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We show by means of numerical simulations that the quantum wake of impulsive molecular alignment
provides a simple system to achieve frequency tuning of the broadband spectrum of a few-cycle pulse. A
femtosecond pump pulse serves both to form a filament in a molecular gas and to align the molecules. A
delayed few-cycle pulse probing the quantum wake is shown to experience a guiding mechanism. Its spectrum
is red- or blueshifted while its duration remains comparable to the duration of the incident pulse, resulting in
a controllable process to tune the frequency of a few-cycle laser pulse.
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Ultrashort laser pulses containing a few electric field os-
cillations are required to probe the ultrafast processes in both
physics and photochemical reactions, which have enabled
numerous applications in extremely nonlinear spectroscopy
�1�, coherent control �2�, and attosecond science in soft x-ray
region �3,4�. Few-cycle laser pulses with temporal duration
down to sub-10 fs at 800 nm could be emitted directly from
oscillators �5,6� in energies of nanojoules. Intense few-cycle
laser pulses with micro- or millijoule energies were achieved
in solids �7�, gas-filled hollow fibers �8�, or filaments �9–13�
by employing self-phase modulation �SPM� to broaden the
spectrum and dispersive elements to recompress the pulse.
The central wavelengths of the generated few-cycle pulses
were demonstrated to be tunable by means of noncollinear
optical parametric amplifications for high pulse energies
�14,15� or by self-frequency conversion in photonic-crystal
fibers for low energies �16�. By using the time-dependent
phase modulation of molecular rotational wave packets in
gas-filled hollow fibers �17–19�, spectral modulation and
compression of ultrashort laser pulses were recently demon-
strated, and similar spectral modulation with additional
cross-focusing or cross-defocusing effects could also be
achieved for near-infrared femtosecond laser pulse in free
space �20�. The impulsive molecular alignment with periodic
revivals after the extinction of the pump pulse has been ex-
tensively studied for molecular-orbital reconstruction �21�,
high-harmonic generation �22–24�, and filamentation
�25–31�.

In this paper, we numerically show that the central wave-
length of a few-cycle laser pulse can be tuned by properly
delaying it to the quantum wake of the impulsive molecular
alignment achieved by a femtosecond pump pulse which un-
dergoes filamentation in a molecular gas. Filamentation of
the pump is governed by a competition between nonlinear
effects including Kerr self-focusing, multiphoton absorption,
and plasma defocusing, which results in a confinement of the
beam diameter of the intense core while its peak intensity
may remain clamped over a propagation distance much
longer than the Rayleigh range �32�. The pump filament thus

allows for manipulation of the molecular orientation over an
extended channel which in turn may serve to induce a con-
tinuous frequency shift to a few-cycle laser pulse properly
delayed in the quantum wake. Similar effects were demon-
strated in gas-filled hollow fibers �17–19�. In the filament
channel, the quantum wake acts as a guide for the probe
pulse over a long distance without the risk of inducing dam-
age as that might encounter in hollow-fiber guiding. Since a
filament can be generated remotely in the atmosphere, fre-
quency tuning of ultrashort laser pulses in free space by us-
ing the rotational Raman wake of a filament may be used for
filament-based remote probing of pollutants and atmospheric
applications that require the coverage of specific wavelength
domains �32–35�. We not only show how the spectral fea-
tures can be controlled, but also investigate the spatiotempo-
ral evolution of few-cycle laser pulses with different pulse
durations in the quantum wake, for various molecular orien-
tations.

It is well known that when an ultrashort laser pulse propa-
gates in a molecular gas with a rotational period longer than
the pulse duration, molecular alignment achieved during the
pulse exhibits periodic revivals well after the excitation due
to the quantum beatings of the prepopulated rotational states
�JM�, where J=0,1 ,2 , . . . and M =−J ,−J+1, . . . ,J−1,J ac-
count for the orbital momentum and corresponding projec-
tion onto the symmetry axis of the molecule, respectively
�36�. For an off-resonant excitation, the interaction of a lin-
early polarized pump pulse with linear molecules can be de-
scribed by the Hamiltonian H=H0−1 /4��E2 cos2 �, where
H0=B0J�J+1�+D0J2�J+1�2 denotes the field free Hamil-
tonian, � is the angle between the molecular axis and the
field polarization of the pulse, B0 and D0 are the rovibra-
tional molecular constants of the molecular gas, E�t� is the
amplitude of the pump pulse, and ��=�� −�� is the polar-
izability difference between the components parallel and per-
pendicular to the molecular axis. In our numerical simula-
tions, we characterize the quantum wake by calculating the
degree of molecular alignment, featured by the quantity
��cos2 ��� which is obtained by the following double ave-
raging procedure: the evolution of a rotational state ���
=	JMCJM�JM� during the excitation by the pump pulse is
calculated by integrating the Schrödinger equation*hpzeng@phy.ecnu.edu.cn
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i�� ��� /�t=H���. After extinction of the pump, the popula-
tion of each rotational state continues to evolve in the field-
free Hamiltonian. First the Schrödinger equation is solved
for each initial molecular rotational state ���t=0��J0M0
= �J0M0�, and the degree of molecular alignment at time t is
obtained from the population CJM�t� of each rotational state
as

�cos2 ��t��J0M0
= 	

JM

CJM
� CJM�JM�cos2 ��JM� . �1�

Then we considered that initial states are populated accord-
ing to the temperature-dependent Boltzmann distribution.
The averaged degree of molecular alignment in the quantum
wake is thus obtained by

��cos2 ��� =

	
J0

PJ0 	
M0=−J0

J0

�cos2 ��J0M0

	
J0

PJ0

, �2�

where PJ0 is the population probability of state J0. For ran-
domly oriented molecules, the average term ��cos2 ��� is
equal to 1/3. The molecular orientation tends to be parallel to
the field polarization when ��cos2 ��� is greater than 1/3,
whereas smaller values indicate an average orientation closer
to perpendicular. For reasons explained below, we also cal-
culate the high-order term ��cos4 ��� in a similar way.

We model the propagation of an ultrashort laser pulse in
prealigned molecules by including the contributions of the
revivals of molecular alignment in the nonlinear envelope
equation coupled with an evolution equation for the density �
of electrons generated by multiphoton ionization �31�,

�E

�z
=

i

2k0
U−1
 �2

�r2 +
1

r

�

�r
�E − i

k0
�2�

2

�2E

�t2 +
k0

�3�

6

�3E

�t3

+ U−1�T2ik0�n2�E�2 + �n�E −
	

2
�1 + i
0�c��E

− T
�K

2
�E�2K−2
1 −

�

�0
�E . �3�

In this work, we consider molecular nitrogen at a gas pres-
sure of 1 atm. On the right-hand side of Eq. �3�, the succes-
sive terms describe diffraction, second- and third-order dis-
persions, optical Kerr effect with coefficient n2=2.3
10−19 cm2 /W, the change of refraction index �n due to
molecular alignment which includes the delayed Raman con-
tribution to the nonlinear index, inverse Bremsstrahlung with
cross section 	=5.410−20 cm2 corresponding to the colli-
sion time �c=350 fs, plasma defocusing, and multiphoton
absorption with cross section �K, where K denotes the num-
ber of photons involved in the multiphoton process. The
wave number k0 corresponds to the center wavelength 800
nm of the ultrashort laser pulse, as well as the second- and
third-order dispersive coefficients k0

�2�=0.2 fs2 /cm and k0
�3�

=0.1 fs3 /cm. The operators U�1+
ik0

�1�

k0

�
�t and T�1+ i


0

�
�t ac-

count for space-time focusing and self-steepening of the ul-
trashort laser pulse. The orientation dependent refractive in-

dex is given by �n�r , t�=0.5��0�� /n0�����cos2 ��r , t���
−1 /3�+�nrR�r , t�� �26�, where �0 is the initial molecular den-
sity, ��=�� −��=1.0 Å3 and n0 is the linear refractive in-
dex. The rotational Raman contribution �nrR of the pre-
excited molecules is modeled exactly as in Ref. �37� and
effectively depends on the pump intensity which is a func-
tion of space and time. Thus, both �nrR and the degree of
molecular alignment ��cos2 ��� depend on space and time.
The electron density � is calculated by resolving �� /�t
=	K�E�2K��0−�� �32� with orientation-dependent ionization
cross section 	K=	K0�1+ �1.5a2−3.75a4����cos2 ���−1 /3�
+4.375a4���cos4 ���−1 /5�� �22� owing to the double-well
potential of the diatomic molecules �38�, where a2=0.39 and
a4=−0.21 and 	K0=6.3110−140 s−1 cm22 /W11 �without
molecular alignment� �32�.

Figure 1 shows the propagation of a 50 fs, 800 nm pump
pulse with input power and beam diameter of Pin=2.0Pcr and
1.5 mm, where Pcr=4.4 GW is the critical power for self-
focusing in nitrogen at 1 atm. The beam is focused by using
a lens with the focal length of 30 cm and forms a filament
with a beam radius of �50 �m over a propagation distance
of �38 cm �from z=24 to 62 cm� �Fig. 1�a�� and a clamped
peak intensity of �5.01013 W /cm2 �Fig. 1�b��. As shown
in Fig. 1�c�, the pump pulse undergoes an intense spatiotem-
poral reshaping as identified in �9–11�, leading to self-
shortening to a full width at half maximum �FWHM� tempo-
ral duration of 17 fs at the early stage of the filament. The
pulse then propagates with a nearly constant duration until
the end of the filament. The evolution of the temporal profile
of the pump pulse during the filamentation stage is presented
in the inset of Fig. 1�c�. The refocused self-shortened pulse is
mainly concentrated in the trailing part, on the positive side
of the time axis �10,11�.

The molecules of diatomic nitrogen are not only partially
ionized by optical-field ionization induced by the pump,
which participates in regularizing the filament formation, but
also spatially aligned through impulsive rotational Raman
excitation �36� with periodic revivals after the extinction of
the pump pulse. The wake of the filament depends on both
the duration and intensity of the pump pulse. Generally, for
impulsive rotational Raman excitation, a relatively long
pulse duration and high pump intensity will lead to a high
degree of molecular alignment. Figure 1�d� shows the calcu-
lated molecular alignment signal ��cos2 ��� as a function of
time delay after the on-axis peak of the pump pulse for vari-
ous propagation distances along the filament. The most sig-
nificant molecular alignment is observed around z=30 cm
with optimal pulse duration �Fig. 1�c�� and pump intensity
�Fig. 1�b��. Since the pump pulse is strongly reshaped during
its propagation, the revivals of molecular alignment indeed
strongly depend on the temporal distribution of the propagat-
ing pump as well as on its intensity, leading to specific
propagation distances to reach optimal parallel or perpen-
dicular orientation. A probe pulse sent after a given delay
with respect to the pump will therefore possibly experience a
shift in the revivals of molecular alignment �Fig. 1�d��. As an
ultrashort laser pulse propagates collinearly along the pump
filament with a delay properly tuned to match the quantum
wake of the molecular alignment, it experiences a sturdy
frequency shift related to the accumulated nonlinear phase
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�m, which reads �
�t�=−��m /�t�−��n�t� /�t. Thus, the
probe pulse is expected to experience spectral red- or blue-
shift depending on whether its temporal peak is delayed to
the rising or falling edge of the molecular alignment revival.
Finally, the pump pulse is also strongly reshaped in space,
leading to a spatial distribution of the molecular alignment
which is included in our simulations and induces additional
spatial or spatiotemporal modulation to a temporally delayed
probe pulse.

A probe pulse with a temporal duration of 10 fs ��3.75
oscillating cycles� at 800 nm and polarization parallel to the
pump is collinearly introduced along the pump filament. A
fully self-consistent treatment of the revivals of molecular
alignment requires solving the Schrödinger equation over pi-
cosecond durations for all propagation steps and for all trans-
verse grid points. In order to make this computational task
lighter while still describing the full spatiotemporal coupling
of the pump and probe pulses via the quantum wake, the
on-axis molecular alignment revival is recalculated at each
propagation step, and the transverse intensity profile of the
pump pulse that underwent filamentation is used to obtain
the spatial distribution of the molecular alignment. The un-
derlying assumption is that of a molecular alignment signal
proportional to the excitation intensity for pump intensities
smaller than 1.01014 W /cm2 �26,39�. The lifetime of the
plasma generated by multiphoton ionization induced by the
pump filament is much longer than the delay between pump
and probe. The plasma decay time lasts typically several tens
of picoseconds. The plasma density in the wake of the pump
filament is therefore taken as the initial electron density ex-

perienced by the probe pulse sent after the pump with a
relative temporal delay of several picoseconds. The input
power and beam diameter of the few-cycle probe pulse are,
respectively, set to be Pin=0.5Pcr and 4.0 mm, which is col-
limated with respect to the pump. In the absence of the ad-
vancing pump pulse which forms the filament and achieves
molecular alignment, the few-cycle probe pulse propagates
quasilinearly: it undergoes negligible spatial diffraction and
only slight temporal broadening due to group-velocity dis-
persion. As will be seen below, the probe pulse sent in the
quantum wake may become sufficiently intense to be also
potentially affected by self-induced effects mixed with those
of the revivals. However, our choice of parameters guaran-
tees that the probe intensity remains below the ionization
threshold. Since the probe pulse duration is much shorter
than the time delay of the molecular alignment response to a
pulse excitation ��several tens of femtoseconds� �27�, it
modifies molecular alignment at later delays but experiences
only the molecular alignment induced by the pump; this en-
hances self-focusing only in the very core of the probe over-
lapping with the original filament.

As shown in Fig. 2, the propagation dynamics of the
probe pulse is significantly influenced by the pump filament
when its temporal peak is properly tuned to match the quan-
tum wake of the molecular alignment. During the falling
edge of the molecular alignment around the half-revival time
�delay-A as shown in Fig. 1�d��, the spectrum of the probe
pulse is first gradually blueshifted before the beginning of
the pump filament �Fig. 2�a��. This is due to a cross-phase
modulation effect mediated by the revivals of molecular
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FIG. 1. �Color online� Propagation of a 50 fs, 800 nm pump pulse in molecular nitrogen. �a� Beam radius, �b� peak intensity �solid curve�,
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alignment. The spectrum is then considerably broadened dur-
ing the early stage of the pump filament and split into two
spectral components due to both intense self-phase modula-
tion and cross-phase modulation mediated by the quantum
wake of molecular alignment. During this stage, the peak
intensity of the probe increases and eventually evolves into a
stable intense light channel accompanying the quantum wake
of the pump pulse. Figure 2�b� plots the detailed spectral
profiles of the probe pulse at various propagation distances.
It clearly suggests that a continuously blueshifted spectrum
with a 100 nm maximum shift of the central wavelength is
readily achievable for the few-cycle probe pulse before the
occurrence of spectral splitting. As shown in Figs. 2�c� and
2�d�, the beam radius of the probe pulse decreases while its
peak intensity increases before stabilizing to form a stable
light channel with an almost constant beam radius of
�25 �m and peak intensity of �5.01011 W /cm2. These
values are smaller than the typical values obtained for a long
pulse filament of �50 �m and �1013 W /cm2 �32�, though
the peak intensity is close to the nonionizing intense light
channel reported a few years ago �40�. Here, the guiding
mechanism proceeds differently since it is mainly the quan-
tum wake that guides the probe and makes it propagate in the
form of an intense light channel. The fast decrease in the full
width at half maximum of the initially collimated probe
beam does not correspond to a whole beam collapse but is
mainly due to the increased degree of molecular alignment in

the narrow portion of the probe overlapping with the original
pump filament of width of �50 �m. The probe pulse sees
an increased refractive index which not only includes the
contribution of the revival but also that of the self-induced
instantaneous Kerr effect acting against plasma defocusing
�proportional to −0.5� /�c, where �c is the critical plasma
density �32��. For example at delay-A, by adding the molecu-
lar alignment and plasma contributions, the average increase
in the refractive index on the propagation axis experienced
by the temporal peak of the probe is calculated to be 4.0
10−6. This results in an overall guiding of the probe pulse.
After the end of the pump filament, the beam radius of the
probe pulse gradually increases to �60 �m while its peak
intensity decreases to �6.51010 W /cm2 over the simu-
lated propagation distance of 1.0 m. The detailed spatial evo-
lution of the probe pulse is plotted in the inset of Fig. 2�c�,
which clearly indicates guiding of the probe pulse by the
quantum wake.

The spectral evolution of the temporally delayed probe
pulse can be further understood by simultaneously looking at
the evolution of its temporal profile along the propagation
axis. As shown in Fig. 2�f� and the inset of Fig. 2�e�, the
probe pulse is first gradually delayed to the positive side of
the time axis in keeping with the induced spectral blueshift
and normal dispersion of the molecular gas. Pulse splitting
occurs owing to the intense phase modulation of the probe
pulse, and the temporally delayed pulse peak with noticeably
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FIG. 2. �Color online� Propagation of a 10 fs probe pulse in the quantum wake when its temporal peak is tuned to the molecular
alignment revival at delay-A as shown in Fig. 1�d�. �a� Evolution of the on-axis spectral profile, �c� beam radius, �d� peak intensity, and �e�
on-axis pulse duration of the probe pulse �solid curve: whole pulse; dashed curve: most intense subpulse� versus propagation distance. The
evolution of the spatial and on-axis temporal profiles of the probe pulse are shown in the insets of �c� and �e�, respectively. �b� Spectral
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FIG. 3. �Color online� Same presentation as in Fig. 2 but for the probe pulse matching the molecular alignment revival at delay-B as
shown in Fig. 1�d�.
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blueshifted frequency components is eventually dispersed
and leads to a single pulse peak as shown in Fig. 2�a� �32�.
The evolution of the pulse duration along the propagation of
the probe pulse is shown in Fig. 2�e� During the guiding
stage, the duration of the probe pulse fluctuates around the
input value of 10 fs and compression down to sub-5 fs du-
rations could be obtained at specific distances. The sudden
increase in the pulse duration form z=60 to 75 cm is directly
due to the temporal splitting of the probe pulse into a double-
peak structure as shown in the inset of Fig. 2�e�. The dura-
tion of the most intense subpulse is monitored independently
and is found to remain shorter than 10 fs, as shown in Fig.
2�e� �dashed curve�.

We interpret the spatiotemporal evolution of the tempo-
rally delayed probe pulse as dominated by cross-phase
modulation mediated by the molecular alignment in the wake
of the pump filament. From this analysis, we could obtain
few-cycle laser pulses with desired frequency shift and pulse
duration at specific propagation distances. Alternatively, it is
possible to generate these frequency shifted few-cycle pulses
at a given propagation distance by using a pump beam that
forms a filament starting from the desired length to the target
�41,42� and by tuning the temporal peak of the probe pulse to
various revival times of the molecular alignment so as to
control the cross-phase modulation effect it undergoes. Fig-
ure 3 shows an example of the spatiotemporal evolution of
the probe pulse as its temporal peak is tuned to delay-B, i.e.,
to the rising edge of the molecular alignment revival as
shown in Fig. 1�d�. In contrast with delay-A, the spectrum of
the few-cycle probe pulse is noticeably redshifted for
delay-B �Figs. 3�a� and 3�b��, but similarly to delay-A, the

probe pulse forms a guided light channel with a well-
confined beam radius �Fig. 3�c�� and a peak intensity that
remains intense over an extended distance �Fig. 3�d��. As we
can see from Fig. 3�e�, the duration of the probe pulse also
fluctuates around the incident value of 10 fs; the sudden
increase in the pulse duration from z=32 to 56 cm is due to
the occurrence of temporal splitting �see inset of Fig. 3�e��
which makes the evolution of the FWHM duration discon-
tinuous since the two separating pulses are characterized by a
single duration. The corresponding temporal profiles of the
probe pulse at various propagation distances for delay-B are
shown in Fig. 3�f�.

Propagation dynamics of the few-cycle probe pulse are
also studied for different delays during the revivals of mo-
lecular alignment in the wake of the pump filament, which
lead to the observation of different spatiotemporal dynamics.
Typically, for revivals of molecular alignment with
��cos2 ����1 /3, the probe pulse also undergoes a significant
frequency shift but eventually evolves into a doughnut-
shaped hollow beam. This is due to the cross-defocusing
effect mediated by the molecules oriented perpendicularly to
the polarization of the probe, thus leading to a decrease in
the experienced refractive index �30�. Simulations are also
performed for even shorter probe pulses. For example for
ultrashort laser pulse with a duration of 5 fs ��1.87 oscillat-
ing cycles� at 800 nm, a similar guiding dynamics is ob-
served with the expected spectral blueshift �Figs. 4�a� and
4�b�� or redshift �Figs. 5�a� and 5�b�� when the peak of the
probe pulse is tuned to match the falling �delay-A� or rising
�delay-B� edges of the revival of molecular alignment in the
wake of the pump filament. The relative spectral broadening
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FIG. 5. �Color online� Same presentation as in Fig. 4 but for the probe pulse matching the molecular alignment revival at delay-B as
shown in Fig. 1�d�.
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is less significant than for the case of 10 fs probe pulse,
which we interpret as due to the fact that the shortest pulses
experience a more uniform cross-phase modulation along the
time axis. For instance, at delay-A, the averaged spectral
width �FWHM� of the probe pulse broadens and becomes
1.92 and 1.16 times the input spectral width of the 10 and 5
fs probe pulses, respectively. When the temporal peak of the
probe pulse is tuned to match the molecular alignment re-
vival at delay-B, these spectral broadening factors become
1.47 and 1.06 for the 10 and 5 fs input probe pulses, respec-
tively. Meanwhile, as shown in Figs. 4�c� and 4�d� and Figs.
5�c� and 5�d�, the pulse duration increases to �10 fs, the
associated frequency chirp �dashed curves in Figs. 4�d� and
5�d�� is due to dispersion from the molecular gas. We check
numerically that the pulses can be further compressed to du-
rations close to or in certain cases shorter than the input
duration of 5 fs by using suitable dispersion compensator,
such as chirped mirrors and prism pairs modeled through
their second- and third-order dispersions, to compensate at
least partially for the linear dispersions of the molecular gas.

In summary, we have shown numerically that the wave-
length of a few-cycle probe pulse can be readily red- or
blueshifted by properly tuning its delay so as to match the
revival of molecular alignment in the quantum wake of a
femtosecond pump pulse undergoing filamentation. The du-
ration of the frequency shifted probe pulse remains compa-
rable with the initial duration. This method provides us an
alternative approach to tune the frequency of few-cycle laser
pulse for various applications, such as remote atmospheric
probing.
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