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In this paper, nonlocal symmetries defined by bilinear Bécklund transformation for bilinear potential KdV (pKdV)
equation are obtained. By introducing an auxiliary variable which just satisfies the Schwartzian form of KdV (SKdV)
equation, the nonlocal symmetry is localized and the Levi transformation is presented. Besides, based on three different
types of nonlocal symmetries for potential KdV equation, three sets of negative pKdV hierarchies along with their bilinear
forms are constructed. An impressive result is that the coefficients of the third type of (bilinear) negative pKdV hierarchy
(N > 0) are variable, which are obtained via introducing an arbitrary parameter by considering the translation invariance of

the pKdV equation.
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1. Introduction

Lie group theory!!:?] is one of the most effective methods
for seeking exact and analytic solutions of nonlinear partial
differential equations (PDEs). Starting from Lie point sym-
metries, one can compute corresponding finite transformations
and similar reductions to obtain explicit solutions directly.
With the development of integrable systems and soliton theory,
a variety of nonlocal symmetries have been intensely investi-
gated in the literature. For example, a type of nonlocal sym-
metries which are related to Lax pair of integrable equations,
that is so-called eigenfunction symmetries, 38! have played an
important role in the topics of symmetry constraints, soliton
equations with sources, positive and negative hierarchies, etc.

However, one usually cannot apply nonlocal symmetries
directly to get explicit solutions via the classical Lie group
method. One feasible way is to localize nonlocal symme-
tries by introducing another auxiliary variables into an ex-
tended system. In fact, this generalization of the concept of
nonlocal symmetries by including pseudo-potentials was de-
vised by Edelen,[®! Krasil’shchik and Vinogradov!!%!!! in the
1980s by using their theory of coverings of differential equa-
tions. Galas!!?! rederived one-soliton solutions for the KdV
equation, Dym equation and AKNS system equations based
on nonlocal symmetries of this sort. As an application of
nonlocal symmetries for the bilinear KP equation and bilin-
ear BKP equation, Hu et al.!'3! derived two types of bilin-
ear negative KP and bilinear negative BKP hierarchies, re-
spectively. Recently the nonlocal symmetries are receiving
great interest and much progress has been made on this topic.
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In our early two papers,!'*!13 a class of nonlocal symme-
tries of the (potential) KdV equation in elegant and compact
form are derived from Bécklund transformation and Darboux
transformation. Then we use these nonlocal symmetries to
get abundant explicit solutions, especially the new interac-
tion excitations between solitary waves and cnoidal waves,
and to construct some integral models both in finite and in-
finite dimensions. One can also obtain the binary Darboux
transformation starting from the nonlocal symmetries, by solv-
ing an initial value problem via introducing a suitable pro-
longed system.!'®) In latter studies, based on this nonlocal
symmetries approach, kinds of novel exact interaction solu-
tions among solitons and other complicated waves have also
been found for mKdV equation,m] AKNS system,“gl KP
equation,!'”! the Hirota—Satsuma coupled Korteweg-de Vries
system,?%) the (2+1) dimensional modified generalized long
dispersive wave equation'?!! and the nonlinear Schrodinger
(NLS) equation. (221 [n Ref. [23], Bluman and Yang introduced
a new and complementary method for constructing nonlocally
related PDE systems, which was on the basis of each point
symmetry.

In this paper, our aim is to investigate nonlocal symme-
tries defined by bilinear Bicklund transformation and their
corresponding applications for bilinear potential KdV (pKdV)
equation. In Section 2, the nonlocal symmetry is localized and
the corresponding prolonged system for bilinear KdV equation
is found. An impressive observation is that the process of lo-
calization also leads to the Schwartzian form of KdV equation,
where the Schwartzian variable is realized by two solutions of
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the bilinear pKdV equation. Then via Lie’s first theorem, the
Levi transformation (the second Bécklund transformation) is
presented to give transformed solutions from trivial ones. In
Section 3, combining different types of nonlocal symmetries
with the bilinear Bécklund transformation of pKdV equation,
three sets of negative pKdV hierarchies along with their bilin-
ear forms are constructed. Section 4 is a short summary and
discussion.

2. Nonlocal symmetries related to bilinear
Bicklund transformation for bilinear KdV
equation

It is known that for KdV equation
a)t+wxxx_6wwx:07 (1

we have the potential KdV equation given by

ty + = 3uz =0, )
with @ = u,.
Furthermore, for Eq. (2), there is the following Bécklund
transformation: (%!
(u—up)?

Uy +uix=—21+ 3 , 3)

Uy =20 + 207 A 2upuy x — (u— 1) (e — Uy xc), (4)

with A being an arbitrary parameter. The compatible condi-
tion uy = uy 4, of Egs. (3) and (4) is just pKdV equation (2).
Under the transformations u = —2(In f)y and u; = —2(Ing)s,
the pKdV equation and its Bicklund transformation can be ex-
pressed as bilinear forms, saying

(DE+D.Dy)ff =0, (5)
(D} —2)fg=0, (6)
(D; 4+ D3 +3AD,)fg = 0. (7

The well-known Hirota’s bilinear operator D' D} is defined by

prprar = (2 - 9"
x b = ox ox

2 _dY\" )
X (é?t_z9t’) a(x,0)b(x',t")

x'=x,t'=t

[14]

In our early paper,''*! we obtained a nonlocal symmetry

of u for pKdV equation given by
o, = efu—ul dx. (8)

Here, the nonlocal symmetry of f for bilinear KdV equation
can be derived from Egq. (8), i.e.,

2
or=f [ 5 ©)

where f and g satisfy bilinear Bécklund transformation (6) and
).

Clearly, the symmetry equation (9) for f is nonlocal. To
localize Eq. (9), we introduce g; = g;(x,) by

fPa—g =0, 10)
F81 —4fug” +88frgs —4fg; +81 18" =0,
which leads nonlocal symmetry equation (9) to
or = f81- (11)

Then, by solving symmetry equations (6), (7), and (10) given
by

{ (D}~ 1)(f0; + 78) =0, >

(D, +D343AD,)(fo, +0sg) =0,
and
fQGgl,x + 2fglxo-f - 2gGg =0,
f3681~l + S(fxg - fgx)cg.,x
+8(fc8x — frug +2Af8)0, (13)
+ (3f281t —4g)2( + SAgz)Gf - 4g26f7m
+8gg,07, =0,

we obtain the corresponding symmetries 6, and o, of g and
g1 respectively, saying

O, =ag, O, =—g +2ag, (14)

with a being an arbitrary constant.

From Egs. (11) and (14), one can see that the prolonga-
tion of nonlocal symmetry equation (9) is closed after covering
three dependent variables f, g, and g;. Hence, the final pro-
longed system containing Egs. (5), (6), (7), and (10) is found,
which has the following Lie point symmetry

0

- ., 9
V_fglw+ag&7g+(_gl+2agl)87g' (15)

Due to Eq. (15) and Lie’s first theorem, solving the fol-
lowing initial value problem:

dx i _ o df _ =

de 7 de O de '8V

dg _ dg_l -2 _

qe % 52—814‘2“81’ (16)
X|8=0:x7 t_|8=0:ta f|£=0:f>

Zle=0=2¢, &ile=0 =21,

yields the finite symmetry transformations

f — f(l + exp(22a£)—1gl>’
“ 17)
o 2aexp(2a€)g (
~ 2a+ (exp(2ae) —1)g;
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Remark 1 The bilinear Backlund transformation (6) and
(7) in itself suggests a finite transformation from a solution f
to another one g while the obtained finite transformation (17)
arrives at a third solution f. Actually, the transformation (17)
is just the so-called Levi transformation or the second type of
Biicklund transformation.?*! This result shows the fact that
two kinds of Bicklund transformation possess the same in-
finitesimal form (9).

Remark 2 The form of o,, in Eq. (14) embodies the
Mbobious (conformal) invariance property
jig? , (ad #cD).

Actually, one can check that the introduced invariant g is

81—

nothing but just satisfy the Schwartzian form of KdV equation
(SKdV equation)

g1 +{gux}gix+6Ag1 =0, (18)

where {gl;x} = (gl,xxx/gl,x) - 3(gl,xx/gl,x)2/2 is  the
Schwartzian derivative. Here, the Schwartzian variable g

(exp(2ag) — 1)(cosh(Y) — 1) — Ao[(exp(2a€) — 1) (12A3t — x) +4af3] sinh(Y)

shown in Eq. (10) is determined by the solutions { f, g} of the
biliear Biacklund transformation.

Now by force of the finite symmetry transformation equa-
tion (17), one can get new solutions from any initial solu-
tions. For example, we take the trivial solution f = fy. From
Egs. (6), (7), and (10) with A = A2, we obtain the following
special solutions:

g = sinh(—Aox + 4231 +x0),
1
g1 = ——— [sinh(2Aox — 8Ag1 — 2x9) — 2A0x + 24A31], (19)
42015
where Ag, xo, and fy are three constants. Substituting Eq. (19)
into Eq. (17) leads to the transformed solution of Eq. (5)

. exp(2ag) — 1
f=ht 8alo fo
x [sinh(240x — 8Agt — 2xg) — 2A0x +24231], (20)

then to the solution of KdV equation (1), saying

o =2(In f) . = 16A (exp(2ag) — 1)

withY = —2Apx + 87Lgt ~+ 2x9.

Next, according to the classical Lie group method, the
complete Lie point symmetries of the whole system (5)—(7),
and (10) can be obtained. Then, abundant group invariant
solutions related to the nonlocal symmetry of the KdV equa-
tion, which are expressed in terms of rational function, Bessel
functions, period functions and their combinations, can be ob-
tained by following the same procedure in Refs. [14] and [15].
What is different from four variables in the prolonged system
of Refs. [14] and [15] is here three dependent variables are
enough to ensure the localization of the nonlocal symmetry.

3. Three sets of negative pKdV hierarchies

The existence of infinitely many symmetries leads to the
existence of integrable hierarchies and with the help of in-
finitely many nonlocal symmetries, one can extend the orig-
inal system to its negative hierarchies.!!32 In the following,
starting from the nonlocal symmetry (8) related to Biacklund
transformation of Eq. (2), three sets of negative pKdV hierar-
chies are constructed and their corresponding bilinear forms

are also presented.

3.1. The first type of negative pKdV hierarchy

Based on the nonlocal symmetry (8), a set of negative

pKdV hierarchy is obtained, reading

21
[(exp(2ag) — 1) (sinh(Y) +2Aox — 24A31) — 8ady f3]2 @D
|

N
Uy = — Z e_[u—u,-dx’

= 22)

—_ )2

e+t = — 2 + % i=1.2,....N,

where A; is an arbitrary constant. In particular, when N = 1,

one has the first equation of negative pKdV hierarchy, namely
Qtstty — 4uu? — u?, — 40 u? = 0. (23)

It is
well known that the first negative flow in the KdV hierar-

Here, we have instead 7_; with ¢ for simplicity.

chy is linked to Camassa—Holm equation via a hodograph

transformation!?”! or can be reduced to sinh-Gordon/sine-

Gordon/Liouville equations.[zg] Here, we can transform
Eq. (23) into sine-Gordon and Liouville equations. In fact,

by setting B = B(x,t) = —u,, we can rewrite Eq. (18) in the

form
BXX )62
= -= 24
ﬁx ( Zﬁ 4ﬁ2 la ( )
which can be integrated once with respect to x to give
Bnp)x+ B = Polt), (25)

where fy(¢) is an arbitrary function of ¢.

Then, for non-zero fy(t), one can rescale 8 to /o (¢)f,

redefine ¢ as 7/1/Po(¢) and set B = exp(in) to give the sine-
Gordon equation

Nu = sin1, (26)
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while for By (¢) = 0, by setting § = —expn, equation (25) be-
comes the Liouville equation

N =e'. 27

Furthermore, by virtue of the dependent variable transfor-

mation
u=—2Y =¥ 102N,
v Vi

the negative pKdV hierarchy (22) is directly transformed into
bilinear form

N
DXDLNW' Y= Z le’
i=1

1

(28)

(D= y-w=0, i=12,...N.

3.2. The second type of negative pKdV hierarchy

For the nonlocal symmetry (8) being dependent with ar-
bitrary parameter A, we may derive a type of negative pKdV
hierarchy by expanding the dependent variable in power series
of A. In this case, we have

1 8Nefu7u1dx
=i ()

(u—uy)?
s

)

A=0 29)

Ue+upy=—241+

Under transformations u = —2y,/y and u; = —2y,/y, the
negative pKdV hierarchy (29) becomes

1 aN 2
DDy Y-y = ( azyflvl )

N! y (30)
(D= 2)y- i =0.
Let y; = y1(A) has a formal series form
vi=Y W, 31
i=0
where ; is A independent. Then, equation (30) can be rewrit-
ten as
N
DD, w-w=Y Wy,
Dy Y-y ];OWN K )
DIy W =yW_1, k=0,1,... N,
with y_; =0.

The negative KdV hierarchy in bilinear form (32) is just
the special situation of the bilinear negative KP hierarchy for
y =0in Ref. [13].

3.3. The third type of negative pKdV hierarchy

By considering the translation invariance of pKdV equa-
tion (2) under the transformation u — u + ¢, another parameter

U can be introduced in the Béicklund transformation (3) and
(4) with u; — uy + U, saying

2
— 1
wﬂt(”l*u)ﬁ#zv

Uty = 2”)% + 214%7)6 +2uxuy

Uy +upy=—-21+
(33)

- (u —u)— .u')(uxx - l"l,xx)7

and the corresponding symmetry of u becomes ¢ =
eJumui—1dx 1 this case, we make A = 0 and construct an-
other negative pKdV hierarchy with the help of parameter u.
A novel set of negative pKdV hierarchy may be written down

as follows:
1 aNefufulfl.de
=i ( )|
u=0 (34)
2
— 1
Uy + Uy = M—Fu(ul —u)+ —u’.
2 2
Due to the same transformation u = —2y,/y and u; =

—2y1 x/ Y1, we have

1 [INe Hxy?
by = (o)

Y

N! -

1 S €S
(Di +uDy+ 4u2) vy =0.
Let y; = y;(u) has a formal series form
vi=Y o, (36)
i=0
where ¢; is ¢ independent, and it leads Eq. (35) to
- Nk ] Ky g
DD yy-y =Y (-1)"" WXN_ Y 0,

k=0 (N —=k)! i=0 (37)

_ _ 1 _
DY G+ Doy Gt + ¥ 2 =0, k=0,1,...N,

with ¢_, = ¢_1 = 0. For example, when N = 0, there is

DD, W -y = @2,
: tolf "I/ (PO (38)
Diy-¢o=0.
When N = 1, we have
DiD: -y = —x3 +2¢o 41,
D2y -1 +Dyy- o =0, 39)
DYy - ¢y =0.
When N = 2, we obtain
2
Xc - - - - _
DD, Y-y =565 = 26061 + (20062 + 91),
(40)

DJZ(II/ (ﬁl +DXW'$0 = 07
D}y -¢o=0.
Remark 3 One can see that the coefficients of the third

negative pKdV hierarchy (37) (N > 1) are variable, which are
exactly different from the other two cases.
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4. Summary and discussion

In this paper, the nonlocal symmetry depending on bi-
linear Bicklund transformation for bilinear pKdV equation is
localized by covering three dependent variables, which differs
from that in Ref. [14]. Via Lie’s first theorem, we obtain a
Levi transformation which possesses the same infinitesimal
form (9) with the original bilinear Béacklund transformation.
Furthermore, on the basis of the nonlocal symmetry (8) of
pKdV equation, three different types of nonlocal symmetries
are built and then applied to construct three sets of negative
pKdV hierarchies. In the third case, by considering translation
invariance of the pKdV equation, another arbitrary parameter
is introduced to get new nonlocal symmetries, which are then
expanded in power series to derive negative hierarchy. It is re-
marked that the third type of (bilinear) pKdV negative hierar-
chy with variable coefficients is fresh and worthy of our further
investigation. To search for nonlocal symmetries of integrable
systems and then to apply them to obtain new results are both
of considerable interest. We know that it is convenient to con-
struct N-soltions from the bilinear forms of integrable eqau-
tions. Combining bilinear equations or their bilinear Bicklund
transformation with nonlocal symmetries may provide a direct
way for seeking exact interaction solutions among solitons and
other background waves, the rogue waves solutions, the new
integrable models in bilinear forms, the nonlocal or local con-
servation laws, etc. We believe that this approach would also
play an important role in supersymmetry systems and discrete

equations.
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