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1. Introduction

In 1983, one kind of rational solution called peregrine rogue wave is given for the focusing nonlinear
Schrodinger equation(NLS) [1]. Since then, the rogue wave becomes a hot topic for a long time. Meanwhile,
there appear a flood to study it with various methods. The effective methods are the generalized Darboux
method [2—4], KP reduction technique [5,6], Hirota bilinear method [7] and so on. Additionally, Bilmann
and Miller [8] propose a robust inverse scattering transformation method, his method connect the inverse
scattering and elementary Darboux method and change the jump to a circle, which is a great step for the
rogue wave study. In this paper, we use the robust inverse scattering transformation method to get the
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high-order rogue waves to the following nonzero generalized NLS equation

i + qua + 2ik1q, + 2q(|q|* — 1)
+m (qmm + 4ik1 Gugn + 24ik1 g2 0 — 6kFqo0 + 12k7q — 12k7|q|%q — 4ikT g, + 207, + 4qlqa
+ 8|91’ qas + 60" 2 + 6lq|'q — 6q) =0
This equation can be changed into the general generalized NLS equation [9]
iy + Uge + 2|ul’u 4+ 1 (umm + 6ulu* + dulug) + 8lulPugs + 2ulu’, + 6|u\4u) =0
with the Gauge transformation

q= uefi(kler(vlk‘llf1271k%7k%+671+2)t)

The lax pair for (1) is
N Lk
—iX— ok q
®, = 2 Ll @t—{gu V‘lf}@
—q* i+ §k1 21—V
where
o 4 . a1 12 2 . 2 * * : 512 i 2
Vig = 8iyaA’ — (21 + dilal*31 ) A2 + (4ikiilal” = 2100% + 2107, ) A= i +ilgl® + S
- m <2ki‘ + 3ik?|q|* — 6ikT + 3k1q"qx — 3kiaq} — 3ilg" —iaq}, — 0" Gax +ilax|” + 31)

Vig = —8v1q\® + 41 (k1q — ige) A + (4171k1Qa: +471lqlq — 2v1k3q + 2v1us + 2q) A+ 6iv1]q|* s
— 3imkige — 6mkila*q + kg + 1100ee — 311K100 + ige — K1q
Vo1 = 8mq" N’ — 4y (iq} + k1g*) A + (4iv1k1q; — 4yl q” +271kiq" — 214, — 2q*) A
+6im g} — BivikTg]
+ 6kl e — nkiq + N, + 3nkidl, +id) + kg
the boundary of this lax pair can be ¢ = 1, so the fundamental solution of this lax pair is

1 X —ip(\) + ~k

9 1

‘I)bg()\§$) — n()\) e—ip()\)a()\;ac,t)og —. E()\)e—ip(k)e(x;x,t)ag

i —ip(\) + %kl 1
where

1 20(\) + 2\ + k 1
p(A)Q=A2+k1A+1+1k?,n(A)2=m, 3=[ 0],

4p(N) 0 -1
Oz, t) = (x4 (=81AN® +4y1ki A + (2 — 271k] + 471) A+ 71k} — 671k — k1) t) .
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The normalization factor n(\) ensures that det (®,,) = 1. Note that the E(X) has singularities at the

branch points A = —%1 +iand it is analytic for A € C\ X,, where X, = {—7 —iL—-5+ i}. The continuous

spectral I' is the union of (foo, f%kl) , (f%kl, oo) and X..

Suppose Aq(z,t) = g(z,t) — 1 € LY(R), then for A\ € I' \ {—3ki —i,—%ki +1i}, the Jost solution

® = J*(\;2,t) of (4) are defined with the boundary condition

JE(\; ac,t)ei”()‘)‘g(’\””’t)"3 =E\)+o(l), z— +c

(7)
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and the corresponding renormalization K*(\; z,t) := J*(\; x, )e?MN0A@)93 can be given as the Volterra
integral equations:

x
Ki()\; z,t) =E(\) + / E()\)e—ip()\)(x—fc)ag E—l()\) AU(y, t)Ki Ay, t)eip(k)(w—fc)tm di, pA\)eR (8)
+o0

where

AU(z,t) = _Aqg(x’t) Aq(ozz:,t)} 9)

It is clear the first column j=1(X\;z,t) of J=(X\;z,t) and the second column j©2?(\;x,t) of J*(\;x,t) are
boundary values of A analytic in the domain Im{p(\)} > 0. and the first column j™1(X\;z,¢) of JT(X; z,¢) and
the second column j—2(X\;z,t) of J7(\;x,t) are boundary values of A analytic in the domain Im{p()\)} < 0.
Furthermore, det(J*(X;z,t)) =1 for A € I'\ {—3k1 — i, —3k1 +i}. And they satisfy the scattering relation

Jt(N\sz,t) = I~ (N2, t)S(\;t), where S(A;t) is the scattering matrix with the form {ib(())\\)) l;((;\))} Then
the Beals-Coifman simultaneous solution of (4) is
aN) " sz, )52 (N 2, )], AeCh\ XL
@BC(}\; {L‘7t) — [.i 1) J ( . )7.:.7 g )] 7\ (10)
G Nz ;e (N N t)], A eCT\ X

Take MBC(\;z,t) = ®BO(\;z,1)eltN0X@Dos the jump for MBC(A;z,t) is the union of (—oo, —1ki),
(—%kl +oo), (—%kh—%lﬁ —i) and (—%kl,—%k‘l +i). In [10,11], Defit and Zhou develop a method to
construct another simultaneous solution of the lax pair (4) for smaller A to make this solution no singularities.
So we can use this similar method to construct a simultaneous fundamental solution matrix of the lax pair
0

®EC(\;z,t), AeD,UD_

P\ z,t) = .

P (N x,t), A€ Dy
where ®B€(\; z,t) is the Beals-Coifman simultaneous solution and ®(\;xz,t) is an entire function, which
can be obtained as ®(\;x,t)®(\; L,0)~!. Dy is an open disk with the radius 7, and this choice of r should
make sure the scattering data a(\) cannot be zero on the outside of the disk and this disk should also contain
the branch cut [—%kl —1i, —%kl + i}. Set M(\;z,t) = ®(\;z,t)e?MNIXzt)os then the Riemann-Hilbert
problem of the generalized NLS equation is

(11)

Riemann—Hilbert Problem 1. The matriz function M(X; x,t) has the following properties:
e Analyticity : M(\; x,t) is analytic function in A € C\ {¥ U X.};
e Jump Condition:
M_ ()\’ z, t)efip()\)e()\;m,t)agV()\)eip(A)H(A;x,t)ag’ e X
M, (A z,t) = i .
M_(X; z, t)e PN +0Cimtos o\ e 5,

e Normalization : limy oo M(A;z,t) — I

where V() is defined as
[a(X\) 7N (N L,0), 572 (N L,0)], Ae Xy
A L0), 0" W) T2 L0)] T Ae

L+ ()P (V)
r(A) 1 |’

and the contour is shown in Fig. 1. Then the function ¢(z,t) can be obtained with the limit

(12)
A€ T U Sk, r(A) = b(A) /a(\)

q(z,t) = 2i lim AMi2(\;2,t) (13)
A—00
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Fig. 1. Definition of the regions Dg, D4 and the contour ¥y = ¥, 4+ Y_, 5. = 2: + X

2. High-order rogue waves of the generalized NLS equation

In this section, we want to get the high-order rogue wave to the generalized NLS equation by using the
Gauge transformation of the Riemann—Hilbert 1. Set the gauge transformation as

_ G(\;z, )®(\; 2, 1), AeD,UD_
B\, t) = . (14)
G\ z, )P\ 2, t)G(N; L,0)7, A€ Dg
where ®(\;x,t) is a solution of the lax pair (4) and G(\;z,t) = I+ E\{(_m/{tl) + o9 Y:\*_(i’f)O'Q,O'Q = [? 61]

The multiplication of ®(\;x,t) on the right by G(\;L,0)~! preserves the normalization condition of
®(\;L,0) =T for A € Dy. The corresponding jump condition of M(\; z,t) :== ®(\; z,t)ePMN0N@)os only
changes when A € Y, U X_, which change into

G(MLOV(N),  Aex,

o (15)
VO)G(A L0)™, Ae

Vi, t) = {

and —(A = AD2 (1 —w*)s(x, t)sT (z,t)o0 + (A1 — A\}) N(x,t)o28* (z,t)sT (2, )02

— (A = AN 1 —w(z, t)|* + N2(x,1)
where s(x,t) = ®(A\;;2,t)c, N(z,t) = |s(z,1)||?> = sf(x,t)s(x, 1), w = s(z,t)02®'(\1;2,t)c, and c is an
arbitrary vector. Then the potential function ¢(z, t) can be recovered from the new Riemann-Hilbert problem
M(/\;gc,t)7 that is g(z,t) = 2ilimy_ 00 )\ﬁ()\; x,t)12.

To apply the Darboux transformation, we should know the vector s(x,t), we can choose 'l'gé()\;x,t) =
D1 (\; 2, 1) Ppg(X;0,0) ! as the initial solution normalized at (z,t) = (0,0), then we have

YAz, t) =

i
) : NN —iN— =k 1
n (i, 1) = SN 2,1)) 2 P | eos (0N, 1) [}) ﬂ (16)
p(A) -1 gk
Then we can get the solutions of (1) from g(xz,t) = 2ilimy_ )\ﬁ()\; x,t)12, that is
R (A1 — AY) (2 (A1 = AT s1(z, )2 (1 — w* (2, 1) — 2(A1 — AT) s3(z,8)2 (1 — w(am, t)) + 4disy (x, £)s5 (z, )N (=, t)2)

q(z,t) =1+ (17)

(A =20)7 11 = w(@, O - Nz, )2
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Fig. 2. (a)—(c) is under the choice of § = %, the parameter v; on (a) and (b) is 0, (c) is 1 = 1. (d)—(f) is under the choice of § = %,
in (d) and (e), 1 = —15, (f) is v = 0.
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Fig. 3. The first-order rogue wave of Eq. (1). The parameter v; on (a)-(b) is v; = 0 and ~v; = i. (c¢) and (d) is the corresponding
density figures. v; = % increase the compression effects on the t direction but stretch in the x direction than ~; = 0.

Based on the theorem spectral analysis, when choosing different A;, the corresponding solution properties
are very different. We list kinds of solutions under the choice of k; = 1:

Case I: When \; = —1 +6i(|§] < 1), it is the Akhmediev breather(AB). In this case we give two kinds
of AB with different 7, which is shown in Fig. 2(a)—(c).

Case II: When A\ = —1 + 6i(|§] > 1), it is the Kuznetsov-Ma breather(KMB). Similarly, we also give
two kinds of KMB by choosing two different parameters ~;, which is shown in Fig. 2(d)—(f).

Tt is seen that, when § = %, ~v1 = 1 has more compression effects in ¢ direction than ; = 0. But it is quite
different when ¢ = %, ~1 plays an important effect to the shape of breather which reverses the periodicity
on z-direction to the t-direction.

Case III: When A\ = —% =+ i, it is the rogue wave. Next we focus on the study of high-order rogue
waves. When \; = —% + i, we have
s(x, 1) = (2it — 2t — 2071t + ) (¢1 + c2) + 1 (18)

(=2it + 2t + 2071t — ) (1 + c2) + ¢2

Obviously, when co = —¢q, the coefficient of the highest power for parameter x and t vanish, which is also
the same with ®'(A1;z,t), N(z,t) and w(x,t). So the rogue wave will take on a different behavior, which is
shown in Fig. 3. Additionally, the initial solution ®(\; z,t) is normalized at (x,t) = (0,0), we want the peak
of the rogue wave should also be placed at (z,t) = (0,0). During the calculation, we find that if the peak
of the rogue wave is (z,t) = (0,0), ¢; should go to co. we can set ¢ = € ¢, and take the limit ¢ — 0.
Then two kinds of high-order rogue waves can be given according to coo,1 + Coo,2 = 0 OF Coo,1 — Coo,2 = 0.
For simplicity, set %,(X;xz,t) denote the n-fold Gauge transformation with the data ceo1 + €02 = 0, and
G (A x,t) denote ¢oo,1 — Coo,2 = 0. Based on the definition of (14), the n-fold 3" (A\;z,t) is obtained as

o/n
Gl U, 1) GUL (o, ) B (M, ), AeD,UD_
@Lr;]n()\; T,t) = GL’;;H (N a,t)--- GLO/]HO\; x, t)‘I)bg()\; T, t)GEO/]n (19)
X (40,07 G (4:0,0)7, A€ Do

and M([;}]n()\; x,t) = @([)7}]11()\; x,t)el?MINz )93 Then the Riemann-Hilbert problem is
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Riemann—Hilbert Problem 2. The matrix function M (/\ x,t) has the following properties:

o/n

e Analyticity : M(\; z,t) is analytic function in A € C\ {¥' U X.};
e Jump Condition : M, (\;z,t) = M_(\;2,t) V"L (X z,£) on A € £ U X, where

o/
/ ()\ T t) 2ip+()\)0()\;:1:,t)03 \e X,
VI (o, t) = e 0D gl 1t (3 0,0) - G /n(/\ 0,0)E(\)e?MoCszt)os. e X, (20)
V[/] ()\ T t) _ e—lp(A)@(Axt)agE( ) 1G[0/] ()\;0,0> G[T} 1]()\ 0 0) 1eip()\)9(/\;:1c,t)a37 re S

e Normalization : limy_,oo M(X;z,t) — I

Then the rogue wave can be recovered with the usual limit
Gon—1(x,t) = 2i )\Hm M([)n]m()\;ac7t), Gon(z,t) = 2i Alim MLn]IQ()\;x,t), (21)
—00 ’ —00 ’

Next, we want to rewrite the high-order rogue wave to an algebraic representation. Set D,/ (A;2,t) to the
ordered product of the gauge transformation matrices

Dom(A2,t) = Gg};ll Nz t)--- ()\ x t)G[O]

o/n

(A, t). (22)
then this matrix can be factorized into the following form

n DT, (z,t) D, (z,1)
o/n,k\*"? o/n,k\"?
Do/n()‘;x7t):]l+z ( ~m T N\
o \A= (=3 +1))" (A= (=3 -1)
With the Riemann—Hilbert Problem 2, we have

Dy /u(As 2, BN e PN bos g () ~1GY) (30,007 G (0,007 = @0 ety (24)

(23)

Obviously, <I>};}g()\; x,t) have a Taylor expansion at A = f% +iand A = f% —1,

(N z,t) = iTjE(x,t) ()\ - <; + i>>j (25)

§=0
For simplicity, defining some vectors as
W:/mk(xv t) = T;:(‘T7 t)cO0,0/H7 Wo_/n k(x7 t) = T;C‘r(x, t)coo,n/e- (26)
According to the analyticity of Eq (23) at A= —5 :I: i of the left-hand side and the right-hand side, we can
get the unknown coefficients DO ko D;/n o then the high-order rogue waves can be obtained as

det(Zo.n—1 (2, 1)) + det(Zo 4n (1))

Gon—1(z,t) =1+ 2i det(Z,(z,1)) ’

(27)
det( Py an—1(x, 1)) + det(Pn an(z,t))
Gon(z,t) =1+ 2i
det(Py(x,t))
where 7/, (x,t) is a coefficient matrix that consists of 2n,n x n blocks:
Dojn =
r pl[)ll p([)Z] 0 0 e 0 0 7]
P[ll] P[12] P([)l] P?] 0 - . 0
Pl Pl Pl P, ST Py’ (28)
RGN R SR s T R
P+ QL PP+ QP plal deQf o o PYyall PY4QP
1 1 2 1 1 2 2 1 1 2] 2
—P[Zn 1+Q[n] 1,n P[le 1+Qn 1,n P[27]1—2+Q[n]71,n—1 P[z —2+Q'[n] 1,n—1 PE"]+Q[TL]71,1 P[”]+Q[n]—1,l—
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86420-2-46

(a) (b) (c) (d) (e) ()

Fig. 4. (a)—(b) is the second order rogue wave, (c)—(d) is the three-order and (e)—(f) is the four-order.

where
+
t ) 0
Pl = (W“/o’k(x ) J ;
0 (W;/O’k(x,t)>j
m
0 Z'Ylk (W-tl/o,m—l(x7t)) .
QU — =0 =12
m, m ’ ’
S (W 1)) 0
1=0 ’ J
with ~;,, = (2(1_)771,2& (m +/f -1 s Dom,k(,1) stands for the matrix Z,,, with the kth column changed into
a vector of <0, ., 0,— (w:/o’o(x,t)> i (w;/o’o(m, t))l yeney— (w:/o’nfl(m, t)) o (W;/O’nil(l’, t)>1>.

When n =2, v; = 0. Eq. (27) is

A
q=1+

6426 —768tx5+ (4608t2+48) z4— (16384t3+384t) z34+ (36864t4+108) z2— (49152t573072t3+432t) 2+32768t64-3072t4+2016t2+9
(29)
where
A= —(768it —192) * + (6144it* + 1536t) 2° — (24576it> + 1152it — 9216t — 288) 2>
+ (49152it* — 4608it* + 24576t 4 1152t) x
— 49152it° + 3072it® — 36864t* + T20it — 4608¢> + 36

Then we give the second-order, third-order and fourth-order rogue wave in Fig. 4 by choosing y; = 0.

3. Conclusion

In conclusion, we get the high-order rogue waves to the generalized Schrodinger equation with the robust
inverse scattering transformation, and analyze effects of the parameter v; appeared in Eq. (1). It can
change the rogue wave compression form and affect the shape of the breather. Furthermore, we will discuss
the behavior of infinity-order rogue waves to this equation with the similar method for the Schrodinger
equation [12].
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