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By means of the classical symmetry method, we investigate the two-layer model in atmosphere.
The symmetry group of two-layer model equations is studied and its corresponding group invariant
solutions are constructed. Ignoring the discussion of the infinite-dimensional subalgebra, we con-
struct the optimal system of one-dimensional and two-dimensional group invariant solutions. Fur-
thermore, using the associated vector fields of the obtained symmetry, we give out the reductions by
one-dimensional and two-dimensional subalgebras, and some explicit solutions of two-layer model
equations are obtained. For some interesting solutions, the figures are given out to show their prop-
erties. Some solutions can describe the horizontal structure of tropical cyclones (TC). Especially, a
new solution of double-eyewall structure of TCs is firstly found in this two-layer model.
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1. Introduction

Symmetry group techniques provide one method for
obtaining exact solutions of partial differential equa-
tions [1 – 4]. Since Sophus Lie [1] set up the theory
of the Lie point symmetry group, the standard method
had been widely used to find Lie point symmetry alge-
bras and groups for almost all the known differential
systems. One of the main applications of the Lie the-
ory of symmetry groups for differential equations is
to get group-invariant solutions. Via any subgroup of
the symmetry group, the original equation can be re-
duced to an equation with fewer independent variables
by solving the characteristic equation. In general, to
each s-parameter subgroup of the full symmetry group,
there will correspond a family of group-invariant solu-
tions. Since there are almost always an infinite num-
ber of such subgroups, it is usually not feasible to list
all possible group-invariant solutions of the system.
That needs an effective, systematic means of classi-
fying these solutions, leading to an optimal system of
group-invariant solutions from which every other such
solution can be derived. About the optimal systems, a
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lot of excellent work has been done by many famous
experts [3 – 7] and some examples of optimal systems
can also be found in Ibragimov [8]. Up to now, sev-
eral methods have been developed to construct optimal
systems. The adjoint representation of a Lie group on
its Lie algebra was also known to Lie. Its use in classi-
fying group-invariant solutions appeared in [3] and [4]
which are written by Ovsiannikov and Olver, respec-
tively. The latter reference contains more details on
how to perform the classification of subgroup under
the adjoint action.

The Euler equation is one of the basic equations
in many physical fields such as fluids, plasmas, con-
densed matter, astrophysics, and oceanic and atmo-
spheric dynamics. Euler equations are the limit cases
of the Navier-Stokes equation for a large Reynolds
number, which has been recognized as the basic equa-
tion and the very starting point of all problems in fluid
physics [9]. Recently, more and more mathematicians
and physicists devote lots of efforts to investigate the
models of atmospheric and oceanic dynamics. Because
Navier-Stokes and Euler equation are starting point of
all problems in fluid physics and mechanics, they are



76 Z. Dong et al. · Symmetry Reductions and Exact Solutions of the Two-Layer Model in Atmosphere

the basic models of atmospheric and oceanic dynamics
and have been reported by a large number of related
papers [10 – 13]. More recently, Lou et al. obtain ana-
lytical and exact forms of the vortices and circumflu-
ence of the two-dimensional fluid by means of the gen-
eral symmetry group theorem [13]. An approximate
analytical expression for the (2+1)-dimensional stream
function of Katrina 2005 is obtained, in which some
messages including the eye size, the hurricane size,
the strength, the relation between the hurricane cen-
ter and the steering flow, etc. are shown. However, Lou
et al. only obtained a typhoon solution for barotropic
atmosphere, which can only describe the vertical mean
atmospheric movement, but can not indicate the 3-di-
mensional movement and the cold or warm airs dis-
tribution in the atmosphere. The simplest baroclinic
atmosphere model is the two-layer model, which has
been widely used for theoretical research [14]. Here,
we will use Olver’s method which only depends on
fragments of the theory of Lie algebras to construct
the optimal system of the (2+1)-dimensional two-layer
model equations in atmosphere, in which vertical shear
forces are consider:

∂
∂ t

2φ + f0[J(φ , 2φ)+ J(h, 2h)] = 0, (1)

∂
∂ t

( 2h− f0c1h)

+ f0[J(φ , 2h− f0c1h)+ J(h, 2φ)] = 0,
(2)

where operators J(a,b) = axby −aybx and 2 = ∂ 2

∂x2 +
∂ 2

∂y2 , f0 is a constant and c1 is a parameter relative to the
atmospheric static stability. φ denotes the barotropic
flow and h means the baroclinic flow, where φ =
1
2(φ1 +φ2) and h = 1

2(φ1 −φ2), in which φ1 is the up-
per level geopotential height, and φ2 is the lower level
geopotential height. It is worthy to notice that this two-
layer model omits the β -term because our aim is to
find vortex solutions (such as TC) and a tropical cy-
clone (TC) usually appears at low latitudes, where the
Coriolis parameter f is small and β -effect is not appar-
ent.

The symmetry group of the two-layer model in at-
mosphere is studied and its corresponding group in-
variant solutions are constructed. Ignoring the discus-
sion of the infinite-dimensional subalgebra, we con-
struct an optimal system of one-dimensional and two-
dimensional group invariant solutions. Furthermore,
using the associated vector fields of the obtained sym-
metry, we give out the reductions by one-dimensional

and two-dimensional subalgebras, and some explicit
solutions of the two-layer model equations are ob-
tained. For some interesting solutions, the figures are
given out to show their properties. The solutions for
tropical cyclones, especially with a double-eyewall
structure are constructed and simulated in figures.

This paper is arranged as follows: in Section 2, by
using the classical Lie symmetry method, we get the
vector fields of the (2+1)-dimensional two-layer model
equations (1) and (2). Then the transformations leaving
the solutions invariant, i.e. its symmetry groups, are ob-
tained. In Section 3, using the associated vector of the
obtained symmetry in Section 2, we construct the one-
and two-parameter optimal systems of group-invariant
solutions. Based on these optimal systems, some re-
ductions and solutions of (1) and (2) are derived thanks
to the Maple symbolic computation. Finally, some con-
clusions and discussions are given in Section 4.

2. Symmetry Group of Two-Layer Model
Equations

By applying the classical Lie symmetry method,
we consider the one-parameter group of infinitesimal
transformations in (x,y, t,φ ,h) of (1) and (2) given by

x∗ = x+ εξ (x,y, t,φ ,h)+ o(ε2),

y∗ = y+ εη(x,y, t,φ ,h)+ o(ε2),

t∗ = t + ετ(x,y, t,φ ,h)+ o(ε2),

φ∗ = φ + εΦ(x,y, t,φ ,h)+ o(ε2),

h∗ = h+ εH(x,y, t,φ ,h)+ o(ε2),

(3)

where ε is the group parameter. It is required that (1)
and (2) be invariant under the transformations (3), and
this yields a system of overdetermined, linear equa-
tions for the infinitesimals ξ , η , τ , Φ , and H. Solving
these equations, one can find

ξ =−C3yt −C4y+ f1(t), η =C3xt +C4x+ f2(t),

τ =C1t +C2,

Φ =−C1φ +
1
2

C3 f0(x2 + y2)+ f0 f ′2(t)x

− f0 f ′1(t)y+ f3(t),

H =−C1h+C5,

where Ci(i = 1,2, · · · ,5) are arbitrary constants
and f1(t), f2(t), and f3(t) are arbitrary functions
of t. The associated vector fields for the one-
parameter Lie group of infinitesimal transformations
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are v1,v2, · · · ,v8, given by

v1 = ∂t , v2 = f3(t)∂φ , v3 = ∂h,

v4 =−y∂x + x∂y, v5 = t∂t −φx∂φ − h∂h,

v6 =−yt∂x + xt∂y+
1
2

f0(x2 + y2)∂φ ,

v7 = f1(t)∂x − f0y f ′1(t)∂φ ,

v8 = f2(t)∂y + f0x f ′2(t)∂φ .

(4)

Equation (4) show that the following transforma-
tions (defined by exp(εvi), i = 1,2, · · · ,8) of variables
(x,y, t,φ ,h) leave the solutions of (1) and (2) invariant:

exp(εv1) : (x,y, t,φ ,h) �→ (x,y, t + ε,φ ,h),
exp(εv2) : (x,y, t,φ ,h) �→ (x,y, t,φ ,h+ ε),
exp(εv3) : (x,y, t,φ ,h) �→ (xcos(ε)− ysin(ε),

xsin(ε)+ ycos(ε), t,φ ,h),
exp(εv4) : (x,y, t,φ ,h) �→ (x,y,eε t,e−εφ ,e−εh),

exp(εv5) : (x,y, t,φ ,h) �→ (xcos(tε)− ysin(tε),
xsin(tε)+ ycos(tε), t,

φ +
1
2

f0(x2 + y2)ε,h),
exp(εv6) : (x,y, t,φ ,h) �→ (x,y, t,φ + f3(t)ε,h),
exp(εv7) : (x,y, t,φ ,h) �→ (x+ f1(t)ε,y, t,

φ − f0 f ′1(t)yε,h),
exp(εv8) : (x,y, t,φ ,h) �→ (x,y+ f2(t)ε, t,

φ + f0 f ′2(t)xε,h).

(5)

Then the following theorem holds:

Theorem 1. If φ = p(x,y, t), h = q(x,y, t) is a solu-
tion of (1) and (2), then so are

φ (1) = p(x,y, t − ε), h(1) = q(x,y, t − ε),

φ (2) = p(x,y, t), h(2) = q(x,y, t)+ ε,

φ (3) = p(xcos(ε)+ ysin(ε),−xsin(ε)+ ycos(ε), t),
h(3) = q(xcos(ε)+ ysin(ε),−xsin(ε)+ ycos(ε), t),

φ (4) = e−ε p(x,y,e−ε t), h(4) = e−εq(x,y,e−ε t),

φ (5) = p(xcos(tε)+ysin(tε),−xsin(tε)+ycos(tε), t),
h(5) = q(xcos(tε)+ ysin(tε),−xsin(tε)+ ycos(tε), t)

+
1
2

f0(x2 + y2)ε,

φ (6) = p(x,y, t), h(6) = q(x,y, t)+ f3(t)ε,

φ (7) = p(x− f1(t)ε,y, t)− f0 f ′1(t)yε,
h(7) = q(x− f1(t)ε,y, t),

φ (8) = p(x,y− f2(t)ε, t)+ f0 f ′2(t)xε,
h(8) = q(x,y− f2(t)ε, t).

In [15], Clarkson and Kruskal (CK) introduced a di-
rect method to derive symmetry reductions of a nonlin-
ear system without using any group theory. For many
types of nonlinear systems, the method can be used to
find all the possible similarity reductions. Then Lou
and Ma modified CK’s direct method [16] to find out
the generalized Lie and non-Lie symmetry groups of
differential equations by an ansatz reading

u(x,y, t) = α(x,y, t)+β (x,y, t)U(ξ ,η ,τ), (6)

where ξ , η , τ are all functions of x, y, t. Equation (6)
also points out that if U(x,y, t) is a solution of the
original differential equation, so is u(x,y, t). Actually,
instead of the ansatz (6), the general one-parameter
group of symmetries can be obtained by considering
the linear combination a1v1 + a2v2 + a3v3 + a4v4 +
a5v5 + a6v6 + a7v7 + a8v8 of the given vector fields.
But the explicit formulae for the above transformations
are very complicated. Factually, it can be represented
uniquely in the form

g = exp(ε1v1) · exp(ε2v2) · exp(ε3v3) · exp(ε4v4)

· exp(ε5v5) · exp(ε6v6) · exp(ε7v7) · exp(ε8v8).

3. Reductions and Solutions of Two-Layer Model
Equations

By exploiting the generators vi of the Lie-point
transformations in (4), one can build up exact solutions
of (1) and (2) via the symmetry reduction approach.
This allows one to lower the number of independent
variables of the system of differential equations un-
der consideration using the invariants associated with a
given subgroup of the symmetry group. In the follow-
ing we present some reductions leading to exact solu-
tions of the equations of possible physical interest.

Firstly, we construct an optimal system to classify
the group-invariant solutions of (1) and (2). As it is said
in [4], the problem of classifying group-invariant solu-
tions reduces to the problem of classifying subgroups
of the full symmetry group under conjugation. And the
problem of finding an optimal of subgroups is equiva-
lent to that of finding an optimal system of subalgebras.
Here, by using the method presented in [3 – 4], we will
construct the optimal system of one-dimensional sub-
algebras of (1) and (2).
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From (4), ignoring the discussion of the infinite-
dimensional subalgebra v7 and v8, and take f3(t) =C6,
one can get the following six operators:

v1 = ∂t , v2 = ∂φ , v3 = ∂h, v4 =−y∂x + x∂y,

v5 = t∂t −φx∂φ − h∂h,

v6 =−yt∂x + xt∂y +
1
2

f0(x2 + y2)∂φ .

Applying the commutator operators [vm,vn] = vmvn −
vnvm, we get the following table (the entry in row i and
the column j representing [vi,v j]):

Lie v1 v2 v3 v4 v5 v6
v1 0 0 0 0 v1 v4
v2 0 0 0 0 −v2 0
v3 0 0 0 0 −v3 0
v4 0 0 0 0 0 0
v5 −v1 v2 v3 0 0 v6
v6 −v4 0 0 0 −v6 0

Therefore, there is

Proposition 1. The operators vi (i = 1,2, · · · ,6)
form a Lie algebra, which is a six-dimensional sym-
metry algebra.

To compute the adjoint representation, we use the
Lie series in conjunction with the above commutator
table. Applying the formula

Ad(exp(εv))v0 = v0−ε[v,v0]+
1
2

ε2 [v, [v,v0]]−·· · ,

we can construct the following table:

Ad v1 v2 v3 v4 v5 v6
v1 v1 v2 v3 v4 v5 − εv1 v6 − εv4
v2 v1 v2 v3 v4 v5 + εv2 v6
v3 v1 v2 v3 v4 v5 + εv3 v6
v4 v1 v2 v3 v4 v5 v6
v5 eε v1 e−εv2 e−εv3 v4 v5 e−εv6
v6 v1 + εv4 v2 v3 v4 v5 + εv6 v6

with the (i, j)-th entry indicating Ad(exp(εvi))v j.
Following Ovsiannikov [3], one calls two subalge-

bras v2 and v1 of a given Lie algebra equivalent if
one can find an element g in the Lie group so that
Ad g(v1) = v2, where Ad g is the adjoint representation
of g on v. Given a non-zero vector

v = a1v1 + a2v2 + a3v3 + a4v4 + a5v5 + a6v6,

our task is to simplify as many of the coefficients ai as
possible though judicious applications of adjoint maps

to v. In this way, omitting the detailed computation,
one can get the following theorem by the complicated
computation:

Theorem 2. The operators generate an optimal sys-
tem S1.

(a) v5 +αv4, a5 �= 0;
(b1) v6 + v1 +αv2 +β v3, a5 = 0, a6 �= 0, a1 > 0;
(b2) v6 − v1 +αv2 +β v3, a5 = 0, a6 �= 0, a1 < 0;
(b3) v6 + v3 +αv2, a1 = a5 = 0, a6 �= 0, a3 �= 0;
(b4) v6 + v2, a1 = a3 = a5 = 0, a6 �= 0, a2 > 0;
(b5) v6 − v2, a1 = a3 = a5 = 0, a6 �= 0, a2 < 0;
(b6) v6, a1 = a2 = a3 = a5 = 0, a6 �= 0;
(c1) v1 + v3 +αv2, a5 = a6 = 0, a1 �= 0, a3 �= 0;
(c2) v1 + v2, a3 = a5 = a6 = 0, a1 �= 0, a2 > 0;
(c3) v1 − v2, a3 = a5 = a6 = 0, a1 �= 0, a2 < 0;
(c4) v1, a2 = a3 = a5 = a6 = 0, a1 �= 0;
(d1) v4 + v3 +αv2, a1 = a5 = a6 = 0, a4 �= 0, a3 �= 0;
(d2) v4 + v2, a1 = a3 = a5 = a6 = 0, a4 �= 0, a2 > 0;
(d3) v4 − v2, a1 = a3 = a5 = a6 = 0, a4 �= 0, a2 < 0;
(d4) v4, a1 = a2 = a3 = a5 = a6 = 0, a4 �= 0;
(e1) v2 + v3, a1 = a4 = a5 = a6 = 0, a2 �= 0, a3 �= 0;
(e2) v2, a1 = a3 = a4 = a5 = a6 = 0, a2 �= 0;
(f) v3, a1 = a2 = a4 = a5 = a6 = 0.

Based on S1, we construct the two-parameter opti-
mal system S2 by using the method of [3], which are
listed in the appendix. Making use of S1 and S2, we
will discuss the reductions and solutions of (1) and (2).

3.1. Reductions by One-Dimensional Subalgebras

In this section, we will use S1 to reduce (1) and (2),
and then to get the solution of (1) and (2). For case (b3),
from

−ytφx + xtφy − 1
2

f0(x2 + y2)−α = 0

and

−ythx+ xthy − 1 = 0,

one can get φ = − f0x2+ f0y2+2α
2t arctan( x

y ) + F(ξ , t),
and h = − 1

t arctan( x
y ) + G(ξ , t), where ξ = x2 + y2.

Then (1) and (2) is reduced to

f0(−ξ 2Fξ ξ ξ + ξ tFξ ξ t − 2ξ Fξ ξ + tFξ t +Fξ )

−2α(ξ Fξ ξ ξ + 2Fξ ξ )− 2ξ Gξ ξ ξ − 4Gξ ξ = 0,

f0(−ξ 2Gξ ξ ξ + ξ tGξ ξ t − 2ξ Gξ ξ + tGξ t +Gξ )

−2α(ξ Gξ ξ ξ + 2Gξ ξ )− 2ξ Fξ ξ ξ − 4Fξ ξ = 0.
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By solving the above equations, one obtains the solu-
tion of (1) and (2)

φ =− f0x2 + f0y2 + 2α
2t

arctan
(

x
y

)

+
r1(x2 + y2)

t
+ f1(t),

(7)

h =−1
t

arctan
(

x
y

)
+

r2(x2 + y2)

t
+ f2(t), (8)

where ri (i = 1,2) are arbitrary constants and fi(t) (i =
1,2) are arbitrary functions.

In case (d1), solving

−yφx + xφy −α = 0, −yhx + xhy− 1 = 0,

it follows

φ =−α arctan
(

x
y

)
+F(ξ , t),

h =−arctan
(

x
y

)
+G(ξ , t),

where ξ = x2 + y2. Substituting them into (1) and (2),
one comes to

4 f0(ξ Fξ ξ t +Fξ t)− 8α(ξ Fξ ξ ξ + 2Fξ ξ )

−8ξ Gξ ξ ξ − 16Gξ ξ = 0,

4 f0(ξ Gξ ξ t +Gξ t)− 8α(ξ Gξ ξ ξ + 2Gξ ξ )

−8ξ Fξ ξ ξ − 16Fξ ξ = 0.

Using the solution of the above equations, we get the
solution of (1) and (2)

φ =−α arctan
(

x
y

)
+ f1(t)+ f2(t) ln(x2 + y2)

+ r1(x2 + y2),

(9)

h =−arctan
(

x
y

)
+ f3(t)+ f4(t) ln(x2 + y2)

+ r2(x2 + y2),

(10)

where ri (i = 1,2) are arbitrary constants and fi(t) (i =
1,2,3,4) are arbitrary functions.

For case (d4), by solving

−yφx + xφy = 0, −yhx + xhy = 0,

it leads to

φ = F(ξ , t), h = G(ξ , t),

where ξ = x2 + y2. And the reduced equations are

ξ Fξ ξ t +Fξ t = 0, ξ Gξ ξ t +Gξ t = 0,

whose solution is

F(ξ , t) = f1(t)+ f2(ξ )+ f3(t) ln(ξ ),
G(ξ , t) = f4(t)+ f5(ξ )+ f6(t) ln(ξ ),

where fi (i = 1, · · · ,6) are arbitrary functions of the
corresponding variable. So we obtain the solution
of (1) and (2)

φ = f1(t)+ f2(x2 + y2)+ f3(t) ln(x2 + y2), (11)

h = f4(t)+ f5(x2 + y2)+ f6(t) ln(x2 + y2). (12)
For the other cases in S1, you can also use them to

reduce (1) and (2) and get the solutions. Here we don’t
study any more.

3.2. Reductions by Two-Dimensional Subalgebras

In this section, S2 will be applied to reduce (1)
and (2).

Case 1: (v5 +α1v4,v6 + v2). Then it comes to

−α1yφx +α1xφy + tφt +φ = 0,
−α1yhx +α1xhy + tht + h = 0,

−ytφx + xtφy − f0

2
(x2 + y2)− 1 = 0,

−ythx+ xthy = 0,

and we have φ =− f0x2+ f0y2+2
2t (α1ln(t)+ arctan( x

y ))+
1
t F(ξ ) and h = 1

t G(ξ ), where ξ = x2 + y2. So (1)
and (2) are reduced to

2 f0ξ 2Fξ ξ ξ + 6 f0ξ Fξ ξ + 4ξ Fξ ξ ξ + 8Fξ ξ +α1 f 2
0 = 0,

4 f0ξ 2Gξ ξ ξ + 12 f0ξ Gξ ξ + 8ξ Fξ ξ ξ − f 2
0 ξ Gξ + 16Gξ ξ

−2 f0Gξ − f 2
0 G = 0.

Solving such equations, the solution of (1) and (2) fol-
lows

φ =− f0x2 + f0y2 + 2
2t

(
α1 ln(t)+ arctan

(
x
y

))

− 1
4t

f0(α1 − r1)(x2 + y2) ln( f0(x2 + y2)+ 2)

− 1
2t
(α1 − r1) ln( f0(x2 + y2)+ 2)

− 1
4t

r1( f0(x2 + y2)+ 2) ln(x2 + y2)

+
r2

t
(x2 + y2)+

r3

t
,

(13)
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h =
1
t

r4( f0(x2 + y2)+ 2)

·HeunC
(

0,1,0,−1
2
,−1

2
,

1
2

f0(x2 + y2)+ 1
)
,
(14)

where ri (i = 1,2,3,4) are arbitrary constants and
HeunC(a1,a2,a3,a4,a5,z) is the solution of one of
Heun’s differential equations

d2ω
dz2 +

(
γ
z
+

δ
z− 1

+
ε

z− d

)
dω
dz

+
αβ z− q

z(z− 1)(z− d)
ω = 0,

which is named after Karl L. W. M. Heun [9 – 12].

Case 2: (v5 +α1v4,v6). From

−α1yφx +α1xφy + tφt +φ = 0,

−α1yhx +α1xhy + tht + h = 0,

−ytφx + xtφy − 1
2

f0(x2 + y2) = 0,

−ythx + xthy = 0,

it follows φ = − 1
2t f0(x2 + y2)

(
α1 ln(t)+ arctan

(
x
y

))
+ 1

t F(ξ ), and h = 1
t G(ξ ), where ξ = x2 + y2. And (1)

and (2) are written as

2ξ 2Fξ ξ ξ + 6ξ Fξ ξ +α1 f0 = 0,

4ξ 2Gξ ξ ξ + 12ξ Gξ ξ − f0ξ Gξ − f0G = 0,

which have the solution

F =−1
4

α1 f0ξ ln(ξ )+ r1ξ +
r2

ξ
+ r3,

G = r4BesselJ
(

2,
√
− f0ξ

)

+ r5BesselY
(

2,
√
− f0ξ

)
+

r6

ξ
,

where ri (i= 1,2, · · · ,6) are arbitrary constants. So one
obtains the solution of (1) and (2)

φ =− f0

2t
(x2 + y2)

(
α1 ln(t)+ arctan

(
x
y

))

− α1 f0

4t
(x2 + y2) ln(x2 + y2)+

r1(x2 + y2)

t

+
r2

(x2 + y2)t
+

r3

t
,

(15)

h =
r4

t
BesselJ

(
2,
√
− f0(x2 + y2)

)

+
r5

t
BesselY

(
2,
√
− f0(x2 + y2)

)

+
r6

(x2 + y2)t
.

(16)

Case 3: (v6 + v1 +α1v2 +β1v3,v4 + v3 +α2v2). Us-
ing

−ytφx + xtφy +φt − f0

2
(x2 + y2)−α1 = 0,

−ythx+ xthy + ht −β1 = 0,

−yφx + xφy −α2 = 0,

−yhx + xhy− 1 = 0,

one can have φ = −α2 arctan
(

x
y

)
− α2

2 t2 +

f0x2+ f0y2+2α1
2 t + F(ξ ) and h = −arctan

(
x
y

)
− 1

2 t2

+ β1t +G(ξ ), where ξ = x2 + y2. So (1) and (2) are
reduced to

4ξ (α2Fξ ξ ξ +Gξ ξ ξ )+8(α2Fξ ξ +Gξ ξ )− f 2
0 = 0,

ξ (Fξ ξ ξ +α2Gξ ξ ξ )+ 2(Fξ ξ +α2Gξ ξ ) = 0.

Here f0 is an arbitrary constant, so α2 �= ±1. Solving
the above equations, we have calculated the solution
of (1) and (2)

φ =−α2 arctan
(

x
y

)
− α2

2
t2

+
f0x2 + f0y2 + 2α1

2
t + r1 ln(x2 + y2)

+
α2 f 2

0

16(α2
2 − 1)

(x2 + y2)2 + r2(x2 + y2)+ r3,

(17)

h =−arctan
(

x
y

)
− 1

2
t2 +β1t + r4 ln(x2 + y2)

− f 2
0

16(α2
2 − 1)

(x2 + y2)2 + r5(x2 + y2)+ r6,

(18)

where ri (i = 1,2, · · · ,6) are arbitrary constants.
Figures 1 – 6 exhibit the barotrophic and baroclinic

modes structure and corresponding velocity of the so-
lutions expressed by (7) – (18), respectively. It is found
that all solutions can describe a vortex in layered at-
mosphere, whether in barotrophic mode or baroclinic
mode. According to the real structure of a tropical cy-
clone, especially mature typhoon, we find that solu-
tions in Figure 1, Figure 3, and Figure 4 can be treated
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(a)

(b)

(c)

(d)

Fig. 1. (a) Structure of function given by (7) with f0 = 1, α =
1, r1 = 1.5, f1(t) = 0 at time t = 1; (b) plot of velocity related
to (a). (c) Structure of function given by (8) with r2 = 0.09,
f2(t) = 0 at time t = 1; (d) plot of velocity related to (c).

(a)

(b)

(c)

(d)

Fig. 2. (a) Structure of function given by (9) with α = −1,
r1 = 0.01, f1(t) = 0, f2(t) = t at time t = 1; (b) plot of ve-
locity related to (a). (c) Structure of function given by (10)
with r2 = 0.01, f3(t) = 0, f4(t) = −t at time t = 1; (d) plot
of velocity related to (c).
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(a)

(b)

(c)

(d)

Fig. 3. (a) Structure of function given by (11) with r1 = 2,
r2 = −10, f1(t) = 0, f3(t) = t − 1 at time t = 1; (b) plot of
velocity related to (a). (c) Structure of function given by (12)
with r3 = 2, r4 = 10, f4(t) = 0, f6(t) = t − 1 at time t = 1;
(d) plot of velocity related to (c).

(a)

(b)

(c)

(d)

Fig. 4. (a) Structure of function φ1 given by (13) and (14)
with α1 = 0, f0 =−1, r1 = r2 = r3 = 0, r4 =−5 at time t = 1;
(b) plot of velocity related to (a). (c) Structure of function φ2
given by (13) and (14) with the same parameters as in (13);
(d) plot of velocity related to (c).
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(a)

(b)

(c)

(d)

Fig. 5. (a) Structure of function given by (15) with f0 =−2,
r1 = r2 = 0.01, r3 = 0, α1 = 0.01 at time t = 1; (b) plot of
velocity related to (a). (c) Structure of function given by (16)
with f0 = −2, r4 = 1, r5 = r6 = 0 at time t = 1; (d) plot of
velocity related to (c).

(a)

(b)

(c)

(d)

Fig. 6. (a) Structure of function given by (17) with f0 = 1,
α1 = 0, α2 = 0.1, r1 = 1, r2 = 1

2 , r3 = 0 at time t = 1;
(b) plot of velocity related to (a). (c) Structure of function
given by (18) with f0 = 1, α2 = 0.1, β1 =

1
2 , r4 = 1, r5 =−1,

r6 = 0 at time t = 1; (d) plot of velocity related to (c).
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(a)

(b)

(c)

(d)

Fig. 7. (a) Structure of function given by (19) with F1(t) = 0,
F2(x2 + y2) = (x2 + y2 + 1)e−(x2+y2) [13], F3(t) = t − 1 at
time t = 1; (b) plot of velocity related to (a). (c) Struc-
ture of function given by (20) with F4(t) = 0, F5(x2 + y2) =

−(x2 + y2 +1)e−(x2+y2), F6(t) = t −1 at time t = 1; (d) plot
of velocity related to (c).

(a)

(b)

Fig. 8 (colour online). The satellite images of typhoon Choi-
Wan on September 15, 2009 (a) and September 17 (b).

as typhoon solutions, possessing typical typhoon struc-
ture of eye, eyewall with maximum wind around the
eye, and vortex circulation. (7) and (8) give a spiral vor-
tex structure in barotrophic mode (Fig. 1a), similar to
the spiral rainband of the typhoon, while its baroclinic
structure shows convergence and divergence at lower
and upper levels. Equations (11) and (12) express a
typical symmetric typhoon structure (Fig. 3) in which
the barotrophic structure is similar to that by Lou’s ty-
phoon solution [13]. Furthermore, this solution from
the two-layer model can give typhoon’s baroclinic
structure with cyclone at lower level and anticyclone at
upper level. To clearly depict the two levels structure,
from (11) and (12), we can get the upper level poten-
tial φ1 and the lower level potential φ2 as follows:

φ1 = F1(t)+F2(x2 + y2)+F3(t) ln(x2 + y2), (19)

φ2 = F4(t)+F5(x2 + y2)+F6(t) ln(x2 + y2), (20)



Z. Dong et al. · Symmetry Reductions and Exact Solutions of the Two-Layer Model in Atmosphere 85

where F1(t) = f1(t) + f4(t), F2(x2 + y2) = f2(x2 +
y2)+ f5(x2 +y2), F3(t) = f3(t)+ f6(t), F4(t) = f1(t)−
f4(t), F5(x2 + y2) = f2(x2 + y2)− f5(x2 + y2), F6(t) =
f3(t)− f6(t). Figure 7 exhibit the structure and veloc-
ity of (19) – (20), in which the low-level φ2 and wind
field (Fig. 7c,d) can describe the horizontal structure of
typhoon Choi-Wan on September 15, 2009 (Fig. 8a).

It is surprising that Figure 4 from (13) – (14) show
a double-eyewall structure of the typhoon, although
the mechanism of double-eyewall formation is yet
an open question. This solution exhibits asymmetry
double-eyewall structure in either barotrophic mode or
baroclinic mode, very similar to the composed satellite
image of the typhoon Choi-Wan on September 17,
2009 (Fig. 8b).

Remark: Double eyewall hurricanes have two con-
centric rings in which the highest winds are focused.
They undergo a cyclical change over portions of the
hurricanes life, known as the eyewall replacement cy-
cle. As the outer eyewall develops from a merger of
spiral rainbands, it gains strength and saps energy from
the inner one. Eventually, the inner eyewall disappears
altogether. The outer eyewall then grows smaller and
tighter around the eye, and it gains in intensity [17, 18].

4. Conclusions

In summary, we investigate the symmetry of the
two-layer model equations by means of the classi-
cal Lie symmetry method. The symmetry algebras
and group of (1) and (2) are obtained. Specially, the
most general one-parameter group of symmetries is
given out as the composition of transforms in the
eight one-subgroups exp(εv1),exp(εv2), · · · ,exp(εv8)
and the most general solution obtainable from a given
solution is gained. Next we have classified one- and
two-dimensional subalgebras of a Lie algebra of (1)
and (2). Then the reductions and some solutions of
two-layer model equations by using the associated vec-
tor fields of the obtained symmetry are given out.
By one-dimensional subalgebras, (1) and (2) is re-
duced to some (1+1)-dimensional equations and by
two-dimensional subalgebras, (1) and (2) is reduced
to some ordinary equations. For some interesting ex-
plicit solutions of (1) and (2), we also give out figures
to show their properties.

It is worth noting that we find the figure which can
be used to simulate a double-eyewall structure of a ty-
phoon. As is known, the mechanism of double-eyewall
formation is yet an open question. This solution ex-

hibits the asymmetry double-eyewall structure in either
barotrophic mode or baroclinic mode, very similar to
the composed satellite image of typhoon Choi-Wan on
September 17, 2009 (Fig. 8b). Therefore, this solution
is worthy to deep investigation later.
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Appendix

In this section, we list the two-parameter opti-
mal system S2: (v5 + α1v4,v6 + v3 + α2v2), (v5 +
α1v4,v6 + v2), (v5 + α1v4,v6 − v2), (v5 + α1v4,v6),
(v5 + α1v4,v1), (v5 + α1v4,v2), (v5 + α1v4,v3), (v5 +
α1v4,v2 + v3), (v5,v4), (v6 + v1 + α1v2 + β1v3,v4 +
v3 +α2v2), (v6 + v1 +α1v2 +β1v3,v4 + v2), (v6 + v1 +
α1v2 +β1v3,v4 −v2), (v6 +v1 +α1v2 +β1v3,v4), (v6 +
v1 +α1v2 +β1v3,v2 + v3), (v6 + v1 +α1v2 +β1v3,v3),
(v6+v1+α1v2+β1v3,v2), (v6−v1+α1v2+β1v3,v4+
v3 +α2v2), (v6 − v1 +α1v2 +β1v3,v4 + v2), (v6 − v1 +
α1v2 +β1v3,v4 −v2), (v6 −v1 +α1v2 +β1v3,v4), (v6 −
v1 +α1v2 +β1v3,v2 + v3), (v6 − v1 +α1v2 +β1v3,v3),
(v6 − v1 +α1v2 + β1v3,v2), (v3 +α1v2,v6 + v2), (v3 +
α1v2,v6−v2), (v3+α1v2,v6), (v6+v3+α1v2,v4+v3+
α2v2), (v6 + v3 +α1v2,v4 + v2), (v6 + v3 +α1v2,v4 −
v2), (v6 + v3 + α1v2,v4), (v6 + α1v2,v2 + v3), (v6 +
α1v2,v3), (v6+v3,v2), (v6,v2), (v6+v2,v4+v3+α2v2),
(v6 + v2,v4 + v2), (v6 + v2,v4 − v2), (v6 + v2,v4), (v6 −
v2,v4 + v3 +α2v2), (v6 − v2,v4 + v2), (v6 − v2,v4 − v2),
(v6 −v2,v4), (v6,v4 +v3 +α2v2), (v6,v4 +v2), (v6,v4 −
v2), (v6,v4), (v3 +α1v2,v1 + v2), (v3 +α1v2,v1 − v2),
(v3 +α1v2,v1), (v1 + v3 +α1v2,v4 + v3 +α2v2), (v1 +
v3 + α1v2,v4 + v2), (v1 + v3 + α1v2,v4 − v2), (v1 +
v3 + α1v2,v4), (v1 + α1v2,v2 + v3), (v1 + α1v2,v3),
(v1 + v3,v2), (v1,v2), (v1 + v2,v4 + v3 + α2v2), (v1 +
v2,v4+v2), (v1+v2,v4−v2), (v1+v2,v4), (v1−v2,v4+
v3 +α2v2), (v1 − v2,v4 + v2), (v1 − v2,v4 − v2), (v1 −
v2,v4), (v1,v4 + v3 +α2v2), (v1,v4 + v2), (v1,v4 − v2),
(v1,v4), (v3 +α1v2,v4 + v2), (v3 +α1v2,v4 − v2), (v3 +
α1v2,v4), (v4 + α1v2,v2 + v3), (v4 + α1v2,v3), (v4 +
v3,v2), (v4,v2), (v3,v2).
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