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In this paper, we derive a general mixed (bright-dark) multi-soliton solution to a one-dimensional multicomponent
Yajima–Oikawa (YO) system, i.e., the (M + 1)-component YO system comprised of M-component short waves (SWs)
and one-component long wave (LW) for all possible combinations of nonlinearity coefficients including positive,
negative and mixed types. With the help of the KP-hierarchy reduction method, we firstly construct two types of general
mixed N-soliton solution (two-bright–one-dark soliton and one-bright–two-dark one for SW components) to the (3+1)-
component YO system in detail. Then by extending the corresponding analysis to the (M + 1)-component YO system, a
general mixed N-soliton solution in Gram determinant form is obtained. The expression of the mixed soliton solution
also contains the general all bright and all dark N-soliton solution as special cases. Besides, the dynamical analysis
shows that the inelastic collision can only take place among SW components when at least two SW components have
bright solitons in mixed type soliton solution. Whereas, the dark solitons in SW components and the bright soliton in
LW component always undergo usual elastic collision.

1. Introduction

The investigation of multicomponent nonlinear systems
has received much attention in recent years.1–4) Of particular
concern is the multicomponent generalization of the non-
linear Schrödinger (NLS) equation, namely, the vector NLS
equation.3–5) Particularly, it has been shown that multi-
component bright solitons undergo shape changing collisions
with intensity redistribution.6–11) This interesting collision
feature has been widely studied in real physical systems such
as nonlinear optics and Bose–Einstein condensates.12–16)

The long-wave-short-wave resonance interaction (LSRI) is a
fascinating physical process, in which a resonant interaction
takes place between a weakly dispersive long-wave (LW) and a
short-wave (SW) packet when the phase velocity of the former
exactly or almost matches the group velocity of the latter. The
theoretical investigation of this LSRI was first done by
Zakharov17) on Langmuir waves in plasma. In the case of long
wave propagating in one direction, the general Zakharov
system was reduced to the one-dimensional (1D) Yajima–
Oikawa (YO) equation.18) This model equation also appears in
diverse areas that include hydrodynamics,19) nonlinear op-
tics,20,21) biophysics22) etc. The 1D YO system is integrable by
the inverse scattering transform method18) and admits both
bright and dark soliton solutions.23,24) The rogue wave solutions
to the 1D YO system have recently been derived by using the
Hirota’s bilinear method25) and Darboux transformation.26,27)

In the present paper, we consider a general multi-
component 1D YO system28)

iSð‘Þt � Sð‘Þxx þ LSð‘Þ ¼ 0; ‘ ¼ 1; 2; . . . ;M;

Lt ¼ 2
XM
‘¼1

�‘jSð‘Þj2x ; �‘ ¼ �1; ð1Þ

which describes the dynamics of nonlinear resonant inter-
action between a LW (L) and multiple (say M) SWs (Sð‘Þ) in
one-dimensional case. Hereafter, we refer to the above

multicomponent system as the (M þ 1)-component YO
system. It was pointed out that the (2+1)-component YO
system can be deduced from a set of three coupled NLS
equations governing the propagation of three optical fields
in a triple mode optical fiber by applying the asymptotic
reduction procedure.29) Equation (1) has been derived to
describe the interaction between a quasi-resonance circularly
polarized optical pulse and a long-wave electromagnetic
spike.30) In the context of the many-component magnon–
phonon system, such multicomponent YO-type system has
also been proposed and its corresponding Hamiltonian
formalism was studied.31) Also, the authors in Ref. 29 have
carried out Painlevé analysis for Eq. (1) and obtained the
general bright N-soliton solution in the Gram determinant
form. Later on, they constructed an extensive set of exact
periodic solutions in terms of Lamé polynomials of order one
and two.32) The rogue waves of the (2+1)-component YO
system with �1 ¼ �2 ¼ 1 have been reported in Ref. 33.

It is worth mentioning that the KP-hierarchy reduction
method to derive soliton equations as well as their solutions
was developed by the Kyoto school.34) A number of soliton
equations such as the NLS equation, the modified KdV
equation, and the Davey–Stewartson equation can be
reduced from the KP-hierarchy. Indeed, the multicomponent
YO system (1) with same nonlinearity coefficients �‘ (all
�l ¼ 1, or �l ¼ �1) was derived from the KP-hierarchy in
Refs. 35–37. In particular, general (pseudo-) reductions of the
two-dimensional Toda lattice hierarchy to constrained KP
systems with dark soliton solutions were introduced in Ref. 38
and reductions to constrained KP systems with bright soliton
solutions from the multi-component KP hierarchy were
introduced in Ref. 39. For the (1+1)-component YO system
[whenM ¼ 1 in Eq. (1)], the detailed interpretation of how to
obtain the Wronski-type bright and dark soliton solutions by
using the reduction technique was presented in Ref. 40. By
applying this method, general dark–dark soliton solution was
derived in a coupled focusing–defocusing NLS equation.41)
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Recently, one of the authors42) has constructed general bright-
dark N-soliton solution to the vector NLS equation of all
possible combinations of nonlinearities including all focusing,
all-defocusing and mixed types. In a previous study,28)

we have obtained both the Gram-type and Wronski-type
determinant solutions of N dark-soliton for Eq. (1).

The goal of this paper is to construct general bright-dark
multi-soliton solution to the multicomponent YO system (1).
The rest of the paper is arranged as follows. In Sect. 2, we
deduce two types of general mixed soliton solution, which
include two-bright–one-dark and one-bright–two-dark soliton
for SW components, to the (3+1)-component YO system by
using the KP-hierarchy reduction technique. In Sect. 3,
general bright-dark soliton solution consisting of m bright
solitons and M � m dark solitons to the multicomponent YO
system (1) is obtained by generalizing our analysis. We
summarize the paper in Sect. 4.

2. General Mixed-Type Soliton Solution to the One-
Dimensional (3+1)-Component YO System

Prior to presenting the general mixed-type soliton solution
for Eq. (1), we first consider the 1D (3+1)-component YO
system

iSð1Þt � Sð1Þxx þ LSð1Þ ¼ 0;

iSð2Þt � Sð2Þxx þ LSð2Þ ¼ 0;

iSð3Þt � Sð3Þxx þ LSð3Þ ¼ 0;

Lt ¼ 2ð�1jSð1Þj2 þ �2jSð2Þj2 þ �3jSð3Þj2Þx; ð2Þ
where �‘ ¼ �1 for ‘ ¼ 1; 2; 3. For three short-wave
components, there exist two kinds of mixed-type vector
solitons (two-bright–one-dark and one-bright–two-dark).
Hence, in the subsequent two subsections, we will construct
these two types of soliton solutions, respectively.

2.1 Two-bright–one-dark soliton for the SW components
In this case, we assume that the SW components Sð1Þ and

Sð2Þ are of bright type and the SW component Sð3Þ is of dark
type. By introducing the dependent variable transformations:

Sð1Þ ¼ gð1Þ

f
; Sð2Þ ¼ gð2Þ

f
;

Sð3Þ ¼ �1
hð1Þ

f
eið�1xþ�21tÞ; L ¼ �2ðlog f Þxx; ð3Þ

A set of equations (2) is converted into the following bilinear
equations:

½iDt �D2
x�gðkÞ � f ¼ 0; k ¼ 1; 2;

½iðDt � 2�1DxÞ � D2
x�hð1Þ � f ¼ 0;

ðDtDx � 2�3�
2
1Þ f � f ¼ �2

X2
k¼1

�kg
ðkÞgðkÞ� � 2�3�

2
1h

ð1Þhð1Þ�;

ð4Þ
where gð1Þ, gð2Þ, and hð1Þ are complex-valued functions, f is a
real-valued function, �1 and �1 (�1 > 0) are arbitrary real
constants and � denotes the complex conjugation hereafter.
The Hirota’s bilinear differential operator is defined by43)

Dn
xD

m
t ða � bÞ

¼ @

@x
� @

@x0

� �n @

@t
� @

@t0

� �m

aðx; tÞbðx0; t0Þ
����
x¼x0;t¼t0

:

In what follow, we will show how the (3+1)-component
YO system and its mixed type multisoltion solution can be
obtained from three-component KP hierarchy by suitable
reductions. To this end, we firstly present tau functions of the
Gram determinant form in three-component KP hierarchy

�0;0ðk1Þ ¼
A I

�I B

�����
�����; ð5Þ

�1;0ðk1Þ ¼
A I �T

�I B 0T

0 � �� 0

��������

��������;

��1;0ðk1Þ ¼
A I 0T

�I B �T

� �� 0 0

��������

��������; ð6Þ

�0;1ðk1Þ ¼
A I �T

�I B 0T

0 � �� 0

��������

��������;

�0;�1ðk1Þ ¼
A I 0T

�I B �T

� �� 0 0

��������

��������; ð7Þ

where I is an N � N identity matrix, A and B are N � N
matrices whose entries are

aijðk1Þ ¼ 1

pi þ �pj
� pi � c1

�pj þ c1

 !k1

e�iþ��j ;

bij ¼ 1

qi þ �qj
e�iþ��j þ 1

ri þ �rj
e�iþ��j ;

and 0 is a N-component zero-row vector, Φ, Ψ, Υ, ��, ��, and
�� are N-component row vectors given by

� ¼ ðe�1 ; e�2 ; . . . ; e�NÞ; � ¼ ðe�1 ; e�2 ; . . . ; e�NÞ;
� ¼ ðe�1 ; e�2 ; . . . ; e�NÞ;
�� ¼ ðe��1 ; e��2 ; . . . ; e��NÞ; �� ¼ ðe��1 ; e��2 ; . . . ; e��NÞ;
�� ¼ ðe ��1 ; e ��2 ; . . . ; e ��NÞ;

with

�i ¼ 1

pi � c1
xð1Þ�1 þ pix1 þ p2i x2 þ �i0;

��j ¼ 1

�pj þ c1
xð1Þ�1 þ �pjx1 � �p2j x2 þ ��j0;

�i ¼ qiy
ð1Þ
1 þ �i0; ��j ¼ �qjy

ð1Þ
1 þ ��j0;

�i ¼ riy
ð2Þ
1 þ �i0; ��j ¼ �rjy

ð2Þ
1 þ ��j0:

Here pi, �pj, qi, �qj, ri, �rj, �i0, ��j0, �i0, ��j0, �i0, ��j0, and c1 are
complex parameters. Based on the KP theory by Sato,34) one
can find that the following bilinear equations are satisfied by
the above tau functions

ðDx2 � D2
x1
Þ�1;0ðk1Þ � �0;0ðk1Þ ¼ 0;

ðDx2 � D2
x1
Þ�0;1ðk1Þ � �0;0ðk1Þ ¼ 0;

ðDx2 � D2
x1
� 2c1Dx1Þ�0;0ðk1 þ 1Þ � �0;0ðk1Þ ¼ 0;

Dx1Dyð1Þ
1
�0;0ðk1Þ � �0;0ðk1Þ ¼ �2�1;0ðk1Þ��1;0ðk1Þ;
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Dx1Dyð2Þ
1
�0;0ðk1Þ � �0;0ðk1Þ ¼ �2�0;1ðk1Þ�0;�1ðk1Þ;

ðDx1Dxð1Þ�1
� 2Þ�0;0ðk1Þ � �0;0ðk1Þ

¼ �2�0;0ðk1 þ 1Þ�0;0ðk1 � 1Þ: ð8Þ
Here we omit the proof of the above bilinear equations,
which was given by using the Grammian technique.43,44)

Instead we carry out the reduction process to obtain bilinear
form (4) of the (3+1)-component YO system. By setting x1,
xð1Þ�1, y

ð1Þ
1 , yð2Þ1 are real, x2, c1 are pure imaginary and by letting

p�j ¼ �pj, q
�
j ¼ �qj ¼ r�j ¼ �rj, ��j0 ¼ ��j0, ��j0 ¼ ��j0 and ��j0 ¼ ��j0,

one can check that

aijðk1Þ ¼ a�jiðk1Þ; bij ¼ b�ji:

Furthermore, we can define

f ¼ �0;0ð0Þ; gð1Þ ¼ �1;0ð0Þ; gð2Þ ¼ �0;1ð0Þ; hð1Þ ¼ �0;0ð1Þ;
gð1Þ� ¼ ���1;0ð0Þ; gð2Þ� ¼ ��0;�1ð0Þ; hð1Þ� ¼ �0;0ð�1Þ;
and thus the bilinear equations (8) become

ðDx2 �D2
x1
ÞgðkÞ � f ¼ 0;

ðDx2 �D2
x1
� 2c1Dx1Þhð1Þ � f ¼ 0;

Dx1DyðkÞ
1
f � f ¼ 2gðkÞgðkÞ�; k ¼ 1; 2;

ðDx1Dxð1Þ�1
� 2Þ f � f ¼ �2hð1Þhð1Þ�: ð9Þ

Next, we conduct the dimension reduction by rewriting f as

f ¼ A0 I

�I B0

�����
�����; ð10Þ

via performing row and column operations, where A0 and B0

are N � N matrices defined as

a0ijðk1Þ ¼
1

pi þ p�j
;

b0ij ¼
1

qi þ q�j
e�iþ�

�
j þ��i þ�j þ 1

ri þ r�j
e�iþ�

�
j þ��i þ�j ;

with

�i þ ��i ¼ qiy
ð1Þ
1 þ 1

p�i þ c1
xð1Þ�1 þ p�i x1 � p�2i x2 þ ��i0 þ �i0;

��j þ �j ¼ q�j y
ð1Þ
1 þ 1

pj � c1
xð1Þ�1 þ pjx1 þ p2j x2 þ �j0 þ ��j0;

�i þ ��i ¼ riy
ð2Þ
1 þ 1

p�i þ c1
xð1Þ�1 þ p�i x1 � p�2i x2 þ ��i0 þ �i0;

��j þ �j ¼ r�j y
ð2Þ
1 þ 1

pj � c1
xð1Þ�1 þ pjx1 þ p2j x2 þ �j0 þ ��j0:

Therefore, under the reduction conditions

p�2i ¼ i�1qi � i�3�
2
1

p�i þ c1
; p2j ¼ �i�1q�j þ

i�3�
2
1

pj � c1
; ð11Þ

p�2i ¼ i�2ri � i�3�
2
1

p�i þ c1
; p2j ¼ �i�2r�j þ

i�3�
2
1

pj � c1
; ð12Þ

i.e.,
1

qi þ q�j
¼ i�1

ðp�i þ pjÞ
�
p�i � pj þ i�3�

2
1

ðp�i þ c1Þðpj � c1Þ
�; ð13Þ

1

ri þ r�j
¼ i�2

ðp�i þ pjÞ
�
p�i � pj þ i�3�

2
1

ðp�i þ c1Þðpj � c1Þ
�; ð14Þ

the following relation holds

@x2b
0
ij ¼ ð�i�1@yð1Þ

1
� i�2@yð2Þ

1
þ i�3�

2
1@x�1Þb0ij; ð15Þ

and thus one can get

fx2 ¼ �i�1 fyð1Þ
1
� i�2 fyð2Þ

1
þ i�3�

2
1 fx�1 ; ð16Þ

and its derivative with respect to x1,

fx1x2 ¼ �i�1 fx1yð1Þ1
� i�2 fx1yð2Þ1

þ i�3�
2
1 fx1x�1 : ð17Þ

On the other hand, the last three bilinear equations in (9)
expanded as

fx1yð1Þ1
f � fx1 fyð1Þ

1
¼ gð1Þgð1Þ�;

fx1yð2Þ1
f � fx1 fyð2Þ

1
¼ gð2Þgð2Þ�; ð18Þ

and

fx1xð1Þ�1
f � fx1 fxð1Þ�1

� f 2 ¼ �hð1Þhð1Þ�; ð19Þ
give

� i fx1x2 f þ i fx2 fx1 � �3�
2
1 f

2

¼ ��1gð1Þgð1Þ� � �2g
ð2Þgð2Þ� � �3�

2
1h

ð1Þhð1Þ�; ð20Þ
by referring to Eqs. (16) and (17).

Applying the variable transformations

x1 ¼ x; x2 ¼ �it; ð21Þ
i.e.,

@x ¼ @x1 ; @t ¼ �i@x2 ;
and taking c1 ¼ i�1, the first three equations in (9) become
the first three bilinear equation in (4) and Eq. (20) is nothing
but the last bilinear equation in (4).

Lastly, let e�i0 ¼ cð1Þ�i , e�
�
i0 ¼ cð1Þi , e�i0 ¼ cð2Þ�i , e�

�
i0 ¼ cð2Þi

(i ¼ 1; 2; . . . ; N) and define C1 ¼ �ðcð1Þ1 ; cð1Þ2 ; . . . ; cð1ÞN Þ and
C2 ¼ �ðcð2Þ1 ; cð2Þ2 ; . . . ; cð2ÞN Þ, one can arrive at the general
mixed solition (two-bright–one-dark soliton for SW compo-
nents) solution to the 1D (3+1)-component YO system,

f ¼ A I

�I B

�����
�����; hð1Þ ¼ Að1Þ I

�I B

�����
�����;

gðkÞ ¼
A I 	T

�I B 0T

0 Ck 0

��������

��������; ð22Þ

where A, Að1Þ, and B are N � N matrices whose entries
are

aij ¼ 1

pi þ p�j
e
iþ


�
j ;

að1Þij ¼ 1

pi þ p�j
� pi � i�1

p�j þ i�1

 !
e
iþ


�
j ;

bij ¼
i
X2
k¼1

�kc
ðkÞ�
i cðkÞj

ðp�i þ pjÞ
�
p�i � pj þ i�3�

2
1

ðp�i þ i�1Þðpj � i�1Þ
�;

and ϕ and Ck are N-component row vectors given by

	 ¼ ðe
1 ; e
2 ; . . . ; e
NÞ; Ck ¼ �ðcðkÞ1 ; cðkÞ2 ; . . . ; cðkÞN Þ;
with 
i ¼ pix � ip2i t þ 
i0 and pi, 
i0 and c

ðkÞ
i (i ¼ 1; 2; . . . ; N;

k ¼ 1; 2) are arbitrary complex parameters.

J. Phys. Soc. Jpn. 84, 074001 (2015) J. Chen et al.

074001-3 ©2015 The Physical Society of Japan



2.2 One-soliton solution
To obtain the single soliton solution, we take N ¼ 1 in the

formula (22). The Gram determinants read

f ¼ a11 1

�1 b11

�����
�����; hð1Þ ¼ að1Þ11 1

�1 b11

�����
�����;

gðkÞ ¼
a11 1 e
1

�1 b11 0

0 �cðkÞ1 0

�������
�������; ð23Þ

where

a11 ¼ 1

p1 þ p�1
e
1þ


�
1 ;

að1Þ11 ¼ 1

p1 þ p�1
� p1 � i�1

p�1 þ i�1

� �
e
1þ


�
1 ;

and

b11 ¼
i
X2
k¼1

�kc
ðkÞ�
1 cðkÞ1

ðp�1 þ p1Þ
�
p�1 � p1 þ i�3�

2
1

ðp�1 þ i�1Þðp1 � i�1Þ
�

for k ¼ 1; 2. Then one can write the above tau functions as

f ¼ 1 þ e
1þ

�
1
þ2Rð1;1�Þ; ð24Þ

gð1Þ ¼ cð1Þ1 e
1 ; gð2Þ ¼ cð2Þ1 e
1 ; ð25Þ
hð1Þ ¼ 1 þ e
1þ


�
1
þ2Rð1;1�Þþ2i	1 ; ð26Þ

with

e2Rð1;1
�Þ ¼

i
X2
k¼1

�kc
ðkÞ�
1 cðkÞ1

ðp�1 þ p1Þ2
�
p�1 � p1 þ i�3�

2
1

ðp�1 þ i�1Þðp1 � i�1Þ
�;

e2i	1 ¼ � p1 � i�1

p�1 þ i�1

:

It is necessary to note that this mixed soliton solution is
nonsingular only when e2Rð1;1

�Þ > 0.
The above tau functions lead to the one-soliton solution as

follows

SðkÞ ¼ cðkÞ1

2
e�Rð1;1

�Þei
1I sech½
1R þ Rð1; 1�Þ�;
k ¼ 1; 2; ð27Þ

Sð3Þ ¼ �1e
ið�1xþ�21tÞf1 þ e2i	1

� ð1 � e2i	1 Þ tanh½
1R þ Rð1; 1�Þ�g; ð28Þ
L ¼ �2p21R sech2½
1R þ Rð1; 1�Þ�; ð29Þ

where 
1 ¼ 
1R þ i
1I, the suffixes R and I denote the
real and imaginary parts, respectively. The quantities
jcðkÞ

1
j

2
e�Rð1;1

�Þ, k ¼ 1; 2 represent the amplitude of the bright
soliton in the SW components SðkÞ and the real quantity 2p21R
denotes the amplitude of soliton in the LW component −L.
For the dark soliton in the SW component Sð3Þ, jSð3Þj
approaches j�1j as x ! �1, and the intensity is j�1j cos	1.
As an example, we illustrate the mixed one-soliton at time
t ¼ 0 in Fig. 1 for the nonlinearity coefficients ð�1; �2; �3Þ ¼
ð1;�1; 1Þ. The parameters are chosen as �1 ¼ 1, �1 ¼ 2,

p1 ¼ 2
3
þ i, 
10 ¼ 0, cð1Þ1 ¼ 1 and (a) cð2Þ1 ¼ 3 þ i; (b) cð2Þ1 ¼

1 þ i. One can observe that when the parameters cðkÞ1 take
different values, the intensities of bright solitons for SW
components Sð1Þ and Sð2Þ change, but the depths of dark
soliton for SW component Sð3Þ and of the soliton for LW
component L remain the same.

2.3 Two-soliton solution
By taking N ¼ 2 in (22), we have the following Gram

determinants

f ¼

a11 a12 1 0

a21 a22 0 1

�1 0 b11 b12

0 �1 b21 b22

����������

����������
;

hð1Þ ¼

að1Þ11 að1Þ12 1 0

að1Þ21 að1Þ22 0 1

�1 0 b11 b12

0 �1 b21 b22

�����������

�����������
; ð30Þ

gðkÞ ¼

a11 a12 1 0 e
1

a21 a22 0 1 e
2

�1 0 b11 b12 0

0 �1 b21 b22 0

0 0 �cðkÞ1 �cðkÞ2 0

�������������

�������������
; ð31Þ

where

−10 −5 0 5 10
0

0.5

1

1.5

x

(a) |s(1)|2

|s(2)|2

|s(3)|2

−L

−10 −5 0 5 10
0

0.5

1

1.5

x

(b) |s(1)|2

|s(2)|2

|s(3)|2

−L

Fig. 1. (Color online) Mixed one-soliton solution (two-bright–one-dark
soliton for SW components) in (3+1)-component YO system.
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aij ¼ 1

pi þ p�j
e
iþ


�
j ;

að1Þij ¼ 1

pi þ p�j
� pi � i�1

p�j þ i�1

 !
e
iþ


�
j ;

and

bij ¼
i
X2
k¼1

�kc
ðkÞ�
i cðkÞj

ðp�i þ pjÞ
�
p�i � pj þ i�3�

2
1

ðp�i þ i�1Þðpj � i�1Þ
�

for k ¼ 1; 2. Then the explicit form of the above tau functions
can be expressed as

f ¼ 1 þ Eð1; 1�Þe
1þ
�1 þ Eð1; 2�Þe
1þ
�2
þ Eð2; 1�Þe
2þ
�1 þ Eð2; 2�Þe
2þ
�2
þ Eð1; 1�; 2; 2�Þe
1þ
2þ
�1þ
�2 ; ð32Þ

gðkÞ ¼ cðkÞ1 e
1 þ cðkÞ2 e
2 þ FðkÞð1; 2; 1�Þe
1þ
2þ
�1
þ FðkÞð1; 2; 2�Þe
1þ
2þ
�2 ; ð33Þ

hð1Þ ¼ 1 þGð1; 1�Þe
1þ
�1 þ Gð1; 2�Þe
1þ
�2
þGð2; 1�Þe
2þ
�1 þ Gð2; 2�Þe
2þ
�2
þGð1; 1�; 2; 2�Þe
1þ
2þ
�1þ
�2 ; ð34Þ

where

Eði; j�Þ ¼
i
X2
k¼1

�kc
ðkÞ�
i cðkÞj

ðpi þ p�j Þ2
�
p�i � pj þ i�3�

2
1

ðp�i þ i�1Þðpj � i�1Þ
�;

Gði; j�Þ ¼ � pi � i�1

p�j þ i�1

Eði; j�Þ;

Eð1; 1�; 2; 2�Þ ¼ jp1 � p2j2
�

Eð1; 1�ÞEð2; 2�Þ
ðp1 þ p�2Þðp2 þ p�1Þ

� Eð1; 2�ÞEð2; 1�Þ
ðp1 þ p�1Þðp2 þ p�2Þ

�
;

Gð1; 1�; 2; 2�Þ ¼ ðp1 � i�1Þðp2 � i�1Þ
ðp�1 þ i�1Þðp�2 þ i�1Þ Eð1; 1

�; 2; 2�Þ;

FðkÞð1; 2; i�Þ ¼ ðp2 � p1Þ cðkÞ2 Eð1; i�Þ
p2 þ p�i

� cðkÞ1 Eð2; i�Þ
p1 þ p�i

" #
;

and 
i ¼ pix � ip2i t þ 
i0 for i ¼ 1; 2.
The above solution contains both singular and nonsingular

solutions. To assure the nonsingular solution, the denomi-
nator f needs to be real and nonzero. The expression for f can
be rewritten as

f ¼ 2e
1Rþ
2R
�
e

�1þ�2
2 cosh 
1R � 
2R þ �1 ��2

2

� �

þ eH1R cosð
1I � 
2I þH1IÞ

þ e
�3
2 cosh 
1R � 
2R þ �3

2

� ��
; ð35Þ

where
e�1 ¼ Eð1; 1�Þ; e�2 ¼ Eð2; 2�Þ;
e�3 ¼ Eð1; 1�; 2; 2�Þ; eH1RþiH1I ¼ Eð1; 2�Þ:

Combining the requirement for the existence of one-soliton
solution, we can conclude that the condition Eði; i�Þ > 0,
i ¼ 1; 2 is a necessary condition and e

�1þ�2
2 þ e

�3
2 > eH1R is a

sufficient condition to guarantee a nonsingular two-soliton
solution. For the interaction properties of these solitons, one
can carry out the asymptotic analysis as in Refs. 29, 45, and
46, and deduce that the bright solitons appearing in SW
components SðiÞ (i ¼ 1; 2) only undertake elastic collisions
under some special parameters, while the dark solitons in
the SW component Sð3Þ and the bright soliton in the LW
component −L always exhibit elastic collisions. More
precisely, bright solitons in SW components SðiÞ (i ¼ 1; 2)
undergo elastic collisions if the parameters satisfy the

condition cð1Þ
1

cð1Þ
2

¼ cð2Þ
1

cð2Þ
2

. Otherwise, they undertake inelastic

collisions (shape changing). For illustrative purpose, the
interactions of two solitons are displayed in Figs. 2 and 3 for
the (3+1)-component YO system with the nonlinearity
coefficients ð�1; �2; �3Þ ¼ ð1;�1; 1Þ. The parameters in
Fig. 2 are chosen as �1 ¼ 1, �1 ¼ 1, p1 ¼ 2

3
� 5

4
i,

p2 ¼ 1 þ 1
2
i, cð1Þ1 ¼ 1 þ i, cð1Þ2 ¼ 2, cð2Þ1 ¼ 1

2
i, cð2Þ2 ¼ 1 þ 2i,

and 
10 ¼ 
20 ¼ 0, which result in inelastic collisions for the
bright solitons in the SW components SðiÞ (i ¼ 1; 2). Mean-
while, we show an example of elastic collision between
bright solitons in two SW components in Fig. 3 with the
parameters �1 ¼ 1, �1 ¼ 1, p1 ¼ 2

3
� 3

4
i, p2 ¼ 1 þ 1

10
i,

cð1Þ1 ¼ 2, cð1Þ2 ¼ 1, cð2Þ1 ¼ 3
2
, cð2Þ2 ¼ 3

4
, and 
10 ¼ 
20 ¼ 0. In

Figs. 2 and 3, the SW components Sð1Þ and Sð2Þ display two
bright solitons collisions in (a) and (b), the SW component
Sð3Þ shows two dark solitons collision in (c), and (d)
represents two bright solitons collision of the LW component
−L. The difference between Figs. 2 and 3 are elastic and
inelastic collisions, which only appear for the SW compo-
nents Sð1Þ and Sð2Þ in (a) and (b), respectively.

In addition, soliton bound states are one class of special
multisoliton solutions, in which multiple solitons move with

(a) (b)

(c) (d)

Fig. 2. (Color online) Mixed two-soliton solution (two-bright–one-dark
soliton for SW components) including inelastic collisions for the SW
components Sð1Þ and Sð2Þ in the (3+1)-component YO system.
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the same velocity. By assuming pi ¼ piR þ ipiI, one can
obtain the mixed two-soliton bound state from (32)–(34) with
the restriction p1I ¼ p2I. To demonstrate such a bound state,
we choose the parameters as �1 ¼ 1, �1 ¼ 1, p1 ¼ 2

3
þ 1

5
i,

p2 ¼ 1 þ 1
5
i, cð1Þ1 ¼ 2 þ i, cð1Þ2 ¼ 2 þ 4i, cð2Þ1 ¼ 1

3
þ i, cð2Þ2 ¼

1
2
þ 2i, and 
10 ¼ 
20 ¼ 0 under the same nonlinearity

coefficients as in Fig. 2 and show the contour plots of all
components in Fig. 4. Here, Figs. 4(a) and 4(b) exhibit two-
bright-soliton bound states for the SW components Sð1Þ and
Sð2Þ with the different amplitudes, Fig. 4(c) displays two-
dark-soliton bound state for the SW component Sð3Þ and two-
bright-soliton bound state of the LW component −L is shown
in Fig. 4(d).

2.4 One-bright–two-dark soliton for the SW components
In this subsection, we assume the SW component Sð1Þ is of

bright type and the SW components Sð2Þ and Sð3Þ are of dark
type. The dependent variable transformations

Sð1Þ ¼ gð1Þ

f
; Sð2Þ ¼ �1

hð1Þ

f
eið�1xþ�

2
1
tÞ;

Sð3Þ ¼ �2
hð2Þ

f
eið�2xþ�22tÞ; L ¼ �2ðlog f Þxx; ð36Þ

convert the (3+1)-component YO Eq. (2) into the following
bilinear equations:

½iDt � D2
x�gð1Þ � f ¼ 0;

½iðDt � 2�lDxÞ �D2
x�hðlÞ � f ¼ 0; l ¼ 1; 2;

DtDx � 2
X2
l¼1

�lþ1�2l

 !
f � f ¼ �2�1gð1Þgð1Þ�

� 2
X2
l¼1

�lþ1�2l h
ðlÞhðlÞ�; ð37Þ

where gð1Þ, hð1Þ, and hð2Þ are complex-valued functions, f is a
real-valued function, �l and �l (�l > 0; l ¼ 1; 2) are arbitrary
real constants.

Here the bilinear form of the (3+1)-component YO system
(37) is viewed as a reduction of two-component KP
hierarchy. To this end, we start with the tau functions
expressed in Gram determinants as follows

�0ðk1; k2Þ ¼
A I

�I B

�����
�����; ð38Þ

�1ðk1; k2Þ ¼
A I �T

�I B 0T

0 � �� 0

��������

��������;

��1ðk1; k2Þ ¼
A I 0T

�I B �T

� �� 0 0

��������

��������; ð39Þ

where Φ, Ψ, ��, �� are N-component row vectors defined
previously, A and B are N � N matrices whose entries are

aijðk1; k2Þ ¼ 1

pi þ �pj
� pi � c1

�pj þ c1

 !k1

� pi � c2
�pj þ c2

 !k2

e�iþ��j ;

bij ¼ 1

qi þ �qj
e�iþ��j ;

with

�i ¼ 1

pi � c1
xð1Þ�1 þ

1

pi � c2
xð2Þ�1 þ pix1 þ p2i x2 þ �i0;

��j ¼ 1

�pj þ c1
xð1Þ�1 þ

1

�pj þ c2
xð2Þ�1 þ �pjx1 � �p2j x2 þ ��j0;

�i ¼ qiy
ð1Þ
1 þ �i0; ��j ¼ �qjy

ð1Þ
1 þ ��j0:

Here pi, �pj, qi, �qj, �i0, ��j0, �i0, ��j0, c1, and c2 are complex
parameters. Based on the Sato theory for the KP hierarchy,34)

the above tau functions satisfy the bilinear equations
ðDx2 � D2

x1
Þ�1ðk1; k2Þ � �0ðk1; k2Þ ¼ 0;

ðDx2 � D2
x1
� 2c1Dx1 Þ�0ðk1 þ 1; k2Þ � �0ðk1; k2Þ ¼ 0;

(a) (b)

(c) (d)

Fig. 4. (Color online) Mixed two-soliton bound state (two-bright–one-
dark soliton for SW components) in the (3+1)-component YO system.

(a) (b)

(c) (d)

Fig. 3. (Color online) Mixed two-soliton solution (two-bright–one-dark
soliton for SW components) including elastic collisions for the SW
components Sð1Þ and Sð2Þ in the (3+1)-component YO system.
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ðDx2 � D2
x1
� 2c2Dx1 Þ�0ðk1; k2 þ 1Þ � �0ðk1; k2Þ ¼ 0;

Dx1Dyð1Þ
1
�0ðk1; k2Þ � �0ðk1; k2Þ ¼ �2�1ðk1; k2Þ��1ðk1; k2Þ;

ðDx1Dxð1Þ�1
� 2Þ�0ðk1; k2Þ � �0ðk1; k2Þ

¼ �2�0ðk1 þ 1; k2Þ�0ðk1 � 1; k2Þ;
ðDx1Dxð2Þ�1

� 2Þ�0ðk1; k2Þ � �0ðk1; k2Þ
¼ �2�0ðk1; k2 þ 1Þ�0ðk1; k2 � 1Þ: ð40Þ

Next we perform the reduction process to obtain the bilinear
equations (37). We first consider the complex conjugate
reduction by setting x1, x

ð1Þ
�1, x

ð2Þ
�1, y

ð1Þ
1 to be real, x2, c1, c2 to

be pure imaginary and by letting p�j ¼ �pj, q
�
j ¼ �qj, �

�
j0 ¼ ��j0,

and ��j0 ¼ ��j0. Then, it is easy to see that

aijðk1; k2Þ ¼ a�jið�k1;�k2Þ; bij ¼ b�ji:

Thus, it then follows

f ¼ �0ð0; 0Þ; gð1Þ ¼ �1ð0; 0Þ;
hð1Þ ¼ �0ð1; 0Þ; hð2Þ ¼ �0ð0; 1Þ;

gð1Þ� ¼ ���1ð0; 0Þ; hð1Þ� ¼ �0ð�1; 0Þ; hð2Þ� ¼ �0ð0;�1Þ;
the bilinear equations (40) become

ðDx2 � D2
x1
Þgð1Þ � f ¼ 0;

ðDx2 � D2
x1
� 2clDx1ÞhðlÞ � f ¼ 0;

Dx1Dyð1Þ
1
f � f ¼ 2gð1Þgð1Þ�;

ðDx1DxðlÞ�1
� 2Þ f � f ¼ �2hðlÞhðlÞ�; l ¼ 1; 2: ð41Þ

Similar to the two-bright–one-dark soliton case, we can
show that if qi satisfies

p�2i ¼ i�1qi � i�2�
2
1

p�i þ c1
� i�3�

2
2

p�i þ c2
; ð42Þ

p2j ¼ �i�1q�j þ
i�2�

2
1

pj � c1
þ i�3�

2
2

pj � c2
; ð43Þ

i.e.,

1

qi þ q�j
¼ i�1

ðp�i þ pjÞ
�
p�i � pj þ i�2�

2
1

ðp�i þ c1Þðpj � c1Þ
þ i�3�

2
2

ðp�i þ c2Þðpj � c2Þ
�; ð44Þ

one can get the following relation

fx2 ¼ �i�1 fyð1Þ
1
þ i�2�

2
1 fxð1Þ�1

þ i�3�
2
2 fxð2Þ�1

; ð45Þ
and its derivative with respect to x1,

fx1x2 ¼ �i�1 fx1yð1Þ1
þ i�2�

2
1 fx1xð1Þ�1

þ i�3�
2
2 fx1xð2Þ�1

: ð46Þ
On the other hand, the last three bilinear equations in (41) expanded as

fx1yð1Þ1
f � fx1 fyð1Þ

1
¼ gð1Þgð1Þ�; ð47Þ

and
fx1xð1Þ�1

f � fx1 fxð1Þ�1
� f 2 ¼ �hð1Þhð1Þ�;

fx1xð2Þ�1
f � fx1 fxð2Þ�1

� f 2 ¼ �hð2Þhð2Þ�; ð48Þ
give

� i fx1x2 f þ i fx2 fx1 � ð�2�21 þ �3�
2
2Þ f 2 ¼ ��1gð1Þgð1Þ� � �2�

2
1h

ð1Þhð1Þ� � �3�
2
2h

ð2Þhð2Þ�; ð49Þ

by referring to Eqs. (45) and (46). Equation (49) is exactly the last bilinear equation in (37) through the variable transformation
(21) and c1 ¼ i�1, c2 ¼ i�2. Under the same transformation, the first three bilinear equations in (41) become the first three in (37).

In summary, we complete the reductions from the bilinear equations in (40) to the ones in (37). Thus, we are able to construct
general mixed soliton (one-bright–two-dark soliton for SW components) solution to the the 1D (3+1)-component YO system,

f ¼ A I

�I B

�����
�����; hðlÞ ¼ AðlÞ I

�I B

�����
�����; gð1Þ ¼

A I 	T

�I B 0T

0 C1 0

�������
�������; ð50Þ

where A, AðlÞ, and B are N � N matrices whose entries are

aij ¼ 1

pi þ p�j
e
iþ


�
j ;

aðlÞij ¼ 1

pi þ p�j
� pi � i�l

p�j þ i�l

 !
e
iþ


�
j ;

bij ¼
i�1c

ð1Þ�
i cð1Þj

ðp�i þ pjÞ
�
p�i � pj þ i�2�

2
1

ðp�i þ i�1Þðpj � i�1Þ
þ i�3�

2
2

ðp�i þ i�2Þðpj � i�2Þ
�;

and ϕ and C1 are N-component row vectors given by
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	 ¼ ðe
1 ; e
2 ; . . . ; e
NÞ; C1 ¼ �ðcð1Þ1 ; cð1Þ2 ; . . . ; cð1ÞN Þ;
with 
i ¼ pix � ip2i t þ 
i0 and pi, 
i0 and cð1Þi ¼ e�i0 (i ¼
1; 2; . . . ; N; l ¼ 1; 2) are arbitrary complex parameters.

Remark 3.1. In Sect. 2.4, we have constructed the soliton
solution in which the SW components Sð1Þ and Sð2Þ are of
bright type and the SW component Sð3Þ is of dark type in the
(3+1)-component YO system. It is noted that we start from
the (2+1)-component KP hierarchy with one copy of shifted
singular point (c). In contrast, for the soliton solution (the SW
components Sð1Þ is of bright type and the SW component Sð2Þ

and Sð3Þ are of dark type) obtained in this subsection, we
begin with the (1+1)-component KP hierarchy with two
copies of shifted singular points (c1 and c2). Thus the number
of the components in KP hierarchy matches the numbers
of the components possessing the bright soliton while the
number of the copies of shifted singular points coincides with
the numbers of the components possessing the dark soliton.
This fact can be refered to the construction in Ref. 34.

2.5 One-soliton solution
By taking N ¼ 1 in the formula (50), we get the Gram

determinants

f ¼ a11 1

�1 b11

�����
�����; hðlÞ ¼ aðlÞ11 1

�1 b11

�����
�����;

gð1Þ ¼
a11 1 e
1

�1 b11 0

0 �cð1Þ1 0

��������

��������; ð51Þ

where

a11 ¼ 1

p1 þ p�1
e
1þ


�
1 ;

aðlÞ11 ¼
1

p1 þ p�1
� p1 � i�l

p�1 þ i�l

� �
e
1þ


�
1

and

b11 ¼ i�1c
ð1Þ�
1 cð1Þ1

ðp�1 þ p1Þ�11

;

�11 ¼ p�1 � p1 þ
X2
l¼1

i�lþ1�2l
ðp�1 þ i�lÞðp1 � i�lÞ

" #

for l ¼ 1; 2. These tau functions can be rewritten as

f ¼ 1 þ e
1þ

�
1
þ2Rð1;1�Þ; gð1Þ ¼ cð1Þ1 e
1 ; ð52Þ

hðlÞ ¼ 1 þ e
1þ

�
1
þ2Rð1;1�Þþ2i	l ; l ¼ 1; 2; ð53Þ

with

e2Rð1;1
�Þ ¼ i�1c

ð1Þ�
1 cð1Þ1

ðp�1 þ p1Þ2�11

; e2i	l ¼ � p1 � i�l

p�1 þ i�l
;

where

�11 ¼ p�1 � p1 þ
X2
l¼1

i�lþ1�2l
ðp�1 þ i�lÞðp1 � i�lÞ

" #
:

Note that this mixed soliton solution is nonsingular only
when e2Rð1;1

�Þ > 0.
In this case, the one-soliton solution has the following

form

Sð1Þ ¼ cð1Þ1

2
e�Rð1;1

�Þei
1I sech½
1R þ Rð1; 1�Þ�; ð54Þ

Sðlþ1Þ ¼ �le
ið�lxþ�2l tÞf1 þ e2i	l

� ð1 � e2i	lÞ tanh½
1R þ Rð1; 1�Þ�g; l ¼ 1; 2; ð55Þ
L ¼ �2p21R sech2½
1R þ Rð1; 1�Þ�; ð56Þ

where 
1 ¼ 
1R þ i
1I, the suffixes R and I denote the real and
imaginary parts, respectively. The quantity jcð1Þ

1
j

2
e�Rð1;1

�Þ
represents the amplitude of the bright soliton in the SW
components Sð1Þ and the real quantity 2p21R denotes the
amplitude of the soliton in the LW component −L. For the
dark soliton in the SW components Sð2Þ and Sð3Þ, jSðlþ1Þj
approaches j�lj as x ! �1, and the intensity is j�lj cos	l

for l ¼ 1; 2. When �1 and �2 take different values, there are
two cases: (i) �1 ¼ �2. In this case, 	1 ¼ 	2 means dark
solitons in SW components Sð2Þ and Sð3Þ are proportional to
each other. Thus this situation is viewed as degenerate case for
dark solitons. (ii) �1 ≠ �2. The condition 	1 ≠ 	2 implies that
dark solitons in SW components Sð2Þ and Sð3Þ have different
degrees of darkness at the center. In this situation, the SW
components Sð2Þ and Sð3Þ are not proportional to each other.
We illustrate such degenerate and non-degenerate cases for
the choice of the nonlinearity coefficients ð�1; �2; �3Þ ¼
ð1; 1;�1Þ in Fig. 5. The parameters are chosen as �1 ¼ 1,
p1 ¼ 1

2
� i, 
10 ¼ 0, cð1Þ1 ¼ 1 and (a) �1 ¼ �2 ¼ �1, �2 ¼ 1

2
;

(b) �1 ¼ � 2
3
, �2 ¼ � 1

3
, �2 ¼ 1 at time t ¼ 0.

2.6 Two-soliton solution
When N ¼ 2 in (50), the Gram determinants are of the

form

−10 −5 0 5 10
0

0.5

1

1.5

x

(a) |s(1)|2

|s(2)|2

|s(3)|2

−L

−10 −5 0 5 10
0

0.5

1

1.5

x

(b) |s(1)|2

|s(2)|2

|s(3)|2

−L

Fig. 5. (Color online) Mixed one-soliton solution (one-bright–two-dark
soliton for SW components) in (3+1)-component YO system.
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f ¼

a11 a12 1 0

a21 a22 0 1

�1 0 b11 b12

0 �1 b21 b22

����������

����������
;

hðlÞ ¼

aðlÞ11 aðlÞ12 1 0

aðlÞ21 aðlÞ22 0 1

�1 0 b11 b12

0 �1 b21 b22

�����������

�����������
; ð57Þ

gð1Þ ¼

a11 a12 1 0 e
1

a21 a22 0 1 e
2

�1 0 b11 b12 0

0 �1 b21 b22 0

0 0 �cð1Þ1 �cð1Þ2 0

�������������

�������������
; ð58Þ

where

aij ¼ 1

pi þ p�j
e
iþ


�
j ;

aðlÞij ¼ 1

pi þ p�j
� pi � i�l

p�j þ i�l

 !
e
iþ


�
j

and

bij ¼
i�1c

ð1Þ�
i cð1Þj

ðp�i þ pjÞ�ij
;

�ij ¼ p�i � pj þ
X2
l¼1

i�lþ1�2l
ðp�i þ i�lÞðpj � i�lÞ

" #

for l ¼ 1; 2. Then we can express the tau functions for two-
soliton solution as

f ¼ 1 þ Eð1; 1�Þe
1þ
�1 þ Eð1; 2�Þe
1þ
�2 þ Eð2; 1�Þe
2þ
�1
þ Eð2; 2�Þe
2þ
�2 þ Eð1; 1�; 2; 2�Þe
1þ
2þ
�1þ
�2 ; ð59Þ

gð1Þ ¼ cð1Þ1 e
1 þ cð1Þ2 e
2 þ Fð1; 2; 1�Þe
1þ
2þ
�1
þ Fð1; 2; 2�Þe
1þ
2þ
�2 ; ð60Þ

hðlÞ ¼ 1 þGðlÞð1; 1�Þe
1þ
�1 þ GðlÞð1; 2�Þe
1þ
�2
þ GðlÞð2; 1�Þe
2þ
�1 þ GðlÞð2; 2�Þe
2þ
�2
þ GðlÞð1; 1�; 2; 2�Þe
1þ
2þ
�1þ
�2 ; ð61Þ

where

Eði; j�Þ ¼ i�1c
ð1Þ�
i cð1Þj

ðpi þ p�j Þ2
"
p�i � pj þ

X2
l¼1

i�lþ1�2l
ðp�i þ i�lÞðpj � i�lÞ

#;

GðlÞði; j�Þ ¼ � pi � i�l

p�j þ i�l
Eði; j�Þ;

Eð1; 1�; 2; 2�Þ
¼ jp1 � p2j2 Eð1; 1�ÞEð2; 2�Þ

ðp1 þ p�2Þðp2 þ p�1Þ
� Eð1; 2�ÞEð2; 1�Þ

ðp1 þ p�1Þðp2 þ p�2Þ
� �

;

GðlÞð1; 1�; 2; 2�Þ ¼ ðp1 � i�lÞðp2 � i�lÞ
ðp�1 þ i�lÞðp�2 þ i�lÞ Eð1; 1

�; 2; 2�Þ;

Fð1; 2; i�Þ ¼ ðp2 � p1Þ cð1Þ2 Eð1; i�Þ
p2 þ p�i

� cð1Þ1 Eð2; i�Þ
p1 þ p�i

" #
:

Same as the previous subsection, nonsingular solution
requires the denominator f to be real and nonzero. For this
purpose, we rewrite f as

f ¼ 2e
1Rþ
2R
�
e

�1þ�2
2 cosh 
1R � 
2R þ �1 ��2

2

� �

þ eH1R cosð
1I � 
2I þH1IÞ

þ e
�3
2 cosh 
1R � 
2R þ �3

2

� ��
; ð62Þ

where e�1 ¼ Eð1; 1�Þ, e�2 ¼ Eð2; 2�Þ, e�3 ¼ Eð1; 1�; 2; 2�Þ,
eH1RþiH1I ¼ Eð1; 2�Þ. Thus, one can conclude that Eði; i�Þ >
0, i ¼ 1; 2 is a necessary condition to obtain a regular
solution and e

�1þ�2
2 þ e

�3
2 > eH1R is a sufficient one.

The asymptotic analysis can be performed as in Refs. 29,
45, and 46, whose details are omitted here. However, it
should be remarked here that two-soliton solution for all
components in this case always undertakes elastic collision
without shape changing. This feature is the same as the one
of the mixed soliton solution including one-bright–two-dark
soliton for SW components in 2D (3+1)-component YO
system.46) In Fig. 6, we exhibit this mixed-type soliton
solution under the same nonlinearity coefficients with Fig. 5
and the parameters are given as �1 ¼ �2 ¼ �1 ¼ 1, �2 ¼ 2,
p1 ¼ � 2

3
� i, p2 ¼ 1

2
þ i, cð1Þ1 ¼ 1 þ i, cð1Þ2 ¼ 2 þ i, and 
10 ¼


20 ¼ 0. Figure 6(a) shows two bright solitons collision for
the SW components Sð1Þ, Figs. 6(b) and 6(c) display two dark
solitons collisions for the SW components Sð2Þ and Sð3Þ with
the different amplitudes, and Fig. 6(d) represents two bright
solitons collision for the LW component −L.

For the construction of the bound states from the mixed
soliton solution (59)–(61), one can derive the same restrict
condition p1I ¼ p2I as the previous subsection. By taking the
same nonlinearity coefficients in Fig. 5, such bound states
with the parameters �1 ¼ �2 ¼ �1 ¼ 1, �2 ¼ 3

2
, p1 ¼ � 1

2
�

1
2
i, p2 ¼ 9

10
� 1

2
i, cð1Þ1 ¼ 1, cð1Þ2 ¼ 1

3
, and 
10 ¼ 
20 ¼ 0 are

depicted in Fig. 7. Figure 7(a) exhibits two-bright-soliton

(a) (b)

(c) (d)

Fig. 6. (Color online) Mixed two-soliton solution (one-bright–two-dark
soliton for SW components) in the (3+1)-component YO system.
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bound state for the SW components Sð1Þ, Figs. 7(b) and 7(c)
display two-dark-soliton bound states for the SW component
Sð3Þ and Sð3Þ with the different amplitudes and two-bright-
soliton bound state of the LW component −L is shown in
Fig. 7(d).

Here we need to point out that N-soliton bound state can be
formed in both above mixed soliton solution for arbitrary
combination of the nonlinearity coefficient �‘ (‘ ¼ 1; 2; 3).
More concretely, if the wave number for the i-th soliton
among an N-soliton solution is pi ¼ piR þ ipiI, then 
iR ¼
piRðx þ 2piItÞ þ 
i0R, which suggests that the velocity for the
i-th soliton is �2piI. Thus a multiple bound state in which
solitons move with the same velocity only requires all
imaginary parts of the wave numbers piI to be the same.
However, higher-order soliton bound state cannot exist in the
soliton solution comprised of all dark soliton for the SW
components. As reported in Ref. 28, due to the existence of
the parameter constraint in general multi-dark soliton solu-
tion, only two-dark-soliton bound state is possible under the
condition that the nonlinearity coefficients �‘ take different
signs.

3. General Mixed Soliton Solution to the 1D
Multicomponent YO System

In the same spirit as the (3+1)-component YO system, the
general mixed type soliton solution to the 1D (M þ 1)-
component YO system can be derived by the KP hierarchy
reduction method. It is known that the multi-bright soliton
solutions can be derived from the reduction of the multi-
component KP hierarchy, whereas, the multi-dark soliton
solutions are obtained from the reduction of the single KP
hierarchy but with multiple copies of shifted singular points.
Therefore, if we consider a general mixed soliton solution
consisting of m bright solitons andM �m dark solitons to the
SW components in the 1D (M þ 1)-component YO system
(1), we need to start from an (m þ 1)-component KP
hierarchy with M �m copies of shifted singular points in

the first component. Furthermore, by performing the complex
conjugation and dimension reductions, these bilinear equa-
tions become ones of multicomponent YO system. Mean-
while, the general bright soliton solution can be reduced from
the tau functions of the KP hierarchy. The details are omitted
and we only provide the final result here.

To seek for mixed multi-soliton solution consisting of m
bright solitons and M � m dark ones for SW components, the
1D multicomponent YO system is first converted to the
following bilinear form

½iDt � D2
x�gðkÞ � f ¼ 0; k ¼ 1; 2; . . . ; m;

½iðDt � 2�lDxÞ �D2
x�hðlÞ � f ¼ 0; l ¼ 1; 2; . . . ;M � m;

DtDx � 2
XM�m

l¼1
�lþm�2l

 !
f � f ¼ �2

Xm
k

�kg
ðkÞgðkÞ�

� 2
XM�m

l¼1
�lþm�2l h

ðlÞhðlÞ�; ð63Þ

through the dependent variable transformations:

SðkÞ ¼ gðkÞ

f
; SðlÞ ¼ �l

hðlÞ

f
eið�lxþ�2l tÞ;

L ¼ �2ðlog f Þxx; ð64Þ
where �l, �l, and �l (�l > 0) are arbitrary constants.

Similar to the procedure discussed in Sect. 2, one can
obtain mixed multi-soliton solution as follows:

f ¼ A I

�I B

�����
�����; hðlÞ ¼ AðlÞ I

�I B

�����
�����;

gðkÞ ¼
A I 	T

�I B 0T

0 Ck 0

��������

��������; ð65Þ

where A, AðkÞ and B are N � N matrices whose entries are

aij ¼ 1

pi þ p�j
e
iþ


�
j ;

aðlÞij ¼ 1

pi þ p�j
� pi � i�l

p�j þ i�l

 !
e
iþ


�
j ;

bij ¼
i
Xm
k¼1

�kc
ðkÞ�
i cðkÞj

ðp�i þ pjÞ
"
p�i � pj þ

XM�m

l¼1

i�lþm�2l
ðp�i þ i�lÞðpj � i�lÞ

#;

and ϕ and Ck are N-component row vectors given by

	 ¼ ðe
1 ; e
2 ; . . . ; e
NÞ; Ck ¼ �ðcðkÞ1 ; cðkÞ2 ; . . . ; cðkÞN Þ;
with 
i ¼ pix � ip2i t þ 
i0 and pi, 
i0 and cðkÞi (i ¼
1; 2; . . . ; N) are arbitrary complex parameters.

In the above solution, one necessary condition similar to
the (3+1)-component YO system for the existence of an
N-soliton solution is found as followsXm

k¼1
�kjcðkÞi j2

 !
2piI þ

XM�m

l¼1

�lþm�2l
jpi � i�lj2

 !
> 0;

i ¼ 1; 2; . . . ; N: ð66Þ
As reported in Ref. 47, the arbitrariness of nonlinearity
coefficients �‘ increases the freedom resulting in rich mixed

(a) (b)

(c) (d)

Fig. 7. (Color online) Mixed two-soliton bound state (one-bright–two-
dark soliton for SW components) in the (3+1)-component YO system.
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soliton dynamics. Here the expression of the present solution
admits mixed N-soliton in the 1D multicomponent YO
system for all types of nonlinearity coefficients, including
positive, negative and mixed types.

The formula for general mixed soliton solution can be
generalized to include all bright and all dark soliton solutions,
which is the same as the vector NLS equation.42) More
specifically, the general bright soliton solution can be viewed
directly as a special case of the bright-dark soliton one. When
m ¼ M, the N-bright soliton solution takes the same
determinant form as the general bright-dark one. The general
dark soliton solution was also derived from the single KP
hierarchy but the corresponding dimension reduction results
in the distinct parameters constraint. The final expression of
the N dark-soliton solution is different from the one of the
bright-dark soliton solution. However, when m ¼ 0, as
discussed in Ref. 38, an alternative form of all dark soliton
solution takes the same form as the solution (65) by
redefining the matrix B as an identity matrix (Bij ¼ �ij) and
imposing the parameters constraint as follows

p�i � pi þ
XM
l¼1

i�l�
2
l

jpi � i�lj2
¼ 0; i ¼ 1; 2; . . . ; N: ð67Þ

Due to a simple determinant identity shown in Ref. 42, this
form of dark soliton solution coincides with the one in
Ref. 28.

4. Summary and Conclusion

We have constructed the general bright-dark N-soliton
solution to one-dimensional multicomponent YO system
describing the nonlinear resonant interaction of M-compo-
nents short waves with a long wave, i.e., one-dimensional
(M þ 1)-component YO system. This solution exists in the
original system for all possible combinations of nonlinearity
coefficients including positive, negative and mixed types.
Taking the (3+1)-component YO system as an example, we
have deduced two kinds of the general mixed N-soliton
solution (two-bright–one-dark soliton and one-bright–two-
dark one for SW components) in the form of Gram
determinant by using the KP hierarchy reduction method.
Then, the same analysis was extended to obtain the general
mixed solution consisting of m bright solitons and M � m
dark ones for SW components in the (M þ 1)-component YO
system. The expression of the mixed solution also contains
the general bright and dark N-soliton solution.

For the dynamics of the mixed solitons, in parallel with the
2D multicomponent YO system,46) the energy exchanging
collision of mixed solitons can be realized only in the bright
parts of the mixed solitons and is possible only if the bright
parts of the mixed solitons appear at least in two SW
components. Such an interesting phenomenon can also be
found in 1D (3+1)-component YO system as discussed in
previous section, as well as in the 1D multi-component YO
system. In addition, the related analysis regarding mixed-
soliton bound state in 1D (3+1)-component YO system
implies that arbitrary higher-order mixed-soliton bound state
in 1D multi-component YO system can also be formed.
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