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Abstract Two Darboux transformations of the (2+1)-dimensional Caudrey—Dodd-Gibbon—Kotera-Sawaka (CDGKS)
equation and (241)-dimensional modified Korteweg-de Vries (mKdV) equation are constructed through the Darboux
matrix method, respectively. N-soliton solutions of these two equations are presented by applying the Darboux trans-
formations N times. The right-going bright single-soliton solution and interactions of two and three-soliton overtaking
collisions of the (241)-dimensional CDGKS equation are studied. By choosing different seed solutions, the right-going
bright and left-going dark single-soliton solutions, the interactions of two and three-soliton overtaking collisions, and
kink soliton solutions of the (2+1)-dimensional mKdV equation are investigated. The results can be used to illustrate

the interactions of water waves in shallow water.
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1 Introduction

The study of finding explicit solutions for diverse soli-
ton equations has been extremely important but compli-
cated in the nonlinear science. So far, several system-
atic methods have been developed to obtain explicit so-
lutions for the 141 dimensional soliton equations such
as the inverse scattering transformations(IST),[!l Dar-
boux transformation (DT),2~11 bilinear method,2~3]
symmetry approach,*=2% nonlinearization approach of
Lax pairs,?!] symmetry constraint approach,?2=23 al-
gebraic curve method,?*=2?% extended-tanh function
method?0=2") and so on. Among them, DT is one of
the most effective and powerful approaches, since start-
ing from one trivial seed solution, explicit nontrivial N-
soliton solution can be obtained by applying the DT
N times.?=3 But for the (2+1)-dimensional case, the
situation is not so good that it becomes more compli-
cated and difficult to find its explicit solutions.?! Nev-
ertheless, the nonlinearization approach of Lax pairs
and symmetry constraint approach provide an effective
way to solve the (2+1)-dimensional nonlinear equations,
which separate the (241)-dimensional nonlinear equa-
tions into two (1+1)-dimensional integrable nonlinear
equations.[22—23,28—29]

In this paper, we consider two (2+1)-dimensional non-
linear equations, which are both closely related to the
modified Korteweg-de Vries equation and have important

applications in the study of the shallow water.!10:28—29]

The first equation is the (2+41)-dimensional Caudrey—
Dodd-Gibbon-Kotera—Sawaka (CDGKS) equation

+ 15¢,0; *qy + 50, ' qyy » (1)

and when introducing the constraint! —2u?
Eq. (1) can be decomposed into two (1+41)-dimensional
integrable equations, which are the modified Korteweg-de
Vries equation and one high-order equation in the mKdV
hierarchy

23,28 o —

3

2
Uy = Ugge — OU Uy, (2)
2
duy = Ugzzar — 10U Uzrr — 40UUL ULz,

— 10u3 + 30utu, . (3)

Equation (1) was firstly proposed by Konopelchenko and
Dubovsky, 3% and many important results of it have been
obtained[?3:28:30=35] gych as the DT and the Bicklund
transformation based on a third-order linear operator
by Geng,?? quasi-periodic solutions by Cao, Wu, and
Geng,?®! nonlocal symmetries by Lou and Hu,*!l multiple
soliton solutions by Wazwaz!®3 and so on.

The other (2+41)-dimensional nonlinear equation dis-
cussed in the present paper is the (241)-dimensional mod-
ified Korteweg-de Vries (mKdV) equation

4Gt = Quaw — 6¢°qx — 64,0, 'qy + 30, 'qyy — 18qqy, (4)
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which is different from the modified Kadomtsev— large-amplitude ones. The right-going bright and left-
Petviashvili (mKP) equation.'”! The equation was pro- going dark single-soliton solutions, the interactions of two
posed by Geng and Caol?? with the help of first two non-  and three-soliton overtaking collisions of Eq. (4) are re-
trivial equations in the Kaup-Newell(KN) hierarchy 36! searched, the large-amplitude solitons naturally overtake
the small-amplitude ones. Moreover, some kink soliton

_ 2 _ 2
Uy = —Upr = 2(u0)a, Uy =Vee —2(w0%)as (5)  golutionsH1-42) of Eq. (4) are given by choosing different
Ut = Uggy + 6(uvUuy + ugvz)m , kind of seed solution.

Uy = Vgga — 6(uvvy — u20?), (6) The present paper can be organized as follows. In

Sec. 2, two DTs of the (241)-dimensional CDGKS equa-
and if u and v are the solutions of Egs. (5) and (6), oy (1) and (2+1)-dimensional mKdV equation (4) are
the constraint®®l ¢ = wv gives the solution of Eq. (4).  constructed through the Darboux matrix method. In
Some crucial results have been obtained for the KN  gq.. 3, N-soliton solutions of Egs. (1) and (4) are given,
system(237=44] or the corresponding equations. For in-  and some interesting figures are plotted.
stance, the nonlinearization of the KN eigenvalue prob-

lem under the Bargmann constraint and the involutive 2 Darboux Transformation
solution of the well-known derivative Schréodinger (NLS)
equation were given by Qiao,l*?! the quasi-periodic solu-
tion of Eq.(4) through introducing the Abel-Jacobi coor-
dinates was obtained by Geng and Cao.[??! Especially, in In this section, we establish two DTs for the (2+1)-

Ref. [39] some one and two-soliton solutions of Eqs. (5)  dimensional CDGKS equation (1) by the Darboux matrix
method. Firstly we consider the Lax pairs of it

o, =ve, v = (7 ). )

2.1 Darboux Transformations of (2+1)-Dimen-
stonal CDGKS

and (6) were given.

In this paper, based on the DTs in Refs. [32], [37]-[39],
two different forms of DTs for Eqs. (1) and (4) are con-
structed through the Darboux matrix method, respec- by =Vi(N)6,
tively. N-soliton solutions of these two (2+1)-dimensional ) SN+ g — 20® AN — (202 + 2uy)\
nonlinear equations can be given by applying the DTs Vi(\) = < AN — 202 4 2u AU — w4 208 ) . (8)
N times. By choosing adequate seed solutions and spec- zv(ll) V(m)”

2 2 )

tra.l param(?ters, th'e right-going bright smg.le—sohton S0- b, = Va(\)g, Va(\) = < 1) (1) (9)
lution and interactions of two and three-soliton overtak- Vy =V

ing collisions of Eq. (1) are studied, and what is inter- here X is the spectral parameter, u is the potential, ¢ =
esting is that the small-amplitude solitons overtake the = (¢1,¢2)T, and

1 —u

1 5 5 3
V2(11) = 4uN? + (g — 203X + 7 Yeaze ~ §uui - §U2umc + §U57
1 3 1
V2(12) =4)\3 - (2u2 + 2ugc)/\2 + (gui — UlUgy + §u4 — Eumz + 3u2ux)/\,
1 3 1
1/2(21) = 4X\? — (2u® — 2up)\ — Uty + §ui + §u4 + 3 tezw — 3uluy

by using the compatibility condition of (7), (8), and (9), one can obtain Egs. (2) and (3) naturally.
Next, in order to construct the Darboux matrix for the above spectral problem, we consider the gauge transforma-
tion(2-10—11]

p=T¢, (10)

where T'= T'(z,y,t,A) is a 2 X 2 matrix, and under the above transformation the original Lax pairs can be changed
into the following new ones

¢ =Up, U= (T, +TU)T, (11)
¢y =Vig, Vi=(T,+TVi)T ", (12)
¢ = Vo, Vo= (T, +TVo)T . (13)

If the new Lax pairs have the same type as the original ones, we call the gauge transformation Darboux transformation.
To this end, by considering the form of U, two DTs of Eq. (1) can be constructed.
(i) The first Darboux transformation
Denote that
—)\10' A
T= 14
(Y ) (1)
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here 0 = ¢2/¢1, and (¢1 = ¢1(w,y,t,\1), b2 = da2(x,y,t,A1))T is one basic solution of the spectral problem (7)—(9)
with A = A{. Then from the above definitions, we have

detT = —(A— A1), (15)
and the following Riccati equations
o, =1—20u— )\102, (16)
oy = 4M1 — 2u® + 2uy + (4u® — 8\u — 2ugr)o — [ANF — (2u® + 2ug) M ]o?, (17)
1 3 1
oy = 4/\% — o2 u? 4 20Uy — Uy + §ui + §u4 + §umm — 3uluy
1
+ (4/\1u3 — SUA% — 2\ Uy — §umm + 5uui + 5uluy, — 3u5)0
1 3 1
— [4/\? — (2u® + 2u )M\ + (§ui — Uy + §u4 ~ 5 Usaa + 3u2um))\1]02. (18)

Based on the above facts, the following theorem can be directly given.
Theorem 1 From a known solution u of Eqs. (2) and (3), the following explicit formula
i=—-u—ANo+o ! (19)

gives the new special solution of Eqgs. (2) and (3), then the new solution of the (241)-dimensional CDGKS equation
(1) can be obtained by the constraint g = —2u?.
(ii) The second Darboux transformation

Let
A —o7 1A
T= 7 , (20)
—)\10 A
i=u-+M\o—o L. (21)
Here
det T = A\ — A1), (22)

and o is the same one defined in (14). Similar to first DT, we can also find that the gauge transformation (10)
determined by the above matrix (20) is also the Darboux transformation, the transformation between the old potential
and the new one is presented by (21).

2.2 Darboux Transformations of (2+1)-Dimensional mKdV
In this section, we study DTs for the (2+1)-dimensional mKdV equation (4). The Lax pairs of it are

—IX
_ _ 2
o=, MOy = ("2 1Y) (23)
—IXNZuvd ud? — (ug + 2u0)A
=N(Np, Ni(\) = 2 ’ 24
Z 1N, 1) <v/\+vz—2uv2 %AQ—uv/\ ) ’ (24)
(1) A(12)
N. N.
dr = Na(N)g, N2(A) = ( 2 ’ ) ; (25)
N2(21) _N2(11)

with
1
N = —5)\3 + uvA® + (uvy — ugv — 3uPv?)A,
NI = udX® = (uy + 20*0)A? + (tgp + 6uvu, + 6u’v?)A,
N2(21) - 'UA2 + ('Ux - 2’[,L’U2)A + Vgx — GUU’UI + 6U21}3.

Here ) is the spectral parameter, u and v are potentials, ¢ = (¢1,#2)T. By using the compatibility condition of the
above Lax pairs, one can directly obtain Egs. (5) and (6).

Similarly to the above section, two DTs can be obtained according to the form of M.

(i) The first Darboux transformation

Suppose that
_ —1y _ _ _ -1
T ( (1 —du) 5/\ A1 u(1 15u) A ) , (26)
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here § = ¢o/¢1, and (¢1 = ¢1(x,y,t, A1), d2 = ¢a(x,y,t,\1))T is one basic solution of the spectral problem (23)—(25)
with A = A\1. Then it follows that

detT = (A — A1), (27)
and the Riccati equations
6z = U+ A6 — A\jud?, (28)
8y = VA1 + v — 2uv? + (A — 2uvA1)d — [ud] — (up + 2u?v)\]62, (29)
Oy = v)\% + (v, — 2uv2))\1 + Uy — BuvY, + 6uc0® + [)\? - 2uv)\% — 2(uvgy — uglv) Ay
+ 66U\ ]0 — [uA? — (ug + 2u?0)AT + (e + Buvu, + 6udv?)A\]6%. (30)

Based on the above facts, the following theorem can be given similar to the one given in the above section.
Theorem 2 For a known solution (u,v) of Egs. (5) and (6), the explicit calculation form
—ud + Mu?d — uy — v
(=1 + ou)? ’
gives the new special solution of Egs. (5) and (6), and the new solution of the (2+1)-dimensional mKdV equation (4)
can be obtained by the constraint ¢ = u?.

(ii) The second Darboux transformation
Assume that

u =

v =10(1—du) (31)

r= <_fA —Al_f\51A> ’ (82)
7= \6(—1+5u), ©= “;;215 (33)

Here
detT:)\(%—l), (34)

and ¢ is the same one defined in (26). Equally, we can also find that T" determined by (32) is the Darboux matrix, the
transformation from the old potentials into the new ones is given by (33).

3 Explicit Solutions

In this section, we apply the DTs (14) and (26) given in Subsecs. 2.1 and 2.2 to construct new analytical soliton
solutions for Eqgs. (1) and (4). The interactions of three-soliton solutions for this two equations are shown. The DTs
(20) and (32) can be similarly discussed, here we refrain from presenting it.

3.1 Explicit Solutions of (2+1)-Dimensional CDGKS

We start from a constant solution u = ug (ug # 0) of Egs. (2) and (3), and substituting it into the linear Lax pairs
(7)—(9) with A = \;, two basic solutions can be chosen
(4)

pU) = < %)) = ( Ty cosh; > , j is odd number,
2] u%—l—)\j sinhfj/)\j —UOCOShfj/)\j
(4) .
G (P10 _ sinh &; > . L
¢ < é]) > (\/mcosh €;/A; — ugsinh &/ , J 18 even number,

with

1
€ = Ju2 + ) [:v + 2024 —ud)y + 5 (8N — dudA; + 3u3)t] .

Case 1 Using the DT (14) one time, we have

1 y/u? + A\;sinh & — ug cosh &g 1 5
_ 1 — = (y/u2 + A tanh & — )
a1 A1 cosh & )\1( up+ A tanh & — o

With the aid of (19), we obtain single-soliton solution of Egs. (2) and (3)

_ )\1
UL = —ug — M0 +01:_\/mtanh + ’ %
1 0= Ao1 +0, 0T A tanh s (v/ug + A tanh & — ug) o

and the constraint q; = —2u? gives the single-soliton solution of Eq. (1).
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Case 2 Using DT (14) two times, we have
—A\o A sinh
#al1] =T0u,2a)6 = ( . _0?1 ) ( N coshgg/xiz— uo sinh €2/ Ao )
— oy sinh & + y/uZ + g cosh & — ugsinh &

B (sinh@ — (Vud + Xa/o1X2) cosh & + (ug/o1A2) sinh & > ’

o1 A2 sinh & — y/ud + A2 cosh & + ug sinh & o1 A2 tanh & — y/ud + A2 + ug tanh &,
(—A1oqsinh & + \J/ud + Aa cosh & — ug sinh &)1 A2 - (—=A1o1 tanh & + \J/ud + A2 — up tanh &)1 Ao '
By using (19), we obtain two-soliton solution of Eqs. (2) and (3)

09 =

_ A
Us = —Up — Ag0g + 05 L = vJuZ 4+ A tanh & —
2 0 (v/ug 4+ A1 tanh & — )

0'1)\2 tanh@ — 1/ u% + )\2 “+ ug tanh@ (—)\10'1 tanh§2 + \/’U,g + )\2 — Up tanhfg)al/\g
- + (36)
(—/\10'1 tanh@ + +/ u% + )\2 — Up tanh§2)01 0'1)\2 tanh{z — v/ u% + AQ + ug tanh{z

then the constraint g = —2u3 gives the two-soliton solution of Eq. (1).

01 0 0

(a) (b) (c)
—9 —21 —2
”T —4 NT —4 ny 4

|
—6 —6 —6
sl -8 81
—50 —45 —-40 -35 —-30 —-25 —-10 0 10 20 30 35 40 45 50 55
T x T
Fig. 1 (a), (b), and (c) Interaction of the right-going bright three-soliton overtaking collision of up = 2, A1 = —2,

A2 =—15,A3=—-1latt=0,y=—3,0 and 3; The small-amplitude solitons overtake the large-amplitude ones.

Continuing the above process, we get the three-soliton solution of Eq. (1), see Fig. 1. Next we have

. _ —/\j_loj_l /\j —)\j_QO'j_g )\j —Ao1 /\j gj)
oili—1] = 1 - 1 1) -1 i)
—0,_ _U]_2 1 —Ul ¢2

=1
V) S T R
¢j1li —1]
therefore the following formula can be given.

Case N Using DT (14) N times, N-soliton solution of Egs. (2) and (3) can be expressed as follows

N N
uNz—uo—Z)\jUj—i-ZU;l, (37)
j=1 j=1
and the N-soliton solution of Eq. (1) is given by the constraint gy = —2u3;.

3.2 Explicit Solutions of (2+1)-Dimensional mKdV

In this section, we consider three different kinds of constant seed solutions of Eq. (4), then three different types of

soliton solutions of Eq. (4) are obtained.
(i) Choose (u,v) = (ug,1) (uop # 0) as the seed solution, substituting it into the linear equations (23)—(25), two

basic solutions can be chosen

(4)
o= (9 = coshey  is odd numb
¢ ((g)) (é—;sinhﬁj—g—;coshgj . j is odd number,
_ (4) inh &
oY) = (b%j) = 4 St % . , jis even number .
o3 C—;coshgj — C—j sinh &;

Here

5‘ . (/\J + 411,0)/\j [x + (/\J - ZUO)y + (/\? - 2/\jU0 + 6’UJ(2J)t]
J 2 ’
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Aj = (632508 + X2 (N = 2u0) /A Fdug, By = —A 4 2uA? — 6udN;,  Cj = 2uohd — 4udA? + 1263 .

Case 1 Using DT (26) one time, we have

5, = Aj sinh & — By cosh & _ ét anh &) — B,
C1 cosh & 4 Cl
With the aid of (31), we obtain single-soliton solution of Egs. (5) and (6)
wy = —uUgA1 + Alugél - ug _ A1Ug B u%
(=1 +d1up)? —1+d1uo (=14 0d1u9)?’
vy =81 (1 — d1up) = (é— tanh &; — g—l) {1 — uo(é tanh & — g—i)} , (38)

and the constraint ¢; = ujv; gives the single-soliton solution of Eq. (4).

Case 2 Using DT (26) two times, we get

9 (1/(1 — 61U0)))\2 — )\1 —(’U,O/(l — 61U0)))\2 sinh§2
B2ll] = T(h, X)) = ( —5, 1 ) ((AQ/CQ)cosh@ - (BQ/OQ)Smth)
_ (((1/(1 — d1ug)) A2 — A1) sinh & — ((uo/(1 — d1u0))A2)((A2/C2) cosh & — (B2 /Ca) Sinh§2))
B —d18inh & + (A2 /C3) cosh s — (Ba/Cs) sinh &, ’
then it holds that
5y = —d1 sinh & + (Az/Cy) cosh&s — (Bg/Ca) sinh &
((1(1 — 51’(1,0)))\2 — )\1) Sinh§2 — ((u (1 — 51’(1,0)) )( A2/CQ) COSh§2 — (B2/C2) Sinhfz)
—d1 tanh & + (A2/Cs) — (Ba/Ca
((1(1 = b1u0))A2 — A1) tanh & — ((uo(1 — d1uo))A2)(
By using (31), we obtain two-soliton solution of Eqs. (5) and (6)

(
(
)tanh§2
(A2/C2) — (B2/C2) tanh &) -

—Ui Ao + )\2’(1,%52 — Uiy — u%vl

Ug = Vo = 52 1— 52’(1,1 39
(_1 + 52U1)2 ) ( ) ) ( )
then the constraint g = ugve gives the two-soliton solution of Eq. (4).
1.8 15 1.8
(a) (b) c
161 14 n (c)
13
14 12 14
3 > S
S S
12 ¥ L 12
10 1.0
: 0.9 10
0.8 0.84 0.8
-70 —65 —60 —55 50 —45 —-15 —-10 -5 0 5 10 15 45 50 55 60 65 70 75
x z z

Fig. 2 (a), (b), and (c) Interaction of the right-going bright three-soliton overtaking collision of uy = 0.8, A1 = —4,
A2 =—4.5, A3 = -5 att =0, y=—10, —0.2 and 10; The large-amplitude solitons overtake the small-amplitude ones.

Continuing the above process, three-soliton solution of Eq. (4) can be obtained, see Fig 2. Next we have

dili— 1] = ((1/(1 = dj—1uj—2))A; — Njm1 —(uj—2/(1 = 6j—1u;—2) >
A

5,
y <(1/(1—5jz_uj‘3))/\j —Aj—2 —(uj- 3/(1_6J 2Uj—3)) a)
(1/(1 = b1up))Aj — A1 —(uo/(1 = d1u0)) s\ [ ¢4
(MU 1 ><¢;>)
%l -1
5= S 3.4,....N,

therefore we have the following formula.

Case N Using DT (26) N times, N-soliton solution of Egs. (5) and (6) can be obtained

2 2
—UN—1AN + ANUK_ 10N — UN—1,2 — UKy _1UN—1
(—1+dnun-1)? ’

unN =
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UN :5N(1—6NuN_1), (40)
and the N-soliton solution of Eq. (4) is presented by the constraint gy = unvy.
—06 (@ o6 (b) —06 (c)
—0.8 —0.8
- —10 5 —08 ~—0.10
S S S
—-12 —1.0 —0.12
~14] s ~0.14]
—16 —0.16
35 40 45 50 55 60 -10 -5 0 10 15 —60 =55 —50 —45 —40 -35 -30
xT T €T
Fig. 3 (a), (b), and (c) Interaction of the left-going dark three-soliton overtaking collision of ug = 0.5, A1 = 3, A2 = 3.5,

As=4att=0,y=—10, —0.3 and 10; The large-amplitude solitons overtake the small-amplitude ones.

(ii) Choose (u,v) = (ug, —1) (ug # 0) as the seed solution of the (2+1)-dimensional mKdV equation (4), the basic
solutions of the linear system (23)—(25) can be chosen as

oo (4 _ cosh¢; .
oY) = G | = . , 7 is odd number ,
o5 (v (Aj —4ug)\j/2upA;) sinh & + (1/2ug) cosh &;
(9) :
, hé:
¢(J) = ( %j)> = < sinh . ) , J is even number,
o5 (Vv (Aj —4ug) X\ /2upA;) cosh & + (1/2ug) sinh &;

¢ ()\J — 4’LLO))\j [11 + ()\] + 2U0)y + ()\? + 2)\jU0 + GU(%)t]
=
2

Based on the above basic solutions, the single, two and three-soliton solutions of Eq. (4) can be directly given similar
to the formula (38) and (39). The interaction of the left-going dark three-soliton overtaking collision is shown in Fig. 3.

here

) il
i

s._ ‘
=

Z—Z ]
==

7

=
=

=
—

——

7
Z—=

Z=—
=

W
LN

7

—
—

\

—
7—

—
7

7

A
I

2z
7z
72

Fig. 4 (a), (b), and (c) The one-kink solution with uo = 1, A1y = 1, two-kink solution with uo =1, A1 =1, A2 =2 and
three-kink soliton with uo =1, A\1 =1, Aa =2, A3 = —2 at t = 0.

(iii) Choose (u,v) = (up,0) (ug # 0) as the seed solution of the (2+1)-dimensional mKdV equation (4), the basic
solutions of the linear Lax pairs (25)—(27) can be chosen as

) (2N jz+A3y+ASt) /2 —(ASy+ASt) /2y —Xjz/2
) 1 (up e +e )e
= (o)~ (

¢§j) e()\jm—i-)\?y—',—)\?t)/Q ) ,Jj is odd number,

_ gj) (qu(Q,\jz+,\§y+,\§t)/2 _ e—(,\§y+,\§ft)/2) o NiT/2
o) = (d)gj)) = ( JVESEVISAE ) , J is even number.

Then some kink soliton solutions of Eq. (4) can be given, see Fig. 4.

4 Discussions

In this paper, we investigate two (2+1)-dimensional nonlinear equations, which are the (2+1)-dimensional CDGKS
equation (1) and (2+1)-dimensional mKdV equation (4). Two DTs of these two equations are constructed through
the Darboux matrix method, respectively. N-soliton solutions of Egs. (1) and (4) are obtained by applying the DT N
times. For the (2+1)-dimensional CDGKS equation (1), the right-going bright single-soliton solution and interactions
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of two and three-soliton overtaking collisions are studied, the small-amplitude solitons interestingly overtake the large-
amplitude ones. For the (2+1)-dimensional mKdV equation (4), the right-going bright and left-going dark single-
solitons, the interactions of two and three-soliton overtaking collisions are investigated, the large-amplitude solitons
naturally overtake the small-amplitude ones. Moreover, by choosing different kind of seed solution, some kink soliton
solutions of Eq. (4) are plotted. Our results can be used to illustrate the interactions of water waves in shallow water.
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