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Abstract : A brig survey o fractional calculus and fractiona differential forms was firstly

given. The fractional exterior transition to curvilinear coordinate at the origin were discussed

and the two coordinate transformations for the fractiona differentials for three dimensional

Cartesian coordinates to spherical and cylindrical coordinates are obtained, respectively. In

particuar, for v=m =1, the usua exterior trandformations, between the spherical

coordinate and Cartesian coordinate, as well as the cylindrical coordinate and Cartesian

coordinate, arefound respectively, fromfractional exterior transformation.
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I ntroduction

In generalized integration and diff erentiation the question of extension of meaning is: can the
meaning of derivatives of integral order d"y/ dx" be extended to have meaning where n is any
number (e.g. , irrational , fraction or complex) ?In 1695 Leibniz invented above notation. Eular
and Fourier mentioned derivatives of arbitrary order but they gave no gpplications or examples. So
the honor of making the first gpplication belongs to Abel in 1823. Abel goplied the fractional
calculus in the solution of an integral equation which arises in the formulation of the Tautochrone
problem. Abel’ s solution was so elegant that it attempted the attention of Liouville who made the
first major attempt to give alogical definition of afractional derivative in 1832. Riemann in 1847
while a student wrote a paper published posthumously in which he gave a definition of afractional
operation. A definition named in honor of Riemann and Liouville is
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Applications of Fractional Exterior Differentia 257

By now scientists and gpplied mathematicians have found the fractional calculus useful in various
fields: rheology , quantitative biology , electrochemistry , scattering theory, diffusion, transport
theory, probability potential theory and elasticity[l]. In recent years exterior calculus has been
generalized by basing it on various graded algebras[z'a] . Other attempts at generalization are based
on nonassociative geometries!*>!. Recently , Cottrill-Shepherd and Naber gave the definition of a
fractional exterior derivative!® and found that fractional differential formal space generates new
vector spaces o finite and infinite dimension, the definition of closed and exact forms are
extended to the new fractiona form spaces with closure and integrability condition worked out for
a specia case. Coordinate transformation rules are also computed.

1 Transition to Curvilinear Coordinates and Two Important Examples

In the paper the Rimmann-Liouville definition of fractional integration and diff erentiation will
be used. I' () is the gamma function (generalized factorial) of the parameter” o’ [i. e. ,
F(n+1) =n!foral whole number,” n” ],
1 ¢
0% (x) __ai[ 1 " fE) & ] Re(q >0
a - n - _ g- n+1 ( ; ).
(0(x - a)) ox"LT (n q)_]a(x §) n > qg(niswhole)
The parameter qis the order of the integral or derivative and allowed to be complex. Positive rea
values of g represent derivatives and negative real values represent integrals. Eg. (1) is a
fractional integral and Eq. (2) is a fractiona derivative. In this paper, only real and positive
vaues of qwill be considered. If the partial derivative are allowed to assume fractional orders, a
fractional exterior derivative can be defined
R o
v o _ V
&= 2 G A
Note that the subscript i denotes the coordinate number , the superscript v denotes the order of the
fractional coordinate differential , and a;is the initial point of the derivative. For convenience, the
initial point g for the fractional derivative is taken to the origin.
Let{ x;} and { y;} be two coordinate systems with a one to one mapping between them in
some neighborhood of p E". Take { x;} again to be Cartesian coordinates and { y;} to be
curvilinear coordinates. Assume the{ xj} can be written smocthly in terms o the{ vy},

(2

(3

xi = x(y). (4)
The exterior derivative is then applied to Eq. (4) giving the following:
N 0xi
d i = _L. 5
x = vy, (5
In the two coordinate systems, the fractional exterior derivatived’ takes the following forms:
R o
d’ = X 6
i;‘ﬂx aXY ( )
and
R 0
d’ = Ji 7
i=1 Vi 8y}’ ( )

which gives rise to
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de“. . iv Zdy. ay. ©)

Consider a function f that maps p0| nts in E"into the complex numbers

f F(v+1)(, Hkx')vmv ©
It is easily seen that
of . . _0J°
)" - 0 (i # k,i.e., fg Ke{(@xi)‘J) (10)
and
_Of _ o
0x) " " 1 (i = k. (1)

Applying the fractional exterior derivative (8) to both sides o (9) in two different
coordinate systems the following coordinate transf ormation rule can be obtained
(3\2 1) (a X ((, yll_t[k&(y))v " (y) ) . (12)
In what follows we consider the coordinate transf ormation for three-dimensional Cartesian to
cylindrical coordinates and spherical coordinates.
Example 1 Spherica coordinate
Consider the coordinate transformation of spherical coordinate
x1 = rdn(@) cos( ¥
rsn@®)sin( ¥ (r=20,0<6 <m,0< ¢<m). (13)
x3 = roos(@)
The coordinate transformations for the fractional differentials are then

CBv-2m+1) —m-sﬂe—)mSL(Q)—rZV—Zmdrv_i_

Vo
ka—

X2

da = (v+ DI (2v- 2m+1) sn™2'@)sn™ Y( 9
e B oo I
C(v+1) (B)sn™2@)sn™ (P
Cren _msﬂ(e_)_cnsi(;ﬁ)_
F(v+D (00" dn™2@)sn™ (¢ 47 (14)
v o_ C3Bv-2m+1) MQM&M P
dx = MF(v+1Dlr 2v- 2m+1) sn™2'@ r dr’ +
2" 9Y | s "®) s "(Hsn'(H PO
F(v+1) (®)" sn™2'@®)
2 9 | s "@)cos” (N dn'(H
F(v+1) (39" Sn™2'@) e, (15)
v - —0s" ™(Ds'®) 2y 2m .y
dxy = [ (3v-2m+1) 0 8) 2 v

F(v+ )l (2v- 2m+ 1) §n™ “(H§n2™ 2 @) '
r3v-2m av CQSV m(d)) cos ( )
C(v+1) (P)sn™Y(Hsnt™2' @)

r3v 2m av CCEV m(¢] 0S (e)
r (V+ 1) (ad))v m V(¢)Sn2m 2V(e) d(ﬁ’

CBV

(16)
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Forv=m =1, wefrom (14) - (16) have

dx; = sn®)cos(Pdr + rcos@)cos(H P - rgn®)sn(PHde,
dx, = sn@)sn(Hdr + rcos@)sn(D P + rin®)cos(P) de, (17)
dxs = cos®@)dr - rgn®)d ,

that is,
dxy dn®)cos(¥ rcos@)cos(d) - rdn®@)sn(PD| | dr
dxo =| dn®@)sn(® rcos®)sn(P rsn®)cos(H| | P (18)
dx cos@©) - rsin(9 0 d

which is the same as the usuall exterior transformation between the spherical coordinate and
Cartesian coordinate in three-dimensional space.

Example 2 Cylindrical coordinate

Consider the coordinate transformation of cylindrinal coordinate

x1 = rcos(9) ,
X2 = rdn( 9, (19
X3 = Z.
From (12) , it is easy to see that the coordinate transf ormations for the fractional differentials are
y o T@v-m+1) 27" (B o,
DG =y Dl (v- 2m+ 1) gnm (e ¢ 9n Y
r2v— mZv— m av CQSV( (]5) d¢y .
F(v+1) (oYY an™ V(P
2v- v
"M (v- m+1) s’ (A (20)

ZT (1- ml (v+1) sn™Y(H
e = (vr+(12)\F (V”’_Zﬂ +1) er_ rar
2T QY Sn' (P B+
F(v+1) (0" cos™ (P
T (v- m+1) dn"(d’)JdZ\,
ZT (1 - ml (v+ 1) cos™ (P '
dx} = L2y - m=1) ZV__TnCQ_Sﬂ(i))'r"'zmdrv +
F(v+Dr (v-2m+1) gn™Y(9
r2v— ZmZv av o SV- m( (;b)
F(v+1) (0H sn™ V(P
2v-2m V- m
L S_nfffsv ( d))( Dz (22)
For v=m = 1, wefrom (20) - (22) have
dx; = cos(Hdr - rdn(PHde,
sn(ddr + rcos(d do, (23)
dz,

(21)

d¢ +

dX2

dX3
that is,
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dxy cos(® - rdn(¥d 0| dr
dxg = | dn(9 rcos(¥ 0 |d (24)
dxs 0 0 dz

which is the same as the usual exterior transformation between the spherical coordinate and
Cartesian coordinate in three-dimensional space.

In summary , we have found the two coordinate transf ormations for the fractional differentials

for three-dimensional Cartesian coordinates to spherical and cylindrical coordinates. In particular,
for m = v = 1, the two above- mentioned coordinate transf ormati ons are the same as the standard
results obtained from the exterior calcul us.
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