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Abstract Deformation rogue wave as exact solution
of the (2+1)-dimensional Korteweg—de Vries (KdV)
equation is obtained via the bilinear method. It is local-
ized in both time and space and is derived by the interac-
tion between lump soliton and a pair of resonance stripe
solitons. In contrast to the general method to get the
rogue wave, we mainly combine the positive quadratic
function and the hyperbolic cosine function, and then
the lump soliton can be evolved rogue wave. Under
the small perturbation of parameter, rich dynamic phe-
nomena are depicted both theoretically and graphically
so as to understand the property of (2+1)-dimensional
KdV equation deeply. In general terms, these deforma-
tions mainly have three types: two rogue waves, one
rogue wave or no rogue wave.
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1 Introduction

In soliton theory, soliton solutions can describe many
nonlinear phenomena in nature. Recently, rogue wave
or freak wave [1-4], which has captured imagination
of general public, scientists and ocean engineers for
a long time, is originally observed to reflect the tran-
sient gigantic ocean waves of extreme amplitudes that
seem to appear from nowhere in high seas and can lead
to disastrous outcomes. In addition to the open ocean,
rogue waves have been seen in many other physical sys-
tems, including deepwater [5-9], surface ripples [10]
and optical fibers [11,12]. The reasons for appearing
such waves are a hot topic of great interest. A signif-
icant one is the nonlinear mechanism of the solitons
interaction, for instance, the Benjamin—Feir instability
[13,14], resonance interaction by three or more waves.
Mathematically, rogue wave is a kind of rational solu-
tion that is localized in both time and space. Currently,
there is a trend to study the rogue wave with the nonlin-
ear Schrodinger equation [ 15-18] by using many meth-
ods. In addition, many other nonlinear soliton equations
have been proved to have rogue wave solutions, such
as the Hirota equation [19], the Sasa—Satsuma equation
[20], the Yajima—Oikawa system [21] and KP equation
[22,23].

In this letter, we focus on the Dbasic
(2+1)-dimensional KdV equation

Uy — Uyxy +3v), =0, 1)

Uy = vy,
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which was first derived by Boiti et al. [24] using a weak
Lax pair context and can also be considered as a model
for an incompressible fluid [25] where u is a compo-
nent of the velocity. This equation has been discussed
from various aspects. Such as, with the variable separa-
tion method, its dromion solutions [26], localized stable
solutions [27] and the interaction of localized coher-
ent structures [28] are given, and by using the Lau-
rent series expansion method, its period solutions [29]
and singularity structure analysis [30] are presented.
Moreover, its quasi-periodic waves [31], lump solution
[32] and multiple soliton [33] are obtained with the
Hirota bilinear operator. It is found that the perturba-
tion parameter of seed solution u¢ plays an important
role in the obtained solution. Its multi-soliton solution
and lump solution will vary as uo makes a small per-
turbation in the neighborhood of u( 0. However,
the rogue wave has not been presented. In this paper,
based on the bilinear operator and symbol calculation,
the rogue wave is obtained with the combination of pos-
itive quadratic function and a hyperbolic cosine func-
tion. It is verified that the deformation rogue waves
depend on not only the initial ug, but also the other
parameters. We only discuss the impact of the initial
value uq on the basis of other parameters that are con-
stants. It is interesting that due to the different values
of u, the obtained solution will be varied essentially;
the deformations among one rogue wave, two rogue
waves or no rogue wave are investigated and exhibited
mathematically and graphically.

2 Rogue wave aroused by the interaction between
lump soliton and a pair of resonance stripe
solitons

Through the Painlevé analysis, assume

2)

U=uy— 2(1nf)xy,
v= _2(1nf)xm

where f = f(x,y,t) is an unknown function to
de determined and ug is a seed solution. Substituting
Eq. (2) to Eq. (1), we can receive its bilinear formula

(DyD, + DD} — 3MOD§) fof=0. 3)

To search for its rogue wave soliton, take f as acom-
bination of positive quadratic function and a hyperbolic
cosine, that is,

f=m2+n2+a9+l, “)

where

m = ayx +axy +ast +aq, n=asx +agy + ayt +ag, !
= kcosh(k1x + kpy + kat),

anda;, i =1,2,...9),k, k1, ka, k3 are parameters to
be determined. A complex calculation with f above
can lead to 13 classes of constraining equations for the
parameters, and we only choose two classes to analyze:
Casel

ack? 2asug 3kias 3aek}
ap = , ad) = — , @3 =—, a7 = ——,
P 2w P B BT T W g
asack? 2kFudk? 2ug k3
ag = — ,a9g = s = —, = —,
$ 2asug ’ aék‘]t + 4a52u(2) z ki )
&)
the parameters should satisfy
up#0, k1 #0, as#0, ag#0, k>0  (6)

in order to insure the analytical, positive and rationally

localized in all directions in the (x, y)-plane of f.
Substituting Eq. (5) to Eq. (4)and with the trans-

formation Eq. (2), we can give rise to the solution for

Eq. (1)

2 2 kikol
_5 ayaz + a;aé+ 1K2 + up,

v=-2

5 Qaym + 2asn + kkysinh(kyx + kpy + k3t)) Raym + 2aen + kkasinh(kyx + kpy + k3t)
u =
f2

(N

f

f2

2a3 +2a2 + k3l s QRaym + 2asn + kkysinh(k1x + kay + k3t))?
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Fig. 1 (Color online) Evolution plots of Eq. (7) by choosing a4 = 0,a5 = 0.01,a¢ = 0.5,k = 2,k; = 0.5, up = 0.05, at times a
t =—100,bt = —40,ct = —10,dr =0,er =10,fr =40,g+ = 100

where f, m, n satisfy Eq. (4) and Eq. (5).

Obviously, this pair of solutions Eq. (7) represents a
solitary wave solution in the form of a combination of
rational solution and a pair of resonance stripe solitary
solutions. This solution includes a family of four waves
solutions, two waves with different velocities and a pair
of resonance stripe solitary waves. By choosing the suit
parameters values, we give four kinds of deformation
rogue waves due to the small perturbation to the seed
solution u on the basis of other parameters that are
constants, which are shown in Figs. 1, 2, 3, 4,5, 6, 7
and 8.

Figure 1a depicts there are two stripe solitons; lump
soliton is invisible, as a ghoston. When r = —40, there
appears one small wave packet, which arises from one
stripe soliton as shown in (b); when t = —10, itis inter-
esting that one wave packet changes two wave packets
and they still attach to the stripe soliton. Moreover,
these two wave packets locate into the middle of the
stripe soliton, possessing a peak wave profile as shown
in Fig. 1d. Whereafter, these two wave packets begin to
disappear and out of our horizon. This whole process
is the generating mechanism of two rogue waves.

Figure 3a depicts a pair of resonance solitons and the
lump soliton is in a invisible place, similar to a ghos-
ton, and Fig. 3b shows when + = —50, lump soliton
appears gradually, from one of the resonance stripe soli-

tons. When ¢ = 0, there exists a rogue wave, derived
from the lump soliton, located in the middle of these
two resonance solitons and linked them with each other
as shown in Fig. 3c. Then, the lump soliton begins to
transfer, until it attaches to the other stripe soliton suc-
cessfully as shown in Fig. 3d and finally goes out of
our vision as shown in Fig. 3(e).

Case Il
4
o= 3a; (4a1u0 kia ) as = 4a%u% — k‘l‘ag
2a2k} 4agkiug
478 2214
= 3 (a6k1 — 24611aék1 + 16a1u0)
16u0a3k4 '
g — agk$ + 8ataZkul + 16afuf
8a2kbul ’
k= aék? + 86112(1%/(? + 16a] ”0
- 2 2 ’
8(16k1 ug
4u0a6k3
ky = Kia? + datud’
kiag +4aju
12a u? — kta?
ay=0, ky=—10 16 8
2 3 bra? 3

then the solution of Eq. (1) is still the form of Eq. (7)
and where f, m, n satisfy Egs. (4) and (8).
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Fig. 3 (Color online) Evolution plots of Eq. (7) by choosing as = 0,as = 0.01,a6 = 0.5,k = 2, k1 = 0.5, up = 0.15, at times a

t=—-120,bt = -50,ct =0,dt =50,er =120

By choosing suit parameters, we show three kinds
of deformation rogue waves in Figs. 9, 10, 11 and 12
which are different from case 1.

Figure 9 shows the generation of deformation rogue
wave, which is similar to Fig. 1, but the structures of
Figs. 1 and 9 are different at the same time, especially
at t+ = 0. Meanwhile, compared with Fig. 3, we give
the relative one rogue waves in Fig. 10

It is found that Figs. 3 and 10 have no difference
no matter the structure of rogue or the generation
mechanism. However, for the third situation—no rogue
waves, it changes greatly, which is shown in Fig. 11,

There is a pair of resonance stripe solitons at t =
—200 shown in Fig. 11a; due to the drive of an invisible
soliton, the stripe solitons begin to change into semicir-
cle waves with the same velocity and spread direction,

@ Springer

until # = 0; these exist semicircle waves separated by
the origin O (0, 0); whereafter, they turn to the stripe
solitons in a symmetry shape. Its corresponding density
plots can verify the dynamics property (from stripe soli-
ton to semicircle soliton and return to the stripe soliton)
more obvious.

3 The theoretical analysis for the types of rogue
wave

Section 2 shows two dynamics properties to Eq. (1);
first, we discuss the types of the rogue wave varies
with the change in the parameters uq for case I. After
calculation, we know that the (x, y) = (0, 0) is the
critical point of U (x, y) = u(x, y, 0) with the initial
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Fig. 5 Compared with Fig. 3 for the perturbation of uo by choosing as
timesat =—120,bt = —-50,ct =0,dr =50,et = 120

Fig. 6 Corresponding density plots of Fig. 5

Fig. 7 (Color online) Evolution plots of Eq. (7) by choosing only two stripe solitons; rogue waves cannot be seen at any time
ay = 0,a5 = 0.0l,a6 = 0.5,k = 2,k; = 0.5,up = 0.5, at due to the perturbation of u by contrasting Fig. 1 which has two
timesat = —50, bt = 0 and ¢ t+ = 50. a—c depict there are rogue waves at t = 0
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Fig. 9 Another evolution plots of Eq. (1) with the parameters constraint by choosing a4 = 0,as = 0, a;
0.5,u9 =0.6,attimesatr = —100,b7 = -30,¢ct =0,dr =30,d 7 = 100

(b) (d)

Fig. 10 (Color online) One rogue wave of Eq. (1) by choosing a4 = 0,a3 = 0,a; = 0.1,a6 = 0.5,k; = 0.5, u0 = 2 at times a
t=-20,bt=-8,ct=0,dr=28,er=20

20

30 30

(@) (b)

Fig. 11 (Color online) No rogue wave of Eq. (1) by choosing a4 = 0,ag = 0,a; = 0.1,a¢ = 0.5,k; = 0.5, up = 0.1 at times a
t =—=200,bt =—-50,ct =0,dt =50,er =200
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Fig. 12 (Color online) Corresponding density plots of Fig. 11

phase ag = a4 = 0. Thus, at the point O (0, 0), the
second-order derivative can be calculated

Moreover, U (0, 0,0) has two extreme points with
respect to u% as

4
v Ulx,y,0) (e +4a5u0)
1= 77Uy, = >
T T Ve S 3
2 [ a2t 2
4 46k 2,2 2 agkt
: ZU(X 5.0) BxByU(x 5.0) 51261 (a2k} + 4a2ud) (—4—+a5u0) (kk1 - %0 2a5u0>
1= = 4 )
axayU(x ¥, 0) 7U(x ¥, 0) 000.0) udkdi (agk‘l‘+2kk2 +4a5u0>
©)

where

2.4 2
?’aﬁk1 — 2kkiu

2 2.2
ot 12a5u0
upk ’

ry =

klloag 22 2 8(,22 4
16 (k1a6 + 10ku0) + k7 (k agug

3aatu?
5760 4,6 2.2 2.2
+T + kugky (5a5a6 —k “0)

s] =

+ &} (3adadug + 4a2Puf) + 2aduf (5ki} + 242).

Obviously, the sign of V| is uniquely determined by the

sign of r1 and the sign of A1 is determined by the sign
2,4

of 51 (kkfu% — a%kl — 2a§u(2)); with the extreme value

theory of two variables, we can obtain the following

several cases:

2.4
() Ifr > 0,5 <kk§ug - 2a§u3> > 0or

2,4
agky

ri < 0,5 (kkfug— g —2a§ug> > 0, then the

point O(0, 0) is only the minimal value or maximum
value.

uo (2kkjul — aZk} —
aéki‘ + 2kk% uy + 4a5 “0

4as “o)

U@,0,0) =

(mf o2 + [k — 8a§kk%> Ka?

up = s
: 2 (4a? — k2k%)
<—2kkf +2a3 + |/ 5Kk} — 8a5kk2) k4a6
uy = — ;

2 (4ad — K2k?)

for brevity, we choose Skzk‘l‘ — Sagkk% > 0, kzkf —
4a§ > ( for analysis.

2 2 9U(0,0.0)
When ug <uy or ug>us, Tﬁ) >0,U(0,0,0)

increase monotonically; when u; < u% < u,
dU(0,0,0)
3ud)
Therefore, with the perturbation of ug, the structures
of rogue waves will vary essentially, which are shown

in Figs. 3c and 5c.

0, U(0,0,0) decrease monotonically.

a

2k4
) If sy (kk%ug — e

— 2a§u(2)> < 0, then the
point O(0, 0) is not a local extremum point. So the
point U (0, 0, 0) is called a saddle point of U (x, y, 0).
Furthermore, similar to the (1), with the perturbation of
ug, the structures of rogue waves will vary essentially,

which are shown in Figs. 1d and 7b; Fig. 1d exhibits
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two rogue waves and its corresponding density plot is
like a four-petaled flower, and Fig. 7b exhibits no rogue
waves and its corresponding density plot only has two
stripe solitons.

In order to depict the dynamics properties of the
perturbation of seed solution u¢, we list the possible
deformation rogue waves by choosing as = 0,a5 =
0.01, a6 =0.5, k=2, k1 =0.5; in this case, U (0, 0, 0)
has one extreme points about u(z) = 0.0036; when
u(z) > 0.0036, U (0, 0, 0) increase monotonically; con-
versely, it decreases monotonically and 1y = 0.0036 is
the minimum. As to Aq, it has two roots about u%:
One is u(z) = 0.0156 and another is u(2) = 0.0456;
when u} < 0.0156 or uj > 0.0456, Ay <0 and there
maybe appear two rogue waves or no rogue wave; when
0.0156 < u% < 0.0456, A1 > 0 and there maybe
appear one rogue wave or no rogue wave, which depend
on the amplitude of U (0, 0, 0).

Next, we discuss the rogue wave varies aroused
by the perturbation of u¢ in case II; in this case, the
(x,y) = (0, 0) is still the critical point of U (x, y) =
u(x, y,0) with the initial phase ag = a4 = 0. In the
same way, the second-order derivative can be given as

92 2r2a2k16
V2=—U(x,y,0)| =—" 061
dx? 00.0 ( 2k4 + 4a%u%)2

TU(X )’70) axa} U(x y’O)

Ny =
axayU(x yao) a QU('X y O) 0(0,0)
1024S2a2k20a6 MO
( gk4 + 4aj ”0)
(10)
where

= up (20(11214% — a2k4) ,

57 = 80atug — Satatkiul — 3agk?t.

where

= ug (20a]2u% — a2k4) ,

57 = 80atug — Satatkiud — 3agk?t.

It is apparent that the sign of V; is determined by the
sign of r, and the sign of A is determined by the sign of

@ Springer

s2. According to the extremum principle of two dimen-
sional function, it can be proved that:
(1) If s > 0, the U (0, 0, 0) is the unique extremum

uo (a6k4 4a]2u%)2

U(0,0,0) = —
(agkt + 4atug)

and U (0, 0, 0) has two extreme points with respect to
2
ug as

, agky
ul .
4a1
(\/17 _ 4) Kt
uhy = ,

when 0 < u(z) < u) or u% > u}, U(0,0,0) increase

monotonically, and when u), < u% < u},U(0,0,0)
decrease monotonically, ”/1 is the minimum.

2)Ifso < 0,then U (0, 0, 0) is not the local extreme
point; a direct calculation gives that s, has one zero
point atu% = u}, when u% < u), 52 < Oand conversely
52> > 0.So we can get a conclusion that the deformation
rogue wave maybe appears at the neighbor of u(z) = u},
which are shown in Figs. 9, 10, 11 and 12.

4 Conclusion

In this paper, using the combination method of posi-
tive quadratic function and hyperbolic cosine function,
we discuss the deformation rogue waves to the (2+1)-
dimensional KdV equation with a small parameter per-
turbation in the neighborhood of uy = 0. By choosing
two different parameter values, we give two kinds of
deformation rogue waves. According to the extreme
points of U (0, 0, 0) and the zero points of Ay and A,
both of these two cases have three kinds of deforma-
tion, which is shown in Figs. 1, 2,3, 4,5, 6,7 and 8 and
Figs. 9, 10, 11 and 12, respectively. In Fig. 1, there are
two rogue waves with the same velocity, appearing on
one of the stripe soliton and disappearing on the other
stripe soliton. Figure 3 depicts there is only one rogue
wave, whose spread trace and generation mechanism
are similar to the rogue waves in Fig. 1. Figures 5 and 7
show there is no rogue wave at t = 0, let alone at other
time. Likewise, Fig. 9 shows two rogue waves, Fig. 10
shows one rogue wave, and Fig. 11 shows no rogue
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wave. On the basis of different parameters, the genera-
tion mechanism of rogue wave is same, but their struc-
tures vary greatly. It is hoped that these rich dynamic
phenomena can provide some useful information to the
nonlinear soliton theory.

Acknowledgements

We would like to express our sincere

thanks to S. Y. Lou, W. X. Ma, E. G. Fan, Z. Y. Yan, X. Y.
Tang, J. C. Chen, X. Wang and other members of our discussion
group for their valuable comments.

References
1. Draper, L.: Freak ocean waves. Weather 21, 2—4 (1966)
2. Kjeldsen, S.P.: Dangerous wave groups. Nor. Marit. Res. 12,

10.

11.

12.

13.

14.

15.

16.

4216 (1984)

. Walker, D.A.G., Taylor, P.H., Taylor, R.E.: The shape of

large surface waves on the open sea and the Draupner new
year wave. Appl. Ocean Res. 26, 73-83 (2004)

. Stenflo, L., Marklund, M.: Rogue waves in the atmosphere.

J. Plasma Phys. 76, 293-295 (2009)

. Bludov, Y.V., Konotop, V.V., Akhmediev, N.: Matter rogue

waves. Phys. Rev. A 80, 033610 (2009)

. Chabchoub, A., Hoffmann, N.P., Akhmediev, N.: Rogue

wave observation in a water wave tank. Phys. Rev. Lett.
106, 204502 (2011)

. Ablowitz, M.J., Horikis, T.P.: Interacting nonlinear wave

envelopes and rogue wave formation in deep water. Phys.
Fluids 27, 012107 (2015)

. Didenkulova, I., Pelinovsky, E.: On shallow water rogue

wave formation in strongly inhomogeneous channels. J.
Phys. A Math. Theor. 49, 194001 (2016)

. Babanin, A.V., Rogers, W.E.: Generation and limiters of

rogue waves. Int. J. Ocean Clim. Syst. 5, 39-50 (2014)
Xia, H., Maimbourg, T., Punzmann, H., Shats, M.: Oscil-
lon dynamics and rogue wave generation in Faraday surface
ripples. Phys. Rev. Lett. 109, 114502 (2012)

Walczak, P., Randoux, S., Suret, P.: Optical rogue waves in
integrable turbulence. Phys. Rev. Lett. 114, 143903 (2015)
Solli, D.R., Ropers, C., Koonath, P., Jalali, B.: Optical rogue
waves. Nature 450, 1054-1058 (2007)

Schober, C.M.: Rogue waves and the Benjamin—Feir insta-
bility. World Sci. Ser. Non linear Sci. Ser. B 12, 194-213
(2015)

Ruban, V.P.: Nonlinear stage of the Benjamin—Feir instabil-
ity: three-dimensional coherent structures and rogue waves.
Phys. Rev. Lett. 99, 044502 (2007)

Peregrine, D.H.: Water waves, nonlinear schrodinger equa-
tions and their solutions. J. Aust. Math. Soc. Ser. B 25, 1643
(1983)

Zhao, L.C., Guo, B.L., Ling, L.M.: High-order rogue wave
solutions for the coupled nonlinear schrodinger equations-
II. J. Math. Phys. 57, 043508 (2016)

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Ankiewicz, A.: Soliton, rational, and periodic solutions for
the infinite hierarchy of defocusing nonlinear schrodinger
equations. Phys. Rev. E 94, 012205 (2016)

Akhmediev, N., Soto-Crespo, .M., Ankiewicz, A.: Extreme
waves that appear from nowhere: on the nature of rogue
waves. Phys. Lett. A 373, 2137-2145 (2009)

Huang, X.: Rational solitary wave and rogue wave solutions
in coupled defocusing Hirota equation. Phys. Lett. A 380,
2136-2141 (2016)

Chen, S.H.: Twisted rogue-wave pairs in the Sasa-Satsuma
equation. Phys. Rev. E 88, 023202 (2013)

Chen, J.C., Chen, Y., Feng, B.F., Maruno, K.I.: Ratio-
nal solutions to two-and onedimensional multicomponent
Yajima-Oikawa systems. Phys. Lett. A 379, 1510-1519
(2015)

Zhang, X.E., Chen, Y., Tang, X.Y.: Rogue wave and a pair
of resonance stripe solitons to a reduced generalized (3+1)-
dimensional KP equation. arXiv:1610.09507 (2016)

Wen, X.Y., Yan, Z.Y.: Higher-order rational solitons and
rogue-like wave solutions of the (2+1)-dimensional non-
linear fluid mechanics equations. Commun. Nonlinear Sci.
Numer. Simul. 43, 311-329 (2017)

Boiti, M., Leon, J.J.-P., Manna, M., Pempinelli, F.: On the
spectral transform of a Korteweg-de Vries equation in two
spatial dimensions. Inverse Probl. 2, 271-279 (1986)
Estevez, P.G., Leble, S.: A wave equation in 2+1: painleve
analysis and solutions. Inverse Probl. 11, 925-937 (1995)
Lou, S.Y.: Generalized dromion solutions of the (2+1)-
dimensional kdv equation. J. Phys. A Math. Theor. 28, 7227—
7232 (1995)

Tang, X.Y., Lou, S.Y., Zhang, Y.: Localized excitations in
(241)-dimensional systems. Phys. Rev. E 66, 046601 (2002)
Lin, J., Wu, EM.: Fission and fusion of localized coher-
ent structures for a (2+1)-dimensional KdV equation. Chaos
Solitons Fractals 19, 189-193 (2004)

Kumar, C.S., Radha, R., Lakshmanan, M.: Trilinearization
and localized coherent structures and periodic solutions for
the (2+1)-dimensional kdv and nnv equations. J. Phys. A
Math. Theor. 39, 942-955 (2009)

Radha, R., Lakshmanan, M.: Singularity analysis and local-
ized coherent structures in (2+1)-dimensional generalized
Korteweg-de Vries equations. J. Math. Phys. 35, 47464756
(1994)

Fan, E.G.: Quasi-periodic waves and an asymptotic property
for the asymmetrical Nizhniknovikov-Veselov equation. J.
Phys. A Math. Theor. 42, 095206 (2009)

Wang, C.J.: Spatiotemporal deformation of lump solution to
(2+1)-dimensional KdV equation. Nonlinear Dyn. 84, 697—
702 (2016)

Wazwaz, A.M.: Single and multiple-soliton solutions for
the (2+1)-dimensional KdV equation. Appl. Math. Comput.
204, 20-26 (2008)

@ Springer


http://arxiv.org/abs/1610.09507

	Deformation rogue wave to the (2+1)-dimensional KdV equation
	Abstract
	1 Introduction
	2 Rogue wave aroused by the interaction between lump soliton and a pair of resonance stripe solitons
	3 The theoretical analysis for the types of rogue wave
	4 Conclusion
	Acknowledgements
	References




