Commun. Theor. Phys. 56 (2011) 672-678

Vol. 56, No. 4, October 15, 2011

Binary Bell Polynomials, Bilinear Approach to Exact Periodic Wave Solutions of
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Abstract In the present letter, we get the appropriate bilinear forms of (2 4 1)-dimensional KdV equation, extended
(2+1)-dimensional shallow water wave equation and (24 1)-dimensional Sawada—Kotera equation in a quick and natural
manner, namely by appling the binary Bell polynomials. Then the Hirota direct method and Riemann theta function are
combined to construct the periodic wave solutions of the three types nonlinear evolution equations. And the corresponding
figures of the periodic wave solutions are given. Furthermore, the asymptotic properties of the periodic wave solutions
indicate that the soliton solutions can be derived from the periodic wave solutions.
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1 Introduction

Owing to soliton theory are being applied to math-
ematics, physics, biology, astrophysics and other poten-
tial field, the studies on the nonlinear evolution equations
(NNEEs) has arisen great attention during the past few
decades.'=19 As an important part in the soliton the-
ory, seeking for analytic solutions of the NLEEs is al-
ways the hot research areas.'6=21 Starting from the an-
alytic solutions, we may obtain the properties of corre-
sponding NNEEs and connect them with practical phys-
ical phenomenons. Also, some methods have been pro-
posed to deal with the problem, such as inverse scattering
transformation, 22l Darboux transformation, 23 Hirota di-
rect method.?) Among these methods, the Hirota method
is a powerful tool and direct approaches to construct ex-
act solutions of nonlinear equations. The advantage of
the Hirota method is that once the bilinear forms of non-
linear evolution equations are obtained, then not only the
multi-soliton solutions, but also the bilinear BT, Lax pairs
are constructed. It is clear that the key problem is trans-
form the given NLEEs into corresponding bilinear forms.
There has some methods to deal with the problem, such as
rational transformation, logarithmic transformation, and
double logarithmic transformation, but there is no univer-
sal method to find the needed transformation. Further-
more, the obtaining process of the bilinear forms for the
given NNEEs are often cockamamie. Lately, Lembert and
Gilson et al.l?>=34 proposed a lucid and systematic ap-
proach to obtain the bilinear representations as well as its
bilinear Backlund transformation (BT), Lax pairs of the

NLEESs, namely by applying the Bell polynomials. Com-
pare with the traditional methods, the efficiency of the
Bell polynomials is obvious stand to reason.

Once the bilinear forms of the given NNEEs are given,
we could construct the Wronskian solutions, Pfaffian so-
lutions, and explicit periodic wave solutions by use of the
Riemann theta functions.[?>~38] Nakamura, Fan et al. have
obtained periodic wave solutions of the KdV and KP equa-
tions by the bilinear approach.?7=3% The appeal and suc-
cess of this approach lies in the fact that we obtain the
periodic wave solutions in a direct approach without ap-
ply algebro-geometric theory. Besides, we could get corre-
sponding soliton solutions via asymptotic analysis for the
periodic wave solutions.

In this paper, (2 + 1)-dimensional KdV equation, ex-
tended (2 + 1)-dimensional shallow water wave equation
and (2 + 1)-dimensional Sawada—Kotera equation will be
dealt with to illustrate the efficiency of obtaining the bi-
linear forms by applying the Bell polynomials. Then,
with the help of the Riemann theta functions and Hirota
method, we obtain the periodic wave solutions of these
three kinds of nonlinear equations. Furthermore, the pe-
riodic wave solutions are reduced to their soliton solutions
via asymptotic analysis.

The paper is organized as follows. In Sec. 2, we give
a brief introduction about the binary Bell polynomial. In
Sec. 3, we give the bilinear form of (2 + 1)-dimensional
KdV equation, extended (2 + 1)-dimensional shallow wa-
ter wave equation and (24 1)-dimensional Sawada-Kotera
equation by appling binary Bell polynomial. In Sec. 4, by
using the Riemann theta functions and Hirota method,
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their periodic wave solutions and reductions are presented,
respectively. Finally, some conclusions are given in Sec. 5.

2 Binary Bell Polynomial

Bell?! proposed three kinds of exponent-form polyno-
mials, the third type of Bell polynomials is the main tool

Ynl-,---v”l(lexl »»»»» TLIL)

ynlzl ..... nlxl('U,’LU) EYnl,...,nl(f)‘
frlrl .....
With f’r‘lxl VVVVV riz, — 8;7’11 .o .8;lllf7 r = 07'. MLy, T =
0, e, Ny
The first few lowest order binary Bell polynomials are
yz(v):vzv sz(U,w):wgz—l—’Ui,

yz,y(v, ’LU) = Wg,y + Vg Uy,

Ve (v, W) = V35 + 3vwa, + 03, ... (2)
The link between Y-polynomials and the standard Hirota
expressions can be given by the identity

Yorzr,mzm (V= F/G,w=1InFG)
=(FG)™'Dyt---DI'F - G. (3)
In the particular case when F' = G, the formula becomes
F7?DY - -DMF-F = Yn0,..na (0, =2In F)
_{O, ny+---+mn;is odd, )
Prigy, o (@), mi+---+mn;iseven,

in which the P-polynomials can be characterized by an
equally recognizable even part partitional structure

Pio(q) = qua + 363, »
(5)

.....

Por(q) = G20,  Pri(q) = qut
P3;E,y (q) = (43zy + 3sz(J2m s

3 Bilinear Form

In this section, we will give the bilinear forms for
the (2 + 1)-dimensional KdV equation, extended (2 4 1)-
dimensional shallow water wave equation and (2 + 1)-
dimensional Sawada—Kotera equation by applying binary
Bell polynomials.

3.1 (2 + 1)-Dimensional KdV Equation!*°]

Ut + 3Uly + Uggy + Uy /uydx =0. (6)

Setting u = g, substituting it into Eq. (6) and inte-
grating respect to x yields
Gt + 3Qm,yq2m + 32,y — A=0, (7)

where X is an integral constant.
Then, Eq. (6) can be written as follows

E(q) = Pra(q) + Psuy(g) = A =0.
Introducing a change of dependent variable

g=2InF & u=qoy =2(InF)yy,

used in this paper. For the convenience of the understand-
ing for our description, we briefly introduce the necessary
notations of the Bell polynomials. For details of Bell poly-
nomial, refer to Lembert and Gilson et al. work.[25—34

The multi-dimensional binary Bell polynomials that
we use are defined as the following

= e_fa;lll e 8:; ef ,

(1)

Urixq,...,mar T1 4+ -4 is Odd7

Wrygq,...,mz» 71+ - - + 7 18 even,

| we get the bilinear representation of the Eq. (6) in terms

of the identity (3)
G(Dy, Dy, D) = (Dy;Dy + D3D,)F - F — AF? = 0. (10)

3.2 Extended (2 + 1)-Dimensional Shallow Water
Wave Equation!*!]

(11)

Uyt + Use,y — SUgUy — SUglg,y + Uz y =0,
where « is a constant.

Setting u = —q,, substituting it into Eq. (11) and in-
tegrating with respect to = yields

Gyt + @32,y + 342202,y + ey —7 =0, (12)
where v is an integral constant.
Then, Eq. (11) can be written as follows
Pyi(@) + Psay(a) + aPoy(q) —y=0.  (13)
Introducing a change of dependent variable
g=2ImF S u=—-q =-2InF),, (14)

we get the bilinear representation of the Eq. (11) as follows
G(Da, Dy, Dt) = (Dy Dy + D3D,

+aD,D,)F-F —~F?=0. (15)

3.3 (2 + 1)-Dimensional Sawada—Kotera Equat-
ionl4?]

5
Up — (uh + Suug, + §u3 + 5um7y)w

+5/qudx — Suty — Huy /uydx =0. (16)

Setting u = 3g2,, substituting it into Eq. (16) and
integrating with respect to x yields
qzt + 5q2y - (QGm + 15g22q4a + 15(1395)
- 5((13:51; + 36]21(]17;) — Q¢ = 07

where ¢ is an integral constant.
Then, Eq. (16) can be written as follows

E(q) = Pu,t(9)+5P2y(q)—Pox (q)—5Ps0,4(q)—c = 0. (18)
Introducing a change of dependent variable

¢q=2InF & u=3q, =6(InF),, (19)

we get the bilinear representation of the Eq. (16) as follows
G(Dy, Dy, Dy) = (Do Dy + 5D, — DS

(17)
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—5D2D,)F-F—c¢F*=0. (20)

From the above process for seeking the bilinear forms

of three kinds of (2 + 1)-dimensional nonlinear equation,
we could find that binary Bell polynomials provide us a

direct and simple approach for constructing the bilinear
forms for some nonlinear equations.

4 Periodic Wave Solutions
We notice that D-operators have good property when
acting on exponential functions!*3—44
1 2
DI'D;D} et - et

nerflJrEQ , (21)

= (k1 — K2)" (11 — 12)* (w1 — w2)

where &; = k;2 4 1y + w;t + §§O),j =1,2.
More generally, we have

G(Dg, Dy, Dy)eS! - %2

oo

by

m=—oo

G(Dz,Dy,Dt) Z e27rin£+7rin27'

n=—oo

GF -

Z Z G(D$7Dy,Dt) e27rinf+ﬂ'in27— .

n=—0o0 m=—0o0

n=—0o0 m=—0oQ

e?ﬂimﬁ-i—ﬂim T

= G(Iil — Ko,l1 — l2,W1 — (.«)2) eElJrE2 . (22)

In the following, we will use the Riemann theta func-
tion, Hirota direct method as well as property (22) to
construct periodic wave solutions of Egs. (6), (11), and
(16).

4.1 (2 + 1)-Dimensional KdV Equation

We consider the Riemann theta function solution of
Eq. (6)

F = Z eerianrwinQT, (23)

n=—oo

where n € Z, 7 € C, Im7 > 0, and £ = kx + 1y + wt, with
K, t, and w are constants to be determined.
Inserting Eq. (23) into Eq. (10), we have

2

eZTrim£+7rim2‘r

Z Z G(2ri(n — m)k, 2wi(n — m)e, 2mi(n — m)w) e2mi(ntm)etmi(n®+m?)r

= Z { Z G[2mi(2n — p)k, 2wi(2n — p)i, 27i(2n — p)w] e“i("er(p*")z)T} e2mivt — Z G(p)e®™Ps . (24)
p=—00 n—=—oo p=—00
Noting that
G(p) = Z G[27i(2n — p)k, 2wi(2n — p)i, 2wi(2n — p)w] i+ (p=n)*)7
= > G[27mi(2h — (p — 2))k, 271 (2h — (p — 2))1,27i(2h — (p — 2))u] e (D) o —h=1)*)7
h=—o00
= 3 GRri2h— (p—2))k, 2mi(2h — (p — 2))1,27i (2h — (p — 2))w] T W HER=DIT . 2miG-1)T
h=—o0
=G(p—2)em P17, (25)
where p = m + n. | For the sake of convenience, if we denote that
In view of Eq. (25) and by induction method, we can L o,
get that th(n) — 2min ‘r’ QQ(’R) — e71'1(2n 72n+1)7-7
= G(O) eminpT s p=2n, 0 o
G(p) = {G(l) eﬂi(2n+2n2)(p+l)‘r . p= m+1. (26) a1l = _Z —16n27TQHQ1(”)7 a2 = _Z fh(ﬂ) ;
In this way, we may let oo 0o
00 as = Z —4(2n — 1)*72%kqa(n), agy = Z q2(n),
— s2
G(0) = Z (—16n°m%kw + 256n 7 K3 — \) 2™V T =0, n=-o0 n=-00
;; by = Z (256n 71 K30) g1 (n),
G(1)= > (—4(2n—1)*mkw +16(2n — 1)*7*x% — \) n=-00
e . 4 4.3
% emi@n?=2n+1)r _ o (27) by = n;m(16(2n 1)1 k%) ga(n) . (28)
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Then Eq. (27) can be written as Thus, we obtain the periodic wave solution
a11w+ b1 —Aa12 =0, asiw+ by — Aagsgy =0. (29) w=2 hl(F)Qm : (31)
Solving this system, we obtain
 aiaby — brags  anby — byas (30) vs'/here F and w are given by Egs. (23) and (30), respec-
©anag —azae’ T anag — agiany | | tively.
003 003
/;3\\ %@\id A 01002 01002
e o o
TN ' '
0 \\\v///l&\\\kvl/fk\\‘«///A\ \
\\4////(\\\\4////\\\\{(//fk\\
0 \% ﬁ%@g@&%@ 60 Ho [-20 O RN ED 4 b @ 7
N
‘&
-0.0 -0.0
-0.003% ~0.003%

Fig. 1
Along y-axis.

(b)

(a) The figure represents periodic solution (31) with x = 0.03, 7 = i, + = 0.03; (b) Along z-axis; (c)

We are interested in the asymptotic properties of the |
periodic wave solutions of Eq. (6). From Eq. (23), we
write I’ as

F = 1+,'7(e27ri§+ e—2ﬂi§)+n4(e47ri£+ e—47ri£)+_ . (32)
where n = ™7,
Setting

K =2mik, =27, W =2riw,
¢ =rrz+y+t+mir,
we get
F=1+n(e? ¢ 4 e72mi8) 4 pl(e™i6 4 o478 ...

=1+ e 1P 4 2 4l £ ) 4.

—1+¢f, as n—0. (33)
It is interesting that if we can prove that
W= =K, (34)

then the periodic wave solutions (31) turns to the soliton
solution

u=2m(F),, F=1+¢*,

g =rrt+ly+ot+rmir, o =-x?'.
In fact, it is easy to see that

arn = —32n%k(n? +4nt + ),

ajo =142 +2n% +-- -,

ag = —8mk(n+9n° + ),

aga =20 +20° + -+, by =2-256m K3 4

by = 2(167*K30)n + 2(16 - 3474 k3 )5 + -+ (36)
which lead to
a12by — bragy = 32k + 0(n), ar1azs — arzaz
= 8m2kn + o(n) (37)
so we have w — 4m2k%1, as 7 — 0, which is equivalent to
W — —k2 as n — 0.

4.2 Eaxtended (2 + 1)-Dimensional Shallow Water
Wave Equation

With the silimiar calculation process as subsec. 4.1, we
have

G(0) = Z (—16n%7% 1w 4 256n 1t K3 L — 16an 7% ke — )
% e27rin T O,

G(1) = Z (—4(2n — 1)27%w +16(2n — 1)tk
—4a2n —1)°7% ke — ) emi@n®=2nt )T _ (38)

For the sake of convenience, we denote that

.2 . 2

Q1(n) _ e27mn ‘r’ QQ(TL) — eﬂ'l(2n —27’L+1)T7

a1 = Z —16n27%1q1(n), aip = Z q1(n),

ag = — Z 4(2n — 1)*m?ug2(n),  age = Z g2(n),
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oo 1 . h. .
by = Z (256n4m4K1 — 16an2r2k0)qr (n) Solving this system, we obtain
M _ a12bs — brags _ a11ba — biaz (41)
00 aiiagy — G101z’ a11dz2 — 21412
by = Z (16(2n—1)* 7'k —4a(2n—1)?1k)g2(n) , (39)  Thus, we obtain the periodic wave solution
e uw=—2In(F),, (42)

then Eq. (38) can be written as

ajiw+by —ca12 =0, asw+by —caze =0. (40)

where F' and w are given by Eqs. (23) and (41), respec-
| tively.

/ N\
A \
AN
N

i § s
A % % \
Q ;/Q\\W/

0.003 1

60 -60 | -40

/;)\§\1//'§ \
AW

J /»\\ 1 A
N\

WAV A
‘%\\;/%/Q\\M/h\\g
\

™\

\
77
X

VA
L
VA
78

S\

N
‘I\

Fig. 2
(c) Along y-axis.

From Eq. (23), we write F as
F = 146(e¥ 84 e 2m8) f 54 (™8 f o748 1. | (43)

where § = e™17.
Setting &’ 2wk, @
Ko+ 1y + o't + wiT, we get
F=1 +6(e2ﬂi5 + efQﬂ'iE) +54(e47ri5 + ef4ﬂ'i£) 4.

=14 e +6%(e ¢ +e2) 4 55(e 2 4 )10,

!

/

= = 2mi, W = 27w, £ =

—1+ef, as §—0. (44)
It is interesting that if we can prove that
W — =K' (K? +a), (45)

then the periodic wave solutions (42) turns to the soliton
solution

w=—-2In(F),, F=1+c¢,
g =ro+y+ 0t +wir,

W= —K'(K?4+0a). (46)
In fact, it is easy to see that

ay = —32720(6% 4461+ ),

as1 = =876 +98° + ), as =25+28"+---,

by = (25671 K3 — 16am®k1)6% + - - - |

by = 2(167* k31 — dam?ke)d + 2(16 - 347tK3L

—4a- 3207 k1) 6% 4 - -,

a12:1—|—252+258+-'-,

.001 1

0.002 1

-0.003 1

(c)

(b)

(a) The figure represents periodic solution (42) with o =4, k = 0.03, 7 =4, ¢ = 0.03; (b) Along z-axis;

| which lead to

a1obs — brage = (327* K31 — 8am®ki)d + o(6),

a11a22 — ajaaz; = 8726 + o(6), (48)

so we have w — —4m2k> + ak, as § — 0, which is equiva-

lent to w’ — —&/(K"? + ), as § — 0.

4.3 (241)-Dimensional Sawada—Kotera Equation
With the silimiar calculation process as Sec. 4.1, we

have

G(0) = i (—16n*m%kw — 1280n 7tK3L — 80n?7w%.2
+ 40960570 K8 — ~) 20T = |

G() = i (—=4(2n — 1)*1kw
i_z;ooén — D)*7rte3 — 4(2n — 1)%72,2

+64(2n — 1)876K6) — 4) ™ @7* 204 DT — g (49)

For the sake of convenience, we denote that

0 (n) = e2ﬂin27 y 42 (TL) = eﬂi(2"2—2n+1)77
> o0
ann = Z —16n 1% kq (n), a2= Z a(n),
n=—oo o
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4y — Z 420 — 127%kga(n),  ap = Z o), then Eq. (49) can be written as
n=—o00 n=-—o00 a11w+ b1 —ca1o =0, asqw+by —caz =0. (51)
b1 = Z (—1280n*m* k31— 80n2 w212 +4096n578 k%) q1 (n) Solving this system, we obtain
ne—o0o W= aiaby — biass ¢ = aiiby — bias (52)
o aiiage — aa1s’ a11a22 — 21012
be = Z (=80(2n — 1) 7 k3L — 20(2n — 1)%7%.2 Thus, we obtain the periodic wave solution
S oo u=6In(F),, (53)
642 = 1) )az(n) (50) where F' and w are given by Eqs. (23) and (52), respec-
tively.
|
0,011
\ 7 0/008
AN
A\ N
N/ 00
A A A
AN
\ \v// N\ \v// AN .
‘%&%@%&%@& A 0 0 40 |6 | " %0 40 0 2 | 0] & 7
\:f%"&%@%fﬁ%&ﬁ?/ 0.002
A
> if/ v ~0.006
-0.008

Fig. 3 (a) The figure represents periodic solution (53) with k = 0.03, 7 = 4, ¢ = 0.03; (b) Along z-axis; (c) Along

y—axis.

From Eq. (23), we write F as
F=1+45(e¥ 4 e 2m8) 15t (o™i p o181 | (54)

where § = ™7,
Setting

K =27mik, o =2mit, ' =2riw,
g =ro+y+ ot +mir,
we get
F=1+6(e* 4 e 2m18) 4 §1(1™6 4 =™ 4 ...

=1+ e +6%(e ¢ + X))+ 0%(e 2 £ 3 ) 4.

—1+4¢ef, as 6§—0. (55)
It is interesting that if we can prove that
/2
W' — bK? — + K, (56)

h:/
then the periodic wave solutions (53) turns to the soliton
solution

w=—-2In(F),, F=1+c¢,

¢ =rr+Jy+ 't +mir,
2

bYA
w/:5’<}/2_ - +Kr/5.

| In fact, it is easy to see that

ay = —32m2k(6% + 46 + ),

ajo =14+262 +28% 4.+,

az = —8m%k(J +96° +--),

age =26 +28° + -,

by = (12807 k31 — 807?12 + 40967°K%)5% + -+ |

by = 2(—80m? K31 — 207212 + 647°K%)0 4 2(—80 - 347tk
—4-3%7%2 +64-357565)8° + - - -, (58)

which lead to

a12by — biagse = (—160W4n3L —4072%2 4 1287°%6%)5+ 0(6) ,

a11a92 — 12021 = 872KS + 0(6), (59)

so we have
2,2 502 4.5
w— —20m*Kk“L — — + 167°k°, as § — 0,
K
which is equivalent to w’ — k2 — 52 /Kk/ + K/%, as § — 0.

5 Conclusions

In this paper, we investigate (2 4 1)-dimensional KdV
equation, extended (2+1)-dimensional shallow water wave
equation, and (2 + 1)-dimensional Sawada—Kotera equa-
tion. Their bilinear forms are given by applying binary
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Bell polynomials which has proved to be a quick and sim-
ple method. Then, we get their periodic solutions with
the help of Riemann theta function and Hirota method.

Futhermore, we obtain the corresponding soliton solutions
via asymptotic analysis for their periodic wave solutions.
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