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a b s t r a c t
Based on Hirota bilinear method, N-solitons, breathers, lumps and rogue waves as exact
solutions of the (3+1)-dimensional nonlinear evolution equation are obtained. The impacts
of the parameters on these solutions are analyzed. The parameters can influence and
control the phase shifts, propagation directions, shapes and energies for these solutions.
The single-kink soliton solution and interactions of two and three-kink soliton overtaking
collisions of the Hirota bilinear equation are investigated in different planes. The breathers
in three dimensions possess different dynamics in different planes. Via a long wave limit of
breathers with indefinitely large periods, rogue waves are obtained and localized in time.
It is shown that the rogue wave possess a growing and decaying line profile that arises
from a nonconstant background and then retreat back to the same nonconstant background
again. The results can be used to illustrate the interactions of water waves in shallow water.
Moreover, figures are given out to show the properties of the explicit analytic solutions.
© 2018 Elsevier Ltd. All rights reserved.

1. Introduction
With the rapid development of science and computer technology, the human cognition and research object gradually
went from linear models to nonlinear models. As one of the three branches of nonlinear science, the theory of solitons has
become an important research field of nonlinear science and has aroused great interests. These nonlinear models are applied
to many fields, such as fluid, plasma, nonlinear optics, biologic nerve propagation, atmospheric science, marine science and
so on. To find exact solutions of nonlinear systems is a difficult and tedious but very important and meaningful work. So
far, several effective methods have been established by mathematicians and physicists to obtain exact solutions of soliton
equations, such as the Inverse Scattering transformation (IST) [1], Darboux transformation (DT) [2,3], Painlevé analysis [4,5],
Hirota bilinear method [6,7], Bäcklund transformation (BT) [8], Lie symmetry method [9–11] and so on.
Recently, the study of breathers, lumps and rogue waves has attracted more and more attention in the nonlinear fields.
Solitons, breathers, lumps, and rogue waves are different types of nonlinear localized waves and are key objects in nonlinear
physical systems such as nonlinear optics, bio-physics, plasmas, cold atoms, and Bose–Einstein condensates. Solitons are
the stable waves, while rogue waves and breathers are localized structures on a background with unstable characteristics.
Breathers [12–16] are regarded as the crucial prototypes to explain rogue wave phenomena and are the localized breathing
waves with a periodic profile in a certain direction. As a kind of rational function solutions, lumps [17–22] are localized
in all directions in the space, lump-type [23,24] solutions are localized in almost all directions in the space. Rogue waves
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[25–33] are localized in both space and time, and appear from nowhere and disappear without a trace [34], have taken the
responsibility for numerous marine disasters.
In this paper, we focus on N-solitons, breathers, lumps and rogue wave solutions of the following (3 + 1)-dimensional
nonlinear evolution equation (NLEE) [35–39]
uyt − uxxxy − 3(ux uy )x − 3uxx + 3uzz = 0,

(1)

which was first proposed in [36] by using a multivariate polynomial. Based on the bilinear form, Lü and Ma [37] have obtained
lump solutions by two types of dimensional reductions and given the sufficient and necessary conditions to guarantee
analyticity and rational localization of the solutions. For the (3 + 1)-dimensional NLEE (1), only multiple wave solutions,
lump solutions have been investigated. It is important to study other rational solutions to Eq. (1). Via the method used
in [40], we will report some new localized wave solutions of the (3 + 1)-dimensional NLEE.
The paper is organized as follows. In Section 2, based on Hirota bilinear method, one, two and three-soliton solutions are
obtained, even derived the form of N-soliton solution. In Section 3, upon choosing appropriate parameters on the two-soliton
solution, the line breathers are derived and their dynamical behaviors are shown under different planes and parameters. In
Section 4, via a long wave limit of breathers, localized rational solutions are proposed. By modifying the internal parameters,
the line rogue waves and the lumps are derived from the rational solutions. The last section contains a short summary and
discussion.
2. The soliton solutions
By using a dependent variable transformation
fx (x, y, z , t)

,

(2)

(Dt Dy − D3x Dy − 3D2x + 3D2z )(f · f ) = 0,

(3)

u = 2[ln f (x, y, z , t)]x = 2

f (x, y, z , t)

Eq. (1) can be mapped into

that is
2[ffty − fy ft + fxxx fy − ffxxxy + 3fx fxxy − 3fxx fxy − 3(ffxx − fx2 ) + 3(ffzz − fz2 )] = 0,
where f = f (x, y, z , t), and the derivatives
Dαx Dβy Dγz Dδt (f · g) = (

,

Dt Dy D3x Dy

,

D2x

and

D2z

(4)

are all the bilinear derivative operators [6] defined by

∂
∂ α ∂
∂ β ∂
∂
∂
∂
−
) (
−
) (
− ′ )γ ( − ′ )δ f (x, y, z , t)g(x′ , y′ , z ′ , t ′ )|x′ =x,y′ =y,z ′ =z ,t ′ =t .
∂ x ∂ x′ ∂ y ∂ y′ ∂ z
∂z
∂t
∂t

(5)

It is clear that if f solves Eq. (4), then u = u(x, y, z , t) is a solution of Eq. (1) through the transformation (2).
2.1. The 1-soliton solution
To search for one-soliton solution of the (3 + 1)-dimensional NLEE in Eq. (1), assuming f in the following form
f = 1 + eη1 ,

(6)

where

η1 = k1 (x + p1 y + q1 z + ω1 t) + η10 ,

(7)

with k1 , p1 , q1 , and η10 are arbitrary constants.
Substituting Eq. (6) with Eq. (7) into Eq. (3), and making the coefficients of all exponential functions to zero, we can obtain

ω1 = k21 +

3(1 − q21 )
p1

.

(8)

Then substituting Eqs. (6)–(8) into Eq. (2), the one-soliton solution of Eq. (1) can be obtained.
If setting k1 = 2, p1 = 1, q1 = 1, η10 = 0, we can obtain one-kink soliton solution and give the wave shape in different
planes, which is shown in Fig. 1.
2.2. The 2-soliton solution
To search for two-soliton solution of the (3 + 1)-dimensional NLEE in Eq. (1), assuming f in the following form
f = 1 + eη1 + eη2 + A12 eη1 +η2 ,

(9)
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Fig. 1. The one-kink soliton solution for Eq. (1) by choosing suitable parameters: k1 = 2, p1 = 1, q1 = 1, η10 = 0. (a) y = 0, z = 0; (b) x = 0, z = 0;
(c) z = 0, t = 0.

where

ηi = ki (x + pi y + qi z + ωi t) + ηi0 (i = 1, 2),

(10)

with ki , pi , qi and η are arbitrary constants.
Substituting Eq. (9) with Eq. (10) into Eq. (3), and making the coefficients of all exponential functions to zero, we can
obtain
0
i

ωi = k2i +
A12 =

3(1 − q2i )
pi

(i = 1, 2),

p1 p2 (k1 − k2 )(k1 p1 − k2 p2 ) + (p1 q2 − p2 q1 )2 − (p1 − p2 )2
p1 p2 (k1 + k2 )(k1 p1 + k2 p2 ) + (p1 q2 − p2 q1 )2 − (p1 − p2 )2

(11)

.

Then substituting Eqs. (9)–(11) into Eq. (2), the two-soliton solution of Eq. (1) can be obtained.
If setting k1 = 2, p1 = 1, q1 = 2, k2 = 3, p2 = 2, q2 = 1, and η10 = η20 = 0, we can obtain a two-kink solution and give
the wave shape in different planes, which is shown in Fig. 2.

2.3. The 3-soliton solution
For three-soliton solution of the (3 + 1)-dimensional NLEE in Eq. (1), assuming f in the following form
f = 1 + eη1 + eη2 + eη3 + A12 eη1 +η2 + A23 eη2 +η3 + A13 eη1 +η3 + A123 eη1 +η2 +η3 ,

(12)

where

ηi = ki (x + pi y + qi z + ωi t) + ηi0 (i = 1, 2, 3),

(13)

with ki , pi , qi and ηi0 are arbitrary constants.
Based on above method, substituting Eq. (12) with Eq. (13) into Eq. (3), we can obtain

ωi = k2i +
Aij =

3(1 − q2i )
pi

,

pi pj (ki − kj )(ki pi − kj pj ) + (pi qj − pj qi )2 − (pi − pj )2
pi pj (ki + kj )(ki pi + kj pj ) + (pi qj − pj qi

)2

− (pi − pj

)2

(i = 1, 2, 3),

(14)

A12 A23 A13 = A123 .
Then substituting Eqs. (12)–(14) into Eq. (2), the three-soliton solution of Eq. (1) can be obtained.
If setting k1 = 1.6, p1 = 1.2, q1 = 2, k2 = 2.1, p2 = 2.3, q2 = 1, k3 = 1.3, p3 = 3.3, q3 = 2 and η10 = η20 = η30 = 0, we
can obtain a three-kink soliton solution, which is shown in Fig. 3.
It is visually shown that the collisions are elastic and the propagation situations of solitary waves can be seen via the
above four pictures. Figs. 1–3 show the one-kink soliton, two-kink soliton, and three-kink soliton, respectively, by choosing
suitable parameters. The shapes and speeds of the solitons have no change, but the phases may have a change after the
collisions. The small-amplitude solitons overtake the large-amplitude ones, which can be seen in Fig. 4.
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Fig. 2. The two-kink soliton solution for Eq. (1) by choosing suitable parameters: k1 = 2, p1 = 1, q1 = 2, k2 = 3, p2 = 2, q2 = 1, η10 = 0, η20 = 0. (a) y = 0,
z = 0; (b) x = 0, z = 0; (c) z = 0, t = 0.

Fig. 3. The three-kink soliton solution for Eq. (1) by choosing suitable parameters: k1 = 1.6, p1 = 1.2, q1 = 2, k2 = 2.1, p2 = 2.3, q2 = 1, k3 = 1.3,
p3 = 3.3, q3 = 2, η10 = 0, η20 = 0, η30 = 0. (a) y = 0, z = 0; (b) x = 0, z = 0; (c) z = 0, t = 0.

Fig. 4. Interaction of the soliton overtaking collision of z = 0, t = 0, η10 = 0, η20 = 0, η30 = 0. (a), (b) and (c) Interaction of the two solutions overtaking
collision of k1 = 2, p1 = 1, q1 = 2, k2 = 3, p2 = 2, q2 = 1 at t = 0, y = −6, 0, 6; (d), (e) and (f) Interaction of the three solutions overtaking collision of
k1 = 1.6, p1 = 1.2, q1 = 2, k2 = 2.1, p2 = 2.3, q2 = 1, k3 = 1.3, p3 = 3.3, q3 = 2 at t = 0, y = −7.2, 0.8, 8.8.

2.4. The N-soliton solution
Continuing the above process, the N-soliton solution of Eq. (1) can be deduced by the similar way. The function f meets
the following form:
f =

∑
µ=0,1

N
(∑

exp

i=1

µi ηi +

N
∑
1≤i<j

)
µi µj ln(Aij ) ,

(15)
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Fig. 5. The time evolution of line breathers of Eq. (1) in the (x, y) plane for parameters of Eq. (18) at z = 0.

where

ωi = k2i +
Aij =

3(1 − q2i )
pi

, ηi = ki (x + pi y + qi z + ωi t) + ηi0 ,

pi pj (ki − kj )(ki pi − kj pj ) + (pi qj − pj qi )2 − (pi − pj )2
pi pj (ki + kj )(ki pi + kj pj ) + (pi qj − pj qi )2 − (pi − pj )2

(16)
(i = 1, 2, . . . , N)

with ki , pi , qi and ηi0 are arbitrary constants and
µ=0,1 is the summation that takes over all possible combinations of
ηi , ηj = 0, 1(i, j = 1, 2, . . . , N). Substituting Eq. (15) with (16) into Eq. (2), the N-soliton solution can be obtained.

∑

3. The breather solutions
Based on the conditions of obtaining breathers mentioned in the previous works, an analytical expression for the breather
solutions can be obtained by choosing suitable parameters on the two-soliton solution in Eq. (2), which has a similar form
with the two-dimensional equations.
Now substituting the function f into the solution (2) of Eq. (1), line breathers can be obtained in the (x, y) plane, where
the parameters in Eq. (2) need to satisfy the following conditions
k1 = Ia1 , k2 = −Ia2 , p1 = b1 , p2 = b1 , q1 = a + Ik, q2 = a − Ik.

(17)

For instance, setting parameters as follows
k1 = k∗2 = I , p1 = p2 = 2, q1 = q∗2 = 1 + 2I , η10 = η20 = 0,

(18)

the function f in Eq. (9) of u can be rewritten as
f = 1 + 2 cosh(6t − 2z) cos(x + 2y + z + 5t) + 2 sinh(6t − 2z) cos(x + 2y + z + 5t)
3
3
(19)
+ cosh(12t − 4z) + sinh(12t − 4z).
2
2
Dynamical behaviors of corresponding solutions u can be obtained in the (x, y) along with the time evolution, which are
shown in Fig. 5. Along with the time, these periodic line waves obviously start from the constant state and reach maximum
amplitudes at t = 0, then gradually start to damp and finally return to the initial constant state. These periodic line waves
remain parallel and independent of each other, but the changes of their behaviors are consistent along with the time. As
the fundamental line rogue waves can be treated as a limited case of these period line waves, hereafter we refer to these
periodic line waves as line breathers. If setting the same parameters in different planes, these breather solutions will display
different behavior characteristics. By comparing Fig. 5 with Fig. 6, the above conclusions can be obtained. Just looking from
Fig. 6, the breathers spread in the same direction, but have different number of waves in different planes. When choosing
the (x, z) plane, switching the value of p1 and q1 in Eq. (18) and setting k1 = 2I, it is worth pointing out that these periodic
solutions also describe line breathers, which are shown in Fig. 7. From Figs. 5 and 7, it is not difficult to find that these periodic
solutions have different periodic.
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Fig. 6. Breathers of Eq. (1) in the (x, z) plane and the (y, z) plane for parameters of Eq. (18).

Fig. 7. The time evolution of line breathers of Eq. (1) in the (x, z) plane for parameters k1 = 2I , k2 = −2I , p1 = 1 − 2I , p2 = 1 + 2I , q1 = 2, q2 = 2
and y = 0.

4. The lump solution and rogue wave solution
In order to obtain the rogue waves, a long wave limit of function f in Eq. (9) must be taken. Setting parameters
k1 = l1 ϵ, k2 = l2 ϵ, η10 = η20∗ = I π,

(20)

in Eq. (9) and taking the limit as ϵ → 0, the function f can be rewritten as
f = (θ1 θ2 + θ0 )l1 l2 ϵ 2 + O(ϵ 3 ),

(21)

where

θ0 =
θi =

2p1 p2 (p1 + p2 )
(p1 − p2 )2 − (p1 q2 − p2 q1 )2

p2i y + pi qi z − 3q2i t + pi x + 3t
pi

,
(22)

(i = 1, 2).

Substituting Eq. (21) with Eq. (22) into Eq. (2), the solution u can be expressed as
u=

2(θ1 + θ2 )

θ1 θ2 + θ0

.

(23)

Setting
p2 = p∗1 , q2 = q∗1 ,

(24)
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Fig. 8. Lump solutions (23) of Eq. (1) in different planes for parameters p1 = 1 + 2I , p2 = 1 − 2I , q1 = 2 + I , q2 = 2 − I.

the following conditions θ2 = θ1∗ and θ0 > 0 can be obtained. So the solution u in Eq. (23) is nonsingular. Moreover, this
solution has two different dynamical behaviors in each plane. Next, these two different dynamical behaviors are given in the
(x, y) plane as an example.
Setting p1 = a1 + Ib1 , q1 = a2 + Ib2 , and a1 , a2 , b1 , b2 are all real constants.
Case 1. Lump solution
When a1 ̸ = 0, along a trajectory defined by [x(t), y(t)], where
x+

(3 − 3a22 + 3b22 )t
a1

+

(a21 − b21 )y
a1

+

b1 y + b2 z −

(a1 a2 − b1 b2 )z
a1

√
−

a1 (a21 + b21 )
(a1 b2 − a2 b1 + b1 )(a1 b2 − a2 b1 − b1 )

3(2a1 a2 b2 − a22 b1 + b1 b22 + b1 )t
a21 + b21

= 0,
(25)

= 0,

the solution u in Eq. (23) is a constant. Moreover, u → 0 when (x, y) goes to infinity at any given (t , z). So it can be found
that these rational solutions keep moving in permanent lumps status on the kink backgrounds. These solutions are rationally
localized in all directions in the space.
If choosing parameters as above in Eq. (24), lumps (i.e., one global maximum point and two global minimum points)
in Eq. (1) can arise. The dynamic behaviors of lump solutions in different planes are visually shown in Fig. 8. It should be
pointed out that choosing any surface to be projected, the obtained solutions are lump solutions in R3 in above figures, while
these solutions are lump-type solutions in R4 .
Case 2. Rogue wave solution
When b1 = 0 (i.e., p1 is real), the solution u in Eq. (23) is line rogue wave in the (x, y) plane, whose amplitude changes
along the time, see Fig. 9. There are obvious differences between line solitons and line rogue waves during their propagation.
When t = 0, the solution u in Eq. (23) can reach a higher amplitude in the (x, y) plane, but when |t | ≫ 0, it returns to the
initial kink state. This solution is a rational growing and decaying mode. Obviously, these solutions are located in time and
are called line rogue waves in previous works.
At the same time, line rogue wave solutions can be also obtained by choosing suitable parameters in the (x, z) and (y, z)
planes. When b2 = 0, the solution u in Eq. (23) is line rogue wave in the (x, z) plane. Setting p1 = 1 − 2I , q1 = 2,
the corresponding line rogue wave solution can be obtained in the (x, z) plane, which is illustrated in Fig. 10. When
a2 = 0, b2 = 0, line rogue wave solution can be obtained in the (y, z) plane. Setting p1 = −1 + I , p2 = −1 − I, the
corresponding line rogue wave solution can be obtained in the (y, z) plane, which is plotted in Fig. 11.
It should be point out that lump solutions can be also obtained in the (x, z) and (y, z) planes under the above same
parameters, whose amplitudes unchange, but positions change along the time. Their dynamic phenomena are illustrated in
Fig. 12 and Fig. 13 respectively.
Through the above analysis, it seems impossible that rogue wave phenomena appear in different planes under the same
parameters, but rogue wave phenomena can appear in different planes by choosing appropriate parameters. Based on the
method used in this paper, it is not possible to obtain the general rogue wave solution of Eq. (23), while the line rogue wave
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Fig. 9. The time evolution of line rogue waves (23) of Eq. (1) in the (x, y) plane for parameters p1 = 3, p2 = 3, q1 = 2 + 2I , q2 = 2 − 2I at z = 0.

Fig. 10. The time evolution of line rogue waves (23) of Eq. (1) in the (x, z) plane for parameters p1 = 1 − 2I , p2 = 1 + 2I , q1 = 2, q2 = 2 at y = 0.

solution can be derived. In the next study, we expect to obtain the general rogue wave solutions by modifying the above
method.
5. Summary and discussions
In summary, the kink soliton solutions of the (3 + 1)-dimensional NLEE are obtained based on the Hirota bilinear method.
In this paper, one to three soliton solutions are given. The form of N-soliton solution is even deduced in accordance with the
above soliton solutions. They all show the kink soliton form. Their collisions are elastic, that is, the shapes, amplitudes, widths,
and velocities keep invariable during the propagation, just the phases have a change. On the basis of two-soliton solution, line
breathers are obtained by setting specific parameters. The line breather starts from the constant background and reaches
maximum amplitude at t = 0, then gradually starts to damp and finally returns to the initial constant state. These line
breathers remain parallel and independent of each other. By taking limitation, two different dynamical behavioral solutions
can be obtained, which are lump solution and rogue wave solution. It is worthy to point out that they are lump-type [23,24]
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Fig. 11. The time evolution of line rogue waves (23) of Eq. (1) in the (y, z) plane for parameters p1 = −1 + I , p2 = −1 − I at x = 0.

Fig. 12. The time evolution of lump solutions (23) of Eq. (1) in the (x, z) plane for parameters p1 = 3, p2 = 3, q1 = 2 + 2I , q2 = 2 − 2I at y = 0.

solutions in R4 . They attract recent attention in describing nonlinear wave phenomena in oceanography and nonlinear optics.
Dynamical behaviors of lump solutions are visually shown in different planes. Line rogue waves are rational growing and
decaying modes and located in time. These effective methods used in this paper provide a direct and powerful mathematical
tool to derive exact localized wave solutions of other nonlinear models, which can be helpful to study nonlinear evolution
equations in mathematical physics and engineering. It is worthy of further exploration to apply numerical simulation method
to the above theoretical solutions in the future. Based on the above similar method, the interaction solutions can be also
obtained, whose relevant results will be reported in a separate work.
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Fig. 13. The time evolution of lump solutions (23) of Eq. (1) in the (y, z) plane for parameters p1 = 1 − 2I , p2 = 1 + 2I , q1 = 2, q2 = 2 at x = 0.
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