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Modulation of terahertz-spectrum generation from an air plasma by tunable three-color laser pulses
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We theoretically demonstrate that the terahertz-spectrum generation in three-color laser-gas interactions can
be effectively manipulated by tuning the laser wavelengths. We show that by positive and negative detuning
of one of the color laser wavelengths in the three-color laser pulse, the terahertz spectral range can be greatly
expanded, and in particular, the high spectral frequency components emerge. However, the total terahertz energy
is maintained at a relatively high level and can even significantly increase. Moreover, we also show that the
middle and high spectral frequency components of the terahertz spectrum can be effectively tuned by modulating
the relative wavelength of the three-color laser pulses. Finally, our analysis shows that the ionization events play
an important role in the intense and shaped terahertz generation.
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I. INTRODUCTION

Terahertz (THz) generation from laser-induced plasmas
has attracted considerable attention for the capabilities of
obtaining intense and broadband THz radiation, which are
extremely important for various related fields in molecular
physics, material sciences, and biological-medical imaging
[1–5]. In this THz generation scheme, a one-color femtosecond
laser pulse (usually with a wavelength near 800 nm from
a Ti:sapphire generator) combines with its second-harmonic
field to ionize the ambient air. Then the produced free electrons
are simultaneously accelerated by this incommensurate field
and form the directional electron current, which finally results
in intense THz radiation [6–9]. The two-color scheme has
been well studied in theory and experiment, and it has been
demonstrated that the symmetry breaking of the laser pulse
plays a key role in this process [10–20]. Thus, to further
enhance the intensity and bandwidth of the THz pulse, the
construction of an incommensurate laser field is particularly
important. With further study of the scheme, some studies
experimentally show that a near-IR and even far-IR laser pulse
can further enhance the THz radiation intensity [21,22]. The
role of the increased fundamental wavelength has also been
theoretically analyzed in this phenomenon [23]. It is natural to
assume that more color lasers can be applied to construct the
asymmetric laser fields and generate the intense THz radiation.

A recent study by Martinez et al. demonstrated that the
multiple-harmonic laser pulse can effectively optimize the
free electron trajectories and improve the THz conversion
efficiency [24]. In their method, the standard three or more
harmonic fields of the near-IR laser pulse have been used
to construct the incommensurate field and enhance the THz
radiation. Furthermore, the latest work shows that the elec-
tron excitation for THz generation can be attributed to the
ionization-induced multiwave mixing, and the nonharmonic
frequency ratios can also be used to compose the ionizing
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two-color laser pulse [25]. Thus it is of interest to further study
the THz generation with incomplete multiple-harmonic laser
pulses. This is because most of the laser pulse wavelengths
are fixed to construct the asymmetric laser fields, and the
other laser pulse wavelengths can be mixed to adjust the THz
intensity and spectrum.

In this paper, we theoretically study THz generation with
nonharmonic three-color laser pulses based on a transient pho-
tocurrent model. Our results show that the THz spectrum can
be greatly expanded and effectively modulated by frequency
detuning the three-color laser wavelengths. With this approach,
the high spectral frequency components emerge in the THz
spectrum, while the low spectral frequency components are
suppressed, which greatly changes the THz spectral shape.
However, the THz yield maintains at a relative high level and
can significantly increase for the negative detuning of the short-
est wavelength and positive detuning of the longest wavelength
of the nonharmonic three-color laser pulse. Furthermore, it
is also shown that the middle and high spectral frequency
components of the THz spectrum can be effectively modulated
by detuning one color laser wavelength of the nonharmonic
three-color laser pulses. Finally, we utilize the local current
(LC) model to illustrate the physical mechanism of the THz
spectral modulation and radiation enhancement.

II. THEORETICAL MODEL

Our theoretical simulation is based on the transient
photocurrent model [8,11,14,15,17,18,24,26]. The generally
employed standard three-color laser field is a superposition of
the fundamental laser field and its second- and third-harmonic
laser fields, which can be expressed as

E(t) = exp(−2 ln 2t2/τ 2)[E1 cos(ω0t + φ1)

+E2 cos(2ω0t + φ2)+E3 cos(3ω0t + φ3)], (1)

where E1, E2, and E3 are, respectively, the field amplitude
of the fundamental, second-, and third-harmonic laser field;
τ is the pulse duration, ω0 is the central frequency of the
fundamental laser field; and φ1, φ2, and φ3 are the relative
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phases of the three-color laser pulse. The main parameters
in this standard three-harmonic laser pulse are usually set
to E1= 2E2 = 3E3 and φ2 = −φ1 = −φ3 = π/2, which has
been shown to optimize the electron trajectory and enhance
the THz radiation intensity [24]. In our simulation, the central
frequency of the fundamental laser field is set to ω0 =
187.5 THz, corresponding to the wavelength λ0 = 1600 nm,
since more harmonics can be accessible in practice. We
focus on the effect of the laser detuning wavelength on the
THz generation, and thus the main parameters were fixed
so that only one-color laser wavelength is variable. Here
δω1, δω2, and δω3 represent the detuning frequencies of the
three laser pulses. For the intensity regime of our simulation
(1014 − 1015 W/cm2), the Keldysh parameter is γ � 1 and the
tunneling ionization is the dominant ionization route. The ion-
ization ratio can be calculated with either the static tunneling
(ST) model [27,28] or the Ammosov-Delone-Krainov (ADK)
model [29,30]. Here, the well-known static tunneling model is
employed, and the ionization rate can be expressed by

Wst = αST

|ε(t)| exp

{
−

[
βST

ε(t)

]}
, (2)

where ε(t) = E(t)/εa , εa is the electric field in atomic units,
αST = 4ωar

5/2
H , βST = (2/3)r3/2

H , ωa is the atomic frequency
unit with ωa = κ2me4/h̄3 ≈ 4.13 × 1016 s−1, and rH is
the ionization potential of the gas molecule relative to the
hydrogen atom rH = Uion/UH

ion. In our simulation, we use
Uion = 15.6 eV (for N2 gas) and UH

ion = 13.6 eV. Given the
ionization rate Wst, the increasing rate of the electron density
can be expressed by

dNe(t)

dt
= Wst[Ng − Ne(t)], (3)

where Ne(t) is the time-dependent electron density and Ng is
the initial neutral gas density. We use the final ionization degree
Wfi as a measurement of the electron density, which is given by

Wfi = Ne(t = ∞)/Ng. (4)

For complete ionization, Wfi = 1. In our simulation, the
amplitude of the fundamental laser pulse E1 is set to produce
a moderate ionization degree Wfi = 0.4 at the standard three-
color pulse, since the effects of the laser parameters will be
different at higher laser intensities [31,32]. Once freed from
the parent molecule, the electron will oscillate with the laser
field, and the electron velocity at a subsequent time can be
written as

v(t,t ′) = − e

m

∫ t

t ′
dt ′′E(t ′′), (5)

where t ′ is the ionization instant. Considering the contribution
of all ionized electrons, the generated transverse electron
current can be expressed by

J (t) =
∫ t

−∞
ev(t,t ′) exp[−γ (t − t ′)]dNe(t ′), (6)

where dNe(t ′) represents the change of the electron density in
the interval between t ′ and t ′+dt ′, v(t,t ′) can be seen as the
velocity of an electron born at −∞ that undergoes variations at
the ionization instant t ′ of the pulse (which denotes the electron

FIG. 1. The THz radiation spectrum for the harmonic (black
dashed line) and nonharmonic three-color laser pulse with a detuning
frequency of δω3 = 78 THz (red solid line). The inset shows the
corresponding radiative electromagnetic spectrum for the two cases.

drift velocity), and γ is the phenomenological electron-ion
collision rate (γ ∼= 5 ps−1 at atmospheric pressure) [26].
The time-dependent electron current J (t) can generate an
electromagnetic pulse at THz frequencies in the far field. The
amplitude of the generated THz field is proportional to the
derivative of the electron current J (t) and is written as

ETHz ∝ d

dt
[J (t)]. (7)

Finally, the THz radiation spectrum is obtained by the
Fourier transform of ETHz(t); i.e., ETHz(ω) = FFT[ETHz(t)].

III. RESULTS AND DISCUSSION

In this work, we first demonstrate the modulation of a
nonharmonic three-color laser pulse on the THz spectrum,
and the corresponding change in the radiative electromagnetic
spectrum. Figure 1 shows the THz radiation spectrum with
the harmonic (black dashed line) and nonharmonic (red solid
line) three-color laser pulse. As seen, the THz radiation is
generated up to ∼100 THz for the nonharmonic three-color
laser pulse, and the high spectral frequency components
emerge in the THz spectral range and reach a moderate
intensity. The resulting radiative electromagnetic spectrum
is also modulated by the incommensurate laser pulse, as
seen in the inset of Fig. 1. The more spectral frequency
components emerge in the radiative electromagnetic spectrum
and surround the pump laser frequency components for the
nonharmonic three-color laser pulse. Since the near-IR pump
laser frequency components are close to the THz spectral
range, these frequency satellites produced upon the multiwave
mixing can significantly alter the THz spectral shape at more
high-frequency components. Furthermore, it is worth noting
that the amplitude of the low-frequency THz radiation and
the total THz yield do not significantly decrease, which is
different from THz radiation for the similar positive detuning
of the second harmonic in the incommensurate two-color
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FIG. 2. (a) The THz spectrum for the nonharmonic three-color
laser pulse with a positive detuning frequency of δω3 = 0 (black
solid line), 66 (red dotted line), 72 (blue dashed line), and 78 (green
dash-dotted line) THz. (b) The THz spectrum with a negative detuning
for the four cases.

laser [26,33]. In that case (especially in the latter reference),
since the second harmonic causes a bigger group delay with
respect to the fundamental pulse for the positive detuning, the
asymmetry of the laser pulse is dramatically destroyed. Thus
most of the ionization electrons cannot obtain a large drift
velocity, which consequently cancels out the net current and
suppresses the THz radiation. For the nonharmonic three-color
lasers, the two harmonic laser pulses basically maintain the
drift movement of most ionization electrons so that the
amplitude of the net current will not significantly decrease.
Therefore, the other laser pulse can be mixed to further affect
the ionization process and modulate the THz spectrum.

Next, we specifically study THz generation for the nonhar-
monic three-color laser pulse by individual varying the one-
color laser wavelength. Figure 2(a) shows the THz spectrum
for the nonharmonic three laser pulse by positively detuning
the shortest wavelength laser pulse with the detuning frequency
of δω3 = 0 (black solid line), 66 (red dotted line), 72 (blue
dashed line), and 78 (green dash-dotted line) THz. As seen,
the amplitude of the THz spectrum decreases by approximately
30% for the positive detuning, and the high spectral frequency
components emerge in the THz spectral range. The total THz
yield does not significantly decrease with the further increase
of the high spectral component intensity. It can also be seen
that the amplitude and central position of the high spectral
frequency components are enhanced with the increase of the
detuning frequency δω3. Figure 2(b) also shows the THz
generation with negative detuning of the shortest wavelength
laser pulse. As seen, by comparing the results of Fig. 2(a),
in which the amplitudes of high-frequency components are
relatively low, this amplitude further increases and is even
higher than the amplitude of low-frequency components for the
negative detuning. Therefore, the total THz yield apparently
increases. Moreover, the peak position of the high-frequency
components can be effectively adjusted. It is noteworthy that

the positive and negative detuning can both effectively alter
the THz spectral shape. In addition, the THz radiation intensity
does not significantly decrease for the positive detuning, which
differs from the cases for an incommensurate two-color laser
[26,33]. Thus the nonharmonic three-color laser scheme can
be regarded as an alternatively shaped THz pulse generation
method in addition to the two-color setup.

To illustrate the physical mechanism of spectral modu-
lation, the analysis approach proposed by Babushkin et al.
[26] is introduced in our discussion. In this model, the THz
radiation is attributed to the contribution of discrete ionization
events, which provides a treatment at the microscopic level
for understanding the THz generation process. Specifically,
the free electron density ρ(t) is considered to increase during
the short attosecond-scale ionization events that only occur
near the extreme of the laser field at times tn. Each ionization
event is well separated from the others, and has well-defined
amplitude δρn and shape Hn(t). Therefore, the electron density
can be written as a discrete sum,

ρ(t) =
∑

n

δρnH (t − tn), (8)

where H is a “smoothed” step function. Taking into account
the electron velocity, the electron current can be written as a
sum of these separated attosecond currents,

J (t) =
∑

n

Jn(t) =
∑

n

qδρnH (t − tn)[vf (t) − vf (tn)],

(9)

where vf (t) = q

m

∫ t

−∞ E(τ )dτ and q are the free electron
velocity and electron charge, respectively. In the LC limit, the
generated THz pulse in the frequency domain can be obtained
by the Fourier transform of Eq. (9) (neglecting the slowly
varying and pump items):

ETHz(ω) ∝
∑

n

Cne
iωtn , (10)

with

Cn = qδρnvf (tn), (11)

where Cn is the amplitude of the nth attosecond current
burst that is localized near the nth ionization events, and δρn

and vf (tn), respectively, represent the electron density and
velocity for the nth ionization event. As seen in Eq. (10), the
THz spectrum is a superposition of contributions from these
individual ionization events with a structure that is mainly
determined by interference due to the spectral phases eiωtn .
This alternative approach provides a relatively easy prediction
of the THz amplitude and spectral structure for arbitrary input
field shapes, which is useful to analyze our results. For the
standard three-harmonic laser pulse, these contributions cancel
each other at high frequencies and interfere constructively at
low frequencies, and thus the typical THz spectral structure
can be obtained which is similar to that for the two-color
laser pulse irradiation [26]. However, the interference will be
different for the nonharmonic three-color laser pulse.
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FIG. 3. (a) The increasing rate of the electron density dNe(t)/dt

for the harmonic (black solid line) and nonharmonic three-color laser
pulse with a detuning frequency of δω3 = 78 THz (red dashed line).
(b) The corresponding amplitude of nth current bursts Cn for the
harmonic (black squares) and nonharmonic (red circles) three-color
laser pulse.

Figure 3(a) shows the increasing rate of the electron density
dNe(t)/dt for the standard three-color laser pulse (black solid
line) and nonharmonic three-color laser pulse with a detuning
frequency of δω3 = 78 THz (red dashed line). As seen, the
ionization event is distributed on both sides of the laser center
and only occurs near the extreme of the laser field. For the
standard three-color laser pulse, the ionization events appear
in pairs, and the adjacent events show similar ionization
rates, which means that the electron density δρn of the two
adjacent ionization events are close to each other. However,
for the nonharmonic three-color laser pulse, the ionization
rates of adjacent ionization events are significantly different,
where one is suppressed but the other is markedly increased.
Therefore, the electron generation is concentrated in a few
ionization events, and a single ionization event will produce
more electrons. Figure 3(b) further shows the amplitude of the
nth current bursts Cn for the harmonic (black squares) and
nonharmonic (red circles) three-color laser pulses. As seen,
the distribution of the ionization events is associated with the
ionization process, and their amplitudes mainly depend on the
electron density δρn for frequency detuning. It is noteworthy
that the amplitudes of the six ionization events that only occur
near the center of the laser pulse reach high values for the
nonharmonic laser pulse and will significantly alter the THz
spectral structure.

Figure 4 shows the contributions of nth ionization events
ReCne

iωtn [Fig. 4(a)] and the resulting THz spectrum ETHz(ω)
[Fig. 4(b)] for the nonharmonic three-color laser pulse with
a detuning frequency of δω3 = 78 THz. As seen in Fig. 4(a),
the main ionization events acquire a high amplitude, and their
contributions constructively interfere at low frequencies, so
that the typical THz spectral structure can be obtained in
the low-frequency range, which is similar to the situation
for the standard two-color [26] or three-color laser pulse
irradiation. However, the effect of destructive interference

FIG. 4. (a) The contributions of nth ionization events ReCne
iωtn

and (b) the resulting THz spectrum ETHz(ω) for the nonharmonic
three-color laser pulse with a detuning frequency of δω3 = 78 THz.
The color lines of the main contributions are deepened, and the
corresponding ionization times are given in the legend.

is not obvious at high frequencies, and the contributions
still show distinctly constructive interference properties at
the high-frequency range. Therefore, the more frequency
components emerge in the THz spectrum, which is contrary to
the situation of the standard three-color laser pulse in which
the contributions cancel each other, and no THz spectrum
emerges in the high-frequency range. In other words, since the
electron generation is concentrated near the center of the laser
pulse, a single ionization event obtains the high amplitude,
and its contribution is slowly varied. The few occurring
ionization events are not symmetrically distributed; thus the
total contributions provide more constructive interference in
the high-frequency THz range, which ultimately alters the
THz spectral structure and results in the emergence of the
high-frequency component. The theoretical analysis agrees
well with our results, and the remaining cases of frequency
detuning can also be explained by the model in a similar way.

Figure 5(a) shows the THz spectrum for the nonharmonic
three-color laser pulse by positively detuning the middle
wavelength laser pulse with a detuning frequency of δω2 = 45
(blue solid line), 48 (red dashed line), and 51 (black dotted
line) THz. As seen, the positive detuning significantly alters
the THz spectral shape. The low-frequency THz radiation is
effectively suppressed, and two distinct spectral peaks emerge
in the middle- and high-THz spectral range. Furthermore, the
central frequency of the middle and high spectral frequency
components can be effectively detuned by varying the mid-
dle wavelength laser pulse. Then the peak position of the
middle-frequency and high-frequency spectra, respectively,
decrease and increase as the detuning frequency δω2 decreases.
Figure 5(b) also shows the THz spectrum with negative detun-
ing of the middle wavelength laser pulse. It is interesting that
the THz spectra exhibit the same modulation characteristics.

We also present the THz spectrum for the nonharmonic
three-color laser pulse by positively detuning the longest
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FIG. 5. (a) The THz spectrum for the nonharmonic three-color
laser pulse with a positive detuning frequency of δω2 = 45 (blue solid
line), 48 (red dashed line), and 51 (black dotted line) THz. (b) The
THz spectrum with a negative detuning for the three cases.

wavelength laser pulse with a detuning frequency of δω1 = 24
(black dotted line), 27 (red dashed line), and 30 (blue solid line)
THz, as shown in Fig. 6. One can see that the low-frequency
THz radiation is suppressed, and a single peak with a broad
bandwidth appears in the THz spectral range. Furthermore,
the spectral peak shifts with the increase of the detuning
frequency δω1, and the THz spectrum can be tuned over a
wider spectral range. However, the negative detuning does not
alter the THz spectral shape, but dramatically suppresses the
THz radiation since the high-frequency components have been
mixed in the shortest pump spectral range, as seen in the inset of

FIG. 6. The THz spectrum for the nonharmonic three-color laser
pulse with a positive detuning frequency of δω1 = 24 (black dotted
line), 27 (red dashed line), and 30 THz (blue solid line). The
inset shows the electromagnetic spectrum around the shortest pump
spectral range for the harmonic (black solid line) and nonharmonic
three-color laser pulse with a negative detuning frequency of δω1 =
−27 THz (red dashed line).

TABLE I. The THz energy UTHz and the corresponding finial
ionization degree Wfi with a detuning frequency of δω for the nonhar-
monic three-color laser pulse in our simulation. Here, the ionization
degree and THz energy are normalized to the harmonic three-color
pulse. The cases of THz yield enhancement are highlighted inside the
bold lines.

δω3 Wfi UTHz δω3 Wfi UTHz δω2 Wfi UTHz

66 1.21 0.56 –66 1.21 1.29 45 0.64 0.45
72 1.21 0.64 –72 1.21 1.26 48 0.64 0.39

78 1.22 0.74 –78 1.23 1.23 51 0.63 0.31

δω2 Wfi UTHz δω1 Wfi UTHz

–45 0.64 0.59 24 1.59 1.29
–48 0.64 0.52 27 1.55 1.39
–51 0.64 0.41 39 1.51 1.55

Fig. 6. As a result, these situations are not considered in detail
here. The spectrum modulation with frequency detuning of
the longest wavelength laser pulse is similar to the case for the
incommensurate two-color laser irradiation, but the positive or
negative sign of the frequency detuning are different for the
two cases [26,33].

Finally, to further illustrate the effect of a nonharmonic
three-color laser pulse on THz generation, we compared the
terahertz energy UTHz ∝ ∫ ωco

0 E2(ω)dω and the corresponding
final ionization degree Wfi for all frequency detuning situations
in our simulation, as seen in Table I. Here, the cutoff
frequency is chosen to be ωco = 120 THz and the pump
energy a2

1E
2
1 + a2

2E
2
2 + a2

3E
2
3 is strictly fixed. One can see that

the frequency detuning can effectively modulate the electron
density. The final ionization degree decreases for both positive
detuning and negative detuning of the middle wavelength laser
pulse. This is because the 1600-nm fundamental pulse and
the 533-nm third harmonic are fixed, making it difficult to
construct the incommensurate structure compared to the other
frequency ratio laser combinations [25], and the THz yield
decreases with the decrease of the electron density. In the other
three cases, the electron densities all significantly increase with
frequency detuning, and the THz energy increases for negative
detuning of the shortest wavelength and positive detuning of
the longest wavelength. Nevertheless, the comparison of the
final electron density is not sufficient to completely illustrate
the modulation effects of the nonharmonic three-color laser
pulse, since we find that the electron density reaches a high
value while the THz yield decreases for positive detuning
of the shortest wavelength. Thus the physical mechanism of
the THz radiation enhancement is further discussed. Figure 7
shows the increasing rate of the electron density dNe(t)/dt for
the three detuning cases. As seen, although the final electron
densities are the same for a detuning frequency of δω3 = 72
and −72 THz, the negative detuning concentrates the electron
production in the two main ionization events. Thus the single
ionization event obtains a higher amplitude, which results
in intense THz radiation. One can also see that the main
three ionization events can be further increased for a detuning
frequency of δω1 = 27 THz, providing the maximal THz yield.
In general, the nonharmonic three-color setup can effectively
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FIG. 7. The increasing rate of electron density dNe(t)/dt for the
nonharmonic three-color laser pulse with a detuning frequency of
δω3 = 72 (black dotted line), δω3 = −72 (blue dashed line), and
δω1 = 27 (red solid line) THz.

modulate the electron production and essentially maintains
the ionized electron velocity. These properties ultimately
determine the amplitude and distribution of the ionization
events which result in the shaped and intense THz generation.
These results further indicate that the tunneling ionization
process plays an important role in the THz generation, and
the nonharmonic three-color laser scheme can be used as an
alternative approach to enhance the THz radiation.

In this paper, our simulations are based on the transient
photocurrent model and focus on the microscopic effects of
the nonharmonic three-color laser field on the electron current
generation and the corresponding THz radiation spectrum.
If the macroscopic propagation effect is further taken into
account, the only difference is that the low-frequency THz
radiation will not be completely suppressed for the result
of Figs. 5 and 6 [26], since the forming and long-standing

plasma permanently contributes toward the low-frequency
THz radiation [34]. However, the modulation effect of the
nonharmonic laser pulse on the THz spectrum will not
significantly change [26,33]. Thus we are confident that the
nonharmonic three-color laser pulse can also be used to
modulate the terahertz spectrum.

IV. CONCLUSIONS

In conclusion, we have theoretically studied THz generation
with a nonharmonic three-color laser pulse. Our results show
that the THz spectrum can be effectively modulated, and
the more spectral frequency components emerge in the THz
spectral range. In addition, the middle and high spectral
frequency components of the THz spectrum can be effectively
detuned by individually varying the wavelength of a single
color in the laser pulse. It was also shown that the THz energy
is maintaind at a relatively high level and even significantly
increases with frequency detuning. Finally, we utilized the
LC model to explain the physical mechanism of the THz
modulation and enhancement. The analysis shows that the
nonharmonic setup can effectively control the distribution
and amplitude of the ionization events, which results in the
intense and shaped THz pulse generation. We believe that these
theoretical results can serve as a basis for further experimental
studies, and are also expected to be applied in various related
fields.
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