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Two-color laser wavelength effect on intense terahertz generation
in air∗
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The near-IR femtosecond lasers have been proposed to produce the high-field terahertz radiation in the air via the
laser–plasma interaction, but the physical mechanism still needs to be further explored. In this work, we theoretically in-
vestigate the effect of the two-color laser wavelength on the terahertz generation in the air based on a transient photocurrent
model. We show that the long wavelength laser excitation can greatly enhance the terahertz amplitude for a given total laser
intensity. Furthermore, we utilize a local current model to illustrate the enhancement mechanism. Our analysis shows that
the terahertz amplitude is determined by the superposition of contributions from individual ionization events, and for the
long wavelength laser excitation, the electron production concentrates in a few number of ionization events and acquires
the larger drift velocities, which results in the stronger terahertz radiation generation. These results will be very helpful for
understanding the terahertz generation process and optimizing the terahertz output.
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1. Introduction
The high-field terahertz (THz) pulse has attracted consid-

erable attention not only for the related applications,[1–6] such
as remote sensing,[6] but also for the study of light–plasma
interaction.[7–9] However, the high peak intensity THz pulse
generation is still a major challenge in THz research. The tra-
ditional solution is based on optical rectification in nonlinear
crystals,[10–12] this technique currently can deliver a THz pulse
with GV/m electric field intensity, but its spectral bandwidth is
limited to the crystal carrier frequency, and the generated THz
radiation will usually be strongly absorbed by the water during
the propagation, therefore its application is greatly restricted.
Recently, as an alternative approach, the two-color laser field
has been proposed to generate the intense and broadband THz
pulse.[7,13–24] In this two-color laser field scheme, a funda-
mental femtosecond laser field combining with its second har-
monic field is focused in air to generate gaseous plasma, which
can deliver a THz pulse with its field intensity higher than
100 MV/m over the spectral width of 100 THz.[25] Further-
more, the plasma-THz generation and detection can be closed
to the target,[26,27] which can avoid the attenuation of THz ra-
diation in the air, and thus makes THz remote sensing and

other potential applications become possible. Consequently,
this plasma-based THz generation technique has aroused great
interest in the past decade.

In the conventional two-color laser field setup, the 800 nm
fundamental laser and its harmonic laser are usually employed
to generate the THz pulse in the air. Recently, several studies
have demonstrated that the THz pulse intensity can be further
increased by using the longer wavelength lasers,[28–31] and the
recent report showed that a near 30-fold enhancement of THz
radiation can be realized by the 1800 nm laser compared to
the traditional 800 nm laser.[28] Thus, the use of the near-IR
and even mid-IR pump lasers to increase the THz radiation
intensity becomes the focus in the high-field THz studies. In
those studies, the THz enhancement is mainly attributed to the
wavelength-dependence plasma current, so the analysis is still
relatively rough and needs to be further refined. Since the
plasma current is essentially determined by the stepwise in-
crease of the free electron density and electron drift velocity,
and the two parameters are sensitive to the waveform of the
optical field. When the laser wavelength increases, the opti-
cal cycle will decrease under the same laser pulse duration,
and the waveform of the laser pulse will be changed, which
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will affect the above two parameters, and finally determine the
THz radiation intensity. Therefore, the effect of the two-color
laser wavelength on the THz radiation intensity can be further
explained from this microscopic aspect.

In this paper, we study the laser wavelength effect on the
intense THz generation in the two-color laser field scheme
based on a transient photocurrent model. We show that the
THz amplitude increases as the laser wavelength increases at
given laser intensity and duration, which is consistent with the
previous experimental and theoretical results.[28–31] Further-
more, the enhancement mechanism is explained by using a lo-
cal current approximation. Our analysis shows that the ioniza-
tion events play an important role in THz generation, and are
sensitive to the change of the laser wavelength. With the in-
crease of the two-color laser wavelength, the number of corre-
sponding ionization events decreases, but the induced electron
density in each ionization event will increase, and thus the total
electron density keeps a constant. Moreover, we demonstrate
that the electron drift velocity is proportional to the laser wave-
length for each ionization event, which means that the electron
production concentrates in a few ionization events and obtains
a higher velocity for the laser with a long wavelength. Hence,
the intense plasma current can be generated by the long wave-
length laser excitation, and emits the high-field THz pulse.

2. Theoretical model
Our theoretical simulation is based on a transient pho-

tocurrent model.[7,14] Here, the employed two-color laser field
is a superposition of the fundamental laser field and its second
harmonic field, which can be expressed as

E(t)=exp
(
−2ln2t2/τ

2)[E1 cosω0t+E2 cos(2ω0t+φ)] , (1)

where E1 and E2 are the amplitudes of the fundamental laser
field and its second harmonic field, respectively, τ is the pulse
duration, ω0 is the central frequency of the fundamental laser
field, and φ is the relative phase between the fundamental laser
field and its second harmonic field. Here, the well-known
static tunneling model is employed,[20,32] and therefore the
ionization rate can be written as

WST =
αST

|ε(t)|
exp
[
−
(

βST

ε(t)

)]
, (2)

where ε(t) = E(t)/εa, εa is the electric field in atomic unit,
αST = 4ωaγ

5/2
H , and βST = (2/3)γ3/2

H . ωa is the atomic fre-
quency unit with ωa = κ2me4/h̄3 ≈ 4.13× 1016 S−1, γH is
the ionization potential of the gaseous molecule relative to hy-
drogen atom with γH = Uion/UH

ion. In our simulation, we use
Uion = 15.6 eV (for N2 gas) and UH

ion = 13.6 eV. Given the ion-
ization rate WST, the increasing rate of the electron density can
be obtained as

dNe(t)
dt

=WST[Ng−Ne(t)], (3)

where Ne(t) is the time-dependent electron density and Ng is
the initial neutral gas density. Furthermore, we use the final
ionization degree Wfi as a measurement of the electron den-
sity, which is written as

Wfi = Ne(t = ∞)/Ng, (4)

with Wfi = 1 for the complete ionization. Once the electron is
freed from the parent molecule, it will oscillate with the laser
field. Thus, the electron velocity at a subsequent time can be
written as

v(t, t ′) =− e
m

∫ t

t ′
E(t ′′)dt ′′, (5)

where t ′ is the time when the electron is released. The initial
velocity of the electron is assumed to be zero. Considering the
contribution of all ionized electrons, the generated transverse
electron current can be expressed as

J(t) =
∫ t

t0
ev(t, t ′)exp[−(t− t ′)/r]dNe(t ′), (6)

where dNe(t ′) represents the change of the electron density in
the interval between t and t ′, v(t, t ′) is the velocity of these
electrons at time t, and γ is the phenomenological electron-ion
collision rate (γ = 5 ps−1 at atmospheric pressure).[29] The
time evolving electron current J(t) can generate the electro-
magnetic pulse at THz frequency in the far field, and the am-
plitude of the THz field is proportional to the derivation of
electron current J(t) and written as

ETHz ∝
d
dt

[J(t)]. (7)

Finally, the THz radiation spectrum ETHz(ω) is obtained
by the Fourier transform of ETHz(t), i.e., ETHz(ω) =

FFT[ETHz(t)]. In our simulation, the total laser intensity of
the two-color laser field is set to be Itotal = 200 TW/cm2, the
pulse duration τ = 50 fs, the relative intensity ratio and phase
of the two laser fields are R = I2ω/Iω = 0.2 and φ = 0.5π , re-
spectively, and ω0 and λ0 represent the central frequency and
wavelength of the fundamental laser field, respectively.

3. Results and discussion
Figure 1 shows the time-dependent electron current J(t)

and its corresponding THz radiation spectrum ETHz(ω) with
the laser wavelengths λ0 = 400 nm (black line), 800 nm (red
line), and 1600 nm (green line). As can be seen in Fig. 1(a),
the electron current J(t) is asymmetrically distributed, and
a quasi-DC current arises after the laser pulse. This cur-
rent surge occurs in the time scale of photoionization process
(< 100 fs in the general case), which leads to the generation of
intense and broadband electromagnetic radiation at THz fre-
quency. As can be seen in Fig. 1(b), the THz radiation has a
broad spectral range up to 50 THz. More importantly, it can
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be seen in Fig. 1 that both the electron current and the cor-
responding THz amplitude obtain the maximal values at the
laser wavelength λ0 = 1600 nm for the given total laser inten-
sity of Itotal = 200 TW/cm2 and pulse duration of τ = 50 fs. In
other words, using the near- or mid-IR laser can enhance the
intensity of THz radiation under the same laser intensity and
pulse duration. The results in Fig. 1 also show that the elec-
tron current calculation is very useful to investigate the effects
of the laser parameters on the THz generation since it can es-
timate the ultimate current intensity after the laser pulse pas-
sage. However, this calculation cannot completely illustrate
the physical mechanism since the electron production and mo-
tion occur in the sub-femtosecond scale. Therefore, here we
use a local current (LC) approximation to further study the
THz generation at different laser wavelengths, which can an-
alyze the electron production and motion from a more micro-
scopic aspect.[17,18,30,32]
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Fig. 1. (color online) The time-varying electron currents J(t) with
the laser wavelengths λ0 = 400 nm (black line), 800 nm (red line),
and 1600 nm (green line) for the given total laser intensity of Itotal =
200 TW/cm2 and pulse duration of τ = 50 fs. This current surge gives
rise to the electromagnetic radiation, and the corresponding THz radi-
ation spectrum (b) can be obtained from the Fourier transform d

dt [J(t)]
and low-pass filter.

In the LC model, the time-varying electron current J(t)
can be decomposed into two components JA(t) and JB(t).[30]

The former mainly contains the high frequency pump spec-
trum, and the later contains the THz spectrum related to the
ionization events at time t = tn. These ionization events only
occur near the extreme of the two-color laser field at time tn
and correspond to the stepwise increase of the electron density
in attosecond-scale, which are sensitive to the waveform of the
laser pulse. Thus, we can compare these ionization events at
different laser wavelengths, and illustrate the plasma-THz gen-
eration from microscopic aspect and finally estimate the THz
radiation amplitude. Usually, these ionization events are well
separated from each other, and thus the electron density and
current can be written as a sum over the contributions from all

the ionization events[30,32]

ρ(t) = ∑
n
δρnH(t− tn), (8)

JB(t) = ∑
n

Jn(t) =−∑
n

qδρnvf(tn)H(t− tn), (9)

where δρn and vf(tn) represent the electron density and veloc-
ity in the n-th ionization event, respectively. Then, the gener-
ated THz pulse in frequency domain can be obtained by the
Fourier transform of Eq. (9)

ETHz(ω) ∝ ∑
n

Cn e iω tn , (10)

with
Cn = qδρnvf(tn), (11)

where Cn represents the amplitude of the n-th attosecond cur-
rent burst, which is produced around the n-th ionization event
and determined by the electron density δρn and velocity vf(tn).
As can be seen in Eq. (10), the THz spectrum is a superposi-
tion of contributions from these individual ionization events.
Due to the spectral phase e iωt , the contributions from the high
frequency components will cancel each other and those from
the low frequency components interfere instructively. Finally,
the THz spectrum can be obtained, and its amplitude is deter-
mined by the total amplitude of the current bursts Ctotal =∑Cn.
Obviously, this model provides a novel approach to predict the
THz radiation amplitude, and can also be used to analyze the
THz generation from the microscopic aspect.

Figure 2 shows the amplitude of the n-th current burst
with the laser wavelengths λ0 = 400 nm (black squares),
800 nm (red circles) and 1600 nm (green triangles) for the
total laser intensity of Itotal = 200 TW/cm2 and pulse duration
of τ = 50 fs. As can be seen, the number of ionization events
decreases with the increase of the laser wavelength at the fixed
duration since the optical cycle decreases for the long wave-
length laser. But the amplitude of the single ionization event
increases with the increase of the laser wavelength. It can be
seen that the amplitude with laser wavelength λ0 = 1600 nm is
nearly four times of that with laser wavelength λ0 = 800 nm,
and the same cases can also be observed for the 800 nm and
400 nm lasers. Furthermore, the total amplitude of the cur-
rent bursts Ctotal also obtains the maximal value at the laser
wavelength λ0 = 1600 nm among the three laser wavelengths,
as shown in the inset of Fig. 2. This result is in good agree-
ment with that of Fig. 1. Only comparing the single ioniza-
tion events cannot completely illustrate the total amplitude of
the current bursts and the corresponding THz radiation inten-
sity, since the total amplitude is determined by all the contri-
butions of the ionization events, while the optical cycle will
be changed for different wavelength lasers at the same pulse
duration. Fortunately, it can be found that the ionization event
occurs once for the 1600 nm laser in its half optical period,
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and twice within this period for the 800 nm laser since the op-
tical period of the 800 nm laser is half of that of the 1600 nm
laser, but the sum of the two ionization event amplitudes by the
800 nm laser is also lower than that of once by the 1600 nm
laser. Thus, we can analysis the amplitude of current bursts in
the short time interval to illustrate the THz radiation enhance-
ment mechanism.
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Fig. 2. (color online) The amplitudes of the n-th current burst Cn with
the laser wavelengths λ0 = 400 nm (black squares), 800 nm (red cir-
cles), and 1600 nm (green triangles) for the given laser intensity of
Itotal = 200 TW/cm2 and pulse duration of τ = 50 fs. The position of
these symbols corresponds to the time of the ionization event, and the
number increases with the increase of the laser wavelength. Inset shows
the total current amplitudes Ctotal for the three wavelength lasers.

Since the amplitude of the n-th current burst Cn is deter-
mined by the electron density and velocity, we can discuss the
THz generation by analyzing the two parameters in an opti-
cal period of the long wavelength laser (i.e., λ0 = 1600 nm).
We first study the dependence of the electron density on the
laser wavelength. Figure 3 shows the time-varying ioniza-
tion degree Wfi with the laser wavelengths λ0 = 400 nm (black
line), 800 nm (red line), and 1600 nm (blue line) for the given
total laser intensity Itotal = 200 TW/cm2 and pulse duration
τ = 50 fs. As can be seen, the free electron density shows a
stepwise increase process in a short-attosecond scale, and the
final electron density approaches the same value after the laser
pulse passage for the three laser wavelengths. It means that
the final electron density depends on the laser intensity and
pulse duration, but is not related to the laser wavelength. This
conclusion is also valid in the short time interval. The inset of
Fig. 3 shows the time varying ionization degree Wfi in an opti-
cal period of the 1600 nm laser. As can be seen, the ionization
event occurs twice for the 1600 nm laser, and the correspond-
ing electron density jumps twice in this time interval, but the
ionization event for the 800 nm laser occurs four times, and
therefore the electron density jumps four times. Although the
number of the ionization events is different, the increase of
the electron density is almost the same in such a time interval.
The result can be further explained by the LC current model.
In this model, the increase of the electron density for the n-th

ionization event is expressed as[30]

δρn = ρ0 e−∑
n−1
j=1
√

πτ jW(|E(t j)|)
(

1− e−
√

πτnW (|E(tn)|)
)
, (12)

where τn is the duration of the n-th ionization event, ρ0 is the
density of neutral atoms, and W [|E(tn)|] is the instantaneous
tunnel ionization rate. In the one optical period of the 1600 nm
laser, the ionization event occurs twice, and the increase of the
electron density is given by

ρ1600(∆t) = δρ1 +δρ2. (13)

In the same time interval, the ionization event occurs four
times for the 800 nm laser, and the corresponding increase of
the electron density is written as

ρ800(∆t) = δρ
′
1 +δρ

′
2 +δρ

′
3 +δρ

′
4. (14)

By using some approximations (see Appendix A), one can ob-
tain the relationship

δρ1 +δρ2 ≈ δρ
′
1 +δρ

′
2 +δρ

′
3 +δρ

′
4. (15)

This result further proves that the increase of the electron den-
sity is almost the same, which is independent of the laser wave-
length. It is very helpful for comparing the amplitude of the
ionization events in a fixed short time interval.
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Fig. 3. (color online) The time-varying ionization degrees Wfi with the
laser wavelengths λ0 = 400 nm (black line), 800 nm (red line), and
1600 nm (blue line) for the given laser intensity of Itotal = 200 TW/cm2

and pulse duration of τ = 50 fs. The electron density reaches the same
saturation after the laser pulse passage. Inset shows the time-varying
ionization degrees Wfi in an optical period of 1600 nm laser for the three
wavelength lasers. In the short time interval, the electron density jumps
twice for the 1600 nm laser but four time for the 800 nm laser.

Figure 4 shows the electron velocity vf(tn) with the laser
wavelengths λ0 = 400 nm (black squares), 800 nm (red cir-
cles), and 1600 nm (green triangles) for the total laser intensity
Itotal = 200 TW/cm2. As can be seen, the number of ionization
events decreases with the increase of the laser wavelength. It
means that the electron production and movement occur in a
fewer moments for the long wavelength laser. Furthermore, in
the same ionization time, the electron velocity increases with
the increase of the laser wavelength, and the electron velocity
for the 1600 nm laser is nearly twice of that for the 800 nm
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laser. Consequently, it can be speculated that the electron
velocity is related to the laser wavelength. Next, we further
demonstrate this relationship. After introducing the two-color
electric field in Eq. (1) into the electron velocity in Eq. (5), we
can obtain (see Appendix B)

vf(tn) =
q

mω0
e−2ln2t2

n/τ2
(

E1 sinω0tn +
1
2

E2 sin2ω0tn

)
. (16)

In the above equation, the two items in the bracket are cor-
responding to the oscillation of the two different color laser
fields. The change of the laser frequency ω0 mainly increases
or decreases the optical cycle, and finally affects the number
of the ionization events. However, in the same ionization time
tn, the amplitude of the electron velocity is proportional to the
laser wavelength, which is given by

|vf(tn)| ∝
1

ω0
∝ λ0. (17)

Obviously, the analysis is consistent with the result in Fig. 4.
As can be seen, the ionization event number decreases with
the increase of the laser wavelength, but the amplitude of the
electron velocity increases.

-30 -20 -10 0 10 20 30

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Time/fs

400 nm

800 nm

1600 nm

V
f/

a
rb

. 
u
n
it
s

Fig. 4. (color online) The electron velocities Vf with the laser wave-
lengths λ0 = 400 nm (black squares), 800 nm (red circles), and 1600 nm
(green triangles) for the given laser intensity of Itotal = 200 TW/cm2 and
pulse duration of τ = 50 fs. The positon of the symbols corresponds to
the ionization event, and its value represents the velocities of electron
produced in the ionization events.

Based on the above discussion, we compare the am-
plitudes of the ionization events in an optical period of the
1600 nm laser. In this time interval, the ionization event oc-
curs twice for the 1600 nm laser, and the amplitude of the
ionization events can be expressed as

C1600 = δρ1vf(t1)+δρ2vf(t2), (18)

where ti (i = 1,2) represent the ionization time of the two ion-
ization events for the 1600 nm laser, respectively. In this time
interval, the ionization event occurs four times for the 800 nm

laser, and the amplitude of the ionization events can be ex-
pressed as

C800 = δρ
′
1vf(t ′1)+δρ

′
2vf(t ′2)+δρ

′
3vf(t ′3)+δρ

′
4vf(t ′4), (19)

where t ′i (i = 1–4) represent the ionization time of the four ion-
ization events for the 800 nm laser, respectively. On the basis
of the above analysis, we have

δρ1 ≈ δρ
′
1 +δρ

′
2, δρ2 ≈ δρ

′
3 +δρ

′
4, (20)

vf(t1)≈ 2vf(t ′1)≈ 2vf(t ′2), vf(t2)≈ 2vf(t ′3)≈ 2vf(t ′4), (21)

C1600 ≈ 2C800 =
λ1600

λ800
C800. (22)

As can be seen, the amplitude of the current burst for the
1600 nm laser is two times of that for the 800 nm laser. It
is obvious that the amplitude ratio is equal to the laser wave-
length ratio. Considering all the contributions of the ionization
events in the whole pulse duration, the total amplitude of the
current bursts Ctotal should have the same relationship. These
results also can be seen in Fig. 2 and its inset. Consequently,
the amplitude of the THz radiation is linearly dependent on
the laser wavelength, and this conclusion coincides with the
previous report.[28,31] In particular, the total electron density is
independent of the laser wavelength, but the electron velocity
depends on the laser wavelength, and the longer wavelength
laser can stimulate the larger electron velocity. Since the THz
amplitude depends on both the electron density and velocity of
each ionization event, the THz radiation can be stronger with
the longer wavelength laser. Obviously, the above analysis can
well explain the enhancement mechanism of THz radiation for
the long wavelength laser.

Finally, we present the dependence of the THz ampli-
tude on the laser wavelength at the given laser intensity of
Itotal = 200 TW/cm2 and pulse duration of τ = 50 fs. The sim-
ulated result is shown in Fig. 5. As can be seen, the THz am-
plitude linearly increases with the increase of the laser wave-
length. Moreover, the THz amplitude for the 1600 nm laser is
two times of that for the 800 nm pump laser. Such a result fur-
ther confirms the above analysis, i.e., the THz output is propor-
tional to the laser wavelength C1800≈ λ1800/λ800×C800. Here,
we focus on the scaling law between the pump wavelength and
the THz amplitude, this relationship provides a very useful ref-
erence to estimate the amplitude of THz pulse by using mid-
or far-infrared lasers. Furthermore, considering the real exper-
imental condition, the scaling law between the wavelength and
THz energy can be further correct. In the fixed focal length
and input energy condition, which combines the effect of the
wavelength-dependence plasma volume, the 30 times higher
THz energy can be realized at 1800 nm wavelength compared
to 800 nm wavelength.[28]
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Fig. 5. (color online) The THz amplitude ETHz as a function of the
laser wavelength λ0 for the given laser intensity of Itotal = 200 TW/cm2

and pulse duration of τ = 50 fs. The THz amplitude increases with the
increase of the laser wavelength, which shows a linear relationship.

4. Conclusion
In summary, we have theoretically demonstrated the de-

pendence of THz generation on the two-color laser wavelength
based on a transient photocurrent model. Our results showed
that the THz amplitude increases with the increase of the laser
wavelength for given laser intensity and duration, and the THz
amplitude is attributed to the superposition of contributions
from the individual ionization events. Furthermore, the en-
hancement mechanism of the THz radiation for the long wave-
length laser was analyzed by using the local current model. It
was shown that the THz amplitude depends on both the elec-
tron density and velocity of each ionization event, the elec-
tron density is independent of the laser wavelength, while the
electron velocity depends on the laser wavelength, and the
longer wavelength laser can simulate the larger electron ve-
locity, which thus results in the THz radiation enhancement.
These theoretical results can provide a feasible scheme to an-
alyze the THz generation process under the two-color laser
field, and also will be very useful for further controlling and
optimizing the intense THz output.

Appendix A: comparison of electron density
In the LC current model, the increase of the electron den-

sity in the n-th ionization event is expressed as[23]

δρn = ρ0 e−∑
n−1
j=1
√

πτ jW(|E(t j)|)
(

1− e−
√

πτnW (|E(tn)|)
)
, (A1)

where τn is the duration of the n-th ionization event, ρ0 is the
density of neutral atoms, W [|E(tn)|] is the instantaneous tunnel
ionization rate. In one period of the 1600 nm laser, the ioniza-
tion event occurs twice, and thus the increase of the electron
density is given by

ρ1600(∆t) = δρ1 +δρ2

= ρ0

(
1− e−

√
πτ1W (|E(t1)|) e−

√
πτ2W (|E(t2)|)

)
, (A2)

where ti and τi (i = 1,2) represent the ionization time and du-
ration of the two ionization events for the 1600 nm laser, re-
spectively. In the same time interval, the ionization event oc-
curs four times for the 800 nm laser, and the corresponding
increase of the electron density is written as

ρ800(∆t) = δρ
′
1 +δρ

′
2 +δρ

′
3 +δρ

′
4

= ρ0

(
1− e−

√
π(τ ′1W(|E(t ′1)|)+τ ′2W(|E(t ′2)|))

×e−
√

π(τ ′3W(|E(t ′3)|)+τ ′4W(|E(t ′4)|))
)
, (A3)

where t ′i and τ ′i (i = 1–4) represent the ionization time and
duration of the four ionization events for the 800 nm laser, re-
spectively. Since the envelop of the laser pulse slowly changes,
and the ionization event only occurs near the extreme of the
laser field, thus the electric field in the ionization time is ap-
proximately equal, such that

E(t1)≈ E(t ′1)≈ E(t ′2), E(t2)≈ E(t ′3)≈ E(t ′4). (A4)

Furthermore, the duration is related to the laser wavelength,
the optical period of the 1600 nm laser is twice of that of the
800 nm laser, thus

τ1 ≈ τ
′
1 + τ

′
2, τ2 ≈ τ

′
3 + τ

′
4. (A5)

Finally, we can obtain the approximation

δρ1 +δρ2 ≈ δρ
′
1 +δρ

′
2 +δρ

′
3 +δρ

′
4. (A6)

Appendix B: approximation of electron velocity
Substituting the two-color electric field in Eq. (A1) into

the electron velocity in Eq. (A5), we can obtain

vf(tn) =
q
m

∫ tn

−∞

E(t)dt = vf1(tn)+ vf2(tn), (B1)

where

vf1(tn) =
qE1

m

∫ tn

−∞

e−2ln2t2/τ2
cosω0t dt, (B2)

vf2(tn) =
qE2

m

∫ tn

−∞

e−2ln2t2/τ2
cos2ω0t dt, (B3)

a =−2ln2
τ2 . (B4)

By the integration of Eq. (B2), we obtain

vf1(tn) =
qE1

m

[
1

ω0
eat2

n sinω0tn +
2a
ω2

0
tn eatn cosω0tn

− 2a
ω2

0

∫ tn

−∞

(1+2atn)eat2
cosω0t dt

]
. (B5)

Since the laser pulse has a lot of optical cycles, 1/ω0 < τ , we
can have the approximation∣∣∣∣2atn

ω2
0

∣∣∣∣= 4
ln2

ω2
0 τ2 tn� 1,

∣∣∣∣ 2a
ω2

0

∣∣∣∣= 4
ln2

ω2
0 τ2 � 1. (B6)
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Thus, the second and the third items in the bracket of Eq. (B5)
can be neglected, and therefore it can be further simplified as

vf1(tn) ==
qE1

mω0
eat2

n sinω0tn. (B7)

Similarly, equation (B3) can also be simplified with the same
approximation, and finally the electron velocity in Eq. (B1)
can be written as

vf(tn) =
q

mω0
e−2ln2t2

n/τ2
(

E1 sinω0tn+
1
2

E2 sin2ω0tn

)
. (B8)
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