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1. Introduction

It is known to us all that several important nonlinear partial differential equations (PDEs) in mathematical
physics are integrable with rich mathematical structures and extensive physics applications. In particular, it
is always possible to find explicit solutions to these equations, such as they often have multi-soliton solutions.
Among these integral PDEs, the nonlinear Schrodinger (NLS) equation:

. 1
Wr + 59xx + lq)*q = 0, (1)

has been considered as the most important mathematical model. Eq. (1) has various applications in a wide
range of physical systems such as water waves [1,2], nonlinear optics [3,4], solid-state physics and plasma
physics [5]. This equation can be used to model optical solitons in fibers. However, several phenomena
observed in the experiment cannot be explained by NLS equation, as the short soliton pulses get shorter,
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some additional effects become important. In order to explain such phenomena, Kodama and Hasegawa [6,7]
proposed a high-order NLS equation

. 1 .
qr + 5axx + |g)?q +ie | Braxxx + Balal®qx + ﬁSQ(|Q|2)X} =0, e =%£1. (2)

This equation has clear and important physical significance. It was proposed [6,7] to describe the
propagation of femtosecond pulses in optical fibers, or to model the propagation and interaction of the
ultrashort pulses in the sub-picosecond or femtosecond regime. In this equation, u represents the slowly
varying envelope of the electric field, while X and T are the normalized distance along the direction of
the propagation and retarded time, respectively. 51, 82 and (3 are the real parameters with respect to the
third-order dispersion, self-steepening and stimulated Raman scattering, respectively.

In general, the integral PDEs can be analyzed by means of inverse scattering transformation (IST) method.
However, Eq. (2) is not completely integrable unless certain restrictions are imposed on 31, f2 and 3. Until
now, we have the following four integrable cases:

The Kaup—Newell [8] derivative NLS equation(f; : f2 : S5 =0:1: 1),
The derivative NLS equation-type II [9)(81 : B2 : B3 =0:1:0),

The Hirota [10] NLS equation(fy : f2 : B3 =1:6:0),

The Sasa—Satsuma [11] NLS equation(f; : f2: f5=1:6: 3).

In particular, Ref. jce:cross-refs refid="b8 b9 bl0 bl1”;[11]j/ce:cross-refs; considers the following
equation:

. 1 .
iar + 5axx + lq°q + ie [qxxx +6|g|*gx + 3q(lg) x| =0, (3)

with the variable transformations having been introduced:

—1 T T

Then Eq. (3) can be reduced to a complex modified KdV-type equation:
ut—l-s{umx—l-6|u|2uz +3u(|u\2)$} =0. (4)

Eq. (4) is generally known as the Sasa—Satsuma (S—S) equation. Two interesting features about this
equation are that its solitons are embedded inside the continuous spectrum of the equation [12], and their
shapes can be double humped for a wide range of soliton parameters [11]. The initial value problem for the
local Sasa—Satsuma equation has been solved earlier using inverse scattering transform. The inverse problem
is solved via the Gel’fand-Levitan-Marchenko (GLM) equation and the N-soliton solution is constructed [11].
The squared eigenfunctions for S-S equation were calculated [12], and the initial-boundary value (IBV)
problem for S-S equation on the half line was also investigated via the unified transform method [13]. Besides,
the Hirota’s bilinear approach [14] and the Darboux transformation [15] were also imposed separately on
this equation to obtain several types of soliton solutions. Moreover, rogue wave solutions for this equation
were also investigated [16-19].

The inverse scattering method is a powerful tool to solve the initial value problem for nonlinear integrable
PDEs, and it is the poles of the reflection coefficient, or the zeros of the Riemann—Hilbert problem (RHP),
that give rise to the soliton solutions. For the KdV equation, because the Lax pair is self-adjoint operator, the
discrete spectrum only produce simple poles. However, for the focusing NLS equation, the Lax operator is no
longer self adjoint, thus it can produce multiple poles, which leads to the high-order soliton solution. Being
an important kind of exact solution of the NLS-type equation, the high-order soliton has wide applications, it
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can describe a weak bound state of solitons and may appear in the study of train propagation of solitons with
nearly equal velocities and amplitudes but having a particular chirp [20]. Soliton matrices corresponding
to arbitrary number of high-order zeros for the RHP with arbitrary matrix dimension were derived for
integrable nonlinear equations [21,22]. The high-order soliton formula of Landau-Lifshitz (L-L) equation was
constructed through the generalized Darboux transformation combined with inverse scattering method [23].

In this article, we study general soliton matrices for S-S equation via the RHP approach, which
corresponds to simple zeros and high-order zeros of RHP. N-soliton solution for S-S equation was already
given via different approaches [11,24]. The major procedures of the RHP approach are inherited from the idea
proposed in [21]. Owing to the symmetry properties of Jost solution and scattering data, the corresponding
zeros in the RHP for S-S equation appear in pairs. In the case of simple zeros, we construct the soliton
matrices for S-S equation via the RHP formulation along with dressing procedure [25-28]. Besides, we give
the form of DT for S-S equation via a rigorous proof. The properties for one-soliton are studied while the
collision dynamics for two-solitons are further analyzed. In the case of the elementary high-order zeros, the
high-order soliton matrices for S-S equation are derived and the asymptotic estimations for the high-order
one-soliton solution are calculated. An interesting novel phenomenon for this solution is the observation of
two double-humped solitons with nearly equal velocities and amplitudes, which indicates more sophisticated
structures and more physical importance for this equation.

This paper is organized as follows. In Section 2, the inverse scattering theory is established for the
3 x 3 spectral problem, and the corresponding matrix Riemann—Hilbert problem is formulated. In Section
3, the N-soliton formula for S-S equation is derived by considering the simple zeros in the RHP. Then the
Darboux transformation is naturally constructed with a proof on its vitality. In Section 4, the high-order
soliton matrices and the generalized Darboux transformation is constructed and the explicit high-order
N-soliton formula is obtained, which corresponds to the elementary high-order zeros in the RHP. The final
section contains some remarks and discussions on the nonlocal deformation of local S-S equation.

2. Inverse scattering theory for Sasa—Satsuma equation

In this section, we consider the scattering and inverse scattering problem for Sasa—Satsuma equation.
Here, we consider the focusing case and take ¢ = 1 in Eq. (4).

2.1. Scattering theory of the spectral problem

Considering the following Sasa—Satsuma equation
Up + Ugzs + 6|u*us + 3u(|u]’)s =0, (z,t €R) (5)
which is the compatibility condition of the following spectral problem [11] :
¢, =U0, &=V, (6)
with 3 x 3 matrices U and V in the forms of:

U= —ikos+ Q,
V = —dick3o3 + V4,

where @ and V; are matrix functions, o3 = diag(1,1,—1),

0 0 u
Q= 0 0 u (7)
-u —u O
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“ b2

is the matrix of potential u = wu(zx,t), the overline stands complex conjugation, k is the spectral

parameter, and V7 has the form:
Vi =2V + v+ 0,
Vi =10,V = 2i03(Q. — Q?),
Vi = —4juf’Q = Qoo + Qu, Q).
The scattering problem is the spatial part of system (6), i.e.
(=0, + Q) ¥ =ikos V. (8)

Supposing u(x) = u(z,0) decays to zero sufficiently fast when |z| — oo.
More precisely, u(z,t) belong to the weighted Sobolev space H{(R):

HIR) = {f(z)| f. fo,xf € L*(R)},

so that the direct problem can be well-posed.
Introducing a new matrix function:

J(z,t)= WE', Ey = e—ik031—4ik303t’ )

E is a solution of spectral equation (6) at © — +o0o, then spectral problem (6) becomes:

Jy = —iklos, J) + QJ, (10a)

Jy = —4ik*[os, J] + V1 J, (10b)

where [, ] is the common commutator. Introducing the matrix Jost solutions Jy (x, k) of Eq. (10a) with the
asymptotic boundary condition:

Ji(z, k) — I, when z — *oo. (11)

Here, I is the 3 X 3 unit matrix, it is noted that Jost solutions with condition (11) solve the following
Volterra type integral equations:

x

Ji(x, k) =T+ dye=*73E=NQ(y) Jx (y, k)etFo3(==v), (12)
+o0
Let Jj[f] be the kth columns of matrices Jy, then Ji can be divided into Jy = (J[il], [f], E]) The
properties of the Jost solution Ji(x, k) can be summarized as the following:
Properties 1. Supposing Q € L*(R), then solution (J[_l],J[f],JE]) is analytic in CL = {k|Imk > 0},
while (JE], J_[f], J[_3]> is analytic in C_ = {k|Imk < 0}. And they are all continuous on the real line.

Proof. From the integral equation (12), we have

1 . /10 0
Mam = o |+ [ [o1 0 )ows k. (13)
0 +oo 0 0 62ik(m7y)
Making an estimation from equation (13),
ami<1+ [ 1a) | bl (14)
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Introducing the following series:
+oo

T s k) = g0+ gnlask), (15)
n=1
where,
1 - 10 0
go=10 ,ng:/ 01 0 Q) gk (y; k)dy,
0 +oo 0 0 e2ik(zfy)

it can be seen that

g1 (s )] < / " Q).

— 00

1 v "
el < ([ lewia) -
Hence we have the estimation

iz 2 ([ ewi) =ew ([ 10wia).

n=0 —0o0 —00

then it follows that

The above estimate implies that series (15) converges uniformly in C;, so that solution J [

is analytical
in the upper half plane and can be continuously extended to the real line. Besides, the uniqueness of the
solution can be proved by inequality (14) with the Gronwall inequality. Same results can be also obtained
for solution J_E_l], f},J[f]. This completes the proof. O

Being the solutions of spectral problem (2), matrix function J_FE and Jy F are linearly interconnected
by the 3 x 3 scattering matrix S(k):

J_(z,k)E = Jy(x,k)ES(k), for k € R, (16)

where, E = —ikzos, and S(k) = (s;j)3x3. It is noted that s11(k), s12(k), s21(k) and s22(k) can be analytical
continuation to upper half plane C, and s33(k) allows analytical extension to C_. Other elements in S(k)
may not be well defined for k € C_ U C,..

In fact, the symmetry properties for the Jost solution and scattering matrix have already been given
in [12], so we just revisited them again and listed these results in the following:

Firstly, the Jost solutions satisfy the involution property:

JL(z, k) = L (a, k). (17)

Secondly, the Jost solution has another important symmetry:

Ji(xa k) = O'Ti(.ﬁ, _E)Uv g =

o = O

0
0o . (18)
1

O O =

Next, it is naturally obtained from relation (16) that the scattering matrix S(k) obeys the same symmetric
properties

ST(k) = S~Y(k), S(—k)=0oS(k)o. (19)

Some relations can be obtained from (19), which will play an important role in our later analysis.
In order to construct the Riemann—Hilbert problem, we define the matrix function

@y (o) = (70,72, ) (20)
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It can be shown from integral equation (12) that the large-k asymptotic behavior is
P, (x, k) =1, as k — oo in Cy, (21)

By the involution property, we can define the analytic counterpart of function @4 (x, k) in C_. Let (J 1)[k]
be the kth row of Ji ! :

B (Jj;)m
Ji = (Jil)[z]
(J5 )
then we define .
B (JZ )
o=z, k) 2 Ol (z, k)= | (JZY) |, (22)
(Ji

which is analytic in C_, and the large-k asymptotic behavior for this function is
& Yz, k) =1, ask — ooin C_. (23)
2.2. Matriz Riemann-Hilbert problem
In this section, we construct the Riemann—Hilbert problem, it is noted that function @, (x, k) can be

expressed in terms of the Jost functions and elements of the scattering matrix on the line:

s11 s12 0
@.A,_(.I‘, k) = J+ES+E71, where S+ = So1 S92 0 R ke R. (24)
S31 S32 1

Similarly, by relation (16) we have:

1 0 13
&, (x,k)=J_FES_E™' where S_ = 0 1 m3 |, keR. (25)
0 O 33

Furthermore, by the involution property, when k is on the real axis:
o= a, k) = &) (z,k) = BESTE7 = (2, k); (26)
or, we can directly obtain from relation J;l = ESE~'J~! that:

1 0 0
o Yak)=E 0 1 0 |E I Y k).
513 S23 833

Combining (24) with (26) we have:
&~ d, (v,k) =G = EGo(k)E™', Tmk =0,

where,
1 0 331
Goky=StS,=| 0 1 3% |, keR,
S31 s32 1
Thus, we formulated a local matrix RH problem on the real line. Here, the “local” RH problem involves the
determination of a function analytic in given sectors of the complex plane, from the knowledge of the jumps
of this function across the boundaries of the given sectors. On the contrary, in the case of a “non-local” RH



924 B. Yang, Y. Chen / Nonlinear Analysis: Real World Applications 45 (2019) 918-941

problem, a function “loses” its analyticity only on certain contours, or, in the case of the 9 problem, the
function loses its analyticity in a certain two-dimensional domain of the complex plane [29].

Firstly, we consider the regular Riemann-Hilbert problem, i.e.: det®~'(z, k) = ra3(k) = sa3(k) # 0
and det @, (x, k) = r33(k) # 0. By the Plemelj-Sokhotski Formula, the unique solution &, (z,k) of the RH
problem can be expressed in terms of its boundary values on the contour I" with the help of Cauchy-type
integrals:

1 d_(1,6)G
(k) =1+ | (zf)k ©)

where, @(f) =G(§) — I, and &_(x,k) solves the integral equation:

d¢, keC,LuUC_,

1 o (2, k"G(K'
&_(x,k) =TI+ lim —/ Mdk’, ke R,
E—k_ 2m Jp K —k

and k — k_ means the limit taken in C_.

Next, we consider the Riemann—Hilbert problem with finite simple zeros. From the symmetry condition
of S(k), we can suppose finite number of zeros for r33(k) are {k;, —k; € C4, }j.v:l, and zeros for s33(k) are
{-k;, kj eC_, };\;1 In this situation, both ker(®, (k;)) and ker(®~"(k;)) are spanned by one-dimensional
column vector |v;) and row vector (v, respectively. In other words, the geometric multiplicity for these two
matrices is one.

Now we construct a matrix function which could remove all the zeros of this RH problem. For this purpose,
we introduce the rational matrix function:

% —k; % —k;
T, = (1 J IP_ . I J P, 27
’ <+k+kj J><+k—kj J)’ 20
and its inverse matrix: LT LT
Tl = (1+2—2p, ) (1+ L —2Ip_. 28
P () (). )

where P; and P_;« are both rank one projectors:

Pj = M, |’Ui> c Ker(¢+T1_1 T:ll(k‘l)) R <’Uj| = |’Uj>T,
(vjlvs) ’

[v_j=) {v—j+| _ 1, -
P_j = e |v—j*> € Ker (¢+T1 b 'Tifllxi 1(_ki)) ) <U—j*| = |U—j*>T-

(Vg |v—j)
Therefore, if one is introducing the matrix function:
I'=TNTNn-1---T1,
then I'(x, k) cancels all the zeros of @1, and the analytic solutions can be represented as:
b, =¢ I, o '=r"1lp7"

Here, ¢ and ¢—' are meromorphic 3 x 3 matrix functions in C. and C_, respectively, with finite number
of poles and specified residues. Therefore, all the zeros of Riemann—Hilbert problem have been eliminated
and we can formulate a regular RH problem:

¢:1(.13, k)¢+($7 k) = F(J?, ]{;)EGO(k;)E_lf’_l(x7 k)a (29)
with boundary condition:

bi(z,k) = Sp(x, k)" (2, k) — I, as k — oo. (30)
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2.3. The inverse problem

In this section, we attempt to recover the revelent potential function u(x,t), u(x, t) from the Jost solutions.
In fact, this inverse problem can be solved by expanding the related Jost function @, (x,k) as k — oo, i.e.:

1 1
Oy (2, k) =1+ @Srl)(;v)E + @f)(x)ﬁ +O(1/k%), &k~ .

Substituting this expansion into the spectral equation (10a) and comparing the coefficients with the equal
powers of spectral parameter k, we obtain:

K0 Q =ilos, @_(:)}. (31)
K 9,08 = —ifos, 7]+ QoM. (32)

The first equation gives us the reconstruction formula for the potential function, and the second one is
useful in the estimation of the leading-order asymptotic expansion, which was calculated in Ref. [12].

Therefore, in order to solve Sasa—Satsuma equation, we need to find the specified analytic solution
&, (x, k), so that potential matrix can be reconstructed from leading term @g)(x).

2.4. Time evolution of scattering data

In this section, we consider the scattering data evolution. In the above discussion, we often omit the time
variable ¢, actually, it should be added. The scattering relation (16) becomes:

J_(x,t,k)E = Jy(x,t, k)ES(k;t).
Noticing that J_ must satisfy the spectral Eq. (10b), i.e.:
J_ = —4ik3[o3, J_ ]+ V1J_. (33)

Then we can show
(Ey'J_Ey), = E;'ViJ_E;. (34)

Since u(z,t) € H!, we have V; — 0 as |z| — oo. So, evaluating (34) when z — 400 we obtain:

lim (E;'JyES(k;t)E~'Ey), =0,

r——+0o0

which leads .
(et (ks e 400s) — 0,
t
Specifically, we have:

S11,t = S12,¢t = S21,+ = S22,t = S33,¢ = 0.

.3 .13
s13(t; k) = s13(0; k)e ¥ saa(t; k) = s23(0; k)e 5,
831(75; k) = 831(0; k)eiSikdt; Sgg(t; ]f) = 532(0; k)eigikdt.

Then the Riemann-Hilbert problem becomes
1
1o, =Gz, t;k) = E; 0 1 ro3(0;k) | B, kER,

with the boundary condition,
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Furthermore, after some calculation, we find that J, (z,¢, k) also satisfies Eq. (10b):
Jy o = —4ik’[oz, Jy] + Vid,.

Therefore, the analytic matrix functions @4 (x, k) indeed solve the temporal part of the spectral equation,
and the scattering data needed to solve this RH problem and reconstruct the potential matrix are:
{831(]{7; t), Sgg(k; t), {:l:k‘j, :l:k?j}év:l, |’Uj>} .

So far, the inverse scattering transform for Sasa—Satsuma equation has been completed.

3. N-soliton solutions

Now we prepare to construct the N-soliton solutions formula for Sasa—Satsuma equation. It is well known
that the soliton solutions correspond to the Reflectionless potential, which means the vanishing of scattering
coefficients, i.e.: s331 = s32 = 0. Then jump matrix G(z,t; k) becomes I, and we intend to solve the RH
problem:

¢z, k)py (z, k) =1, keR,

with boundary condition:
o+ (x, k) — I, as k — oo.

Without loss of generality, we can assume a trivial solution for this RH problem is: ¢+ = I. As a result,
we have @, = I', and matrix I is called the “Dressing” factor. The asymptotic expansion for the dressing
matrix at k = oo is:

P(e,tk) =T+ PO (@, 0)7 + IO, 1) 75 + O(5), (35)

and now the reconstruction formula (31) can be written as
Q =ilos, 'V (,1)]. (36)

In the following, we need to calculate the explicit expression for I'")(z,t) so that we will be able to find
solutions for Sasa—Satsuma equation. It is noted that the rational matrix function I'(z, t) can be decomposed
into the sum of simple fractions:

N (F—k -k
Izt k) =1 — L PP _*>,
(w,t; k) -I-lz_;(kkl|mz><yl|+k+kl|xl><yl|

N T ki — T
F_l 7t7k :]I+ ( J J i 5 + J J gk '*),

Next, we consider the identity I'(z,t; k)"~ (z,t;k) =1 at k = k;, —k; where we should pose:

I(x,t;kj)ly;){x;] =0,
Iz, t; —kj)|y—j){x—j| = 0,

then the singularity of the identity at k; and —k; can be removed. For convenience, we denote: ko,_1 =
kru k2n = _kna and |$2n71><y2n7l|:|xn><yn|7 |$2n><y2n|:|$fn*><y7n* |7 n = 1a 27 C) N. SUPPOSing <x]|yj> 7é
0, (x_j*|y—;*) # 0, then we obtain:
ki — ki .

—ly;), 7=1,2,...,2N. 37
bk yi) J (37)

2N
lyj) = Z|Iz><yl|
=1
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Introducing 2N x 2N matrices:

X = (|$1>, |$2>v""|x2N>)’ Y= (‘y1>7 |y2>7"'7‘y2N>)a

. — - 1
/1 = dzag(k:1 — k?1, .. .,/{JQN — ng), M = {Mlvj}2N><2N = {<yl||y]>} .
kj = ki 2N x2N
Then (37) can be reformulated as:
Y =XAM, or XA=YM™! ie.:
o 2N
(kl - kl)lxl> = Z(M_l)j,l|yj>7 l= 1, 27 ey 2N.
j=1
Introducing notation |j) = |y;), the dressing matrix becomes:
2N 1
Ptk =1- 3 (o l0r). (38)
jl=1 k—ki

Therefore, from the asymptotic expansion (35) we have:

2N

rO k) ==Y (1M 1);411) -

=1

In addition, the explicit expression of vector |y,) can be calculated by using the condition I'(x,¢; k;)|y;)
(xj| =0, ie, &, (x,t;k;)|y;) =0, j=1,2,...,2N, we can differentiate this equation in = and ¢ and get:

lyj)e = —ikjosly;) + u(x)|y;),
ly)e = —4ik3osly;) + v(t)|y;),

where p(z) and v(t) are arbitrary functions, so we have:

x

lyy) = exp[—iko — 4ikPastlyy0) expl / u(€)de + / v(€)de],

x0 to
and |y;o) is a constant vector. A proper choice of function u(z) and v(t) may make the calculation simpler
as we will show later. Next, taking relevant matrix entries from reconstruction formula (36) we have:

u(a,t) = 20 (w,t) = 2053 (x,1). (39)

Furthermore, with some simple algebra operation, we get a more compact formula:

M| M|
u(z,t) =21 =2 , (40)
| M| | M|
where,
My -+ Mian (13 My -+ Mian (12
Mon1 -+ Manon (2N|s Mon1 -+ Manon (2N|2
1)1 - [2N) 0 1)z -+ [2N)3 0

Hence, to ensure the vitality of potential u(z,t), we must make sure that det(M;) = det(Ms), and this
can be proved via some simple linear algebra technique. To get the explicit N-Soliton solutions, we may take

a; explz; + i¢;] Fjexp[zj —ig;]
127 —1)=| Bjexplz; +id;] |, [2)=| ajexplz; —ig;] |,
7j expl—z; — i¢;] 7j expl—z; + id;]
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where, z; = n;[z +4(nF — 3E)t], ¢; = —&[x+4(&F —3n)t], and kj = & +in; (j =1,2,..., N) are discrete
spectrum, o, §;,7; are arbitrary complex numbers. Then the general N-soliton solution for Sasa—Satsuma
equation can be obtained via formula (40). Firstly, taking N = 1 in (40) we can get the 1-st order solution:

616221+2i¢1 + 026221+6i¢1 + 036621+2i¢1 + 046621+6i¢1

= d1e%1 I dgedidl | dgeds1+4i1 | dyeds1 8101 | (s eBe1t4idy (41)

Uy

where,
dy = (Ba+ B, dy = —(a? = B2)(@ — B In? — (laf* +[8°)%¢?,
ds = =2(Jaf* + |B*)(n* + &%), da = (Ba+ aB)n?, ds = €.
c1 = 4a(B* — o®)n’ + 4iB(Ba + aB)n’€ — dal|af* + |8]*)ne’,
c2 = 4B(a® — B)n° — dia(Ba + aB)n’€ — 4B(|of” + |8]*)ne?,
cy = —dian’E —dane? | cq = 4ifn°E — 4PnE.
The real part z; and the image part ¢; in solution (41) cannot be completely separated, and there are

oscillation terms €91 (k = 2,4, 6,8) that emerge in (41), so it may bring about the periodical behavior of
the solution. With some simple simplification, we have:

uy = 621261 < c1 + c3el + cpeti®l 4 g etrition ) .
ds + dye=*1 4 dset*1 + 2d,4 cos 401

Hence, from this formula, we may find that the oscillation frequency is decided by 4¢1, to be specific, the

periodic solution u; oscillates with the frequency w; = —4&; in the z-axis direction and wy = 16&;(3n? — £3)

in the t-axis direction, or, in other words, its periodical behavior occurring along the line: sr:—4(§j2 —Snjg»)t =0.

We might as well name u; a “breather” solution, and its asymptotic expression at large z; has the form:

(42)

3 p—21¢1 | C4 201 ) g—221 21 ~ 400
Uy ~ ds ds ’
%6721@51 + %eQid’l €2Z1, 21 ~ —00
and the phase difference for u; at its limits:
arg(uy (2 ~ —00)) — arg(ui(z1 ~ 4+00)) = arg(r1e'1) — arg(rye??),
¢ ; €4 o c ; Co2 o
where, 0; = arg B e2idr 4 420 , By = arg Le2ior | 2202000 )
ds ds do do
In general, N-solitons interactions can be obtained if we take N distinct spectral parameters k1, ko, ..., ky
e C,.
Next, we conduct an investigation into the Darboux transformation for Sasa—Satsuma equation. First of
all, the elementary DT for spectral problem (6) has the form:

o _ E_ ki i i (‘ifl) (ifl)
G(1 = 2251, S = <H + 7P,E 1)) ’ PE Y = |X1(i_1)><x(’;_1) ‘7 (43)
k — ki (X X )

where

XG7) = Soly)lkmrr 1X27) = E1Zoly2)limray S0 =1,
vector |y;) are special solutions of Lax-pair (6) at k = k;, and ks = —k;. The new potential matrix QM
under this transformation becomes:

QM =Q +i

2
g3, Z(E - kz)]P)Ez_l)‘| 9 (44)

i=1
and potential ul'l solves Sasa-Satsuma equation. This two-fold DT can keep the forms of Lax-pair U,V

invariant and meanwhile retain the reduction, i.e, Q] satisfies the symmetry conditions (17) and (18).
According to the elementary DT (43), we establish the following theorem [23]:
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Theorem 1. Assume we have 2N distinct spectral parameters ki, ks, ..., kany € Cy with the corresponding
eigenfunction matrices |y1), |ya),- .., |yan), which are taken in the special forms. Besides, we need ko, =
—kopn_1, then the N-fold Darboux transformation for Sasa—Satsuma equation can be represented as:

(1
Ty =1 () o) o= — 3 ||
<y2‘N|
with, M = { WW} . S = diag(k1, ks, . ..., kan).
ki 1<i,j<2N

Proof. The Darboux transformation can be constructed by N-times iteration of elementary DT, that is:
Ty =GnGN-_1...G1,

where,

R Ei— koo iy _ AT Y
Gk = 22k S2k—1y S — <H + k; _ k; PE )> 5 ]Pz( ) = Z(ifl) (ifl) s
(X IX; )

|X(’L 1)> :i_lzi_g...5150|yi>|k:ki, E() = ]I, = 172, .. 72]\7

The above Darboux transformation T can be decomposed into the following linear fraction transformation,
which we may denote as Ty for convenience:

where P; are 3 x 3 rank one matrices, thus we can suppose P = |;){y;|, then the involution property gives
the inverse transformation:

Considering the identity T (k) 1 (k) = I at point k;, we have:

o gl
lyj) =D lmi) s, j=1,2,...,2N.
: kj — ki

In addition, because |y;) € Ker(Tn(k;)), and as a matter of fact, one can further prove that:
rank(Twv(k;)) =2, i=1,2,...,2N,

thus we can suppose the kernel for fN at k =k; is
Ker(TN( i) = |vi), i=1,2,...,2N,

where |y;) solves the spectral Eq. (6) at k = k;. At last, by simple linear algebra, we obtain the N-fold
Darboux transformation for Sasa—Satsuma equation in another form. This completes the proof. O

In general, the transformation between potential matrices is in the compact form:

2N

QW = Q —i[o3, Z (Jya) (M), (y5])]- (45)

i,j=1
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(a) (b)

Fig. 1. (a) One-soliton solution with single hump at time ¢t = 0. The parameter: £ = i, n = +; p1 = 1; (b) One-soliton solution with

double humps at t = 0. The parameter: £ = 34, n = 4; p; = 1.

1
4

Moreover, it is noted that the reconstruction formula (36) is exactly corresponding to the case when @
is taken as zero matrix in formula (45). And some new solutions of S-S equation can be also generated via
(45). For this purpose, we choose the eigenfunction as

lys) = exp (0503) |ys,0) exp (—0s), 05 = —iksx — 4ik§t, seNT, (46)

where the constant vector is |ys.0) = (Ps, ¢s, 1)T
Set N = 1 in formula (45) and consider the case when piq; = 0. Choosing ¢ = 0 and denoting
k = (k1 + k1)/2k1, then the bright one soliton is explicitly written as:

- 1P + et
ul(xat) - QZpl(kl - kl) 2 2(0,1407) 1 200,40y PR
|K[7e=201101) - |py |"e2(01+61) 4 2|, |

(47)

Taking p; = e~ 2M%0+i9%  wwhere 2y and o are arbitrary real constants, uj(x,t) is written in the form of a
traveling solitary wave:

uy (1) = Pz — vt — zo) el T2 AitHo0)

v1 = 4(n7 — 3€7), M\ = 8&1 (€1 — 3n).

with function v defined as
627]11 +n672n11

Y(z) =4n

Yetma o ¢ |k[2e—4m=’

and the intensity profile for 1 (z) is

4dnx 2 2 —amax

2 e +2|s|" + |k|e

() = 1677 — .
(e*m= 4+ 2 4 |k|"e—4m7)

An interesting property of this soliton which is shown in Fig. 1 is that its shape can be single or double
humped depending on the parameter |x|. It is seen that this soliton has two intensity peaks, which is quite
unusual in integrable systems where single-soliton solutions are often single humped.

In the following analysis, one can take ¢t = 0, zo = 0, thus the intensity profile becomes:

eimez—log|r| 4 o—dmua+log|s| 4 2|k|

2 —1
Jur (2, 0)° = (16077 |w] ") 2
(e4nlz—log l6l + e—4ma+log|k| 4 2|I€‘_1)



B. Yang, Y. Chen / Nonlinear Analysis: Real World Applications 45 (2019) 918-941 931

= t=10

|
1.0

o
o
&

10
h
‘
08 08 08
T h
s ] &
06 . Dot "o 06
I st O st M
P , & i P
P Y s o P
- s 4 HRY 04r) [ s v 04
v 4 i . PN [
LR
N e £ L £ el
02f ¢ ] / : K= ‘ \ ‘ \ 02
) 3 \ ! ' v G s . Y
. ) g
. ) "' 8 3 W e R 5 . .
= w3 - - ¥ i 2
0 ~10 0 10 20 30 0 -2 -10 0 10 20 -0 30 -20 ~10 0 10 2
@ ® ©
Fig. 2. Two single-humped soliton solutions interaction at t = —10, 0.08, 10, respectively. The parameter: £; = %, n = %, £r = é, Ny =

33 1L =p2 =1

This is a central symmetry function and its center point is located at a = log |k|/4n, which satisfies the
extremum condition:
2
Oz |ui(a,0)]” = 0.
Furthermore, the second order derivative at x = a is calculated as:

128n*k[(2]K] = 1)
(1+[x])?

02w (a, 0)|* =

Thus, it is easy to see that when 2|x| — 1(0,0 <|x| < 0.5, x = a is the minimum point, which corresponds
to the double humped soliton. When 2|k| — 1 > 0, |k| > 0.5, = @ is the maximum point, which is exactly

the single humped soliton.
In addition, if p1q; # 0, these single-soliton solutions are no longer solitary waves. Instead, they become

spatially localized and temporally periodic bound states (Mihalache et al. (1993a)) which has been shown

in expression (39).
Taking N = 2 with ¢; = g2 = 0 in formula (45), thus the two-soliton solution of S-S equation has the

form of: ug(x,t) = 2if2 /2 with,
= 51716401+402+203+494 + 51726291+492+493+404 + 62)16261+292+293+494 + 52726201+402+203+294
=+ 63’16401+492+294 4 53,26491+402+204 =+ 63736401+492+294 4 53$46292+403+494 + (53’56291+292+294
=+ 53,66202+263+294 + 54’162914-492 + 647262014_404 + 64)36293—&-492 + 64’462934_494 + (55’16292 4 (55)26294,
'QO — p171e491+492+403+494 4 p1,2€291+202+403+404 + p1736491+492+293+404 n p174e491+202+293+494
4 st 20s | 20142004205 0203 | ) | 201 H402 203 | ) 4014202204
+ po i t20st40s o ) (202405200 4 2014202 4 o 0201200 4y 2021203

+ s 46203-‘1-294 + ps 56491+492 +p3 66492-‘1-493 + p3 76491+494 +p3 86493-‘1-404 +P0,

where, 0; = ik;z + 4ik§’t, ko = —k1, ks = —ks. The coefficients of these exponential terms are constituted
of p1,p2 and {k;j};l-zl. However, it is cumbersome to write all of them down here and they can be directly
calculated via the computer.

In the following, according to different choices of spectral parameters of {kj}§:17 we plot figures of
the shape function |us(x,t)| at certain moments ¢ = ty, which displays the time evolution of the two-
soliton solution collisions. Fig. 2 shows the collision between two single-humped solitons. In this case, soliton
S is running after S2. Fig. 3 depicts the collision between one single-humped soliton and one double-
humped soliton from apposite directions, while Fig. 4 shows two double-humped soliton collisions. It is the
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properties of elastic collision that these interacting solitons like particles can retain their respective velocities,
amplitudes, widths before and after the collision, except for a phase shift.

Next, using the asymptotic analysis technique [30], we intend to investigate the collision dynamics of
these bright two-soliton solutions. First of all, because 0g; 1 + 6; = —2n;(x — 4v;t), v; = 362 — 2, it yields:

(01 + O2)n2 — (05 + 04)m = S8mimz(v1 — vo)t.

In accordance with the results of inverse scattering transformation, one needs n; > 0. And without losing
generality, we assume that 11 > v, where 4y; stands for the velocity of soliton solution. Then we have
asymptotic expressions of us(x,t) under different asymptotic states of 61 + 02 and 05 + 0.

(i) Before collision (as t — —o0)

(a) If 1 + 02 ~ 0, then O3 + 04 ~ —o0:

54716292 + 55,167201

| .
ug(x,t) ~ S~ = 21p3’56291+292 ¥ p31 + poe 201202 (48a)
(b) If 65 4 04 ~ 0, then 61 + 65 ~ +o0:
6 6294 +§ 6—293
2— o 1,1 3,1
ug(z,t) ~ S°7 = sz 12937205 1 p1 5 + pg s 203201 (48b)
(ii) After collision (as t — +00)
(a) If 61 + 02 ~ 0, then 03 + 04 ~ +o0:
5 292 5 7291
us(z,t) ~ ST = 2 12677 + 03.4¢ (49a)

P1 1€291+292 + p12+ p3 86_201_292 ’
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(@ (®)
Fig. 5. (a). One single-hump soliton becoming into a bound state when interacting with another bound state. The parameter:

& = %7 m = i, &y = i, Ny = é; p1 = p2 = 1, ¢2 = 1; (b). Collision of one double-hump soliton becoming into a bound state,
where&:?l07 771:%7 52:§, 772:é; p1r =p2=1,¢2=1.

(b) If 03 + 04 ~ 0, then 61 + 05 ~ —o0:

(54’46294 +(55,2€_203
03,86203+204 + P3.4 + poe—293—294

ug(z,t) ~ S*F = 2i (49b)

It is noted that the asymptotic solutions S'* and S?* can be also written as the function of traveling
solitary wave. And the respective velocity for S'* and S?* is v and v,, which remains unchanged before
and after the collision.

In addition, when ¢; and g2 are not equal to zero. The shape changing phenomena will emerge in the
collision of S-S solitons, which have also been found in [15] via the DT construction technique. That is, one
soliton (or breather) may become a breather (or soliton) when interacting with another breather, and we
have shown these interesting phenomena in Fig. 5.

4. Soliton matrices for high-order zeros

In this case, following the discussion of simple zeros, we consider the high-order zeros in Riemann—Hilbert
problem of S-S equation. First of all, we let functions @, (k) and #~'(k) from above RHP have only one
pair of zero of order n, i.e. {ki,—k} and {ky, —k; }:

det 97" = (k — k1)"(k + k1)"@(k), det @4 = (k +k1)"(k — k1)"o(k), (50)

where (k1) o(—k1) # 0, P(k1),p(—k1) # 0. Following the idea proposed in Ref. [21], we first consider the

elementary zero case under the assumption that the geometric multiplicity of {k1, —k1} and {k1, —k; } has the
(k=)™ (h+FD)"

. . i . e, Rtk (k—k)"
As a special case, we first consider the elementary zeros which have geometric multiplicity 1. In this case,

same number. Hence, one needs to construct the dressing matrix I'(k) whose determinant is

I is constituted of n elementary dressing factors, i.e.: I' = Iy Iy—1...11, I = x:(k)xi(k), where,

k1 — ki |vs)
xi(k) T

/\
S

i

, |vi) € Ker (@171 - I (k)

— ki (ilvi)
. ki—ki~ ~ o)~ _ 1, -
xi(k) =T+ ¥Pia P; = |:><~ |a vi) € Ker(@+F1 1"’Fi—11Xi 1(*]“1))-
k + k1 (0;]0;)

In addition, if we let @ (k) = &, (k)I'7 (k) and ¢~ (k) = I'y (k) ®~'(k), then it is proved that matrices
&, (k) and ¢~ (k) are still holomorphic in the respective half plans of C. Moreover, {ki, —k; } and {k;, —k, }
are still a pair of zeros of det @, (k) and det (), respectively. Thus, I'(k)~* cancels all the high-order
zeros for det @, (k).
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Fig. 6. The single-humped high-order soliton evolution: (a)—(b). Transverse plot of solution uy(z, t) at t = In4, 30, respectively; (c¢)—(d).
Transverse plot of solution |uy(x,t)| at t = In4, 40, respectively; The parameter: £&; = 0,7, = %, p1 = 1.

Moreover, it is necessary to reformulate the dressing factor into summation of fractions, then we derive
the soliton matrix I'(k) and its inverse for a pair of an elementary high-order zero. The results can be
formulated in the following lemma.

Lemma 1. Consider a pair of an elementary high-order zero of order n: {ky,—ki} in Cy and {ki,—k1} in
C_. Then the corresponding soliton matrix and its inverse can be cast in the following form:

(qn]

Pl k) =1+ (p - B D) || (51a)
(@
(D1

Pk =1+ (g}, Ja) Do) | ], (51b)

where D(k) and D(k) are 2n x 2n block matrices,
T+(k_kl) Onxn ~ T_(k_El) 0 X
D(k) = - D(k) = X
( ) ( Onx’ﬂ T+(k+k1) ' ( ) 0n><n T_(k+k1) '
T+ (s) and T~ (s) are upper-triangular and lower-triangular Toeplitz matrices defined as:

871 872 P 87’” 871 O P 0
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This lemma can be proved by induction as in Ref. [21]. Besides, we notice that in the expressions for

I'~Y(k) (5la) and I’(k) (51b), only half of the vector parameters, i.e.: |p1), -, |pn), |P1), "+ ,|Dn) and
@yl,- s Bol, (1], -, (Pn| are independent. In fact, the rest of the vector parameters in (51) can be derived
by calculating the poles of each order in the identity I'(k)I'"Y(k) =1 at k = k; and k = ky = —k1:
p1) P1)
I'(ky) : =0, I'(—ky) : =0, (52)
where,
k) 0 . 0
4T (k I'(k :
R B OO
n—1
(n 11)! ddkn 1 F(k) T %F(k) F(k)

Hence, in terms of the independent vector parameters, results (51) can be formulated in a more compact
form as in [21], and here we just avoid these overlapped parts. In the following, we derive this compact
formula via the method of generalized Darboux transformation (gDT). We intend to investigate the relation
between dressing matrices and Darboux transformation for S-S equation in the high-order zero case. The
essence of Darboux transformation is a kind of gauge transformation. Following the scheme proposed in [23],
we can construct the gDT for S-S equation as well.

The elementary form of DT has already been constructed in formula (43), then it is obvious to notice that:
Gk +0)lys (k1 +6)) = 0 and G (ko +€) [y (ka+-2)) = 0. Denoting [xi" (k1)) = [y1 (k1)), 3" (k2)) = [y (k2)).
and considering the following limitation:

Ay .
(mm+n?uw+»:i[ ORI

(1] A q;
i (k) £ Tim

k=k1
then | x[11}> can be used to construct the next step Darboux transformation, i.e.:
(11y /4 (1]
=) Er—kipm iy 0G|
Sk = <]I + ——P; ) Py’ = e (53)
k=h oI
In the following step, we introduce
3 (k2)) = E1 (Rl ()
1] s Gilba+o)Y (ka+e) d (0]
98 (ko)) £ lim 2 = g5 [GmEwn]
so X[Ql] can be used in the next step DT:
=1 ky — ka1 1 ‘X[1]><Xm|
2 (X2 Ix2")
then we arrive at the 2nd step gDT:
Gl (k) = 55" (k) =" (k). (55)

Generally, continuing this process we obtain:

M) — g O GG+ O + )
1 e—0 eN

?
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) gy GGG (s + g Oz + )
Y2 e—0 5N

)

the N-times generalized Darboux matrix can be represented as:
N—-1 1] ~[0 i ol ol
Tn(k) = G allay ), 6 = =75, (56)
where,

Fo = ks i pia _ D)0

E@[z] =I+ s I ] [i]y s=1,2.
_'ks (s 1xs )

1y — iy GG+ DG (ks + )

X1 e—0 €l ’

. , _ 4 [i-1]  ~[0] (0]
02)) = 20 kT, (o)) =t S T IRG (a9,

e—0 et

In addition, the transformation between different potential matrices is:

N—1
QN =Q+i|os, S (k1 — k)PP + (s — ko) PP | (57)
0

J:

In this expression, PQM and le are rank-one matrices, so G[li](k:) can be also decomposed into the
summation of simple fraction, that means the multiple product form of T can be directly simplified by
the conclusion of Lemma 1. In other words, the above generalized Darboux matrix for S-S equation can be
given in the following theorem:

Theorem 2 (/22], Lemma 4). In the case of one pair of elementary high-order zero, the generalized Darboux
matriz for S-S equation can be represented as:

-1 —
Tn=I-YM Dk)YT,

where D(k) is N x N block Toeplitz matriz which has been given before, Y is a 3 x 2N matriz:

(N-1) (N-1)
Y = <|y1>,...,éy]1\7>1)!7?¥2>7"'7éy]2\7>1)!>’

0 — i & G — i &
ly) = lim sy (ky + ), [y2)Y) = lim = lya(ka +€)), ke =~k
and M is 2N x 2N matriz:

M pr2] (i) [i.7]
M= ( MR prle2) ) M= (Ml’m )NxN’
with . gm-1 gi-1 ilyi)
M[i’j] - 1 |: gﬁ Y :| )
b = 0 =Dl (m— 1)1 0em T 0@ 1 |k, —ky+e—¢

Theorem 2 can be proved via directly calculation as in Ref. [23].
Therefore, if IV = Ty &, then &N indeed solves spectral problem (8), i.e.:

(Tn @), = (—ikag + Q[N]) Ty @.
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Fig. 7. (a). 3-D plot for the double-humped high-order soliton solution evolution; (b).The density plot for (a); (c¢)—(d).Transverse plot
of (a) at moment t = —60, 0, respectively. Where, &1 = 57, m1 = 5; p1 = 1.

Substituting Ty into the above relation and letting spectral k go to infinity, we have the relation:

(N_1) (1]
X - -1 .
QN = Q= ifos, () 2 ) - (59)
(N =1t (yo| N
(N=1)!
Moreover, the transformations between the potential functions are:
. T
Nl _ olo) 4 o (det(Ai)) [ M Y] 1<ji<
Q]J Q])l + 1 ( det(M) ) ],l Y[]] 0 ) — ja — 3 (59)

Here the subscript ;; denotes the jth row and /th column element of matrix A, and Y[l] represents the
jth row of matrix Y.

Hence, formula (59) with a zero seed leads to the high-order N-soliton solution formula. Explicitly, taking

N = 2, Q[B]?) = 0 in (59) and considering the special case when & = 0, we can obtain the high-order
one-soliton or the 1-st order algebra soliton ul*) with the expression:

8p1|p1|2k1.7:1 (ZZ?, t, /{51)627711778”?)5 + 16p1 k1 Fo (1‘, t, k1)672n1m+8n:13t

‘p1‘464n1x716n?t 4 de—dmut16nit 4 Ap1 Gy (, t, k1)

up(z,t) = (60)

where the rational polynomials F;, F», G; are defined as,

]:1 = 1+f1(x,t,k1), ]:2 = 1—f1($,t,k1),
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G =1+2fF(z,t, k1), fr = —2mz + 24nit.

First of all, we put these rational functions onto the exponential term, therefore, the above solution becomes:
(i) When fy(z,t, k1) =0:

2v2p1 k .
up(x,t) = \/|;Pi|11SGCh(167]ft+ 8), & =log(|p1|/V?2). (61)

(ii) When fy(z,t, k1) # 0, uy(x,t) is:

2 . Py 42 Py A2 [Pl A2 [p1]
62711 ($_4771t)+108[f1}+10g V2 6—2771 (1—4771t)+108§[f1]—10g V3 + 62"71 (z—4nyt)+log V2 + 62771(_1"‘4771 t)—log V3

2 2
edm(e—anit)+2loglp1|—log2 4 dm (—a+4nit)—2loglpi[+log2 | clog(Gy (w,t,k1)]+log2

CPO

)

(62)

m, which is attained

42k py
[p [p1l

where the constant Cp, is =7 4. The maximum value for solution up(x,t) is

in (62) with the extreme point is located at zg = 17315, 0= o5
1
Different from two-soliton solution. It is found that the above high-order one-soliton (62) has two paralleled

center trajectories:

b1 = 2n1(x — 4n7t) + log[f1] + log[p1 /v/2] = 0,
¢ = 21 (—x + 4nit) + log[f1] — log[p1 /V2] = 0,

which can be regarded as the special case of the regular two-soliton solution. In this case, two solitons are
moving along the paralleled center trajectories in the same velocity, which is —4n?. This kind of soliton, as it
has been mentioned in [21], can describe a weak bound state of solitons. And it may appear in the study of
train propagation of solitons with nearly equal velocities and amplitudes. In Fig. 6, we show the propagation
of single-humped high-order soliton. Fig. 7 is the propagation of double-humped high-order soliton.

In the following, to derive the long time asymptotic estimation for the high-order one-soliton. Firstly, we
do the simple variable substitutions:

T —Anit — vy, T+ 4Anit — z, (63)

then wy(x,t) becomes,

eOmy+log(1—dn y+2m 2)+log |p1|— 3 log2 | 2my-+log(1+4n1y—2n12)~log|p1|+3 log2

u z)=0C 64
1y, 2) PO o8ny+2log|pi|-log2 | o—2log|p1|+log2 | plog[l+2(4n1y—2n12)2]+4n1y+log2 (64)

In accordance with the results of the inverse scattering transformation, we need n; > 0. With simple
calculation, it is found that us(y, z) possesses the following asymptotic estimation:

(i) If y > 0, 2 > 4n%t, then uy(y,z) — 0, as y — +oo for all z;

(i) If y < 0, z < 4n3t, then uy(y, 2) — 0, as y — —oo for all z;
(iii) If y ~ 0, © ~ 4nft, then ui(y, 2) ~ O(1), as z — +oo (or, as t — £00);
(iv) If f1 > 0, i.e. 2> 2y and 2y ~ £1nz, then uy(y, z) ~ O1(1), as z = +oo
(or, as t = +00), where O;(1) is seen as a constant;

(v) If f1 <0, ie. z<2yand 2y ~ £1lnz, then u;(y,z) ~ Oz(1), as z = —o0
(or, as t — —00), where O5(1) is another constant;

It is noted that we only consider the elementary high order zeros of the Riemann—Hilbert problem, that
is, the algebraic multiplicity of the zeros is arbitrary but the geometric multiplicity is one. However, in
general case, the high-order zeros with arbitrary geometric multiplicity which can lead to more general

soliton solutions should be considered in the further work.
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5. Conclusion and discussion

In conclusion, the inverse scattering method is implemented to Sasa—Satsuma equation with a vanishing
boundary condition, and the soliton matrices are constructed by studying the corresponding Riemann—
Hilbert problem. By means of the regularization of the RHP with finite simple zeros, we obtain the general
N-soliton formula for S-S equation, which was firstly derived in [24]. Furthermore, the high-order soliton
matrices are also obtained by considering the multiple zeros of the RHP. It is interesting that pairs of
zeros are considered in the process of the regularization for the high-order zeros, which is different from the
situation in NLS equation, 3-wave system or the Manakov equation. Besides, the explicit form of DT and
generalized DT for S-S equation was constructed which can be applied to generate interesting solutions.
Our analysis mainly focuses on the two-solitons collision dynamics, asymptotic behavior and the long time
asymptotic estimations for the high-order one-soliton solution.

In discussion, we note that a new integrable reverse space—time nonlocal Sasa—Satsuma equation is recently
introduced and investigated in [31]:

Ut (X, 1) + Upge (T, 1) + € {6[U(—z, —t)u(z, t)|us(z,t) + Bu(z, t)[u(—z, —t)u(z,t)]s} =0, e==+1.  (65)

Via using binary Darboux transformation method, the periodic solutions with some localized solutions are
constructed for this nonlocal equation [31], such as dark soliton, W-shaped soliton, M-shaped soliton and
breather soliton. These solutions are generated from either zero or non-zero seed solution, and they can
be nonsingular with certain parameters reductions, even though it is not easy to find the condition of
non-singularity for each of them for this nonlocal Sasa—Satsuma equation. Comparatively speaking, for the
general soliton as well as the high-order soliton we have derived for this local Sasa—Satsuma equation, their
non-singularity has been naturally ensured within the Riemann—Hilbert formulation, which stems from the
symmetry properties for the Jost solution, because one can utilize the involution property (17) to show that
det(M) is nonsingular [23].

Recently, a detailed study of the inverse scattering theory for the integrable nonlocal NLS equation is
presented using a new left-right Riemann—Hilbert problem and the Cauchy problem is formulated [32,33].
Furthermore, it was found in [32] that the symmetries of the eigenfunctions of the associated scattering
problem are such that the eigenfunctions defined in the upper and lower half planes are not related. This is
in sharp contrast to the classical local NLS equation [32]. Therefore, this would be an interesting topic for this
integrable nonlocal Sasa—Satsuma equation. The corresponding inverse scattering transform and Riemann—
Hilbert problem can be also formulated in this way. In that case, the important symmetry properties of the
eigenfunctions and scattering data could be quite different from that in the local case. Actually, if we pose
the reverse space—time nonlocal reduction on the potential matrix @ in the Lax-pair, which becomes:

0 0 u(z,t)
Q= 0 0 u(—x, —t)
—u(—x,—t) —u(x,t) 0

Then it satisfies the following two new symmetry properties:

1 0 0
Ql(—z,—t) =01Q(z,t)o1, o= 0 1 0 )

0 0 -1

01 0
@(—x, —t) = —UgQ(l‘,t)O’g, g9 = 1 0 0

0 0 -1

In this case, the Jost solution is found to possess the following new symmetry property:

Jl(—m, —t,—k) = angl(x, kYoi, Ji(w, k)= oods(—m,—t,k)oo.
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Since the analytical and symmetry properties of the Jost solutions as well as the scattering data play
a fundamental role in the RH formulation for the scattering problem, and also in the formulation of
dressing matrices. According to the form of binary DT constructed in [31] for Eq. (65), we can see the
patterns of Riemann—Hilbert zeros could possibly have certain locations on the complex k-plane: this kind
of distribution of zeros is clearly different from what we have shown for the local case, and it might lead to
new type of solutions associated with Cauchy problem for the nonlocal Sasa—Satsuma equation. In addition,
it still remains to be seen whether there exist new symmetry properties which could give rise to unrelated
eigenfunctions [32].
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