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In this paper, a theoretical model is proposed to investigate the molecular rotational state
populations pumped by multiple laser pulses through an impulsive Raman process based on
second-order perturbation theory and an analytical solution for the dependence of the rotational
state populations on the time delays and the relative amplitudes of the multiple laser pulses has
been achieved. The results indicate that the molecular rotational state populations can be
controlled by precisely manipulating the time delays and the relative amplitudes, which can be
signiﬁcantly enhanced or completely suppressed, and so the molecular rotational wave packet and
ﬁeld-free molecular alignment can be eﬃciently manipulated.

Introduction
When a laser pulse is applied to a molecule, a rotational wave
packet in the molecular vibronic ground state can be created.
The production of the rotational wave packet induced by the
laser ﬁeld will lead to molecular alignment along the laser
polarization direction.1–4 The laser-induced molecular alignment
can be obtained in both adiabatic and non-adiabatic regimes.2
In an adiabatic process, the molecular alignment occurs under
the laser ﬁeld and will vanish when the laser pulse is oﬀ. In a
non-adiabatic process, the molecular alignment is maximally
obtained after the laser pulse and periodically reconstructed at
the full of the molecular rational period and so it results in
ﬁeld-free molecular alignment. Recently, ﬁeld-free molecular
alignment has attracted considerable attention for its applications in
molecular frame photoelectron angular distribution,5,6 high-order
harmonic generation,7,8 molecular orbital imaging9 and intense
laser pulse propagation.10–12 The dynamics of ﬁeld-free molecular
alignment can be controlled by applying two or multiple timedelayed laser pulses,13–21 which can be signiﬁcantly enhanced or
completely suppressed by precisely manipulating their intensity
ratios and time delays.
The molecular rotational wave packet is built by populating
the rotational states through an impulsive Raman process and
therefore the rotational state populations can directly reﬂect
the amplitude of the rotational wave packet. If the rotational
state populations can be manipulated by the laser ﬁeld, the
rotational wave packet can be controlled and therefore results
in ﬁeld-free molecular alignment. In this paper, based on
second-order perturbation theory, we theoretically investigate
the molecular rotational state populations pumped by multiple
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laser pulses through an impulsive Raman process and an
analytical solution for the dependence of the rotational state
populations on the time delays and relative amplitudes of the
multiple laser pulses has been achieved. With three laser pulses
as an example, we show that the molecular rotational state
populations can be signiﬁcantly enhanced or completely suppressed
by precisely manipulating their time delays and relative amplitudes
and so the rotational wave packet and ﬁeld-free molecular
alignment can be coherently controlled.
We consider multiple time-delayed laser pulses with the
same linear polarization direction, given by
E(t) = E1(t1) + E2(t2) + E3(t3) +  + Ei(ti),
where Ei(ti) = Aiexp(2ln2t2i/t2)cos(oti) and ti ¼ t1 

(1)
i
P

Tdj ,

j¼2

Tdj is the time delay between the j and (j  1) laser pulses, Ai is
the ﬁeld amplitude, t is the pulse duration and o is the laser
central frequency. As shown in Fig. 1, when a molecule is
exposed to the laser ﬁeld E(t), the transition from the rotational
states |Ji to |J + 2i is coupled through an impulsive Raman
process. Based on second-order perturbation theory, the Raman
transition probability can be approximated as22,23
Z

PJJþ2 / 

þ1
1

2

EðoÞE  ðo  oJ Þdo ;

ð2Þ

where E(o) is the Fourier transform of E(t), oJ is the angular
Raman frequency with oJ = 2p(EJ+2  EJ)/h = 2pcB(4J + 6) =
(4J + 6)p/Trot, h is the Planck constant, c is the speed of the light,
EJ is the energy of the J rotational state with EJ = hcBJ(J + 1), B
is the molecular rotational constant, J is the rotational quantum
number and Trot is the molecular rotational period with Trot =
1/(2Bc). It is noted that the high-frequency terms in eqn (2) are
integrated to be zero when the laser frequency o is much
greater than the Raman frequency oJ (i.e., o c oJ) and
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Fig. 1 A schematic diagram of the impulsive Raman transition from
the rotational states |Ji to |J + 2i, induced by the three time-delayed
laser pulses.

thus the Raman transition probability PJJ+2 can be further
simpliﬁed as
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where g2i is the relative amplitude with g2i = (Ai/A1)2. When the
molecular ensemble in the thermal equilibrium is considered, the
Raman transition probability PJJ+2 should be averaged over
the Boltzmann distribution of the initial rotational states J, and so
the total Raman transition probability P can be written as
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where WJ are the Boltzmann weight factors with WJ =
exp[BJ(J + 1)/kT]/Q, Q is the rotational partition function,
k is the Boltzmann constant and T is the molecular rotational
temperature.
One can see from eqn (4) that the total Raman transition
probability P depends on the time delays Tdj and the relative
amplitudes g2i of the multiple laser pulses and therefore it can be
controlled by precisely manipulating the time delays Tdj and the
relative amplitudes g2i . Here, we consider a simple and common
case with three laser pulses and thus P can be controlled by varying
the Td2 and Td3 time delays and the g22 and g23 relative amplitudes.
First, we studied the inﬂuence of the Td2 and Td3 time delays
on the Raman transition probability P. To reduce the control
parameters, we considered four special cases with the relative
amplitudes g22 = g23 = 1, 1 + g22 = g23, 1 + g23 = g22 and 1 =
g22 + g23. That is to say, three laser pulses with the same
intensities or one laser pulse that is equal to the sum of the
other two laser pulses. Fig. 2 shows the contour plot of P, at
the rotational temperature T = 30 K, as a function of the Td2
and Td3 time delays with the relative amplitudes g22 = g23 = 1
(a), g22 = 0.5 and g23 = 1.5 (b), g22 = 1.5 and g23 = 0.5 (c), and
g22 = g23 = 0.5 (d). All data are normalized by P, induced by
the ﬁrst laser pulse, and hereafter the same method is used. As
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can be seen, P is strongly modulated by the Td2 and Td3 time
delays. P is maximally enhanced at Td2 = Td3 = Trot (labeled
with circles), i.e., the separation between two neighbouring
laser pulses is the rotational period Trot. P is completely
suppressed at Td2 = Trot and Td3 = 0.5Trot for g22 = 0.5
and g23 = 1.5 (see Fig. 2(b)), Td2 = Td3 = 0.5Trot for g22 = 1.5
and g23 = 0.5 (as shown in Fig. 2(c)) and Td2 = 0.5Trot and
Td3 = Trot for g22 = g23 = 0.5 (as shown in Fig. 2(d), labeled with
rectangles). Moreover, the manipulation of P can be obtained at
any molecular rotational temperature (not shown here). These
results indicate that three time-delayed laser pulses can provide
an eﬀective method to manipulate the molecular rotational state
populations.
Next, we demonstrated the dependence of the Raman
transition probability P on the relative amplitudes g22 and g23.
Here, we only considered these representative time delays,
labeled with circles and rectangles in Fig. 2. Fig. 3 shows the
contour plot of P, at the rotational temperature T = 30 K, as
a function of the relative amplitudes g22 and g23 with the Td2 =
Td3 = Trot (a), Td2 = Trot and Td3 = 0.5Trot (b), Td2 = Td3 =
0.5Trot (c), and Td2 = 0.5Trot and Td3 = Trot (d) time delays.
One can see that P can be enhanced but not suppressed at
Td2 = Td3 = Trot (as shown in Fig. 3(a)), while P can be enhanced
or suppressed at Td2 = Trot and Td3 = 0.5Trot (as shown in
Fig. 3(b)), Td2 = Td3 = 0.5Trot (see Fig. 3(c)), and Td2 = 0.5Trot
and Td3 = Trot, (as shown in Fig. 3(d)). It can be found that
P is completely suppressed when g22 and g23 satisfy the relation of
1 + g22 = g23 or 1 + g23 = g22 or 1 = g22 + g23 (labeled with dashed
lines), i.e., one laser pulse is equal to the sum of the other two laser
pulses. Consequently, we can conclude that P can be signiﬁcantly
enhanced or completely suppressed by precisely controlling the Td2
and Td3 time delays and the g22 and g23 relative amplitudes.
As mentioned previously, the rotational wave packet is
generated in the initially populated rotational states through
an impulsive Raman process. The rotational state populations
(i.e., P) can be manipulated by precisely controlling the Td2 and
Td3 time delays and the g22 and g23 relative amplitudes of three
laser pulses (as shown in Fig. 2 and 3) and so the rotational
wave packet and therefore the ﬁeld-free molecular alignment
can be manipulated. To show the rotational wave packet or
ﬁeld-free molecular alignment can be manipulated by the three
time-delayed laser pulses, we numerically solved the timedependent Schrödinger equation based on a rigid-rotor model,2
i
h

@jCi n
1
¼ BJðJ þ 1Þ  mEðtÞ cos y  ½ðak  a? Þ cos2 y
@t
2
o
ð5Þ
þ a? E 2 ðtÞ jCi;

where m is the permanent dipole moment, y is the angle between
the molecular axis and the laser polarization and aJ and a> are
the polarizability components parallel and perpendicular to the
molecular axis, respectively. The molecular alignment degree or
the rotational wave packet are characterized with the expectation value of cos2y (i.e., hcos2yi) by considering the temperature-dependent Boltzmann distribution,
hcos2 yi ¼

X
J

WJ

J
X
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Fig. 2 A contour plot of the Raman transition probability P, at the rotational temperature T = 30 K, as a function of the Td2 and Td3 time delays
with the relative amplitudes g22 = g23 = 1 (a), g22 = 0.5 and g23 = 1.5 (b), g22 = 1.5 and g23 = 0.5 (c), and g22 = g23 = 0.5 (d).

Fig. 3 A contour plot of the Raman transition probability P, at the rotational temperature T = 30 K, as a function of the g22 and g23
relative amplitudes with the time delays Td2 = Td3 = Trot (a), Td2 = Trot and Td3 = 0.5Trot (b), Td2 = Td3 = 0.5Trot (c), and Td2 = 0.5Trot and
Td3 = Trot (d).

In our simulation, the time-dependent Schrödinger equation in
eqn (5) is numerically calculated by a split operator method.24 The
CO molecule is used as an example and the molecular parameters
are B = 1.93 cm1, m = 0.112 D, aJ = 2.294 Å3 and a> =
1.77 Å3.25–27 Here, the rotational period of the CO molecule can
be calculated as Trot = 1/(2Bc) = 8.64 ps, its rotational
temperature set to be 30 K and the central frequencies of all
three laser pulses are 12 500 cm1 with pulse durations of 200 fs.
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Fig. 4 shows the time-dependent molecular alignment
hcos2yi induced by the three laser pulses with time delays
and relative amplitudes of Td2 = Td3 = Trot and g22 = g23 = 1
(a), Td2 = Trot, Td3 = 0.5Trot, g22 = 0.5 and g23 = 1.5 (b),
Td2 = Td3 = 0.5Trot, g22 = 1.5 and g23 = 0.5 (c), and Td2 =
0.5Trot, Td3 = Trot and g22 = g23 = 0.5 (d). Here, the ﬁrst laser
pulse intensity is set to be 1  1013 W cm2. The three arrows
are used to show three laser pulse positions and their length
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rotational state populations and the negative value represents
that the second and third laser pulses will suppress the rotational
state populations. As can be seen, the rotational state populations are signiﬁcantly enhanced when Td2 = Td3 = Trot and g22 =
g23 = 1 (as shown in Fig. 5(a)) and are almost completely
suppressed when Td2 = Trot, Td3 = 0.5Trot, g22 = 0.5 and
g23 = 1.5 (as shown in Fig. 5(b)), Td2 = Td3 = 0.5Trot, g22 =
1.5 and g23 = 0.5 (as shown in Fig. 5(c)) and Td2 = 0.5Trot, Td3 =
Trot and g22 = g23 = 0.5 (as shown in Fig. 5(d)). Therefore, these
results are consistent with the previously mentioned calculations
in Fig. 2 and 3.

Conclusions
Fig. 4 The time-dependent molecular alignment hcos2yi, at the rotational temperature T = 30 K, induced by three laser pulses with time
delays and relative amplitudes of: Td2 = Td3 = Trot and g22 = g23 = 1
(a), Td2 = Trot, Td3 = 0.5Trot, g22 = 0.5 and g23 = 1.5 (b), Td2 = Td3 =
0.5Trot, g22 = 1.5 and g23 = 0.5 (c) and Td2 = 0.5Trot, Td3 = Trot
and g22 = g23 = 0.5 (d). Here, the ﬁrst laser intensity is set to be
1  1013 W cm2.

indicates their laser pulse intensities, respectively. One can see
that hcos2yi is enhanced for Td2 = Td3 = Trot and g22 = g23 = 1
(as shown in Fig. 4(a)) and is almost completely suppressed for
Td2 = Trot, Td3 = 0.5Trot, g22 = 0.5 and g23 = 1.5 (as shown in
Fig. 4(b)), Td2 = Td3 = 0.5Trot, g22 = 1.5 and g23 = 0.5 (as
shown in Fig. 4(c)), and Td2 = 0.5Trot, Td3 = Trot and g22 =
g23 = 0.5 (as shown in Fig. 4(d)). Obviously, these observations
are in good agreement with our previously mentioned
predictions.
The Fourier transform of the molecular alignment signal
can give the rotational state populations and therefore we can
further observe the inﬂuence of the second and third laser
pulses on the molecular rotational state populations induced
by the ﬁrst laser pulse. Fig. 5 shows the Fourier transform of
the molecular alignment signal calculated in Fig. 4 (the solid
lines), together with the diﬀerence from that induced only by
the ﬁrst laser pulse (the dashed lines). The positive value means
that the second and third laser pulses can further enhance the

Fig. 5 The Fourier transform of the molecular alignment signal
calculated in Fig. 4 (the solid lines), together with the diﬀerence to
that induced only by the ﬁrst laser pulse (the dashed lines).
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In summary, we have presented a theoretical model to investigate
the molecular rotational state population induced by multiple
laser pulses through an impulsive Raman process, based on
second-order perturbation theory, and an analytical solution
for the dependence of the molecular rotational state populations
on the time delays and the relative amplitudes of the multiple
laser pulses is obtained. It shows that the molecular rotational
state populations can be signiﬁcantly enhanced or completely
suppressed by precisely controlling the time delays and the
relative amplitudes of the laser pulses and it can be further
utilized to control the rotational wave packet and ﬁeld-free
molecular alignment.
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