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1. Introduction

It is well known that nonlinear partial differential equations (PDEs) play an important role in nonlinear
science, so it is crucial to study the properties of these PDEs [l]. Especially for a special class of
integrable PDE, it has been the goal of many scholars to study the properties of their soliton solutions,
breather solutions and rouge wave solutions. Among them, the most important equation was the nonlinear
Schrodinger (NLS) equation, which has been widely investigated for many years because it is a universal
model of many disciplines [2,3]. However, some more complex models cannot be described by NLS, so it
is necessary to study higher dimensional and more complex models. As a generalization of the classical
NLS equation, the Manakov system has more properties than NLS, and has clear physical significance.
It represents the propagation of optical pulse in birefringent fiber and wavelength division multiplexing
system [4]. Later, scholars found that the equation of PT symmetry also has good physical significance
and is also worth investigating. So many nonlocal equations have been found and studied, such as nonlocal
NLS, nonlocal mKdV, etc [5-7].
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In this paper, we mainly consider the reverse-time Manakov system

(2, t) + Uge (2, 1) + 2[u(z, t)u(x, —t) + v(z, t)v(x, —t)]u(z,t) = 0,
ivg(x,t) + vz, t) + 2[ulzx, t)u(z, —t) +v(z, t)v(z, —t)v(z,t) = 0.

(1)

The inverse scattering of the multicomponent nonlocal reverse-time NLS equations were obtained in [8], and
the Darboux transformation of system (1) was also studied in [9]. Inspired by their work, we will study
the simple zero N-soliton solutions and higher-order soliton solutions of the nonlocal reverse-time Manakov
system (1) in more detail, and give its dynamic behavior. Here we mainly use the Riemann—Hilbert method,
which is the extension of the classical inverse scattering method [10,11]. Different from the work in [12], the
nonlocal equation we studied remains the original form of the Manakov system, and is still a coupled system,
which will produce more abundant forms of solutions.

The order of the paper is as follows. In Section 2, the symmetric relation and asymptotic property of the
scattering data matrix for the reverse-time Manakov system are analyzed, and the corresponding Riemann—
Hilbert Problem (RHP) is constructed. Further, the determinant form of the N-soliton solutions of the
simple zero without reflection is given, and the dynamic behavior of various solitons is analyzed in detail.
In Section 3, the determinant form of multiple zeros N-soliton solutions is given by using the idea of limits,
and the dynamic behavior diagram of the Higher order 2-soliton solution and Higher order 3-soliton solution
are shown.

2. Inverse scattering transform for the reverse-time Manakov system

In order to maintain structural integrity, we briefly review the inverse scattering problem of the
reverse-time Manakov system. The reverse-time Manakov system (1) admits the following Lax pair
S, =MP, M=DMz,t;z):=—izAdg+ U,
&, =N&, N =N(z,t;2):=—3iz>Ag + 32U +iA3(U, — U?),

where @ is the matrix eigenfunction, z is the spectral parameter and

2 0 0 0 u(z,t) wv(z,t) 1 0 0
Ap=1]0 =1 0 |, Uz, t)=| —u(z,-t) 0 0 , A3=10 -1 0 |,
0 0 -1 —v(x, —t) 0 0 0 0 -1

when z — +o00, u(x,0),v(z,0) have the following behavior u(z,0) — 0,v(x,0) — 0. Under these conditions,
the spectral problems about @(z,t,z) satisfies ¢ = Ye(_i”_?’ith)AO, and Y — I, © — +oo. At the same
time, It is easy to find that Y satisfies the integral equation YL =T + fioo e Moy=2) 1y, e#40(z=Y)dy. By
analyzing the integral equation, the following properties can be obtained

Proposition 1. Dividing Y into columns as Y = (Y1) Y2 Y (3) e have
o The column vectors YV and Yf), Yf’) are analytic for z € C4 and continuous for z € Cy UR;

e The column vectors Yf) and YEQ), v are analytical for z € C_ and continuous for z € C_ UR;

where Cy = {z |argz € (0,7)}, C_ ={z | argz € (m,2m)}.
Select the vector composition matrix analyzed in the upper half plane, denoted as N*:
Nt =V Y y® — v "+ Y H,, (3)

where H; = diag{1,0,0} and Hy = diag{0,1,1}. And N7 satisfies the asymptotic condition Nt (z,\) —
I,z € C4y — oo. In addition, the two different forms of solutions for the space part of the Lax equation must
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be linearly correlated, thereby introducing the scattering matrix S through the following expression

. _ s11(z)  s12(z)  s13(2)
Y_(z,2,t)e” "0 = Y, (z,2,t)e” M08 (2), S(z) = | s21(2) s22(2) s23(2) | . (4)
s31(2) s32(2)  s33(2)
Meanwhile, it is easy to verify that Y ~! satisfies the adjoint equation of Lax Eq. (2) and also satisfies the
boundary condition Y~! — I as x — +o0.

Proposition 2. Taking the similar procedure as above denote matrices Y ™' as a collection of rows Y1 =
(Y—l[l] Y—1[2] Y—l[?’])T
e The row vectors le[l] and Y:I[Z], Y:1[3] are analytic for z € C4 and continuous for z € CL UR.

e The row vectors Y:lm and Y;lm, YJr_l[g] are analytical for z € C_ and continuous for z € C_ UR.

In order to construct RHP, the vector composition matrix analyzed in the lower half plane chosen as N_!
NZ'=HYo + HoY ! (5)

and by inverting both sides of Eq. (4), we can obtain

. , 5 s11(2)  S12(2)  S13(2)
ezzr/loy:l _ S—l(’,<j)€1z316/1()Y_~__17 S—l(z) = S(Z) = %ngzg %22%2% %2322; . (6)

Through direct calculation, we can get that N-! also satisfies the same boundary condition N:l(l‘, A) —
I,z € C_ — oo. In addition, Y satisfies the time equation, and the time evolution of the scattering matrix
S(z) and S(z) can be obtained according to Eqgs. (2), (4) and (6), we have

St + 3iz2 [/10, S] = 0, S't + 3i22 [/10, §:| =0.

Hence, the RHP of the reverse-time Manakov system is

Riemann-Hilbert Problem 1. The matriz function N(z;x,t) has the following properties:

e Analyticity : N(z,z,t) is analytic function in z € Cy;
e Jump condition: Ny (z,z,t) = N_(z,z,t)V(2), z € R;
e Normalization: N(z,z,t) =14+ 0(2), asz— oo.

Where the jump matrixis V=60 | s91 1 0 et o= e—izrAo—3iz*t Ao 1f N4 is expanded as

(1) (2)
N N
Niy=I+——+—755+0 (%), after a simple calculation, it can be obtained that

z z

u(x,t) = 32'(]\7_%_1))12, v(x,t) = 3i(N-(|rl))13-

Another important aspect is symmetry. As a special case of multi-component reverse-time NLS [13], the
symmetry of the reverse-time Manakov system is also Y ~1(x,t,2) = Y7 (2, —t, —z), where superscript ‘T”
represents the transposition of a matrix. This means that (z, —z) is a pair of spectral parameters, which is
different from the distribution of spectral parameters of the local Manakov system. Further,

Nl t,2) = NI(x, —t,—z), (7)

then we have S~ (z,t,2) = S(z) = ST (x, —t, —2).
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As we all know, for the regular RHP, its solution is easy to be given by the Plemelj formula as det(N;.) =
s11 # 0 and det(N:l) = 511 # 0. We need to pay more attention to the non-regular case. In other words,
det(Ny) = s11 = 0 and det(N~') = 5;; = 0 at some points. Let us first assume that these zeros are simple
and there are N zeros. Therefore, each ker N (z;) contains only one base column vector, which is represented
by vk (z,t, z1), and each kerN "' (%) is a single base row vector, represented by @y (z,t, ). So we have the
following expression

N+(zk)vk(:r,t,zk) :0, ’U}Al’,f, Zu’k)N__l(ék) = 0,

With Eq. (7), it can be deduced that o (z,t, %) = vl (z, —t, —z;). With the help of Ref. [10], we know that

. . 2 e .2 v
v = e(TERT=3ED Aoy, and By, = wpeFRTTH3ED A0 where wy, = (ag, by, cx)” and Wy = (G, bi, ¢) are an
arbitrary constant vector, according to the symmetry, we can deduce a; = aﬂ by = b? Cr = cf. Based on

the Yang method, we can perfectly give the solution of the reverse-time Manakov system

detF detG
U =3t—— v=3— 8
detM’ detM’ (8)
where
a,aTef2z(z]-+Zk)[wf?)(z]-fzk)t} + (bbT + C'CT) eZ(Zjﬁsz)[a:fB(ijzk)t]
My, = 2% %% T CiC
J )
2L+ 25
. .2
My Mo s My, b?ewlmigwlt
. . 2
Moy Moo s Mo, b%"ezZQx—l’:zth
F = . . . . ?
. )
M M, S My, bl giznz=3izpt
a1672iz1z76iz%t a2672i22176izgt anef2izn176izit 0
. . 2
My, Mo s M, C’{emlzigwlt
M. M. .. M. T iz2x—3iz2t
21 22 2n cye 2
G = . . . .
. )
M1 Mo ‘e My, clgiznz=3izypt
ale—zz'zlz—&zft age—mzzz—&zgt ane—ziznz—ﬁizﬁt 0

Next, we will analyze the specific properties of soliton solutions in detail.
1 — soliton solution
The form of 1-soliton solution for the reverse-time Manakov system can be obtained as N =1
Giabze %"t Giacze %1%t

T T2t (02 ¢ 2)ediza) VT q2e—Sim 4 (B2 4 (2)ediw (9)

When z is pure imaginary, they can be simplified as a fundamental solitons, which are stationary and
bounded. When z is general, it can be seen from the expression that the amplitude of the soliton solutions are
determined by the imaginary part. When Im(z) > 0, the amplitude of the soliton solutions increase with
time. On the contrary, when I'm(z) < 0, the amplitude of the soliton solutions decrease with time, until
they disappear. In Fig. 1, we show two forms of soliton solutions. The basic 1-soliton solution parameters in
Figs. 1(a) and 1(b) are a = b= ¢ =1,z = 4, and the general 1-soliton solution parameters in Figs. 1(c) and
I(d)area=1,b=15,c=1i,2 = 35 + 55i.

2 —soliton solution

When N = 2 in Eq. (8), we get the two soliton solutions of the nonlocal reverse-time Manakov system.

In the form of

u=—6i(z1 + zz)g, v = —6i(z + 22)%7 (10)
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(d)

Fig. 1. 1-soliton solution for the nonlocal reverse-time Manakov system. (a) Basic 1-soliton solution of |u|; (b) Basic 1-soliton solution
of |v|; (c) General 1-soliton solution of |u|;(d) General 1-soliton solution of |v|.

where

—i P2 —
F = (alblbng — alblbgzlzz + alblcgz% + alblcgzlzg — 2a1b201022122)e i(9tizy+wzy —2027)

—+ (7&21)%[)22122 —+ agb%bgzg

. 2
—2a9b1c1C22122 + (JQbQC%leQ + QQbQC%,Zg) 62(79t22+2z2171’z2)

w 2
+ (—aZagboz1 20 + atagbyzd)e 9tz +awzr tuzg)

—q 2
+ (a1a3bi 2} — ajadby 2y zp)e” Ot FratAT)

0r2
2.2 2 2.2 2 —i(9t —2
G = (—2a1b1bacaz1 22 + ar1bsc12] + a1bse1z120 + arc1c527 — arcic3z122)e i(9t2] +wz —2w23)

2 2. .2
+ (a2b102212’2 + agbicaz;

2 2 9t 2
—2a9b1bac1 2129 — agCiCaz122 + a2616222) i(= z2+ xz1—T23)

+ (ara3c127 — alagclzlzz)eﬂ(gml+ml+4m2)
+ (—a2agcaz 2o + alagcazd)e l<9tz2+4“1+“2)
(2,22 2.2 2\ —diz(z+z 2 a2c252 2.2
M = (a3a22? — 2d3a321 20 + a2a222)e M E1H22) 4 (020222 + 2020321 29 + a20322 + a2c2z? 4 2033z 2o

+ afcgzg)efhm@zlfzg)
+ (—4a1a2b1b22122 —4aja9c1C221 22 e_l(gtzl_9t22+$)(zl+z2)

)
+ (—4ajasbibaz1 20 — 4a1a2c102z122)ei(9“179“27“7)("1“2)
+ (a2b?2% + 2020321 20 + a2b3 22 + a2
(b2b221 202ba 2120 + bib22a + bzl
202,2 | (22,2

2.2 2.2.2
+2b3c3z1 29 + bicazE — 8bibacicazizy + baci i + 2b3ct 2120 + bici2E + clciz} — 23 caz 20 + 010222)
2ix(z1+22)

2.2 2.2 2\ 2ix(z—2
a2c222 + 2023 21 2 + a2P22)e? (51 7222)

X e

Based on the symmetry of the above spectral parameters, we consider several relationships between the two
eigenvalues:

e Re(z1) = Re(zz) = 0,Im(z1) # Im(22), u(z,t) and v(x,t) are pure imaginary two soliton solutions,
and they are bound solitons. Select different values of ay, by and ¢,k = 1,2, and there are soliton solutions
with different amplitudes. Figs. 2(a) and 2(b) show the corresponding display diagram with

; 1 )
z1:21,a1:1,b1:1,clzﬁ, zog =1d,a0 = 1,bo =1,c0 = 1.

o Re(z1) # Re(zz2),Im(z1) = Im(z2) and Re(z1) = —Re(z2), u(x,t) and v(z,t) are ordinary two soliton
solutions without singularity. Except that the amplitude at the intersection will collapse or become larger,
the amplitude at other places will not change with time. We show the dynamic diagram in Figs. 2(c) and

5
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(d)

Fig. 2. Two-soliton solution for the Manakov system. (a) Pure imaginary 2 soliton solution of |u|; (b) Pure imaginary 2 soliton

solution of |v|; (¢) Ordinary two soliton solution of |u|;(d) Ordinary two soliton solution of |v]|.

Fig. 3. Two-soliton solution for the reverse-time Manakov system. (a)Singular 2-soliton solution of |u|; (b) Singular 2-soliton solution
of |v|; (c¢) The 2-soliton solution of the amplitude gradual transformation of |u|; (d) The 2-soliton solution of the amplitude gradual
transformation of |v].

2(d), and the corresponding parameters selection are
) 1
%, Zgz—l-i-i,agzl,bg:l,CQZE.
o Re(z1) # Re(za),Im(z1) # Im(z2), u(z,t) and v(x,t) are singular two soliton solutions. We show the
dynamic graph in Figs. 3(a) and 3(b), and the corresponding parameters are

1 1 1 1 1
21:E+Zi,a1 :l,bl :1,01 :1, 22:7%4*57:,0,2:1,()2:1,02:5.

o Re(z1) # Re(z2),Im(z1) = Im(z2) and Re(z1) # —Re(z2), u(x,t) and v(z,t) are composed of two
soliton solutions with varying amplitude. And when |Re(z1)| > |Re(22)], the amplitude of the soliton solution
increases with time, when |Re(z1)| < |Re(z2)|, the amplitude of the soliton solution decreases with time. We

z1=1414,a,=1,by=1,¢c1 =

display the dynamic graph in Figs. 3(c) and 3(d), and the parameters are

1 1 ; 1 1
21:54—1—0@',(11 :17b1 :i,Cl = %, 22:—§+1—0i,a2:1,b2:1702:§.

For more simple zero point soliton solutions, after our analysis, they satisfy the nonlinear superposition.
Due to the complexity of their expressions, we will not show specific forms.

3. Higher-order soliton solutions of the reverse-time Manakov system

In this section, we mainly consider the case of multiple zeros, that is, detNy = [[(z — 2z;)™7, detN_ =
[1(2—%;)73,r; > 2. At this time, we use the idea of limit to solve. According to the previous simple zero point,
the perturbation spectrum parameters o; = 25 +¢ € C4,6; = 2, +€ € C_,j = 1,2...,, N are introduced,
and their corresponding kernel vectors are

vi(an) = eCORT3R0A0 (g () by (), en(e)T,  B(tn) = (@8 (), Bi(E), &(8))ePoret3iai0 0,
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(©) (d)

Fig. 4. Higher order soliton solutions for the reverse-time Manakov system. (a) Higher order 2-soliton solution of |u|; (b) Higher
order 2-soliton solution of |v|; (¢) Higher order 3-soliton solution of |u|; (d) Higher order 3-soliton solution of |v].

Expand the above disturbance term at € = 0,& = 0, and record them as

T
00 o) e}

oo (o9}
[J] j 7] g ] g o (5, o] v sl v o] i
k(2K € E vg 1€, E Vg 9€” E Vg ae” | Ok (B, €) = E Ut I et E U 3€7
=0

Jj=0 Jj=0 J=0 J=0

In the expansion, let ¢, & tend to zero. Bring them into Eq. (8) and obtain the N-soliton solution form of

multiple zeros

detF det
oz BE g detC (11)
detM’ detM’
where F and G are matrices of order (N +1) x (N + 1)
- (M X 5 (M H
(Y 0) e (VD)
(D) — lim 1 Ot [y (5,8 vy (2,€)
kg =0 (Ip — D (lo — 1)1 0shi—19el=1 | 25 46— 3, —¢ |’
T
o] o1 Glri—1] o[0] o1 o [r S0 o1 Clrn—1
X = |:U£]2 vg,]z, . ,U%é ],vé’]%vé)]” . ,véé% . ,vL’]Q,vil’]% . »”7[1,2 ]} ,
0 1 | — 0 1 I8 0 1 rn—1
Y= [uH,vH,...,UH R I T L PR ]},
T
#o= [, ok, ol el el el el el Y]
According to the symmetry of the above spectral parameters, z = —z so € = —e. Due to the complexity of

the expression, we present the dynamic behavior diagrams of the simplest higher-order two-soliton solution
and higher-order three-soliton solution of the nonlocal reverse-time Manakov system in Fig. 4 (a—d).

From the dynamic behavior diagram of higher-order soliton solution in Fig. 4, we can see that for
pure imaginary higher-order two-soliton solution and higher-order three-soliton solution, the amplitude is
determined by the sign of the imaginary part. At large t, it is the motion of two parallel solitons, like
the mutual approximation process of two simple two-soliton solutions and three-soliton solutions, which
is consistent with the limit idea in our calculation. Fig. 4 shows the most fundamental higher-order soliton
solution, with common parameters of a = b =c¢ =1, z = 4. In addition, 7 = 2,r; = 0,j = 2..n in Fig. 4(a)
and (b), 1 =3,7; =0, = 2..n in Fig. 4(c) and (d).

Data availability
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