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Abstract In this paper, a class of lump solutions to the (2+1)-dimensional Sawada–Kotera equation is studied by
searching for positive quadratic function solutions to the associated bilinear equation. To guarantee rational localization
and analyticity of the lumps, some sufficient and necessary conditions are presented on the parameters involved in the
solutions. Then, a completely non-elastic interaction between a lump and a stripe of the (2+1)-dimensional Sawada–
Kotera equation is obtained, which shows a lump solution is drowned or swallowed by a stripe soliton. Finally, 2-
dimensional curves, 3-dimensional plots and density plots with particular choices of the involved parameters are presented
to show the dynamic characteristics of the obtained lump and interaction solutions.
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1 Introduction

The so-called (2+1)-dimensional Sawada–Kotera eq-

uation

ut−
(
uxxxx + 5uuxx +

5

3
u3 + 5uxy

)
x
− 5uuy

+5

∫
uyydx− 5ux

∫
uydx = 0 , (1)

was first proposed by Konopelchenko and Dubrovsky,[1]

where u is a function of the variables x, y, and t. This

equation can be obtained by assembling of the first two

KdV equations. When u(x, y, t) ≡ u(x, t), Eq. (1) be-

comes the Sawada–Kotera equation

ut + uxxxxx + 15uuxxx + 15uxuxx + 45u2ux = 0 . (2)

Equation (1) was widely used in many branches of physics,

such as two-dimensional quantum gravity gauge field, con-

formal field theory and nonlinear science Liouvile flow

conservation equations. In Ref. [2], the equation was de-

composed into three (0+1)-dimensional Bargmann flows

and obtained its explicit algebraic-geometric solution. In

Ref. [3], four sets of bilinear Bäcklund transformations

were constructed to derive multisoliton solutions. In

Ref. [4], the multi-wave method was used to seek for w-

type wave solution, periodic soliton wave solutions, and

three soliton wave solutions. In Ref. [5], the equation has

been studied in the view point of Bell polynomials and its

Lax pair can be found in Refs. [5–7]. In Ref. [8], its Bi-

linear bell polynomials was obtained. In Refs. [9–12], the

equation’s symmetry analysis was studied. In Ref. [13],

Multiple soliton solutions and multiple singular soliton so-

lutions were derived for the equation. In Ref. [14], double

periodic wave solutions were obtained.

It is well known that all integrable equations pos-

sess soliton solutions, which reflect a common nonlin-

ear phenomenon in nature. In the last decades, an in-

creasing number of researchers have paid attention to

the study of exact solutions, such as the rational solu-

tions and the rogue wave, which exponentially localized

solutions in certain directions. Compared with soliton

solutions, lump solutions are a special kind of rational

function solutions, localized in all directions in the space.

The lump solution was first discovered[15] for its signifi-

cant physical meanings. Many integrable equations have

been found to possess lump solutions, such as the KPI

equation,[16] the two-dimensional nonlinear Schrödinger

type equation,[16] the three-dimensional three wave res-

onant interaction equation,[17] the Ishimori equation.[18]

More recently, Ma[19] proposed a new direct method

to obtain the lump solutions of the KP equation with

Hirota bilinear method. This method is natural and in-

teresting to search for lump solutions to nonlinear par-

tial differential equations. Based on this method, the

lump solutions of some more integrable equations have

been found, such as dimensionally reduced p-gKP and

p-gBKP equtions,[20] Boussinesq equation,[21] dimension-

ally reduced Hirota bilinear equation.[22] In addition, it is
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reported that lump solutions for some nonlinear partial
differential equations restore their amplitudes, velocities,
shapes after the interaction with solitons, which means
the interaction among them can be considered completely
elastic.[23−25] However, for some integrable equations, the
interactions turned out to be completely non-elastic un-
der a certain conditions.[26−28] In fact, in many nonlinear
science fields such as the laser and optical physics, gas dy-
namics, hydrodynamics, plasma physics, nuclear physics,
passive random walker dynamics, and electromagnetics,
the similar phenomenon have been observed. Therefore,
it is very important to discuss the inelastic interactions
between the solitary waves in certain integrable or non-
integrable system under strong physical backgrounds, and
it may provide a theoretical tool in understanding and
supporting the relevant dynamical behavior.

In this paper, we study the lump solutions and a com-
pletely non-elastic interaction between a lump and a stripe
of the (2+1)-dimensional Sawada–Kotera equation. The
rest of the paper is organized as follows: In Sec. 2, lump
solutions of the (2+1)-dimensional Sawada–Kotera equa-
tion are studied and some sufficient and necessary con-
ditions are presented on the parameters involved in the
solutions, 2-dimensional curves, 3-dimensional plots and
density plots with particular choices of the involved pa-
rameters are presented to show the dynamic characteris-
tics of the obtained lump solutions. In Sec. 3, a completely
non-elastic interaction between a lump and a stripe of the
(2+1)-dimensional Sawada–Kotera equation is obtained
and the process of interaction is showed. The last section
contains a conclusion.

2 Lump Solutions to the (2+1)-Dimensional
Sawada–Kotera Equation

By introducing a potential variable vx = u with v =
v(x, y, t), Eq. (1) reduces to

ut−
(
uxxxx + 5uuxx +

5

3
u3 + 5uxy

)
x
− 5uuy

+5vyy − 5uxvy = 0 . (3)

For Eq. (3), there exists a truncated Painlevé expan-
sion[29]

u =
u2
ϕ2

+
u1
ϕ

+ u0 , (4)

with u0, u1, u2, ϕ being the functions of x, y and t, the
function ϕ(x, y, t) = 0 is the equation of singularity mani-
fold. Substituting (4) into (3) and balancing all the coef-
ficients of different powers of ϕ, we can get

u1 = 6ϕxx , u2 = −6ϕx , or

u1 = 12ϕxx , u2 = −12ϕx .

For the purpose of this paper, constructing the lump so-
lutions of Eq. (1) from its bilinear form, we can take the
vacuum solution u0 = 0, which leads to

u = −6ϕ2xϕ
−2 + 6ϕxxϕ

−1 = 6(lnϕ)xx , or

u = −12ψ2
xψ

−2 + 12ψxxψ
−1 = 12(lnψ)xx , (5)

where ϕ and ψ are two branches of the singular manifold.
Based on the truncated Painlevé expansion (5), corre-

sponding to the branch of singular manifold, we substitute
a dependent variable transformation u = 6(ln f)xx with
f = f(x, y, t) into Eq. (1) yields an alternative bilinear
representation for Eq. (1) as

(D6
x + 5D3

xDy − 5D2
y +DxDt)(f · f) = 0 , (6)

where D6
x, D

3
xDy, D

2
y and DxDt are all the bilinear deriva-

tive operators[30] defined by

Dα
xD

β
yD

γ
t (f ·g) =

( ∂

∂x
− ∂

∂x′

)α( ∂

∂y
− ∂

∂y′

)β( ∂
∂t

− ∂

∂t′

)γ

×f(x, y, t)g(x′, y′, t′) |x′=x,y′=y,t′=t . (7)

It is clear that if f solves Eq. (6), then u = u(x, y, t)
is a solution to Eq. (1) through the transformation
u = 6 (ln f)xx.

To search for lump solutions to the (2+1)-dimensional
Sawada–Kotera equation in Eq. (6), we begin with
quadratic function solutions with the assumption

f = g2 + h2 + a9 , (8)

with

g = a1x+a2y+a3t+a4 , h = a5x+a6y+a7t+a8 , (9)

where ai (1 ≤ i ≤ 9) are all real parameters to be deter-
mined. In order to obtain the lump solutions, the posi-
tiveness of f and localization of u in all directions in the
space need to be satisfied. Through a direct computation
with f above generates the following set of constraining
equations for the parameters:

a3 =
−5(a1a

2
2 − a1a

2
6 + 2a2a5a6)

a21 + a25
,

a7 =
−5(2a1a2a6 − a22a5 + a5a

2
6)

a21 + a25
,

a9 =
3(a21 + a25)

2(a1a2 + a5a6)

(a1a6 − a2a5)2
, (10)

which need to satisfy the conditions

a1a6 − a2a5 ̸= 0 , (11)

a1a2 + a5a6 > 0 . (12)

This leads to a class of positive quadratic function solu-
tions to Eq. (6)

f =
(
a1x+ a2y −

5(a1a
2
2 − a1a

2
6 + 2a2a5a6)

a21 + a25
t+ a4

)2

+
(
a5x+ a6y −

5(2a1a2a6 − a22a5 + a5a
2
6)

a21 + a25
t+ a8

)2

+
3(a21 + a25)

2(a1a2 + a5a6)

(a1a6 − a2a5)2
. (13)

Then a class of lump solutions to the (2+1)-dimensional
Sawada–Kotera equation (1) through the transformation

u =
12(a21 + a25)f − 24(a1g + a5h)

2

f2
. (14)

In this class of lump solutions, six parameters
a1, a2, a4, a5, a6 and a8 are involved in the solution u, while
a4 and a8 are arbitrary without conditions.
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Two special pairs of positive quadratic function solu-

tions and lump solutions with choosing specific parameters

are given in the following.

First, a selection of the parameters:

a1 = 2, a2 = 1, a4 = 0, a5 = 1, a6 = −1

2
, a8 = 0, (15)

leads to

f = 5x2 + 3xy +
7

2
xt+

5

4
y2 − 15

4
yt+

125

16
t2 +

225

8
, (16)

u =
527t2 − 280xt− 468yt− 400x2 − 240xy + 28y2 + 2250

198(125t2 + 56xt− 60yt+ 80x2 + 48xy + 20y2 + 450)2
. (17)

The plots when t = 6 are depicted in Fig. 1.
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Fig. 1 (Color online) Profiles of Eq. (17) with t = 6: (a) x-curves; (b) y-curves; (c) the three-dimensional plot;
(d) density plot.

Second, another selection of the parameters:

a1 = 1 , a2 = −2 , a4 = 0 , a5 = −3 , a6 = −1 , a8 = 0, (18)

leads to

f = 10x2 + 2xy + 48xt+ 5y2 − 5yt+
125

2
t2 +

300

49
, (19)

u =
100251t2 − 8640xt− 36666ty − 2700x2 − 3780xy + 864y2 + 700

1296(22815t2 + 1728xt− 4914yt+ 540x2 + 756xy + 702y2 + 1400)
. (20)

The plots when t = 2 are depicted in Fig. 2.

It is obviously observed that at any given time t, all the above lump solutions satisfy:

lim
x2+y2→∞

u(x, y, t)=0, lim
x2+y2→∞

f(x, y, t)=∞, ∀t ∈ R . (21)

The lump solutions derived in this paper satisfy this criterion, and they are rationally localized in all directions in the

space.
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Fig. 2 (Color online) Profiles of Eq. (20) with t = 2: (a) x-curves; (b) y-curves; (c) the three-dimensional plot;
(d) density plot.

3 Interaction Between a Lump and a Stripe
of SK Equation
The interaction between a lump and a stripe of the

(2+1)-dimensional Sawada–Kotera equation will be stud-
ied in this section. For the purpose of obtaining the in-
teraction between rational solution and solitary wave so-
lution, we rewrite the above function f(x, y, t) into the
following new form

f = g2 + h2 +m en + a9 , (22)

with

g = a1x+ a2y + a3t+ a4 , h = a5x+ a6y + a7t+ a8 ,

n = k1x+ k2y + k3t+ k4 . (23)

It is obvious that the function f(x, y, t) consists of a ra-
tional function and an exponential function. Substituting

Eq. (22) into Eq. (6), it can generate the following set of
constraining equations for the parameters:

a3 =
−5(a1a

2
2 − a1a

2
6 + 2a2a5a6)

a21 + a25
,

a9 =
3(a21 + a25)

2(a1a2 + a5a6)

(a1a6 − a2a5)2
,

a7 =
−5(2a1a2a6 − a22a5 + a5a

2
6)

a21 + a25
,

k3 = k51 + 5k21k2 −
5k22
k1

,

ki = ki, (i = 1, 2, 4), ai = ai, (i = 1, 2, 4, 6, 8) , (24)

where a1a6 − a2a5 ̸= 0. Then the exact interaction solu-
tion of u is expressed as follows:

u =2(ln f)xx =
2(ffxx − f2x)

f2
=

6(2a21 + 2a25 +mk21 e
k1x+k2y+k3t+k4)

f

− 6(2a1(a1x+ a2y + a3t+ a4) + 2a5(a5x+ a6y + a7t+ a8) +mk1 e
k1x+k2y+k3t+k4)2

f2
. (25)

In order to get the collision phenomenon, a23 + a27 + k23 ̸= 0 is essential. So the asymptotic behavior of u can be
obtained, when t → ∞ the solution u → 0. The asymbolic behavior shows that the lump is drowned or swallowed
up by the stripe with the change of time. From the expression of u, it is a mixed exponential-algebraic solitary wave
solution. It presents a completely non-elastic interaction between two different solitons and decays both algebraically
and exponentially. To illustrate the interaction phenomena between a lump and a stripe, we select the following
parameters

a1 =
2

3
, a2 = 1 , a4 = 1 , a5 =

2

3
, a6 = −1 , a8 = −1 , m = 1 , k1 = 1 , k2 =

1

2
, (26)
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Fig. 3 (Color online) Profiles of Eq. (25) with the parameters Eq. (26) (a) x-curves at t = −2; (b) x-curves at
t = 2; (c) y-curves at t = 2.
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Fig. 4 (Color online) Profiles of interaction between a lump and a stripe with the parameters Eq. (26) at times
(a) t = −6; (b) t = −0.5; (c) t = 0; (d) t = 0.5; (e) t = 2; (f) t = 6.
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Fig. 5 (Color online) Profiles of interaction between a lump and a stripe with k1 = 1, k2 = 3/2 in Eq. (26) at
times (a) t = −6; (b) t = −0.5; (c) t = 0; (d) t = 0.5; (e) t = 2; (f) t = 6.
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In order to investigate the interaction phenomenon be-

tween k3 > 0 and k3 < 0, we can change k1 and k2 in

Eq. (25). when k1 = 1, k2 = 1/2 in Eq. (26), the ob-

tained k3 = 9/4, and when k1 = 1, k2 = 3/2, the obtained

k3 = −11/4. When k3 > 0, the asympototic behaviors

in Fig. 4 show the interaction phenomenon is consistent

with k3 < 0 in Fig. 5. From the two pictures, we can see

the interaction phenomena both happen near t = 0, lump

solutions are drowned or swallowed by stripe waves after

t = 2. For a long time, the interaction phenomena are

consistent between k3 > 0 and k3 < 0.
It is clear that when t → −∞, the solution u repre-

sents two solitary waves: the lump solution and the stripe

wave solution, When t → ∞, the lump solution disap-

pears, and only the stripe wave solution exists. It reflects

the completely non-elastic interaction between two differ-

ent waves. The process of interaction of lump solution is

drowned or swallowed by stripe wave can be seen from

Fig. 4 and Fig. 5.

4 Summary and Discussions

In summary, based on Horota bilinear form, we study

the (2+1)-dimensional Sawada–Kotera equation. Lump

solutions and mixed exponential-algebraic solitary wave

solutions are obtained. The completely non-elastic in-

teraction between lump solution and stripe solution for

the (2+1)-dimensional Sawada–Kotera equation are pre-

sented. The dynamic behavior shows that the mixed

exponential-algebraic solitary wave solution is instability.

These results might be helpful to understand the propaga-

tion processes for nonlinear waves in fluid mechanics and

enrich the variety of the dynamics of higher dimensional

nonlinear wave field.
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[3] X. Lü, Nonlinear Dyn. 76 (2014) 161.

[4] Y. Q. Shi and D. L. Li, Computers Fluids 68 (2012) 88.
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923.

[21] H. C. Ma and A. P. Deng, Commun. Theor. Phys. 65
(2016) 546.
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