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Abstract Based on the Lax pair, the nonlocal symme-
tries to (2 + 1)-dimensional Korteweg–de Vries equa-
tion are investigated, which are also constructed by the
truncated Painlevé expansion method. Through intro-
ducing some internal spectrum parameters, infinitely
many nonlocal symmetries are given. By choosing four
suitable auxiliary variables, nonlocal symmetries are
localized to a closed prolonged system. Via solving the
initial-value problems, the finite symmetry transforma-
tions are obtained to generate new solutions.Moreover,
rich explicit interaction solutions are presented by simi-
larity reductions. In particular, bright soliton, dark soli-
ton, bell-typed soliton and soliton interactingwith ellip-
tic solutions are found. Through computer numerical
simulation, the dynamical phenomena of these inter-
action solutions are displayed in graphical way, which
show meaningful structures.
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1 Introduction

Nowadays, many people pay attentions on integrable
systems and soliton theory for investigating the real
world. As the main part of nonlinear science, soliton
theory [1–5] has been broadly investigated and widely
applied in fields of mathematics, fluid physics, micro-
physics, solid state physics, condensed matter physics,
hydrodynamics, fluid dynamics, cosmology, field the-
ory and optics. With the research going on, symmetry
theory [6] becomes increasingly important in nonlinear
science. For a long time, the classical symmetry the-
ory plays an important role in solving nonlinear sys-
tems, whether integrable or not. Constructing interac-
tion solutions of nonlinear systems is much more dif-
ficult and tedious than general solitary wave solutions,
but it is an important and meaningful research topic.

Recent studies [7–11] have shown that nonlocal
symmetry method is one of the useful tools to derive
nonlinear waves interacting with each other. One land-
mark in achieving further progress in solving nonlin-
ear systems was the nonlocal symmetry method, which
was first researched in 1980 [12]. Then, nonlocal sym-
metry approach gets further development in nonlinear
science.Manymathematics [13–19] have used the non-
local symmetry approach to investigate a myriad of
important physical systems. In recent years, the nonlo-
cal symmetries [20–22] relating to the DT and BT are
investigated to construct interaction solutions. Lately,
it comes to light that we can construct nonlocal sym-
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metry by virtue of Painlevé analysis. As relevant with
singularmanifold and consistentwith the residual of the
expansion, residual symmetry [23,24] can be called to
represent the nonlocal symmetry.

In this paper, nonlocal symmetries, extended sys-
tem, similarity reduction and explicit interaction solu-
tions for (2 + 1)-dimensional KdV equation [25] are
discussed,

4ut − α(4uuy + 2ux∂
−1
x uy + uxxy)

−β(uxxx + 6uux ) = 0, (1)

with two arbitrary constants α and β. We can reduce
Eq. (1) to some well-known equations with physical
meanings.

If setting {α �= 0, β = 0}, Eq. (1) is reduced
to Calogero–Bogoyavlenskii–Schiff equation [26] or
Boiti–Leon–Pempinelli equation [27]

4ut − α(4uuy + 2ux∂
−1
x uy + uxxy) = 0, (2)

which describes the propagation behaviour of the Rie-
mann wave interacting with the long wave.

If setting {α = 0, β �= 0}, Eq. (1) is become famous
KdV equation

4ut − β(uxxx + 6uux ) = 0, (3)

which can be extended to the Kadomtsev–Petviashvili
(KP) equation [28].

Peng [25] first used Lax pair generating approach
to construct Eq. (1). In [25], exact solutions, Bäck-
lund transformation and localized structures were stud-
ied from the method of singular manifold. In [29],
Eq. (1) is examined to pass the Painlevé test and they
derived some kinds of explicit solutions via applying
Painlevé truncated extension approach. In [30], soliton
solutions, quasiperiodic wave solutions and their links
of Eq. (1) were investigated based on the Riemann–
Bäcklund method. In [31], Wazwaz obtained multiple-
soliton solutions and displayed that Eq. (1) does not
have the resonance phenomenon. In [32], Wang et
al. investigated the bilinear Bäklund transformation,
infinite conservation laws and Lax pair with Darboux
covariant property in Eq. (1) via binary Bell polyno-
mials. In [33,34], Lü et al. constructed a direct bilin-
ear Bäklund transformation on the basis of quadrilin-
ear representation. In [35], interaction solutions of Eq.
(1) were derived under consistent Riccati expansion
approach.

Outline of the present paper is as follows: in Sect. 2,
nonlocal symmetries for Eq. (1) are obtained by two
ways, from the Lax pair and the truncated Painlevé
extension. Then relations among the two ways are
presented. By extending the original system, nonlo-
cal symmetries are localized to a Lie symmetry. In
Sect. 3, by obtaining the finite symmetry transforma-
tions, some new solutions are constructed. We derive
some new explicit bright soliton, dark soliton and inter-
action solutions through similar reduction process. A
short conclusion and discussion is included in the last
section.

2 Nonlocal symmetry and localization

Setting vx = uy , Eq. (1) is converted into the following
form

4ut −α(4uuy +2uxv+uxxy) − β(uxxx + 6uux ) = 0,

(4)

vx − uy = 0. (5)

The Lax pair for Eqs. (4)–(5) meets

ψxx = (−u + λ)ψ, (6)

ψt = αψxxy +βψxxx +γψxx +
(
1

2
αv + 3

2
βu

)
ψx

+ αuψy +
(
3

4
αuy + 3

4
βux + γ u

)
ψ, (7)

where {u, v} is the solution to Eq. (4)–(5), with λ a
spectral parameter, φ a spectral function and {α, β, γ }
arbitrary constants.

Proposition 1 If ψ denotes a solution to the Lax pair
(6)–(7) with λ = 0, and then

σ = (σ u, σ v) ≡ (ψψx , ψψy), (8)

is a nonlocal symmetry for Eqs. (4)–(5).

Remark 1 In fact, even if λ �= 0, the nonlocal sym-
metry for Eqs. (4)–(5) still can be expressed by (8).
That is to say, when λ = 0, the nonlocal symmetry
for Eqs. (4)–(5) is Eq. (8); when λ �= 0, the nonlo-
cal symmetry is (σ u, σ v) = (F(ξ)ψψx , F(ξ)ψψy +
(2λα)−1Fξ (ξ)ψ2) with ξ = t + (λα)−1y, which is
also satisfied Eq. (8) by setting the arbitrary function
F(ξ) = 1, which can be proved with direct computa-
tion. Existence of the arbitrary function will increase
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the complexity of the next similarity reduction process,
so we take the case of λ = 0.

By using the similarmethod inRef. [36], muchmore
symmetries can be acquired through differentiating the
given internal parameters. Thenwe can have the propo-
sition as follows.

Proposition 2 If σ0(λ) satisfies the above symmetry of
Eqs. (4)–(5) with λ ≡ λ1, λ2, . . . , λr , then

σm ≡ d{m}

dλ{m} σ0(λ) ≡ d{m1}

dλ{m1}
1

d{m2}

dλ{m2}
2

· · · d{mr }

dλ{mr }
r

σ0(λ),

(9)

is also the symmetry for Eqs. (4)–(5) with {m} ≡
{m1, m2, . . . , mr }.

According to the above two propositions, many new
nonlocal symmetries can be derived. Such as, if choos-
ing φ and φ̄ satisfy the above Lax pair (6)–(7), then

σ(λ1, λ2) ≡ (σ u(λ1, λ2), σ
v(λ1, λ2)), (10)

with

σ u(λ1, λ2) = (λ1ψ + λ2ψ̄)(λ1ψ + λ2ψ̄)x ,

σ v(λ1, λ2) = (λ1ψ + λ2ψ̄)(λ1ψ + λ2ψ̄)y,

and ∂m1+m2

∂λ
m1
1 ∂λ

m2
2

σ(λ1, λ2) are also the symmetries for Eqs.

(4)– (5).
It is known that exact solutions can be constructed

directly through the nonlocal symmetry method, which
need to transform nonlocal symmetries into local ones
to obtain a prolonged system. Then this prolonged sys-
tem is closed and satisfies aLie point symmetry, namely
equivalent with nonlocal symmetry (8).

Through introducing two new dependent variables
ψ1 and ψ2, which are functions of {x, y, t}, with

ψ1 = ψx , ψ2 = ψy, (11)

so the above symmetry (8) can be converted into

σ u = ψψ1, σ v = ψψ2. (12)

In addition to the above variables, two additional
potential variables φ ≡ φ(x, y, t), k ≡ k(x, y, t)
should be introduced to calculate the symmetries for
the three new variablesψ,ψ1 andψ2. To be completely

closed to the prolonged system, the new variable φ

needs to satisfy the following compatibility conditions:

φx = ψ2, φy =k, φt = 1

2
αvψ2+ 3

2
β(λψ2−ψψxx )

−βψ2
1 −αψ1ψ2+2βψψ1x + αψψ1y + αλk.

(13)

Then the symmetries can be generated

σψ = −1

4
φψ, σψ1 = −1

4
(φψ1 + ψ3),

σψ2 =−1

4
(φψ2+kψ), σ k =−1

2
kφ, σφ =−1

4
φ2,

(14)

where σψ, σψ1 , σψ2 , σ k and σφ express the symme-
tries for ψ,ψ1, ψ2, k and φ, respectively.

Lastly, the prolongation of (8) can be successfully
localized by introducing the variablesψ,ψ1, ψ2, k, and
φ in the following vector expression

V =ψψ1
∂

∂u
+ψψ2

∂

∂v
− φψ

4

∂

∂ψ
− 1

4
(φψ1+ψ3)

∂

∂ψ1

− 1

4
(φψ2 + kψ)

∂

∂ψ2
− kφ

2

∂

∂k
− φ2

4

∂

∂φ
. (15)

Anmeaningful and interesting result can be seen that
the above potential variable φ must meet the following
Schwartz expression for Eqs. (4)– (5)

αSy + βSx + 4Cx − 4αλHx = 0 (16)

where H = −φy
φx

, C = − φt
φx

, and S = φxxx
φx

− 3φ2
xx

2φ2
x

are all invariable with respect to the following classical
Möbius transformation

φ → a + bφ

c + dφ
(ad �= bc). (17)

By introducing a new transformation as follows,

ψ = √
φx , (18)

then substituting it into the Lax pair (6)– (7), one can
obtain

u = λ − 1

2

φxxx

φx
+ 1

4

φ2
xx

φ2
x

, (19)
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v = −3βλ

α
+ 2

α

φt

φx
− 2λ

φy

φx
+ 3β

4α

φ2
xx

φ2
x

+ φxxφxy

φ2
x

− φxxy

φx
− β

2α

φxxx

φx
. (20)

and the equivalent form of nonlocal symmetry for u
and v

(σ u, σ v) ≡
(
1

2
φxx ,

1

2
φxy

)
. (21)

Remark 2 Equation (21) is the residual symmetry of
Eqs. (4)–(5). Under transformation (18), the nonlocal
symmetry (8) can be connected with the residual sym-
metry (21). Equations (19)–(20) are nonauto-BT,which
converts (4)–(5) into its Schwartz Eq. (16).

As Eqs. (4)–(5) pass the Painlevé test [29], they own
the following truncated expansion form

u = u0 + u1

φ
+ u2

φ2 , v = v0 + v1

φ
+ v2

φ2 . (22)

with u0, u1, u2, v0, v1, v2, and φ being functions in
{x, y, t}.

In order to construct nonlocal symmetry of (4)–(5)
related to its truncated Painlevé expansion, we can sub-
stitute (22) into Eqs. (4)–(5) and eliminate the coeffi-
cients of different order powers for variable φ,

u1 = 2φxx , v1 = 2φxy, u2 = −2φ2
x , (23)

u0 = λ − 1

2

φxxx

φx
+ 1

4

φ2
xx

φ2
x

, v2 = −2φxφy, (24)

v0 = −3βλ

α
+ 2

α

φt

φx
− 2λ

φy

φx
+ 3β

4α

φ2
xx

φ2
x

+ φxxφxy

φ2
x

− φxxy

φx
− β

2α

φxxx

φx
. (25)

Then the (2+1)-dimensional KdV Eqs. (4)–(5) can
be successfully reduced to the Schwartz form (16), and
both keep the Möbious invariance property (17). The
variableφ has the point symmetry in the following form

σφ = κ0 + κ1φ + κ2φ
2. (26)

where κ0, κ1, and κ2 are arbitrary constants.

Remark 3 It is worthy to point out that the correspond-
ing Schwartz expression for a differential equation can
be obtained via localization of nonlocal symmetries
from Lax pair and utilizing the method of singularity

analysis. The Schwartz expression (16) and Möbious
invariance property (17) both can be got through the
above two ways.

By introducing another four new dependent vari-
ables f, g, h and p, nonlocal symmetries for Eqs. (4)–
(5) are localized to the Lie point symmetry

σ u = 2h, σ v = 2p, σ f = −2φ f, σ g = −2φg,

σ h =−2( f 2+φh), σ p =−2( f g+φp), σφ =−φ2,

(27)

for the extended system

4ut − α(4uuy + 2uxv + uxxy)

−β(uxxx + 6uux ) = 0, vx − uy = 0,

u = λ − 1

2

φxxx

φx
+ 1

4

φ2
xx

φ2
x

, f = φx , g = φy,

h = fx , p = fy,

v = −3βλ

α
+ 2

α

φt

φx
− 2λ

φy

φx
+ 3β

4α

φ2
xx

φ2
x

+ φxxφxy

φ2
x

− φxxy

φx
− β

2α

φxxx

φx
. (28)

In the last, the prolongation of nonlocal symmetries
(21) localizes to an extended system by adding the
above four variables with the pattern of prolonged sym-
metry vector field

V = 2h
∂

∂u
+ 2p

∂

∂v
− 2φ f

∂

∂ f
− 2φg

∂

∂g

− 2( f 2 + φh)
∂

∂h
− 2( f g + φp)

∂

∂p
− φ2 ∂

∂φ
.

(29)

3 Finite symmetry transformation and similarity
reduction

Based on the theory in classical Lie group, the non-
local symmetry (21) and Lie point symmetry (29) are
equivalent with each other, and exact solutions can be
constructed in two ways.

3.1 Finite symmetry transformation

Theorem 1 When { f, g, h, p, φ, u, v}meets the exten-
ded system (28), the following form of { f̄ , ḡ, h̄, p̄, φ̄,

ū, v̄} also satisfies Eq. (28)
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Nonlocal symmetry and similarity reductions 225

ū = u + 2εh

1 + εφ
− 2ε2 f 2

(1 + εφ)2
, v̄ = v + 2εp

1 + εφ

− 2ε2 f g

(1 + εφ)2
, f̄ = f

(1 + εφ)2
,

ḡ = g

(1 + εφ)2
, h̄ = h

(1 + εφ)2
− 2ε f 2

(1 + εφ)3
,

p̄ = p

(1 + εφ)2
− 2ε f g

(1 + εφ)3
, φ̄ = φ

1 + εφ
. (30)

This symmetrygroup theoremcanbeproved through
solving the initial-value problems as follows:

dū(ε)

dε
= 2h̄,

dv̄(ε)

dε
= 2 p̄,

d f̄ (ε)

dε
= −2φ̄ f̄ ,

dḡ(ε)

dε
= −2φ̄ḡ,

dh̄(ε)

dε
= −2( f̄ 2 + φ̄h̄),

d p̄(ε)

dε
= −2( f̄ ḡ + φ̄ p̄),

dφ̄(ε)

dε
= −φ̄2,

f̄ (0) = f, ḡ(0) = g, h̄(0) = h, p̄(0) = p,

φ̄(0) = φ, ū(0) = u, v̄(0) = v, (31)

with ε the general group parameter.

Remark 4 From a known solution {u, v} for Eqs. (4)–
(5), a new solution {ū, v̄} can be derived by the above
transformation in Theorem 1. It should be mentioned
that the last expression in (30) is just the normal Möbi-
ous transformation.

3.2 Similarity reductions

For sake of similarity reductions of Eqs. (4)–(5), we
research the extended system (28) through applying
the approach of Lie point symmetry. Assuming the fol-
lowing infinitesimal transformations have no effect in
Eq. (28),

{x, y, t, f, g, h, p, φ, u, v} → {x + εX, y + εY, t

+ εT, f + εF, g + εG, h + εH, p + εP, φ

+ εΦ, u + εU, v + εV } (32)

with

σ u = Xux + Y uy + T ut − U,

σ g = Xgx + Y gy + T gt − G,

σ f = X fx + Y fy + f ut − F,

σ v = Xvx + Yvy + T vt − V,

σ h = Xhx + Y hy + T ht − H,

σ p = X px + Y py + T pt − P,

σφ = Xφx + Yφy + T φt − Φ, (33)

Among them, {X, Y, T, F, G, H, P, Φ, U, V } are the
functions in {x, y, t, f, g, h, p, φ, u, v} with ε a small
parameter.

If we substitute Eq. (33) into the extended system
(33)

4σ u
t − α(2σ u

x v + 4uσ u
y + 4σ uuy + 2uxσ

v + σ u
xxy)

−β(6uσ u
x + 6σ uux + σ u

xxx ) = 0,

σ v
x − σ u

y = 0, 4σ uφ3
x + 4uσφ

x φ2
x + 2σφ

xxxφ
2
x

− 2σφ
xxφxxφx + φ2

xxσ
φ
x = 0, σ f − σφ

x = 0,

4σφ
t φ2

x − 2α(vσφ
x φ2

x + σvφ3
x − σφ

xxφxφxy

+ σφ
x φxxφxy − σφ

xyφxφxx + σφ
xxyφ

2
x )

+β(2σ uφ3
x +2uσφ

x φ2
x +2σφ

xxφxφxx −σφ
x φ2

xx )=0,

σ g − σφ
y = 0, σ h − σ

f
x = 0, σ p − σ

f
y = 0, (34)

an overdetermined system with infinitesimals {x, y, t,
f, g, h, p, φ, u, v} can be derived via collecting and
making all coefficients for potential variables and par-
tial derivatives to be zero. By computing, these equa-
tions can yield

X = c1x + β

α
(c2 − 3c1)y + f4,

Y = (c2 − 2c1)y + c3, T = c2t + c4,

U = −2c1u− f1h, V =(c1 − c2)v + β

α
(3c1 − c2)u

− f1 p− f1y f − 2

α
f4t , Φ = 1

2
f1φ

2+ f2φ+ f3,

F = (−c1 + f1φ + f2) f,

G = (2c1 − c2 + f1φ + f2)g + β

α
(3c1 − c2) f

+ 1

2
f1yφ

2 + f2yφ + f3y,

H = (−2c1 + f1φ + f2)h + f1 f 2,

P = (c1 − c2 + f1φ + f2)p

+ β

α
(3c1 − c2)h + ( f1g + f1yφ + f2y) f, (35)

with f1, f2 and f3 being the arbitrary functions in y,
f4 being the arbitrary function in t , and ci (i = 1 . . . 4)
four arbitrary constants. Specially, if setting c1 = c2 =
c3 = c4 = f2 = f3 = f4 = 0 and f1 = −2, the
derived symmetry is only Eq. (27); if setting f1 = 0,
the usual Lie point symmetry for Eqs. (4)–(5) can be
obtained.
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In order to construct more corresponding group
invariant solutions, the symmetry constraint conditions
σ i = 0 (i = f, g, h, p, φ, u, v) defined by Eqs. (33)
with Eqs. (35) should be solved. This is equal to solving
the characteristic equations as follows:

dx

X
= dy

Y
= dt

T
= d f

F
= dg

G
= dh

H

= dp

P
= dφ

Φ
= du

U
= dv

V
. (36)

Below, we consider two nontrivial similarity reduc-
tions by solving (36) in detail.

Reduction 1 c3 �= 0. Generality, assuming c1 = c2 =
c4 = 0, c3 = 1, f1 = c5, f2 = c6, f3 = c7 and f4 =
1
k , and redefining c by c2 = c26−2c5c7

4 (c �= 0). By
the nonlocal symmetry approach, more general exact
solutions can be obtained, which would be instructive
to consider travelling waves of Eq. (1). Solving Eq.
(36), we yield similarity solutions, which are expressed
as

u = U − c5
c

H tanhΔ1 − c25
2c2

F2 tanh2 Δ1,

v = V − c5
c

P tanhΔ1 − c25
2c2

FG tanh2 Δ1,

f = −Fsech2Δ1, g = −Gsech2Δ1,

φ = −c6
c5

− 2c

c5
tanhΔ1,

p =
(c5

c
FG tanhΔ1 + P

)
sech2Δ1,

h =
(c5

c
F2 tanhΔ1 + H

)
sech2Δ1, (37)

with Δ1 = ck(Φ + x). Here F, G, H, P, U, V and
Φ are functions of {ξ, η} and represent seven group
invariants in (37), while ξ = −kx + y and η = t the
corresponding similarity variables.

Substituting Eq. (37) into Eq. (34), we yield

F = 2c2k

c5
(1 − kΦξ), G = 2c2k

c5
Φξ ,

H = −2c2k3

c5
Φξξ ,

U = c2k2(kΦξ − 1)2 − k3Φξξξ

2(kΦξ − 1)
+ k4Φ2

ξξ

4(kΦξ − 1)2
,

P = 2c2k2

c5
Φξξ ,

V = β

α
c2k2(kΦξ − 1)2 − 2c2k2(kΦξ − 1)Φξ

+ (2α − βk)k2Φξξξ − 4Φη

2α(kΦξ − 1)
− (4α − 3βk)k3Φ2

ξξ

4α(kΦξ − 1)2
,

(38)

where Φ meets the next reduced equation

(αk2 − βk3)((8c2Φξξ − Φξξξξ )(kΦξ − 1)2

+ 4k(kΦξ − 1)ΦξξΦξξξ − (4c2 + 3k2Φ2
ξξ ))

+ 4(kΦξ − 1)2Φξη − 4k(kΦξ − 1)ΦξξΦη = 0.

(39)

Then we can construct the interaction solutions by
choosing

Φ = r0ξ +ω0η+m Eπ (sn(r1ξ +ω1η, n), μ, n), (40)

into the reduced Eq. (39), and k = α
β
, r0 = r1ω1

ω0
+ β

α
.

From (37) with (40), the solutions interacting
between solitons and the cnoidalwaves canbeobtained.
If themodulus n �= 1 in Eq. (40), the interactional solu-
tions for the potential u and v are exhibited in Fig. 1.
In Fig. 1, clearly phenomena can be seen that a bright
soliton anddark soliton travel on the cnoidalwaveback-
grounds rather than the usual backgrounds of plane
wave, respectively. While setting n = 1, the interac-
tion phenomena can be reduced back to bright soliton
solutions and dark soliton solutions, which are shown
in Fig. 2.

Reduction 2 Letting c1 = c2 = 0, c3 = 1
k , f1 =

c5, f2 = c6, f3 = c7 and f4 = qt with q ≡ q(t), and

setting k2 = c4
c3

, c2 = c26−2c5c7
4 (c �= 0). Solving (36),

we yield similarity solutions as follows:

u = U − c5
c

H tanhΔ2 − c25
2c2

F2 tanh2 Δ2,

v = V − c5
c

P tanhΔ2 − c25
2c2

FG tanh2 Δ2,

f = −Fsech2Δ2, g = −Gsech2Δ2,

φ = −c6
c5

− 2c

c5
tanhΔ2,

p =
(c5

c
FG tanhΔ2 + P

)
sech2Δ2,

h =
(c5

c
F2 tanhΔ2 + H

)
sech2Δ2, (41)

with Δ2 = ck(Φ + y). Here F, G, H, P, U, V, and
Φ are functions of {ξ, η} and represent seven group
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Fig. 1 Plots of bright soliton and dark soliton travelling on
cnoidalwaves for componentsu andv expressedby (37) at x = 0.
The parameters are α = 1, β = 1, c = 1, ω0 = 1, ω1 = 1, r1 =

1, m = 1, n = 1
2 , μ = 1

2 . a, d The wave travel modes along t
axis; b, e the wave travel modes along y axis; c, f corresponding
three-dimensional plots for components u and v
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Fig. 2 Plots of bright soliton and dark soliton for components u
and v expressed by (37) at x = 0. The parameters areα = 1, β =
1, c = 1, ω0 = 1, ω1 = 1, r1 = 1, m = 1, n = 1, μ = 1

2 . a,

d The wave travel patterns of the bright soliton and dark soliton
along t axis; b, e the three-dimensional plots for components u
and v; c, f the corresponding density plots
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Fig. 3 Plots of first kind of special bright soliton and dark soliton
travelling on cnoidalwaves for the components u and v expressed
by (41) at x = 0. The parameters are α = 1, β = 1, c = 1, r0 =
1, m = 1, k1 = 1, n = 1

2 , r1 = 1, k2 = 1, μ = 1
2 , q = sin(t).

a, d The wave travel modes along t axis; b, e the wave travel
modes along y axis; c, f corresponding three-dimensional plots
for components u and v

invariants in (41), while ξ = t − k2y and η = x − k1
k2

q
the general similarity variables.

Substituting (41) into Eq. (34), we yield

F = 2c2k1
c5

(Φη), G = 2c2k1
c5

(1 − k2Φξ),

U = c2k21Φ
2
η − Φηηη

2Φη

+ Φ2
ηη

4Φ2
η

,

H = −2c2k1
c5

Φηη, P = 2c2k1k2
c5

Φξη,

V = c2k1(2 − 2k1k2Φξ + βk1
α

Φη)Φη

+
(
2

α
Φξ + k2Φξηη − β

2α
Φηηη

)
1

Φη

+
(
3β

4α
Φηη − k2Φξη

)
Φηη

Φ2
η

, (42)

where Φ meets the reduced equation as follows

(αk2Φξηηη − βΦηηηη)Φ
2
η − 4(ΦξΦηη − ΦξηΦη)Φη

− 3(αk2Φξηη − βΦηηη)ΦηΦηη

− (αk2Φξη−βΦηη)(4c2k21Φ
4
η +ΦηΦηηη − 3Φ2

ηη) = 0.

(43)

Then, another type of soliton–cnoidal wave solutions
can be obtained via taking

Φ = r0ξ +ω0η+m Eπ (sn(r1ξ +ω1η, n), μ, n), (44)

into the reduced Eq. (43), and ω0 = α
β

r0k2, ω1 =
α
β

r1k2.
Here, it should be pointed out that Φ meets differ-

ent reduced equations in Eqs. (39) and (43). Although
the expression of the chosen function (44) is the same
with (40), the constraint conditions of the parame-
ters are different. What is more important, the sim-
ilarity solutions (41) contain an arbitrary function,
which can enrich the solutions of Eq. (1). The exact
solutions (41) with (44) for Eqs. (4)–(5) denote the
interactional phenomena among solitons with cnoidal
waves. Because of an arbitrary function q existing in
Eq. (41), many new exact interaction solutions can
be constructed. We illustrate three types of soliton–
cnoidal wave interaction solutions in Figs. 3, 6 and 9
via choosing three different kinds of the arbitrary func-
tion q.

• The arbitrary function q is selected as q = sin(t).
For Fig. 3, the solutions of Eqs. (4)–(5) for components
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Fig. 4 Plots of first kind of
bright soliton solution of u
expressed by (37) at x = 0.
The parameters are
α = 1, β = 1, c = 1, r0 =
1, m = 1, k1 = 1, n =
1
2 , r1 = 1, k2 = 1, μ =
1
2 , q = sin(t). a The mode
of wave structure along t
axis; b the wave travel mode
along y axis;
c three-dimensional plot for
component u;
d corresponding density
plot
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Fig. 5 Plots of first kind of
dark soliton solution of v

expressed by (37) at x = 0.
The parameters are
α = 1, β = 1, c = 1, r0 =
1, m = 1, k1 = 1, n =
1
2 , r1 = 1, k2 = 1, μ =
1
2 , q = sin(t). a The mode
of wave structure along t
axis; b the wave travel mode
along y axis;
c three-dimensional plot for
component v;
d corresponding density
plot
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u and v are bright soliton and dark soliton travelling on
cnoidal waves with the parameters α = 1, β = 1, c =
1, r0 = 1, m = 1, k1 = 1, n = 1

2 , r1 = 1, k2 =
1, μ = 1

2 . In particular, when all other parameters are
fixed but take the limit of the modulus n = 1, the peri-
odic waves are reduced to bright soliton and dark soli-
ton, which are shown in Figs. 4 and 5.

• The arbitrary function q is selected as q = cos(t).
For Fig. 6, we plot the solutions of Eqs. (4)–(5) for
components u and v. The parameters are α = 1, β =
1, c = 1, r0 = 0.5, k1 = 1, r1 = 0.8, k2 = 1, m =
1, n = 0.9, μ = 1

2 . For component u, a bright soliton
can be seen travelling on the background of cnoidal
wave. For component v, a dark soliton can be seen
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Fig. 6 Plots of second kind of soliton–cnoidal wave solutions
for components u and v expressed by (41) at x = 0. The param-
eters are α = 1, β = 1, c = 1, r0 = 0.5, m = 1, k1 = 1, r1 =

0.8, n = 0.9, k2 = 1, μ = 1
2 , q = cos(t). a, d The wave travel

mode along t axis; b, e the wave travel mode along y axis; c, f
corresponding three-dimensional plots for components u and v

travelling on the background of cnoidal wave. Com-
pared with Fig. 3, the bright soliton and dark soliton
propagate along the diagonals in Fig. 6c, f, while the
solitons propagate along the directions of y in Fig. 3c,
f. In particular, when all other parameters are fixed but
take the limit of the modulus n = 1, the periodic wave
is reduced to bright solitary wave and the interaction
solution becomes the two solitons for the component u
in Fig. 7; the periodic wave is reduced to dark solitary
wave for the component v in Fig. 8.

• The arbitrary function q is selected as q = t .
For Fig. 9, we still graphically illustrate the interaction
solutions of Eqs. (4)–(5) for components u and v, with
selecting the same values of the parameters in Fig. 6.
For component u, a bell-typed bright soliton can be
seen travelling on the background of cnoidal wave. For
component v, a bell-typed dark soliton can be seen trav-
elling on the background of cnoidal wave. In particular,
when all other parameters are fixed but take the limit
of the modulus n = 1, the periodic waves are reduced
to bright two solitons and dark two solitons, which are
shown in Fig. 10. The waves are symmetric at y = 0.

By chosen the arbitrary function as q = t , q =
cos(t) and q = sin(t), we construct different interac-
tion behaviours, which have not yet been derived for

Eqs. (4)–(5). The solutions describing solitons moving
on the background of cnoidal waves instead of plane
waves are very important in the realworld. Shin [37,38]
showed that solitons residing on cnoidal wave back-
grounds travel faster than residing on backgrounds of
plane wave. These solutions can be used to analyse
some interesting physical phenomena, but there are few
physical studies to report this kind of solutions. In fact,
it is a common phenomenon to see solitons interacting
with other waves, like the ocean waves and the optical
waves. In the ocean, stokes waves are used to describe
the finite amplitude wave with larger wave steepness in
deep water. Solitary wave usually appears in the shal-
low water, which is also called shallow water wave.
When the waves enter the shallow water, because of
the significant influence of the submarine topography
on the shape and height of the waves, it enables using
cnoidal wave to analyse the propagation process of the
finite amplitudewave in the shallowwater. In the optics,
localized states of the optically induced refractive index
gratings and solitons in the optically induced lattices
can be analysed by the soliton–cnoidal wave solutions
[39–41]. Therefore, the theory of cnoidal waves and
solitary waves has been widely used in shallow water
and optical area.
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Fig. 7 Plots of second kind
of bright soliton solution of
u expressed by (41) at
x = 0. The parameters are
α = 1, β = 1, c = 1, r0 =
0.5, k1 = 1, r1 = 0.8, k2 =
1, m = 1, n = 0.9, μ =
1
2 , q = cos(t). a The mode
of wave structure along t
axis; b the wave travel mode
along y axis;
c three-dimensional plot for
component u;
d corresponding density
plot
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Fig. 8 Plots of second kind
of dark soliton solution of v

expressed by (41) at x = 0.
The parameters are
α = 1, β = 1, c = 1, r0 =
0.5, k1 = 1, r1 = 0.8, k2 =
1, m = 1, n = 0.9, μ =
1
2 , q = cos(t). a The mode
of wave structure along t
axis; b the wave travel mode
along y axis;
c three-dimensional plot for
component v;
d corresponding density
plot
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4 Summary and discussion

Nonlocal symmetry, extended system, similarity reduc-
tions, exact interaction solutions for Eqs. (4)–(5) are
studied in this paper. Nonlocal symmetries for Eqs.
(4)–(5) are obtained by two ways, from the Lax pair

and the truncated Painlevé extension. Under transfor-
mation (18), the nonlocal symmetry (8) can be con-
nected with the residual symmetry (21). With intro-
ducing of some internal parameters, much more sym-
metries are acquired through differentiating the given
internal parameters. By extending the original system,
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Fig. 9 Plots of third kind of interaction solutions for compo-
nents u and v expressed by (41) at x = 0. The parameters are
α = 1, β = 1, c = 1, r0 = 0.5, k1 = 1, r1 = 0.8, k2 = 1, m =

1, n = 0.9, μ = 1
2 , q = t . a, d The mode of wave structures

along t axis; b, e the mode of wave structures along y axis; c, f
corresponding three-dimensional plots for components u and v
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Fig. 10 Plots of third kind of bright two-soliton solution for
component u and dark two-soliton solution for component v

expressed by (41) at x = 0. The parameters are α = 1, β =
1, c = 1, r0 = 0.5, k1 = 1, r1 = 0.8, k2 = 1, m = 1, n =

0.9, μ = 1
2 , q = t . a, d The wave travel modes along y axis; b,

e the three-dimensional plots for components u and v; c, f the
corresponding density plots
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nonlocal symmetries are successfully localized to an
extended closed system. The corresponding Schwartz
form of Eqs. (4)–(5) both reduced via localization of
the nonlocal symmetry from Lax pair and utilizing the
method of singularity analysis. Through solving the
initial-value problems, the finite symmetry transforma-
tions are obtained to generate new solutions.Moreover,
bright soliton, dark soliton, bell-typed soliton and soli-
ton interacting with elliptic solutions are presented by
similarity reductions. Because of the arbitrary function
appeared in the interaction solutions, some interest-
ing interaction behaviours are demonstrated by choos-
ing the arbitrary function as q = t , q = cos(t) and
q = sin(t), which can be used to illustrate some inter-
esting physical phenomena and may be meaningful for
studying waves in the ocean.

With the aid of the nonlocal symmetries, bright soli-
ton, dark soliton and interacting with cnoidal wave
solutions for Eqs. (4)–(5) are derived by similarity
reductions. The method used here could be instructive
to study other important physical systems. The rela-
tion between the nonlocal symmetry obtained by the
Lax pair and other types of nonlocal symmetries, such
as negative hierarchies and Darboux transformation, is
also an meaningful subject. As localization is deemed
to be the most important step to expand application of
the nonlocal symmetries, there is no uniform method
in localizing which type of the nonlocal symmetry to
a Lie symmetry and constructing new interaction solu-
tions by the nonlocal symmetry approach. It is well
worthy of further exploration onHamiltonian structure,
conservation laws and generalized symmetry and some
other important integrable properties of Eqs. (4)–(5) in
the future work.
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