
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0069
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0070
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0070
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0070
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0071
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0071
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0072
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0072
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0072
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0072
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0073
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0073
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0073
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0073
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0074
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0074
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0074
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0075
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0075
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0076
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0076
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0076
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0076
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0077
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0077
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0077
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0077
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0078
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0078
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0078
http://refhub.elsevier.com/S1007-5704(18)30199-0/sbref0078

	Localized excitations and interactional solutions for the reduced Maxwell-Bloch equations
	1 Introduction
	2 Nonlocal symmetry and its localization
	3 Explicit solutions from nonlocal symmetry
	4 Summary and discussions
	 Acknowledgment
	 References


