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RIEMANN-HILBERT APPROACH AND DOUBLE-POLE SOLUTIONS FOR THE
THIRD-ORDER FLOW EQUATION OF THE KAUP-NEWELL SYSTEM WITH
ZERO/NONZERO BOUNDARY CONDITIONS

JUNCAI PU AND YONG CHEN*

ABSTRACT. The Kaup-Newell (KN) system is a significant integrable system, which reveals many physical phenomena
and natural laws. Especially, since the solutions of higher-order KN systems are more complex and various than that
of second-order flow KN systems which contain the derivative nonlinear Schrédinger equation (DNLS), Chen-Lee-Liu
equation, Gerdjikov-Ivanov equation and so on, the research on it will become more and more important. In this
paper, we investigate the third-order flow equation of Kaup-Newell system (TOFKN) with zero boundary conditions
(ZBCs) and non-zero boundary conditions (NZBCs) by using the Riemann-Hilbert (RH) approach based on the inverse
scattering transformation. Starting from Lax pairs of the TOFKN equation, the direct scattering problem constructs
the analyticity, symmetries, asymptotic behaviors and discrete spectral properties for the Jost solutions, modified Jost
solutions and scattering matrix. The inverse scattering problems are solved by establishing the matrix RH problem,
and the reconstruction formula of potential, trace formula and theta condition are also derived correspondingly. The
reflectionless potentials with double poles are exhibited explicitly by means of determinants. Specifically, vivid plots and
dynamics analysis which contain double-pole soliton solutions for the ZBCs and double-pole dark-bright soliton solution,
breather-breather solutions and breather-breather-dark-bright interaction solutions for the NZBCs, are demonstrated
in details. Furthermore, compared with the most classical second-order flow KN system which also be called the DNLS
equation, the third-order dispersion and quintic nonlinear term of the KN system change the trajectory and velocity of
solutions.

1. INTRODUCTION

For decades, nonlinear integrable systems, which are used to describe complex natural phenomena in the real world,
have always been the research hotspots in the field of mathematics and physics [1}2]. Recently, since abundant solutions
for nonlinear integrable systems are one of the most significant characteristics to reveal complex natural phenomena,
the study of the integrability and exact solutions for nonlinear integrable systems have been paid more and more
attention in optical fiber, fluid dynamics, plasma physics, machine learning and others fields [8H7]. General speaking,
it is difficult to find the exact solutions of complex nonlinear integrable systems, with the development of soliton theory
in recent decades, some effective methods for solving nonlinear integrable systems have been established, such as inverse
scattering transformation [8], Hirota bilinear method [9], Darboux transformation [10], Bécklund transformation [11],
symmetry reduction [12] and deep learning method [7].

Among these methods mentioned above, inverse scattering transformation (IST) is one of the most important
and basic theories for solving nonlinear integrable systems. In 1967, Gardner, Greene, Kruskal and Miura (GGKM)
discovered the classical IST to solve the initial value problem for the Korteweg-de Vries (KdV) equation with lax
pairs [8]. After that, many researchers try to extend this method to other nonlinear integrable systems which possess
so-called lax pairs [I]. Zakharov and Shabat studied the IST of nonlinear Schrédinger (NLS) equation in 1972 [13].
Later, Ablowitz, Kaup, Newell and Segur (AKNS) proposed a new class of integrable systems, called AKNS systems,
and established a general framework for their ISTs in 1973 [T4,[15]. Subsequently, many classical nonlinear integrable
systems are proved to be solvable by IST [T6HI9]. However, it is found that the solving process of the classical IST for
nonlinear integrable systems with second order spectral problems which was based on the Gel’fand-Levitan-Marchenko
integral equations is complicated and tedious, and it is difficult to solve the original IST for the higher order spectral
problems of nonlinear integrable systems without the Gel’fand-Levitan-Marchenko theory [20]. Later on, a Riemann-
Hilbert (RH) approach was developed which streamlines and simplifies the IST considerably by Zakharov and his
collaborators [21]. Since 1980s, the RH approach has been applied to nonlinear integrable systems as a more general
method than the classical IST. In 1993, Deift and Zhou presented a new and general steepest descent approach to
analyzing the asymptotics of oscillatory RH problems, and such problems will arise in the process of evaluating the
long-time behavior of nonlinear wave equations solvable by the RH method [22]. Recently, the RH approach has
became a powerful tool for constructing IST to obtain abundant solutions of nonlinear integrable systems and dealing
with the long time asymptotic behavior of solutions by analysing RH problem. The multisoliton solutions of some
important nonlinear integrable systems can be derived by solving a particular RH problem under the reflectionless
cases [23H29]. On the other hand, the RH approach has also been utilized to study the initial boundary value problems
and the long-time asymptotic behavior for many nonlinear integrable systems [22,B30H33].

The Kaup-Newell (KN) systems, which are more complex than AKNS system, are of great significance in mathe-
matical physics [34]. The derivative nonlinear Schrodinger equation (DNLS) is the most classical KN system, which
was first derived from Alfvén wave propagation in plasma by Mio et al. in 1976, and well described the propagation
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of small amplitude nonlinear Alfvén wave in low plasma [36]. In Ref. [34], Kaup and Newell obtained the one-soliton
solution and the infinity of conservation laws for the DNLS via using inverse scattering technique. Furthermore, other
important KN systems have been widely studied by means of IST and RH approach, such as the Chen-Lee-Liu equa-
tion [37], the Kundu-type equation [38] and the Gerdjikov-Ivanov equation [39]. However, as far as we know, these
IST works on these nonlinear integrable systems with ZBCs/NZBCs mainly focus on the case that all discrete spectra
are simple. A new research topic is to obtain explicit double-pole solutions for nonlinear integrable systems with
ZBCs/NZBCs by utilizing RH method based on IST, and there are few related works on this aspect at present [40H42].
It is worth mentioning that Pichler presented IST for the focusing nonlinear Schrodinger equation with non-zero
boundary conditions at infinity and double zeros of the analytic scattering coefficients [43]. In addition, the IST and
double-pole solutions for some important nonlinear integrable systems have been investigated [40l42]. Recently, Zhang
and Yan proposed a rigorous theory of the ISTs for the DNLS equation with both ZBCs and NZBCs at infinity and
double zeros of analytical scattering coefficients, provided a significant foundation for the IST for KN systems [44].
In this paper, we consider the third-order flow equation of the KN system (TOFKN equation) which contains the
third-order dispersion and quintic nonlinear terms. In 1999, Imai firstly proposed the coupled TOFKN equation [45]
and pointed out that it is an integrable system, the coupled TOFKN equation as shown below

a 3qras).  3(q3r?),
qt 6(‘1111 (qQ) + (q )>7

T 42 € 2e2
ag 3(qrra)e  3(g%13),
Ty = E (Txacac + c =+ 252 )

where ¢ = q(z,t), r = r(x, t).

By imposing the condition r(z,t) = —¢g(x,t)* (superscript “x” denotes complex conjugation) and taking appropriate
parameters € = i, a6 = 4 to the coupled TOFKN equation, the coupled TOFKN equation is reduced and obtained the
general form of the TOFKN equation:

Gt + Qezx — 3i(|‘]|2‘h)z (|Q|4Q)m =0, (1.1)

3

2
where |q|? = q(z,t)q* (z,t). To the best of our knowledge, there are few studies on Eq. (L)), and the inverse scattering
transformation for equation (LI has not been investigated by utilizing RH method. Lin et al. studied this equation
and derived different types of solutions which contain solitons, positons, breathers and rogue waves by using Darboux
transformation and extended Darboux transformation for the KN systems [46]. The TOFKN equation is completely
integrable and associated with the following modified Zakharov-Shabat eigenvalue problem (Lax pairs) [34]:

U, = XU, (1.2)

U, =T0, (1.3)

where

X =X(x,t,\) = AMidos + Q),
3
T="T(x,t,\) = (4)\4 + 5|q,|4 - 2)\2|q|2)X + (=20X + 3iMg|?) 03Q0 — N (—qq + ¢2q" )03 — AQua,

it is easy to check that Eq. (II) as the integrability condition (or zero-curvature condition) ¥,; = Uy, (or X, —T, +
(X, T] = 0) of system Eqs. (2)-(C3), ¥ = U(\;z,t) is a 2 X 2 matrix-valued eigenfunction, A € C, the potential

matrix Q = Q(x,t) is written as
_ 0 q(z,1)
Q= < —q¢*(z,t) 0 > (14

the o3 is one of the Pauli’s spin matrices given by

(V) e (05 ) me()8) 09

This paper is organized as follows. In Section 2, the IST for the TOFKN equation (L) with ZBC at infinity is
introduced and solved for the double zeros of analytically scattering coefficients by means of the matrix RH problem.
The determinant form of explicit N-double-pole solutions have been presented, and the relative plots at NV = 1,2 have
been given out in detail. Furthermore, compared with the DNLS in the case of N = 1, and the correlation analyses
are illustrated in detail. In Section 3, the IST for the TOFKN equation (I.I]) with NZBC at infinity is introduced and
solved for the double zeros of analytically scattering coefficients. The IST for NZBC at infinity is more complicated
than the case of ZBCs since more symmetries and multivalued functions, thus we map the original spectral parameter
A into single-valued parameter z by introducing an appropriate two-sheeted Riemann surface. As a result, we present
an explicit expression for the N-double-pole solutions for the case of NZBCs by using determinants, and exhibit vivid
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plots of three different types of double-pole solutions in detail. Moreover, some comparison made between the double-
pole dark-bright soliton solution of the TOFKN equation and the DNLS equation, and the correlation analyses are
explained detailly. Summary and conclusion are given out in last section.

2. THE IST wiTH ZBCS AND DOUBLE POLES SOLUTION

In this section, we will seek the N-double-pole solution g(z,t) for the TOFKN equation (II]) with ZBCs at infinity
as follow

q(z,t) ~ 0, as © — Fo0. (2.1)

In the following subsection, we will present the IST which contain the direct scattering and the inverse problem for
Eq. () with ZBCs by RH method respectively.

2.1. The Direct Scattering with ZBCs.

2.1.1. Jost Solution, Analyticity and Continuity.

Considering the asymptotic scattering spectrum problem (z — o00) of the modified Zakharov-Shabat eigenvalue
problem

U, = XU, (2.2)

U, =TV, (2.3)
where Xy = iA%03 and Ty = 4\* X, = 4i\%03, one can obtain the fundamental matrix solution Wb&(\;x,t) of Egs.
@2)-23)

WPB(\; 2, 1) = eWNmhos gz 1) = N2(z + 4MMt).
Let ¥ := R U4R. Then, the Jost solutions ¥4 (\;z,t) can be derived as below
Ye(Xa,t) ~ efmt)os N\ e 3 as z — +oo. (2.4)
In order to obtain the modified Jost solution py (A; z,t), we consider a transformation of the form
pa (X, 1) = Ya (N, t)e” 007, (2.5)
it is evident that
pr(N;x,t) ~ I, as © — too,

where I is 2 x 2 identity matrix. According to the modified Zakharov-Shabat eigenvalue problem Eqgs. ([2)-(3) and
transformation Eq. (2.1, one can obtain py(X;x,t) satisfy the following equivalent Lax pair:

pw (N 2, 1) + i (s (N 2, 1), 03] = AQ(x, )t (N 2, 1), (2.6)
pa t (N, t) + 4\ [ (N 2, 1), 03] = [T(A; 2, t) — Tolpus (N, 1), (2.7)
where the Lie bracket [L1, Lo] = L1Lo — LaL;. Egs. (Z8) and (Z71) can be written in full derivative form
d(e™ XNy (N2, t)) = e 0N DTLINQ (2, t)dz + [T(N; . t) — Toldt) ps (N2, 1)}, (2.8)
and py (A x,t) satisfy the Volterra integral equations
peiat) = 1+ [ N EITOQU, e (. )i, (29)
+oo

where eX73 F := eX?3 Fe~X7% with E being a 2 x 2 matrix. Let D¥ := {\ € C| 4+ Re(\)Im(\) > 0}, as shown in Fig. [l
Furthermore, one has the following proposition.

Proposition 1. Suppose that q(z,t) € LY(R) and v+;(\;2,t) (pwi(N;x,t)) represent the ith column of Y+ (X;x,t)
(1+(AN;z,t)). Then, the Jost solutions 1+ (X\;z,t) (modified Jost solutions pui (X;x,t)) possess the properties:

e Eq. (L2) has the unique Jost solutions 1+ (X; z,t) (modified Jost solutions p (X; x,t)) satisfying Eq. &) (combination
of Egs. Z4)-2Z3)) on X.

e The column vectors 1Nz, t) (up1(Nx,t)) and Y_o(N;x,t) (n_2(X;x,t)) can be analytically extended to DV and
continuously extended to DT U X.

o The column vectors Yra(A;x,t) (pye(N;z,t)) and Y_1(X; 2, t) (p_1(A;z,t)) can be analytically extended to D~ and
continuously extended to D~ U X.
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FIGURE 1. (Color online) Distribution of the discrete spectrum and jumping curves for the Riemann-
Hilbert problem on complex A-plane. Region DT = {)\ € (C|Re)\hn)\ > 0} (yellow region), region
D~ = {\ € C|[ReAImA < 0} (white region).

H+11 H+21

Ht12  Ht22
second columns of py, respectively. Then, taking u_ as an example, Eq. (Z9) can be rewritten as

( H-11  H—21 ) _ ( 10 ) +)\/I qhi—12 q‘u72262i)\2(x7y) "
B—12  H—22 0 1 too \ e 2N @Y g o )

note that o1 = ( é ) + )\fimoo( 7q*u7i1ff§:1221A2(I7y) )dy, where G_QiAZ(w—y) — e—2i(w—y)RE()\2)62(z—y)Im()\2) _

e~ 2i(@=y)Re(W) pd(z—y)ReNIm) - Gince z —y > 0 and Re(A)Im(A) < 0, it indicate that the first column of p_ is
analytically extended to D~. In addition, since Im(A\?) = 0 when A\ € ¥, it demonstrate that the first column of y_ is
continuously extended to D~ UX. In the same way, we also obtain the analyticity and continuity of p_o, 41 and pyo.

Similarly, the analyticity and continuity for the Jost solutions 14 (\; z,t) can be simply shown from ones of py (\; z,t)
and the relation (23]).

Proof. We define modified Jost solutions py = (p41, o) = ( ), in which 4 and p4o is the first and

O
Proposition 2. The Jost solutions vy (X\; x,t) satisfy both parts of the modified Zakharov-Shabat eigenvalue problem

[C2)-@C3) simultaneously.

Proof. The Liouville’s formula leads to
det(¥+ (N2, 1)) = lim det(¢+(A;z, 1)) = lim det(ps(Xz,t)) =1,
that show ¢4 (A\; z,t) are the fundamental matrix solutions on X. According to the zero-curvature condition X; — T, +
[X,T] = 0, one can obtain that 11 ;(\;z,t) — T+ (\; z,t) also solve the z-part (I2)), that is
(VN2 t) = TYr (N2, t)e = X (Px (N2, t) — Ty (N, 1)),
Yo\ 2, t) — Tope (N2, t) = Tg o (N2, t) = Xg (N2, t) — XTYa (N2, t),
(XN, t)e — Topr (N2, t) = TX (N2, t) = Xopy o (N2, t) — XTpr (N, 1),
X (N2, t) + Xt (N2, 8) — Totbe (N2, t) — TXYo (N2, t) = Xobo (N2, t) — XTr (N, 8),
(X — T, + XT —-TX)pyr (N, t) =0.
Thus, there exist the two matrices Uy ();t) such that
Yy (N, t) — Tor (N, t) = ve(Ax, UL (A t), as A € X,
multiplying both sides by e~#(X::t)
Yo (A, 1)e NP0 Ty (A2, ) NI = g (A3, U (A t)e NI as A e D,
(= (N, t)e PXmD7), 4 Ty (A, te” PNPD78 — Ty (A, t)e PN = g (N @, ) U (N t)e P00 as A e X,
(1 (X 2,8))e + Tope (s 2,8) = Tpa (A 2,) = (X 2, U= (A t)e” ON™078 as A e 3,
and letting @ — 00, one can find py (A;z,t) ~ I,T ~ Ty, and Uy (A;t) = 0, that is, ¥4 (A; 2, t) also solve the ¢-part

@3).

73 we have
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2.1.2. Scattering Matriz and Reflection Coefficients.

Since the Jost solutions ¥4 (\; z,t) solve the both parts of the modified Zakharov-Shabat eigenvalue problem (L2)-
(@T3). Therefore, there exist a constant scattering matrix S(A) = (s;5(A\))2x2 independent of x and ¢ to satisfy the
linear relation between ¢4 (A; z,t) and ¥_(X;z,t), where s;;(\) are called the scattering coefficients, we have

b t) =g (hz, SN, Ae, (2.10)
let o (A, 1) = (Y, tbs2) = ( pe e > Yo (N t) = (Yo, tbos) = < e ) substituting into Fq.

(2I0) and using Cramer’s rule, one can obtain

det( Z+11 Z—u )
112 Y22 _
811()‘) = det(w,(/\,x,t)) - det ¢+1 )‘ x t) Q/J—Q(Avxat))a
det( $+12 3—12 )
B 422 Y_22 _
512()‘) - det(zb,(/\,:c,t)) - det ¢+2 )‘ x t) Q/J—Q(Avxat))a (2 11)
det( 5711 zm ) '
B —21 Y401
Sgl(A) = det(’(/J_()\,:L"t)) = det )\ X t) ’l/)Jrl(A x t))
det( Vo1 Yyio )
s20(N) = Yoo Yo = det(Y_1 (A2, 1), Yoo (N 2, 1)),

det(¢— (A;,1))
where det(¢_(\; z,t)) = 1.

Proposition 3. Suppose that q(z,t) € L'(R). Then, s11(\) can be analytically extended to DT and continuously
extended to DY UX, while saa(N\) can be analytically extended to D™ and continuously extended to D~ UX. Moreover,
both s12(N\) and s21(X\) are continuous in X.

Proof. From proposition (), we know that ¢1(\;x,t) and ¥_o()\;z,t) can be extended analytically to Dt and con-
tinuously extended to DT UX. Since s11(\) = det(¢11(\;2,t),%_2(A;x,t)), one can obtain s11(A\) can be analytically
extended to D and continuously extended to DT UX. Similarly, we can prove s22()\) can be analytically extended to
D~ and continuously extended to D~ U X. Due to ¢11(X;2,t) and 112(\; z,t) are continuous in X, both s12(A) and
$21(A) are continuous in X. O

Note that it cannot be ruled out that s11(\) and s22(A\) may exist zeros along ¥. In order to study the RH problem
in the inverse process, we focus on the potential without spectral singularity. In general, the reflection coefficients
p(A) and p(\) are defined by

p(A) = . (2.12)
2.1.3. Symmetry Properties.

Proposition 4. X (\;z,t), T(\;z,t), Jost solutions, modified Jost solutions, scattering matriz and reflection coeffi-
cients have two kinds of symmetry reductions as follow:
o The first symmetry reduction

XNz, t) = 02 X (AN52,t) 00, TNz, t) = 02T (A2, 1) 09,
Yr(Ax,t) = oo (N5 2,8) 00, pr(Aj2,t) = oops (N5 2, )" 09, (2.13)
S(A) = 025(\)%02,  p(A) = —p(A")".

o The second symmetry reduction

XNz, t) =01 X (X2, 0)% 01, TNz, t) =0 T(=A2,t)% 01,
ViAo, t) = o1 (=A% 2, 0) 01, pe(Aa,t) = orps (A" 2, 1) 04, (2.14)
S(A) =015(=A")" o1, p(A) = p(=A")".
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Proof. First, let’s prove the first symmetry reduction. Since we know the specific forms of the matrices X and 7', we
can obtain the symmetry reduction of X and T by direct calculation. In order to obtain the symmetry reduction for
Jost solutions, in fact, we just need to demonstrate that o91)L (A*;x,t)* 09 is also a solution of Eq. (L2) and admits
the same asymptotic behavior as the Jost solutions 4 (A; z, ).

Considering

Yy a(Nx,t) = X (N z, t)he (N 2, 8), (2.15)

replacing A with A*, and taking conjugate both sides simultaneously, we have 11 »(A\*; x,t)* = X (A\*; 2z, t)* e (N5 2, 6)*,
substituting X (\*; z,t)* = U;lX()\; z, t)a;l into previous formula, then both sides of the obtained formula multiplying
matrix o9 on left and right at the same time, one can obtain

ooty (N5, 8) 0g = o205 P X (N2, t)oy M (N x, t) o,
=001 (A2, t) 09 = X\, t)oy oy to) e (N5 2, t)* o,
=001 (A2, ) 09 = X()\;.’L',t)O’;l(T;l(O'Qwi()\*;.T,t)*O'Q),

-1 0 ) -1 -1
where o5 :( ; 0),5002 0y, =1, we have

UQwi,m()\*; z, t)*UQ = X()‘a €, t)(021/1i()\*§ Z, t)*UQ)' (216)

By comparing Eqs. (ZI5) and (ZI6), we know that ootpy »(A\*;x,t)*0o2 is also a solution of Eq. (ZI3]), and
Y1 (A, t) = ooty (N*; 2, t)* 02 because they have the same asymptotic behavior

wi()\;zat)v 027/)i()\*;$7t)*02 ~ Iv as r — £oo.

According to Eq. (Z3) and (A\*)* = 0()\), we can obtain v (\;z,t) = px(A;z,t)e®Xz0os and o (A2, )" =
pa (N5 z, 1) e~ 0w os - Qubstituting into v+ (\;z,t) = oathr (N2, 1) 09, one can derive u(\;z,t)e?Niwbos —
U2ﬂi()\*; z, t)*e—ie()\;z,t)ago.Q = ,U/i()‘; z, t) _ UQMi()\*; z, t)*e—ié(k;z,t)ag0.26—1'9()\;1,15)0'3 = oopit ()\*7 z, t)*O'g.

Next, we demonstrate the symmetry reduction of the scattering matrix. We substitute A = A* into Eq. (ZI0)
and conjugate both sides of the equation. We have ¥ (A*;x,t)* = ¢_(A*;2,t)*S(\*)*, From the symmetry re-
duction of Jost solutions, one can obtain oy 't (\z,t)o5 ' = oy "o (N x,t)oy oy taa)S(N)* = Yy (N, t) =
V(N @, t)oy Loy H(oaS(NF)*o2), then

i (N, t) = o (A, (02 (V) o). (2.17)

By comparing Eqs. (ZI0) and (ZI7), we can obtain S(A) = 025(A*)*o2. According to the symmetry reduction of
scattering matrix, we have

() 2= (7 0 ) (i e ) (7 %) = (el ),

we then obtain these symmetric relations

811()\) = 522()\*)*, 812()\) = —821()\*)*, 821()\) = —812()\*)*, 822()\) = 811()\*)*, (218)

Since p(A\) = zigig = _522(&’1))* = —p(A*)*, the symmetry reduction of reflection coefficient is p(A) = —p(A*)*.
Similarly, by repeating the above process, we can prove the second symmetry reduction. This completes the proof.
O

2.1.4. Asymptotic Behaviors.

In order to propose and solve the matrix RH problem for the inverse problem in the following part, the asymptotic
behavior of the modified Jost solution and the scattering matrix must be determined as A — oco. The asymptotic
behaviors of the modified Jost solution can be derived by employing the usual Wentzel-Kramers-Brillouin (WKB)
expansion.

Proposition 5. The asymptotic behaviors of the modified Jost solutions are as follows:

; 1
pe (s, 1) = = @078 4 0(X>, as A — oo, (2.19)
where functions vy (z,t) read as
1 x
vi@t) =5 [ latw.0)Pdy (220)
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n_

Proof. By utilizing the WKB expansion, we substitute pui(\;z,t) = > % + O () (as A — 00) into equivalent
i=0

Lax pair (26), and compare the coeflicients of different powers of A, we have

off
O(\?) : z,u[i] (x,t)o3 — iO‘gMEE] (x,t) =0,= (M[ﬁ} (:I:,t)) =0, (2.21)
0 of 0
where (ui (z, t)) represent the off-diagonal parts of uy ' (z,1t).
) off i
O(N) : m[i] (x,t)o5 — wg,u[i] (x,t) = Q(m,t)u[ﬁ] (x,t),= (ui] (:I:,t)) = 503@(30,1&)/1[;2] (z,1), (2.22)
O(1) : plf) (@, 8) +ipl (@, )05 — iospD (2,1) = Qo )l (2, 1), = pll) (1) = CHireiv= (@D (2.23)

where vi(z,t) = 3 [T lq(y.t)dy, pe(Xa,t) = Clse @D 4 O (1), as A — co. When @ — £o00, we have
ve(z,t) — 0, put ()\, x,t) — I, one can obtain C41% = J, and deduce the asymptotic behavior as A\ — oc.

O
Proposition 6. The asymptotic behavior for the scattering matriz is as follows:
S(\) =e" "7 + O(%), as A — 0o, (2.24)
where the constant v reads as
v=5 [ o (2.25)

Proof. From the relationship among scattering matrix, Jost solution and modified Jost solution, we have
poy (N, )P0 — (X, 1)e’Xm D78 G (),
According to proposition (B]), when A\ — oo, u+(\;z,t) = e+ (@t L O (%), we have

|:eiv+(m,t)03 +0 <§>:| eiG(/\;z,t)ag _ |:ei1/ (z,t)os + O<§):|ei0()\;m’t)03S(A),

then both sides of the equation pre-multiply e/~ (#:)+0(X\iz.H)los at the same time, one can obtain

; 1 , 1
— oty (z,t)—vy(,t)]os 2 ) = oivos -
S(A)=e +0<)\) e +O<)\>,

where v = v_(z,t) —vi(z,t) = 5 erOO lq(y.t)|*dy.

On the other hand, substituting the WKB expansion pg (A;z,t) = > Hi;i D10 (3) (as A — oo) into the

time part of equivalent lax pairs (Z7) and matching the O(\*)(i = 6,5,4:3, 2,1,0) in order, combining the O(1) :
off

ugt(:ﬂ,t) + 44 [u[f] (z,t),03] = (T — To)u [O]( t) and (M[ﬁ} (:I:,t)) = 0, one can yield u[io!t(x,t) =0, vy (z,t) =0
and v = 0 as ¢ — doo. That is, v does not depend on the variable . Furthermore, for the Zakharov-Shabat
spectral problem of the NLS equation, I; = ffooo |u(x,t)|?dx is conservations of mass (also called power), and one
has I = 0 [48]. Here, one can derive I = 2v = fj:j lg(z,t)|>dz (here x and y in ([2.2F) are equivalent) is the
conservations of mass for the modified Zakharov-Shabat spectral problem of the TOFKN equation, and we also obtain
vy = 0 by using the I1 ; = 0. Next we give a simple proof of pure algebra for I; ; = 0.

According to the Eq.(I1), we have

9
= §|Q|4Qz +3¢%q12 ¢ + 3ilq)? qur + 3iq2q" + 319050 — Quaas
= 5la"a; +3(¢")* a0 — 3ilal*a}, — 3i(a7)% — 3iq" @ q} — T

from I} = ftf; lq(x,t)|?dx, we have

“+oo
L= / [q(z,t)q" (z,t)]cdx

— 00

—+oo
5 * . * * * * *
= [l — a2 (e + at)e )]
+oo N +oo
oo + qqu _

)

5 * +oo . * * +oo * *
= 54°(a )3‘_00 +3ilg]* (420" = 407)|__ — (4ed” + 9450)

Since g(z,t) = 0 as x — £00, one can derive I ; = 0 and v; = 0. Therefore, v is a constant. Proof complete.



8 JUNCAI PU AND YONG CHEN*
2.1.5. Discrete Spectrum with Double Zeros.

The discrete spectrum of the studied scattering problem is the set of all values A € C\X which satisfy the eigen-
functions exist in L?(R). As was proposed by Biondini and Kovagi¢ [47], there are exactly the values of A in DT
such that s11(A) = 0 and those values in D~ such that s33(A\) = 0. Differing from the previous results with simple
poles [29/[341[35], we here suppose that s11(\) has N double zeros in Ag = {A € C: ReA > 0,ImA > 0} denoted by A,
n=12---,N, that is, s11(A,) = s1;(A\n) = 0, and s{; # 0. It follows from the symmetry reduce of the scattering
matrix that

0,
0 (2.26)

Sll(ﬂ:)\ ) = SQQ(:I:/\*) =
{salmn) (A7) =

Therefore, the corresponding discrete spectrum is defined by the set

whose distributions are shown in Fig. [l When a given Ay € AN D™, one can obtain that 1 (A\o; x,t) and 1_s(Ao; z,t)
are linearly dependent by combining Eq. (ZI1)) and s11(Ao) = 0. Similarly, when a given Ay € AN D™, one can obtain
that ¥12(Mo; 2, t) and _1(Ao; x,t) are linearly dependent by combining Eq. 2.I1)) and s22(Ag) = 0. For convenience,
we introduce the norming constant b[\g] such that

’L/J+1()\0,.T t) = b[)\ ]1/1_2()\0;,@,15), as \g € AQDJF,

Yi2(Aos 2, t) = b[Ao]v—1(Xos 2, 1), as Ao € AND™. (2.28)

For a given Ay € AN D™, according to s11(Ao) = det(v11(Xo; 2, t),%—2(Ao; z,t)) in Eq. I1), and taking derivative
respect to A (here A = Ag) on both sides of previous equation, we have

s11(Ao) = det(1/)fi_1(/\0,:c t),1h—a(Ao; , ) 4 det (i1 (Nos @, 1), o (Ao; 2, 1))
= det(¥1(No; 2, 1), Y—2(Ao; 2, 1)) + det(b[Ao]t—2(Ao; 2, 1), ¥ o (Noj 2, 1))
= det(¥1(Nos 2, 1), Y—2(Aos 2, 1)) — det (B[] o (Ao; 2, ), P2 (Xo; 2, 1))
= det(¥1(Ao; 2, 1) — b[Ao]Y o (Nos 7, 1), 1h—2(Nos 2, 1)),

note that s7;(Xo) = 0, ¥/ ;(Aosx,t) — b[Xo]Y)"_5(No: @, t) and 1_o(Ao;,t) are linearly dependent. Similarly, for a
given \g € AN D™, one can obtain that ¢/, ,(Xo;x,t) — b[Xo]t)” 1 (Xo: @, t) and ¢_1(Ao; @, t) are linearly dependent by
combining Eq. (ZI) and s55(M\g) = 0. For convenience, we define another norming constant d[\g] such that

’l/)g_l(Ao; x, t) — b[)\ ]1/)/_2(/\0,56 t) = d[)\o]’(/),Q(Ao; x, t), as )\0 S AN DJF7 (2 29)
L d '

1/);2()\0;1',15) — b[)\ ]’l/) 1(A0,SC t) = [)\0]’(/},1(>\0;1',t), as \g € AND™.

On the other hand, we notice that . 1(X\;2,t) and s11(A\) are analytic on D¥, Suppose g is the double zeros of
s11- Let ¥y1(\;x,t) and s11(A) carry out Taylor expansion at A = Ao, we have

baNast) Qe t) + 9 oz ) (A = Ao) + g9y (Nos 2, 1) (A = Ao)® +
s1i(A)  s11(X0) + 815 (A0) (A = o) + 371 (M) (A = A0)2 + 57811 (Ao) (A = Ao)® +
B 1o, t) + U (Aos 2, 6) (A — Ao) + 21, P (Aos, 1) (A — Ao)? +
- 3511 (A0) (A = X0)2 + 3577 (M) (A — h)? +

_ 20 (A2, t) (A= o) % + (2¢+1()\0§$ ) 21/41()\0;%15)5/1/{(/\0))()\ o)

s11(Ao) s11(Ao) 35/1’%()‘0)

Then, one has the compact form

P_s
A=o

,as A € ANDT,

P, t) | 294 (Aosa,t)  2b[Ao]Y—a(Aos 2, t)
s11(A) s11(Xo) s11(Mo)
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where P_5[f(\;x,t)] denotes the coefficient of O((A — X\g)™2) term in the Laurent series expansion of f(\;z,t) at

A=Xo
A= Ap. and
Res | erizt) | 204, Qos e t) 2441 (Qos 2, 8)s11(ho) _ 2(ol¥l5(Ao; 2, 8) + d[Ao]t—2(Aos 2, 1))
A=do | s1(d) s11(Ao) 3517 (Ao) s11(Ao)
_ 20[0]Y—2(Aoi 2, 1)1 (o) _ 260l (Nos s t) | 2d[Ao]Y—2(Xoiw, 1) 2b[Ao]t—2(Ao; %, 1)1 (Mo)
3517 (Ao) s11(Ao) s11(Ao) 3517 (Ao)
2b[AoJt” 5(Aos 2, t)  2b[Ag]  d[Ao] 2b[Ao]  s11(Ao)
= . _o(Aosx,t) — . _o(Aosx,t
) SO0 e ) TG B 0y 2
2b[AoJt)” 5(Ao; 7, 1) 2b[Ao] [ d[Xo]  s1i(Mo)
= : - —2(Xos z, t X € AND*
o) 00 \ Dol 57y () ) | Vo200 a8 e €D
where )Be)\s [f(\;z,t)] denotes the coefficient of O((A — \g)™!) term in the Laurent series expansion of f(\;z,t) at
=Xo
A= Ao,

Similarly, for the case of ¥19()\;x,t) and s22(A) are analytic on D™, we repeat the above process and obtain

Yo\, t) | 2¢90(Xosa,t)  2b[Ao]Y_1(No; 7, ) _
sl Iy ] B0 R P EAND

VoA, t) | 26[Ao]Y)l 1 (Ao;, 1) 2b[Ao] [ d[ro]  s33(Mo) _ -
ikl oy ] T 00) +ls’2’2()\o)<b[)\o] 3%%))]%%“’”’ asdo €ANDT.

Moreover, let

d )\ " )\
%Ib[AO] ) aS)\OGAﬁD+7 [ 0]7M7 a’S)\OGAmD+7
AlNg] = 811()‘0) B\l = b[)\o] 3811()\0) 2.30
[ O] = [ 0] = " ( ) )
2b[Ao] as \g € AND~ dPo] _ s7(d0) as A\g € AND™.
s55(Xo) ’ bro]  3s55(o)’
Then, we have
P, Pz, t) | _ ANo]Y_a(Xo;z,t), as Ao € AN DT,
A=Xo | s11(A) ]
2 Yra(Xiz ) | ANol—1(No;z,t), as Ao e AND™,
A= | os22(A) (2.31)
Res M = ADo|[Y_o(Nos z,t) + B[Aol—a(Xo; x,t)], as Ao € ANDT,
2
A=Xo 811()\)
Res YNz, t) = ANo|[W; No; z,t) + B[Xo]—1(Ao; z,8)], as Ao € AND™.
1
A=Xo 822()\)

Proposition 7. For \g € A, the two symmetry relations for A[Xo] and B[] can be deduced as follows:

o The first symmetry relation A[Xo] = —A[N§]*, B[ho] = B[A§]*.

e The second symmetry relation A[ho] = A[—A§]*, B[] = —B[-Ad]*.

Proof. Considering the first sysmetry relation, for a given A\g € A, s11(Ag) = s22(Ao) = 0, hence substituting S(\g) =

0 s12(Mo) into ¥4 (Ao;x,t) = _(Ao;x,t)S(Ag), one can obtain
821()\0) 0

Yi1(Ao; 2, 1) = s21(Ao)v—2(No; 2, 1), as Ag € AN DT,
w+2()\0;$,t) = Slg(Ao)w_l(Ao;.T,t), as N EAND™.

Therefore, when A\g € AN DT (A\g € AN D7), one has obtain b[Ag] = s21(Xg) (b[Ao] = s12(X0)). According to
Eq. [I8), we have bA;]" = s12(A5)* = —s21(Xo) = —b[Ao] (where \j € AN D7), and A] = 7 = 2Rl
—A[X)]*. In addition, for a given \g € AN DT (A\g € AN D7), by taking derivative respect to A (here A = )\g) both
sides of th41(Xo; 2, 1) = b[Ao]v—2(Ao; 2, 1) (Y42(No; 2, t) = b[Ao]Y—1(Ao; 2, 1)), we have

’L/Jg_l()\o;l',t) — b[)\o]l/J/_Q()\o;.T,t) = b/[)\o]l/J_g()\o;.T,t), as A\ € AN D+,

1/);2()\0’1'515) - b[)\o]wl—l()\oazat) = b/[)\o]’l/),l()\o;l',t), as )\0 eAND™.
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Combining with Eq. (Z29), one can obtain
b[/\o] = Sgl(Ao) = d[)\o] = bl[>\0] = Slzl(Ao), as )\0 S A N D—i_7
b[)\o] = 812()\0) = d[)\o] = b/[)\o] = Slu()\o), asd€EAND™,

then

ddo] — sT1 (M) _ s51(X0)  s5(A5)"  —=s1a(A5)T  s55(A5)" _ —dAG]T s55(A5)”
bho]  3s71(No)  s21(ho)  3s(N)* —si2(A)T Bsh ()T —bIN]T 3sh(N)*

B[\ = Bx]"

Similarly, by repeating the above process, we can prove the second symmetry relation.

2.2. Inverse Problem with ZBCs and Double Poles.

In the following parts, we will propose an inverse problem with ZBCs and solve it to obtain accurate double poles
solutions for the TOFKN equation (L.IJ).

2.2.1. The Matriz Riemann-Hilbert Problem.

In general, according to the relation (2I0) of two Jost solutions ¢4 (A; z,t), we will investigate the inverse problem
with ZBCs by establishing a RH problem. In order to pose and solve the RH problem conveniently, we define

)‘na n:1523"'aN7
g"_{)\nN, n=N+1,N+2,.-- 2N. (2.32)
Then, a matrix RH problem is proposed as follows.
Proposition 8. Define the sectionally meromorphic matrices
At
M* (X a,t) = <L(’;)’),uz(>\;w,t)), as A € DV,
S

M\ z,t) = H (2.33)

— ,U/J,-Q()\, x, t) —

M=z, t) = por(Nz,t), ————"= ), as \€ D™,

Sll(A)

where lim M (N;x,t) = M*(X\;x,t). Then, the multiplicative matriz Riemann-Hilbert problem is given below:
A=
A eDE

o Analyticity: M(\;z,t) is analytic in DY UDT\A and has the double poles in A, whose principal parts of the Laurent

series at each double pole (, or are determined as

n;

Res M(,t) = (AlGuJe™ "0 5(Goio,t) + [BIG) — 208/ (Gui 2, (Gui 2, 1)},0)
P_o M(\;z,t) = (A 7210(("9” ,Q(Cn;:c,t),()),
G (2.34)
Res M(X;a,1) = (0, LG Ly (G, t) + [BIG] + 200/ (G e, O (Gs, )} )
Py M(Xz,t) = (0, A[G1e oDy (i)
A=
e Jump condition:
M~ (\;z,t) = MT (N2, 0)[I — J(\;2,t)], as A € %, (2.35)
where
0N 1) 0 —p(N)
J\z,t) = ZW@’“%( P ) 2.36
iz t) =e o) PNAN) (2.36)

e Asymptotic behavior:

- 1
M\ z,t) = ev—(z,t)os + O(X)’ as X\ — oo. (2.37)
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Proof. For the analyticity of M(\;x,t), It follows from Eqs. Z3) and (Z31)) that for each double poles ¢, € D or
¢ € D~. Now, we consider (,, € DT, and obtain

-7/}+1(<n;$7t)_ _ P1(Cns 2, 1) soccimty| / _ _
Afi%i _7311(4‘") | —Afieci AN e = A[G ][V 5(Cns 2, t) + BlCalth—2(Cns 2, 1)]
= AlG{[p=2(Cns 2, t)e D) 4 BIG u_o(Cui @, t)e” PCrnimt} =
Res | P& | g1 16m200et (1 (¢ 1)+ [BlCal — 200 (Gt ) (G 2, 0)} =
A=Cn i Su(Cn)

Res M0, ) = (Ao = Gy, 0) + [BIG] = 208G Dol 10 ),
where the “” denotes the partial derivative with respect to A (here A = (,), and

n; Ly t n; L, t 3 : —1 :
P,Q [7¢+1(§ ZL' )‘| = P,Q [7M+1(C ZL' )ezG(Cn,z,t) = A[Cn]ﬂf2(<n,$7t>e zO(Cn,I,t)7:>
A=Cn A=Cn

511(Cn) 511(Cn)
:U/+1(Cn; Z, t) _ —2i0(Cnsz,t) .
)\P;_Ci Sll((n) - A[C’n]e ,U/—2(Cn7$;t)’:
Py M. ) = (A Je 20y (Gyi,0),0).
A=Cn

Similarly, we also can obtain the analyticity for ¢} € D~. It follows from Eqs. ([25) and (ZI0) that
piAiz,t) = poa(As @, s (N) + poa(As @, D)e 00 D sy (V),
{u+2()\; 1) = po1 (N2, 1) N 15 (N) + po (N 2, 1) 522(N),
by combining Eqs. ([Z.12) and (233]), one can obtain

)\;.’L',t —2i0 (N
M+()‘;-Tat) = (%,M_Q()\;.’E,t)) = (M-l()\;(E,t) +M_2()\;,’E,t)e 20(%; 7t)p()‘)’u—2()‘;$’t))’

Az, t P0( N t) ~
M~ (N2, t) = (ul(k;x,t), %) = (u1(A;x,t),u1(A;$,t)62 PR BN +u2(A;x,t)>,

and

oy eim )\ (A t) . 1 e Aim D 5(N)
(ses0ve 2250 = (B2 a0 ) (_pmorton,iy 5~ i) )
M~ (\;z,t) = MT (X2, t) (1 — J(\; 2, 1)),

where J(X\;z,t) is given by Eq. (Z36). The asymptotic behaviors of the modified Jost solutions py(A;2,t) and
scattering matrix S()A) given in Propositions () and (@] can easily lead to that of M();z,t). Specifically,

)\' T t) eiv+(.a:,t) 0 1 ] 1
MT(\:x.t) = M-i—l( ) ot _ o—iv _ ol=Z) = iww_(z,t)os ol = e Dt
(A, 1) (7511(/\) (X, t) 0 i@y | TOLT ) =e +0(5 ), asAe DT,

At w-(@t) 0 1 : 1
M=\ a,t) = (ul()\;z,t)vw) _ < e 20 ) JrO(X) — oiv-(@,t)os +O(X)’ as A e D~

522(A) 0

Therefore, we obtain the asymptotic behavior (Z37) of M (\;z,¢) when A — oo. This completes the proof.

etV

O

By subtracting out the asymptotic values as A — oo and the singularity contributions, one can regularize the RH
problem as a normative form. Then, applying the Plemelj’s formula, the solutions of the corresponding matrix RH
problem can be established by an integral equation.

Proposition 9. The solution of the above-mentioned matriz Riemann-Hilbert problem can be expressed as

M()\, z, t) :ew,(x,t)a'g + _/ (5’ €T, )J({,:c, )d§+
2mi Js

E—A
jzivjl (Cn()\) |:N/—2(Cn;$at) + (Dn +5- Cn) ,u_g(cn;x,t):| , (2.38)

Cu) [ aGisz )+ (Dut 5= ) na (Gt )
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where A € C\X, fE is an integral along the oriented contour exhibited in Fig. [, and

Cn()\) S [C’ZL 72i0(cn;m,t), 571()\) _ f[gjé]* e2i0((fl;x,t), (2 39)
Dy, = BlGa] =26/ (Gusw,t). - D = B[G) +2i0/ (¢, 1),

p—r and ', (k=1,2) satisfy

—1(Grim,t) = ei"“’”‘”( ) +ZC [M 2(Csi 2, 1) + (Der 7§*ig )uz(Cs;x,t) +
1 (M+(§azat) (é,x,t))l
2mi Jy §—Gn %
. 0 2N N 1
a(Csiz,t) =e”<”)"3< . ) + GG [ (G t) + (DﬁW)u (G, t) |+
j=1 5

2_7”/2 g_Cs dg,
- Cs(Gr) 2 _ 1 (M* (&2, 1) (§2,t))
M—l(Cnv a Z C* _ Cs [ —Q(Cé7x t) (Dé + C:; . Cs)M_Q(CS’x’t) + 2_7”/2 (6 _ C;;)Q dé_’
. o . L[ O Ea ) T(Ea,t)e
Cév a Z Cs [ H_1q Cg 3 T, t) + <D] + m),u—l(gjaxat) + %/E (5 Cs) dé-a
(2.40)

where (M (& 2,t)J (& x,t)); (j = 1,2) represent the jth column of matriz Mt (§;z,t)J (& x,t).
Proof. In order to regularize the RH problem, one has to subtract out the asymptotic values as A — oo which exhibited
in Eq. (Z37) and the singularity contributions. Then, the jump condition ([2:35]) becomes

an | P2 M(Xjz,t)  Res M(X\;z,t) )1\)7—(2 Mz, t) Res M (A, 1)

M~(\jz,t) — e W-(@t)os _ A=Cn + A= +—= + 25 =MT(\zt
( ) Z (A —Cn)? A= A=Gr)? A= ( )

n=1

on | P2 M(Xjz,t)  Res M\ z,t) )1\)—2 M(X;z,1) Res M(A; 2, t)

_ qiwv_(z,t)os _ A=(n A=Cn =¢ =¢} _ +/y. )
e + + + MT (N x,t)JJ(N\;x,t),
DB e e OGP G i@ i) 8)
(2.41)
where P_, M(/\;x,t),/\ReCs M z,t),P_g M()\;z,t),)\ReCs M(X;x,t) have given in Eq. (234). By using Plemelj’s
A=Cn =bn A=Cx =G

formula, one can obtain the solution (Z38) with formula ([2:39)) of the matrix RH problem. By combining Eqgs. (2Z.33])
and (Z38)), p—1(¢k; x,t) is the first column element of the solution (Z38) as the double-pole A = ¢ € D™, u_o((s; 2, 1)
is the second column element of the solution ([Z38) as the double-pole A = (s € DT. The specific expressions of
w_1(Clsx,t), p_a(Cs; z, t) and their first derivative to A are provided in Eq. (Z40).

O
2.2.2. Reconstruction Formula of the Potential.
From the solution (2.38) of the matrix RH problem, we have
M\ x,t) = eV (@073 4 w + O<%>, as A\ — 00, (2.42)
where
M, = - o | M (&2, 0)J (&, )dE + z::l O R e L)

AlGIe =D [y (G, 8) + Dproa (G, 1)] )
Substituting Eq. (242) into Eq. (2.8) and matching O(\) term, we have
O +i[MM(z,t)o5 — os MM (2,1)] = Q(z, t)e™~ (=173,
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then, by expanding the above equation, one can find the reconstruction formula of the double-pole solution (potential)
for the TOFKN equation (L) with ZBCs as follows

q(z,t) = —2ie- @Oz 1), (2.44)
where M1[12] (z,t) represents the first row and second column element of the matrix MM (z,t), and

2N
M @t) = o [ (M (G2 (1) e + > (AL D [ (G, t) + Dopa (G, )] . (245)
n=1

21 Js,

where p_11(C%;a,t), 1" 11(CE; 2, t) represents the first row element of the column vector pu_q(C;a,t), p' (¢, t)
respectively. When taking row vector o = (a(l),a@)) and column vector v = (7(1), 7(2))T, where

Ca® = (A[C;]G%G(C;;m,t))
1x2N
Y = (o1 (G ) ons Y = (W (G t)) | o

we can obtain a more concise reconstruction formulation of the double poles solution (potential) for the TOFKN
equation (L)) with ZBCs and as follows

oV = (Al 0D, ) ,
1x2N (2.46)

q(x,t) = —2ie™~ =1 (av - L /E (M*(s;:c,t)J(«s;x,t))udg). (2.47)

211
2.2.3. Trace Formulae.

The so-called trace formulae are the scattering coefficients s11(A) and sa2(\) are formulated in terms of the discrete
spectrum A and reflection coefficients p(A) and p(A). We know that s11()), s22(\) are analytic on DV, D™, respectively.
The discrete spectral points (,’s are the double zeros of s11(A), while ('’s are the double zeros of sg2(A). Define the
functions B+ (\) as follows:

2N A\
BN = s (V) ( )
DT (52

(2.48)

2Ny ¢ 2
B=(\) = SQQ(A)n];[l (A — c;;) oV

Then, 8T (A\) and 87 (\) are analytic and have no zero in DT and D™, respectively. Furthermore, we have the
relation B (\)B7(\) = s11(A\)s22()\) and the asymptotic behaviors ST ()\) — 1, as A — oo.

According to det(S(A)) = s11822 — 21512 = 1, we can derive

1
=122 )50,

511522 511522

by taking logarithm on both sides of the above equation at the same time, that is

—log(s11522) = log[1 — p(A)p(N)] = log[BT (X)B™ (N)] = —log[L — p(A\)A(N)],
and employing the Plemelj’ formula such that we have

1 [ log[l — p(A)p(N)]
21t Jx E—A

Then, substituting Eq. (249) into Eq. ([2:48)), we can obtain the trace formulae

~ 2N 2
() = eXp< L [ ettt d€> I (2=%) e

logBT(\) =T d¢, \e D* (2.49)

e (2.50)
~ 2N w\ 2
S22(N) = e)(p<2im'/Z log[1 ; i(i)ﬁ()\)] d§> H (i : gz) it

2.2.4. Reflectionless Potential: Double-Pole Solitons.

Now, we consider a special kind of reflectionless potential g(z,t) with the reflection coefficients p(A) = p(A) = 0.
From the Volterra integral equation (2.9, one obtains 14 (0;2,t) = pi(0;2,t) = I, and s11(0) = 1. Combining the
trace formula, one obtains that there exists an integer ¢ € Z such that v =8 22;1 arg((n) + 2mi.



14 JUNCAI PU AND YONG CHEN*

Then Egs. (Z40) and Z47) with J(A; z,t) = 0242 become

(gn,l't w zt)0'3< >+ZC ,LL 2§5,$t)+<D5+C*iC>M2(§5;£L',t)‘|,

—2(Cs;w,t) = wzt)og( >+ZC (Cs) e 1(€]7‘Tt) (D + : ~>M—I(C;;xat)]a

GG (2.51)
(G t) Zg* () [ 2(Gss ) + <D8+<;;2§S>M—2(Cs;x’t)]’
sn=-$ B8 e (5, 2 ]
and
q(z,t) = —2ie™- @ ary, (2.52)

Theorem 10. The explicit expression for the double-pole solution of the TOFKN equation (L) with ZBCs is given
by determinant formula

- 2
det(I — G) detR
z,t) =2 = , 2.53
a det? (det([— G)) (2.53)
where
0 « ~ 0 «@
R_(T IG)’ R_(T Ié)’
(2.54)
7 M @
™=\, | T (Danx1, 77 =(0)anx1,

iy : GLH g2 : i (i.5) o o
and the 4N x 4N partitioned matrizc G = with GU»9) = (gn,’; (1,5 = 1,2) is given by

G2n  q22)
1 ~ 2 1 ~ 1
-— | D Dy+— | D+ ——— ||,
@@( = c>+< +qg><ﬂ+@qﬂ
1
_§s<;+<Ds+ <s>‘|
1 D+ —— 2 D, + —2 D !
g C* Cs g* ° C;; - Cs Cs g* ’

9y = XF

gt = Z Cs(
(21‘1) _ % Cs (C:;)CJ (Cs)

nd s=1 C”t o gs
2N ~
(212) — Cs (C:;)C] (Cs) 1 _(p 2
D T A [ (”T—cs ’

~ G(1 1) G(LQ) ~ . ~(i,5)
and the 4N x 4N partitioned matric G = | =~ ~ with GU»9) = ( H (1,5 = 1,2) is given by

G2N  q22) J )2N><2N

1 [~ P Cs 1 1) [ ~ 1 1
_ D; = D, - = || Dy el M
@—q<ﬂ+@—g>*r*< TG c)( G-¢ q)

1 G 1 1
- % Ds - B}
@g*@( TS g)

30— ¢ Z (¢s)
2) _ C:;Z Cs C;;gcj Cs)
s=1 s

2N

Gen GGG | 1 (52 N oG 2 V(5 11

o g% =G gq( o-¢) g\"rag a6 g))
2N ~

~(2,2) _ Cs(C;;)Cj (Cs) 1 _ & D 2

I Pyl foere q<s+qg |

Proof. From the Eqs. (240]), 5] and ([Z52), the reflectionless potential is derived by determinant formula:

det(R) e?iv, (z,t) ]

det(I — G) (2:55)

q(z,t) = 2i
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) [—t=-6—1t=0 - - t=6] ()

F1GURE 2. (Color online) The 1-double-pole soliton solution of TOFKN equation (II)) with ZBCs
and N =1,(; = % + %i,A[{l] = 1,B[¢1] = 1. (a) The three-dimensional plot; (b) The density plot;
(¢) The sectional drawings at t = —6 (dashed line), ¢t = 0 (solid line), and ¢ = 6 (dash-dot line).

However, this formula ([2.355)) is implicit due to unknown function v_(z,t) is included. We need to deduce an exact
form for the reflectionless potential. From the trace formulae (Z50) and Volterra integral equation ([29) as ¢ — —oo,
we get

on [ P2 (M(Xz,t)/)) Res (M(X;z,t)/N) f:—gg (M (X2, t)/X) JRes (M (N2, t)/7)

) - A=Cn A " n
M(Xz,t) =T+ A PTHEE A= TTToar ¢ A=G ’

n=1
(2.56)
which can yield the v given by Eq. ([2.46) explicitly. Then, substituting « into the formula of the potential, one yields

q(l‘,t) -9 det(R)~ eiv,(m,t)
det(I — G)

then, by combining Eq. ([Z350) with Eq. (ZX1), we can obtain the determinant formula (2353]). Complete the proof.
O

: (2.57)

For example, we obtain the N-double-pole solutions of the TOFKN equation (1)) with ZBCs via Eq. (Z53):

e When taking parameters N = 1,(; = %Jr %i, A[¢1] = 1, B[¢1] = 1, we can obtain the explicit 1-double-pole solution
and give out relevant plots in Fig. 2. Figs. 2 (a) and (b) exhibit the three-dimensional and density diagrams for the
exact 1-double-pole soliton solution of the TOFKN equation with ZBCs, which is equivalent to the elastic collisions
of two bright-bright solitons. Fig, 2 (c) displays the distinct profiles of the exact 1-double-pole soliton solution at
t = 16,0.

Compared with the classical second-order flow KN system which also be called the DNLS equation in Ref. [44], the
comparison made between the density diagrams of the 1-double-pole soliton solutions for the TOFKN equation and
the DNLS equation shows that the trajectories of solutions are different obviously, it also means the introduction of
third-order dispersion and quintic nonlinear term of KN systems can affect the trajectories of solutions. By comparing
with Ref. [44], we find that the wave heights of the 1-double-pole solution at « = 0 and ¢ = 0 are consistent, and
the wave heights are all 1168/157. Therefore, we make a guess that the energy at ¢ = 0 of the central peak for the
1-double-pole solution of the TOFKN equation is the same with that corresponding to the DNLS equation by selecting
the same parameters. In other words, third-order dispersion and quintic nonlinear term of KN systems have little
effect on the maximum amplitude of the solutions.

Remark 11. The parameter selection of the 1-double-pole soliton solution shown in Fig. 2 is consistent with that in

reference [{4)].

e When taking parameters N = 2,(; = % + %i,A[Q] = B[] =1,{ = % + %i,A[{g] = BJ[(2] = 1, we can obtain
the explicit 2-double-pole solution and give out relevant plots in Fig. 3. Figs. 3 (a) and (b) exhibit the three-
dimensional and density diagrams for the exact 2-double-pole soliton solution of the TOFKN equation with ZBCs,
which is equivalent to the interaction of two 1-double-pole soliton solutions. Fig. 3 (c¢) displays the distinct profiles of
the exact 2-double-pole soliton solution at ¢ = +20, 0.

3. THE IST wiTH NZBCs AND DOUBLE POLES SOLUTION
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(a) X ®) [—t=-20—1t=0 - — t=20] ()

FIGURE 3. (Color online) The 2-double-pole soliton solution of TOFKN equation (L) with ZBCs
and N = 2,1 = 3 + 34, A[G1] = B[] = 1, = § + 31, A[(2] = B[¢2] = 1. (a) The three-dimensional
plot; (b) The density plot; (¢) The sectional drawings at ¢ = —20 (dashed line), t = 0 (solid line), and
t = 20 (dash-dot line).

In this section, we will find the double-pole solution ¢(z,t) for the TOFKN equation (1)) with the NZBCs
q(z,t) ~ qx, as x — £oo, (3.1)
where |¢1+| = go > 0, and ¢4 are independent of z, t.
3.1. Direct Scattering with NZBCs and Double Poles.
In this subsection, we will investigate direct scattering with NZBCs and the case of double poles for the modified
Zakharov-Shabat eigenvalue problem of TOFKN equation (L)) in detail.
3.1.1. Jost Solutions, Analyticity, and Continuity.

As x — 400, we consider the asymptotic scattering problem of the modified Zakharov-Shabat eigenvalue problem

(L.2)-(@3):
U, =X.0, U, =79, Xi=i\0o3+2\Qx,
3 3.2
Te=(4\"+ Sq) —2V°¢ )Xo, Qi = 0 =) (3.2)
2 —¢ 0
Proposition 12. the fundamental matriz solution of Fq. [B.2) is presented as follows:
Yi(\)efimtos X\ # +iqo, and XA+ k()\) # 0,
The(\ 2, t) = 15 3.3
+( ) I+ (ﬂc + ?qét>Xi()\), A = +iqq, (3:3)
where
1 = i
Ye(A) = g i =1+ ;ffaQi, z=A+k(N),
z (3.4)

3
O\ z,t) = Ak(N) [x + (4)\4 + qu — 2A2qg>t} ;KN =M+ ¢
Proof. For the case of A\ = +iqg, we can directly calculate and obtain \Ilig(k; x,t) =1+ (:z: + %qét) X+ (N). However,

when )\ # +iqg, based on eigenvalues +i\k()), one can derive k?(\) = A\? + ¢Z, and the eigenvector matrix of X4 and
Ty can be written

1 pEsTaY 1o i
Yi(A) = i, +R) = iql z =TI+ -03Q+, z=XA+k(\)#£0. (3.5)
TR 1 - 1 z
Now, X+ and Ty can are diagonalized by the eigenvector matrix ([3.3]) as
3
Xi =Yy [ik(N)os)YE!, To =Yy [(4A2 + qu — 2)\2q3>i)\k()\)03] Yol (3.6)

and direct calculation shows that
2
detyy =1+ 8
z

1>

m, (3.7)
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1 1 e 1 i
yol== 2 l==(I--o . 3.8
+ 77<_£ 1 ) 77( > 3Qi) ( )

By substituting 8] into ([B3.2]), we have

and

(YE'0) = idk(N)os (Y 'Y), (YI'V), = (4/\2 + gqé - 2>\2q3>z’>\k(>\)03 (Yi'w), (3.9)

from which we can derive the solution of the asymptotic spectral problem (3.2))
U =T\, t) = Yy (M)l iw o, (3.10)
where 6(\; z,t) is given by ([B4]). This completes the proof.

Since k() stands for a two-sheeted Riemann surface. Therefore, in order to avoid multi-valued case of eigenvalue
k()N), we define a new uniformization variable: z = A 4+ k()), which was first introduced by Faddeev and Takhtajan in
1987 [49]. Next, we will illustrate the scattering problem on a standard z-plane instead of the two-sheeted Riemann
surface by utilizing two single-valued inverse mappings:

k(A)%(z+i—3), A%(z%) (3.11)

where the inverse mapping evidently satisfy the relation k?(\) = A% + ¢3. It means that the Jost solutions 14 (z;,t)
of the Lax pairs (I2))-([L3) possess the following asymptotics:

Vi (zy ) ~ Yi(2)e?E0093 ag 0 to0, (3.12)

and the modified Jost solutions p4 (z;x,t) are derived by making the transform
i (232, 8) = Vi (25, t)e O (ETT8, (3.13)

such that
wt(zy2,t) ~Yi(z), as ¢ — +oo. (3.14)
On the other hand, the modified Jost solutions u4 (z; x,t) satisfy the following equivalent Lax pair:

[Yi_l(z)ui(z; x, t)} i +iAk(A) [Yi_l(z)ui (z;2,t), 03} =Y () AX L (25 2,t), (3.15)
[Yi_l(z)ui(z;x,t)}t +iAk(N) (4)\4 + gqg - 2)\2q3) {Yi_l(z),ui(z; x,t), 03} =Y (2) AT ps (23, 1), (3.16)

where AX, = X (A(2);2,t) — X+ (AM2);2,t) = A(2)[Q(z, 1) — Qx(z,1)] := A(2)AQ+ (z,t) and ATy = T (A(2); 2, t) —
T+ (A(z); x,t). Equations (3I8) and (BI6) can be written in full derivative form

d(e_i‘g(z?l’t)a"Ygl(z)ui(z; x, t)) — o~ 0(z,1)7s [Ygl(z)(AXidx + ATidt),ui(z; x, t)} , (3.17)

which lead to Volterra integral equations

x

A(z) Y (2)e @ @008 [V L () AQ4 (y, s (259, 1) | dy, 2 # 0, Fiqo,
+oo

A(z) /: [+ (z—y)Xs(2)| AQ=(y, t)px (259, 1)]dy, 2z = Figo.

wi(zyx,t) =Y (2) + (3.18)

Since the exponential function contains k(z)A(z), we define the z plane by the positive and negative values of
Im(k(2)A(2)), that is

1, a4 |2[*2? — g52° + 452® — q5(2*)* 1 4 A2 | 4
E(z)A(z) = 1 <z -3 = 4)z|* = EE [(|z|* = gg)2” + 4iggRezImz],
1
Im[k(2)A(z)] = IRt [(2|z|4 — 2¢3)RezImz + 4goRezImz] = IeT [(2|z|4 + Qqé)RezImz},

and
Im[k(2)A(2)] > 0, that is RezImz > 0,
Im[k(2)A(2)] < 0, that is RezImz < 0,
.y 4 z = Fiqo,
Im[k(z)/\(z)] =0, that is 2* = g5 = {z .

Therefore, from the above mapping relation between the A-plane and z-plane, we define ¥ and D* on the z-plane
as ¥ := RUIR\{0}, D* := {2z € C| & (Rez)(Imz) > 0}, which are shown in Fig. A
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Imz

Rez

=2 C oz

FIGURE 4. (Color online) Distribution of the discrete spectrum and jumping curves for the Riemann-
Hilbert problem on complex z-plane, Region Dt = {k € (C|Rezlmz > 0} (yellow region), region
D~ = {z € C|RezImz < 0} (white region).

Then, according to the Volterra integral equations ([B.I8) for the case of z # 0, +ig, the following analyticity of the
(modified) Jost solution can be derived as follows:

Proposition 13. Suppose (1+|z])(q(z,t)—q+) € L'(R*). Then, Jost solution ) (z; x,t) (modified Jost solution p(z;x,t))
have the following properties:

o Eq. (L2) has the unique solution ¥ (z;x,t) (u(z;x,t)) satisfying EBq. BI2) (Eq. BI4)) on X.

e The column vectors i1(z;2,t) (ui1(z;2,t)) and w_o(z;2,t) (u_2(2;2,t)) can be analytically extended to D* and
continuously extended to DT U X.

e The column vectors io(z;x,t) (uyo(z;x,t)) and v_1(z;x,t) (n—1(z;2,t)) can be analytically extended to D~ and
continuously extended to D~ U X.

Ht11 Ht21
Ht12  H422
second columns of p, respectively. Then, taking p— as an example, Eq. (BI8) (here z # 0, +iqg) can be rewritten as

iq_ x 1 = —2ik(z)\(z)(z— [} 1 — ik(z)\(2)(xz— =
po1n pen \ _ L = T T3 +2? [E1e 2 Ew) 4 5, W[“3GQ EAEEY) 47, d
L1z fl—22 - 1117 1 1 E5e—2ik(z)k(z)(z—y) +EG} 1 [5762ik(z)k(z)(z—y) +Eg} Y,

—zi

Proof. We define modified Jost solutions pug = (41, pt2) = < ), in which g+ and p4s is the first and

—o0 a+2°
where
E1 =g po11q-2 — i-11452 — qu-12G5 + p-12454-,
So = —iq* p-11q-% + 1107 — Q122> + p_12q-2°,
B3 = iq" p-21q-2 — ifi-21G5% + qli—222" — [i_22q_ 2,
B4 = —iq o012 + ifi01q0% + qU—2243 — 1—2200
S5 =iqu_12q" z —ip_12q52 + " p_112> — p_11q* 2%,
S = —iqu-12q" 2 + ip—1245% + ¢ p-1105 — L-11054" ,
Sr = iqu-22q* 2 — ip-22G57 — ¢ p-21G5 + p-21454",
Ss = —iqu-22q" Z + ip_2205% — ¢" p_012” + pi_01q* 2°.
1 e o ) =
Note that p— = é + A(2) ffoo ( :qi? E;Z—z:z:igi;z; I;j ) dy, where e~ 2ik(2)A(2)(z—y) —
z q5+22

e~ Zil@—yRelk(A ()] 2(z=y)Imk(AE)]  Since 2 — y > 0 and Im[k(2)A(2)] < 0, that is RezImz < 0, it indicates that
the first column of y_ is analytically extended to D~. In addition, since Im[k(2)A(z)] = 0 when z € ¥, it demonstrate
that the first column of u_ is continuously extended to D~ U X. In the same way, we also obtain the analyticity
and continuity of p_s, g1 and pyo. Similarly, the analyticity and continuity for the Jost solutions 14 (A; z,t) can be

simply presented via the analyticity and continuity of py(A;x,t) and the relation (3I3]). This completes the proof.
O
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Similar to Proposition 2] in Sec. 2 with ZBCs, one can also confirm that the Jost solutions (z;x,t) are the
simultaneous solutions for both parts of the modified Zakharov-Shabat eigenvalue problem Eqs. ([2)-(3]) with
NZBCs.

3.1.2. Scattering Matriz, Analyticity, and Continuity.

Since ¥4 (z;x,t) are two fundamental matrix solutions of the modified Zakharov-Shabat eigenvalue problem Egs.
[C2)-@3) in z € X\{+tiqo}, there exists a linear relation between 4 (z;x,t) and ¢_(z;x,t), so one can define the

constant scattering matrix S(2)(s;; (z))2X2 such that

iz, t) = Y_(z;2,1)8(2), =z € X\{Ligo}. (3.19)

According to the (ZII) of the derivation process, and combining with formula det (¢4 (z; x,t)) = det(Yy) =7, the
scattering coefficients shown as:

s11(2) = det (Y41 (253, t), Y_o(2; 2, 1)) 519(2) = det(¢y2(z;2,t), ¥_2(z;2,1))
" K (3.20)
det (v_1(z; @, ), ¥y1(2; 2, 1)) det(¢_1(z;2,t), Yya(z;2 t))

s21(2) = , ;o s22(2) = ,

From these determinant representations, one can extend the analytical regions of s11(z) and sg2(2).

Proposition 14. Suppose that q(x,t) — qr € L'(R*). Then, s11(\) can be analytically extended to DY and contin-
uously extended to D U (Z\{:I:z'qo}), while s22(N\) can be analytically extended to D~ and continuously extended to
D~ U (X\{=iqo}). Moreover, both s12(\) and sa1(\) are continuous in X\%iqo.

Proof. The proposition can be verified by using Proposition (I3]) and Eq. (3.20). O

Proposition 15. Suppose that (1+ |z|)(q(z,t) — q+) € LY(RT). Then, k(2)s11(\) can be analytically extended to D
and continuously extended to Dt UX, while k( )S22(A) can be analytically extended to D~ and continuously extended
to D~ UX. Moreover, both k(z)si2(A ) and k(z)s21(\) are continuous in X.

Proof. The proposition can be verified by using Proposition (I3) and Eqs. 37), (311 and (3.20). O

In order to study the RH problem in the inverse process, we focus on the potential without spectral singularity,
and suppose s;;(2)(¢,7 = 1,2) are continuous in the branch points {+igo}. The reflection coefficients p(A) and p(\)
are defined as follows:

512 (Z)

plz) = 522(2)] z €Y, (3.21)

o 821(2)

o 811(2’) ’

which will be utilized in the inverse scattering problem.

3.1.3. Symmetry Structures.

Compared with the case of ZBCs, The symmetries of X (z;x,t),T(z;x,t), Jost solutions, modified Jost solutions,
scattering matrix and reflection coefficients of the case of NZBCs will be more complicated.

Proposition 16. For the case of NZBCs, the Jost solutions, modified Jost solutions, scattering matriz and reflection
coefficients admit following three kinds of reduction conditions on the z-plane:
o The first symmetry reduction

X(zyx,t) = 02 X (2% 2,t) 02, T(z;2,t) = 02T (2"; 2, 1) 09,
Vi (z2,t) = 029+ (272, 8) 02, pa(2;2,t) = o2p+ (275 @, 1) 0, (3.22)
S(z) = 025(2%) 02, p(z) = —p(2")".

e The second symmetry reduction
X(zyz,t) = 1 X (2% 2,t) 01, T(z;2,t) =T (—2";2,t)% 01,

ba(z,t) = e (=2%52,0) 01, pe(zia,t) = orp (=275 2, 8) 01, (3.23)
S(z) = 01S(=2") o1, p(2) = p(—=")".



20 JUNCAI PU AND YONG CHEN*

e The third symmetry reduction

X(z;x,t)X(q—Osct> T(z;z,t)T<q—Ozt)
z z
2

2 .
Yi(z52,t) = _1/1 < > 3L t> 03Qx, px(z;7,t) = é#ﬁ:< qzo;xvt>03Qia (3.24)

56) = (2075 ( = Bonr o) = Lo - L),

q- z

Proof. The proof of the first symmetry reduction and the second symmetry reduction are similar to Proposition ().
We only need to replace A in Proposition {@) with z. Next, we mainly prove the third symmetry reduction.

Since A(z) = 5 (z — q—"), one can derive )\( — é) = %(— é + z) = A(z), we have
% %
X(A(z);z,t)X(A(—O);z,t) éX(z;z,t)X<—0;z,t),
z z
% %
T(A(2);,t) T</\< —0);z,t) = T(z;x,t) T< —O;z,t). (3.25)
z z

2
Then ’L/Ji( — %“;x,t)c is also the solution of Egs. ([L2)-(L3), for any 2 x 2 matrix C independent of z and t.
Hence, according to (B12), it is apparent that

¢i< qj x t>C Yi< q;) o(-Bat)os_y, ( — q—§>e“’<z;mvt>g3a as x — £oo, (3.26)
where 9( — é; T, t) = —0(z;z,t), and noting that
_Y:t< ‘10) ﬂe(z;z,t)agagQi _ Yi(z)eie(z;m,t)a;:,’
which together with ([B:26) implies that C' = §U3Qi, we then obtain the symmetric relation

2
(i) = 2o (- Do) (3.27)

and by using the transformation (B.I3]), we have
i _ad, 00z i 2 0(z: (2
pa (2, t) = —pa ( - q?o v t) (=2 mt)os gy @ etz — JHe < B qZO;:cvt> e W05 5y Q e 0z

- 2
7 q

= _/H:< —O;x,t)UaQi-
z z

In addition, By using Eq. (8I9), we have

@ e @
¢+< zt)1/1<—0;:c,t>8<—0). (3.28)
z z
and according the symmetry of Jost solutions ([3.27), one has following formulas:
z _ z _
1/1+(— =z t) = ;z/ur(z;x,t)(agQJr) t 1/1_( qzo T t) Zw_(z:;:zz,t)(ogQ_) t (3.29)
then substituting (329) into Eq. (3:28)), one can obtain
z _ z _ 2
e )(02) ™ = Z (ai (00 (= B ) 5 v i) = v i 0)(0200) 5 (- D)

(3.30)
combining 30) with (3I9), and considering the same asymptotic behavior,

72
S(z), S(—O) ~ I, as x — £oo,

z

one can lead to

S(z) = (0—3Q_)—1S(— %8)0'3@4_. (3.31)
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According to the symmetry reduction Z31) of scattering matrix, we have

2 2
_ _ % _ %
( Sll(z) 812(2) ) B (( 1 0 )( 0 q_ )) 1 811 Z 812 Z ( 1 O )( 0 q+ )
s21(2)  S22(2) 0 —1 —q 0 sor [ — é son| — é 0 —1 -qr 0
i qﬁ 9+ 90
2\ T ) | T
= * 2 2 ’
q+ S12| — q;” Z—fsu - q7°

we then obtain these symmetric relations

* 2 2 * 2 2
811(2) = 3—1822(— %)’ 812(2) = Z—jsm ( - %)’ 821(2) = Z—+S12(— %)’ 822(2) = Z—+S11 ( — Q;O) (3.32)

£512 (_é) * 2
Since p(z) = 2?1%2 = ( q%) = q;ﬁ( - q;”), the symmetry reduction of reflection coefficient is p(z) =

* 5‘2‘2

3.1.4. Asymptotic Behaviors.

In order to propose and solve the matrix RH problem for the inverse problem in the next part, it is necessary to
discuss the asymptotic behaviors of the modified Jost solutions and scattering matrix as z — 0 and z — oo, which
differ from the case of ZBCs. The asymptotic behaviors of the modified Jost solution are deduce with the aid of the
general WKB expansions.

Proposition 17. The asymptotic behaviors of the modified Jost solutions are exhibited as

le“ji(I’t)a’BO‘gQi + 0(1), as z — O?
z

i) | 1 (3.33)
eVt (z,t)os +0 (_) , as z — 00,
z
where
1 xr
vi(z,t) = §/i (la(y, )1 = 45) dy. (334

Proof. First, we consider the following asymptotic WKB expansion of the modified Jost solutions py(z;x,t) as z — 0

n (1]
i . .’L',t
pe(zim,t) =y pl (@, )2 + 0 (27 = “if() @) + @ )z 4+ (3.35)

i=—1

Substituting 335]) into the equivalent Lax pair (315), and comparing the coefficients of different powers of z, we
have

06+ B [o3@unl M 1).05] =0, (4 1)

-1 dies . -1
where (Mi (z, t)) represent the diagonal parts of uy ' (x,t).

4 2
O : =83 [0 0).3] - D [0 (2.1).03] = Bis0:(Q - Qe o),

diag 7(1
= (1w0) ™ = dine (0. ol wn).
0

where u[i_;l] (x,t) and ;L[i_ 112} (x,t) represent the second row and first column element and the first row and second column

element of matrix [L[i_ 1 (z,t), respectively. Moreover,

. ﬂq (—1]
(1] —1q" [~1] _ z Mol (2,1) 0
d1ag< 2 Nim(%t)a e Ni12($at)> = < [- 1]($ £) )

0 0 0
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4 4
0=+ (—iosQun V(@,t)) =i [l @), 03] = L 02Qups (a,1), 0] = - Q- Qe 1)+

2
Bi030:(Q - Q1) = (5w 1)) = 5i (latx, O — ) o Ve ).

Therefore, we obtain that u[i_l] (z,t) = elix %(‘q(y’t)ltqg)dWSC, where C' is off-diagonal constant matrix. Let
vi(x,t) satisfy Eq. (B34, one can obtain [L[i_l] (z,t) = e=(@NoC and hlf [L[i_l] (z,t) = C. According to the
T—rL 00
expansion ([3.35]), we have

im zps(zi2,t) = 2Ya(z) = 2 (I + 203Q¢) = lim (M[;l](%t) +2pl (@, )+ ) ;

z—+o0 r—+o0

so we have C' = io3@Q+ and [L[i_l] (z,t) = ie™+(@N9355Q,. Finally, we obtain the asymptotic behaviors

pt(z;x,t) = lei”i(z’t)ggogQi +0(1), as z — 0.
z

Next, we consider the asymptotic expansions of the Jost solutions py (z;,t) as z = 0o

n [z] (1] 2]
fhop 1 pe (1) p (1)
(2;2,1) E <zn+1> = (@, 1) + = FEE T (3.36)

z z

1=

By utilizing same way, substltutmg (38) into the equivalent Lax pair (81H), and comparing the coefficients of
different powers of z, we have

0(): L[ e.0).04] = 0.5 (49(.) ™ =0

off
where (M[ﬁ} (z, t)) represent the off-diagonal parts of ,u[ ]( t).

1 1 off . .
O(2) : i |:,U4[i1]( t),o ] + 1 [03Qiﬂ[£] (:E,t)703] = §(Q Q+)p [0]( t),= (Hi] (x,t)) = off (qu[i)]m(x,t),zq ,u[i)]u(x,t)) ,
. [0]
. " 0 7 Tt
where off (lqu[ﬁ]zz(w,t) iq u[i]u(x,t)) =\ ;- M0 (@) )
iq" pys (2,7) 0

() 2, (o 1) + 2+ W2, 1), 05) + 7 [03@unll (@,0),05] = L@~ Qu)nllw 1) — L03Qu(@ — Qe (a1,

= (12@) =5 (a0l - @) o

Therefore, we obtain that ,u[o]( t) = Celis %(‘q(y’t)ltqg)dygg, where C is diagonal constant matrix. Let v (z, )
satisfy Eq. (834)), one can obtain u[ ]( t) = Ceivs(@Dos gpd hm u[ ]( t) = C. According to the expansion (3.36),

we have

z—+ zZ—00 Z—00
z— 00

hm wi(zyx,t) = lim Yi(z) = lim ([—|— io'gQi) =1,
z

so we have C = I and u[ﬁ] (x,t) = e+ (@193 Finally, we get the asymptotic behaviors

- 1
pt(z;x,t) = evx(@tos | O<—>, as z — 00.
z

This completes the proof. O

The asymptotic behaviors of the scattering matrix can be directly yielded by exploiting the determinant represen-
tations of the scattering matrix and the asymptotic behaviors of the modified Jost solutions.

Proposition 18. The asymptotic behaviors of the scattering matrix are as follows

diag (q—, q_+> M7 L O(2), as z — 0,
q+

S(z) = ) (3.37)
e wtos 4 O(—), as z — 00,
z
where
1 [Fee 2 2
v(t) =5 (laly, ) — ) dy. (3.38)
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Proof. From the relationship [3I3)) between Jost solutions and modified Jost solutions, the determinant representations
B20) of the scattering matrix and the asymptotic behaviors [B33)), for z — 0, we have

det (Y41 (z; 3, t), ¥_2(2; 2, 1)) _ det (p41(2; 2, 1), p—2(2; 2, t)) _

811(2)
0 14 %
w( oW g o) (22
Lgre+ (=D +0(1) 0(1) @ @
B * ) 22 24 B )
{%e‘“w’“‘”m” + 0<z>} S-St | =L 4 o),
Z qo 40 q+
b 12 21 22 and () = t) — ) =1 [T 2 —qd)d
where 1+q3 =2 ¢ T @ ) ( 22> =3 P + , all V( ) = V,(:C, ) V+(;E, )* 2f_oo (|Q(ya )| QO) Y.
B 43
Similarly, one can obtain
s12=0(2), 821 =0(z), S22 = G qiv(t) O(z),
q—
so we have the asymptotic behavior (8.31) as z — 0.
When 2z — 0o, by using the same way, we have
s () = det (Y41(2; 2, 1), ¥—2(2;2,1)) _ det (pq1 (252, t), p2(z;2,1)) e ( e+t L Oz oY
n 14 Z—‘z O(Zil) efzu,(z,t) + O(Zil)
q q —ilv_(z,t)—vy(x, - q q —iv —
<1 Z—2+Z—2+> :{e @) =vi (@01 4 Oy 1)}(1 Z—2+Z—2+> =e "W 100z,
2 4
Where1+1ﬁ1_<iﬁ)1%%+%i+ , and
22 22

s12=0(z7"), s;1=0(z7"), sp=e"" 407",
Hence, we also obtain the asymptotic behavior (B37) as z — occ.

Moreover, on the one hand, substituting the WKB expansion py(\;x,t) = Z ,u[z] (z,1)z" + O (") (as z — 0)
i=—1

into the time part of equivalent Lax pairs [B.I6) and matching the O(\")(i = —6,—5,—4,—3,—2,—1,0) in order,
combining the

13 39 39 .
0(1) : = Toiat” (1) (@,0), 03] + TeafosQu [l (@,0), 03] + il [l (@, 0), 03] -
27 — ) — . -
T4 SUBQ:t[ Y(a, 1), 03] + ngiM[i,i] (2,t) = i03Qx (T — T )y V(1)
[~1] diag . [—1] .
and (Ui (x,t)) =0, one can yield py ;' (v,t) # 0, v+ ¢(2,t) # 0 and v; # 0 as © — Foo. That is, v is dependent

on the variable t. -
On the other hand, substituting the WKB expansion py (A;2,t) = > “iz(f’t) + 0 (z4) ((as z — 00) into the time
i=0

part of equivalent Lax pairs (3.16) and matching the O(\")(i = 6,5,4,3,2,1,0) in order, combining the

1 1 3.
o) : 16 [ [i] (z,t),og] + l—agQi [u[;:] (SC,t),O'g} - 1_6qu [u[ﬁ] (z,t),og]—
5
§Q§03Qi [Mi](iﬁ,t)a%}—

=gl [ (@, 1), 03] + (@, ) = (T = Tu)pl (2,1)

13 4 5.
16Q003Qi [Mi](x t), 03} + §zq§ [N[i](xat),as] +
39

16

off
and ( 0 ](,T t)) = 0, one can yield ugt(x,t) #0, vy ¢(x,t) # 0 and v, # 0 as © — +oo. That is, v also is dependent

on the variable ¢t. In summary, v is a function about time t. Proof complete.
d

3.1.5. Discrete Spectrum with Double Zeros.

In this section, we consider the case of s11(z) with double zeros and suppose that s11(z) has Ny double zeros in
Zy = {z € C|Rez > 0,Imz > 0, |z| > qo} denoted by z,, and No double zeros on the circle Wy = {z € C|z = goe'?,0 <
¢ < %} denoted by w,, that is, s11(20) = s71(20) = 0 and s, (20) # 0 if 2 is a double zero of s11(z). From the
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symmetries of the scattering matrix presented in Proposition ([I6]), the 4(2N; + N3) discrete spectrum can be given
by the set

Ny
2 2
7 = { 4 zn,iz;,iz—o,iZ—g} U{ £ wm, 2ei )02, (3.39)
n n

n=1

the distributions are shown in Figure[dl When a given z9 € ZN D™, one can obtain that 1,1 (z0;z,t) and ¥ _2(29; z, 1)
are linearly dependent by combining Eq. ([B20) and s11(29) = 0. Similarly, when a given zo € ZN D™, one can obtain
that ¥42(20;2,t) and ¥_1(20; x,t) are linearly dependent by combining Eq. (820) and s22(z9) = 0. For convenience,
we introduce the norming constant b[zp] such that

Yi1(z0;2,t) = blzo]Y_o(20;2,t), as z0 € ZN DT,

3.40
Yya(z0;x,t) = blzo|v—1(20;2,t), as zo € ZN D™ ( )

d
For a given 29 € ZN D™, according to s11(z0) = (vnCo t) Yoz t)) n Eq. (3:20), and taking derivative respect

to z (here z = zp) on both sides of this equation, combining sll(zo =0, 511(20) =0 and Eq. (340), we have

)=
20;2,1)) + det(vr1 (2052, 1), 9" 5(20; 2, 1))

det (¢ 1 (2032, 1), 92
=det (¢ (2052, 1), —2(205 7, 1)) 4 det(b[z0]t)—2(20; 2, 1), P 5 (205 2, 1))
=det (¢ 1 (20 2, 1), Y—2(20; 2, 1)) — det(b[z0]9" 5 (205 7, 1), 1h—2(20; 7, 1))
=det (¢ (z0; 2, t) — b[20]9" 5(205 2, 1), —2(20; x,)) = 0,

it is evidence that 1 (20;2,t) — bl20]9! 5(20; @, t) and _2(20;x,t) are linearly dependent. Similarly, when a given
29 € ZND~, one can obtain that ¢, 5 (20; x, ) — blz0]9"_; (20; ®,t) and ¥_1(20; ,t) are linearly dependent by combining
Eq. B20) and s5,(20) = 0. For convenience, we define another norming constant d[zg] such that

Py (2032, 1) — bl20]t 5 (205 2, t) = d[zo]Y—2(205 2, 1), as z0 € Z N DY, (3.41)
Vo (205, t) — blzo]v’ 1 (20; @, t) = d[z0]t0—1 (2052, t), as zo € ZN D™, '

On the other hand, we notice that 1,1(2;z,t) and s11(z) are analytic on D¥. Suppose zg is the double zeros of
s11(2), let ¥41(z;2,t) and s11(2) carry out Taylor expansion at z = zp, we have

Yyi(zx,t)  pa(zo;o,t) + 9 (2052, 1)(2 — 20) + W1 (2052, 8) (2 — 20)> +
si(2)  s1(z0) + 541 (20) (2 — 20) + 55571 (20) (2 — 20)% + 3571 (20) (2 — 20)° + - -
_ Ya(zos e, t) + 9 (2052, 8) (2 = 20) + g9 (2052, 1) (2 = 20)° + - -
- 31511 (20) (2 = 20)% + 37571 (20) (2 — 20)® + - --

_ 2¢+1('ZO;$7t> (Z _ ZO>72 + <21/1+1(20;$,t> _ 21/)+1(20;$,t>8/1/1(2’0>>(z o 2’0)71 +oe

s11(20) s11(20) 357 (20)
Then, one has the compact form

wﬂ(z;z,t)] _ 2a(oia ) 2b[zol-a(z0i, 1)

= as 2o € ZN DT,
s11(2) s11(z0) s71(20) ’ 0

P_,

Z2=Z0

where P_s[f(z;z,t)] denotes the coefficient of O((z—z9)?) term in the Laurent series expansion of f(z;x,t) at z = 2.

and o
Res |Pr1z2. ) | 20041 (205 2,1) 2940 (2052,8)811(20)  2(b[z0]Y 5 (205 @, 1) + d[z0]Y—2(20; 7, ¢))
€S = — = —

z=20 | s11(2) s11(20) 3571 (20) s11(20)

2[z0l—2(20; 2, )s11(20) _ 2bl2ol¥s(20i2,8) | 2d[zold—a(z052,1) _ 2b[z0]¢—2(20; 2, V)51 (0)
3517 (20) s11(20) s11(20) 3517 (20)

_ 2b[20]Y" 5(2057,t) 2]z .d[zo] _ _ 2b[z0] . s71(20) _
T shi) (o) Bleo V2 ) TS o) B () 2 )

_ laolla(oin,t) l 20[z0] (d[zo] 511 (20)
I\

s11(20) s11(20 20]  3sY1(20

>>]w_2(zo;x,t), as zo € ZN DT,

where Res|[f(z;z,t)] denotes the coefficient of O((z—zp)~!) term in the Laurent series expansion of f(z;x,t) at z = 2.
Z2=Z0
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Similarly, for the case of ¥12(z;z,t) and sa2(z) are analytic on D™, we repeat the above process and obtain

P_2 ¢+2(2;$at) _ 21/’+?/(Zo;$at) _ Qb[ZO]’lb”_l(Zo;(E,t)’ as 29 € 70 D_,
sz | 522(2) 892(20) 892(20)

Vyo(zia,t) | 20[20]Y 4 (205 @, 1) 2b[z0] ([ d[z0]  s95(20) , -
,21162% S22(2) 1 N s45(20) * [5’2’2(20) <b[zo] B 385/2(20))]1#_1(,20,:13,15), as 20 € 2N DT

Moreover, let

2b d "
A, as 290 € ZN DT, [20] 77511(20) ,aszg € ZN DT,
s11(20) blzo]  3s71(20)
Aleol =1 3y Pl =9 ] sgateo) .
m O,aSZOEZﬂD*, o _ 23 0 ,aszg € ZND™.
s45(20) blzo]  3s35(20)
Then, we have
_ ]
P, Yz t) | Alzo)Y_a(2052,t), as zo € ZN DT,
z=z0 | 811(2’) ]
- ]
Py Yi2(22,1) = Alzo]Y-1(20;7,1), as zo € ZN D™,
e=z | $22(2) | (3.43)
— ) t - ’
Res [LEnO | Alzo][¢/_5(20; 2, t) + Blzo]¢—2(20; 2, t)], as zo € ZN D7,
2=z0 i 811(2’) ]
- ]
Res %(’x)’) = Al20][¥'_1 (205 %, ) 4+ Blzo]t-1(20; 2, 1)], as 20 € ZN D™
zZ=z0 S922( 2

Proposition 19. For a zg € Z, the three symmetry relations for Alzg] and B|zo] are deduced as follow

o The first symmetry relation Alzo] = —A[z5]*, Blzo] = B[z]*-

o The second symmetry relation Alzo] = A[—z§]*, Blzo] = —B[—z§]*.
4 % 2 2 2

o The third symmetry relation Alzg] = ;ZZ’ A[ - Z—g], Blzo) = % B [ - Z—‘;} + %
01— 0

Proof. For the first sysmetry relation, a given zg € Z, s11(20) = s22(20) = 0, hence substituting S(zp) = ( 521(()20) 512(()2:0) )
into ¥4 (2052, t) = ¥_(20;,t)S(No), one can obtain

Vi1(z05m,t) = s21(20)0—2(205 2, 1), as zg € ZN DY,

Yya(z0;2,t) = s12(20)-1(20; z,t), as z0 € ZND™.

Therefore, when zg € Z N DT (290 € Z N D7), one has obtain b[zg] = s21(20) (b[z0] = s12(20)). According to
S(z0) = 025(%3)* o2 in Eq. (B22)), one can obtain

s11(20) = s22(25)",  s12(20) = —s21(25)",  s21(20) = —s12(25)",  s22(20) = s11(25) " (3.44)
so we have b[z5]* = s12(28)" = —s21(20) = —b[z0] (where z§ € ZN D7), and Alz] = 32’12[(23) = ;ib([;?)] = —Al]"

In addition, for a given zo € Z N DT (290 € Z N D), by taking derivative respect to z (here z = 2g) both sides of
V41(205 @, 1) = bl20]th—2(20; 2, 1) (V42(2052,t) = blzo]Y—1(20; 2, t)), We have

V1 (2052, t) — blz0]Y_4 (205 @, t) = b [z0]Y—2(20; 2, 1), as zo € ZN DT,
1/11‘_2(20; x,t) — b[zo|Y" | (z052,t) = V' [20]90_1(20; 2, 1), as 2o € Z N DT,
Combining with Eq. (841]), one can obtain

b[Zo] = 821(2’0> = d[Zo] = b/[Zo] 8/21 (Zo), as 2g € ZN D+,

b[ZO] = 512(20) = d[ZO] = b/[Zo] 5/12(2’0), as zp € Z N D_,

then lead to

Bl 0]_d[Zo] s11(20) _ s5a(20)  s55(26)" _ —s1a(20)"  s5a(zp)”

TOlzo]  3s0y(20)  saa(z0)  3s5y(25)* —si2(z)* 3shy(z5)”
= B[z]".

_d) spe) ) s
—blzg]r 3syy(z5)* blzglr 3shy(zg)*

Similarly, by repeating the above process, we can demonstrate the second symmetry relation. Next, we will prove

the third symmetry relation.
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2
For a given 29 € Z, s11(20) = s22(20) = 0, According to symmetry reduction S(zo) = (03Q_)"1S (—Z—z) 03Q+ in
Eq. (8B24), one can obtain

q* 2 2

si(z0) siz(z0) \ _ [ @s2(~%) @sal(-%
= * 2 2 5

s21(20)  s22(20) Lo (%) 4tg (_%

512 7%, S| 2

and

* 2 2 * 2 2
q q
s11(20) = —::822 Sl - 0, si2(20) = q—i_821 - . s91(20) = L1z — % . S22(20) = q—+811 S 0,
q_ 20 q_ 20 q- 20 q— 20

so we have b[f %ﬂ = 512( - ﬁ) = Ts21(20) = 2= b[20] (Where 20 € ZﬂD*,f%zl ezZn D’).
¥ ¥

2
Due to the formula s11(20) = s22 (—q—") = 0, note that

20
* 2 2
44 45 dp
5/11(20) = q75§2 <—) T T

20 20
7 @\ % , 9t % % _ 4t %\ % %
s (z0) = —£ s (— S sy (= | (—2) - = = Eshy (== | - =5, here shy [ —= ) =0,
11(z0) T 22 %o zg 7 22 % (—2) zg T 22 % zg 22 %
* 2 6 * 2 4 * 2 4 * 2 2
q q q d+ 1 q dp d+ 1 q0 4o a+ dp q0
o = B (- 8) B g, () g g () g ()
11( ) q*_ 22 20 ZOG qi 22 20 ( 2’8 q*_ 22 20 ( 28 q*_ 22 20 2’61
* 2 6 * 2 4 * 2 4 2
Ly (<) B T (<0 B By (<2 (2 B ere sy (-2 ) -0
q_ Z0 20 q_ 20 20 _ 20 2y 20
we have
aq g
ol 2008 e 0B e g
A[zO]:N = ~ = =5 A|-——
s/, (20) g g ( Z—ﬁ) %9~ s, ( Z—Z) aoq- 20
Furthermore
* 2 2 * 2 2 * 2 2 2
d[z0] = b'[20] = 551(20) = q—+s/12 (7(]_0) . q_g =Ly [7(1_0] . q_g =4y [7(]_0] . q—g, where zo € ZN DT, By NnD™,
q— 20 20 q— A 20 q— z0 20 z0
So one can obtain
7 @] @@ 7 %\ 4§ 7 %\ %
deo)  stiizo) _ | 8] % Fm(-8)4-ofsh(-2)4
B[ZO] = b - 35" - T 2 - q 4
| st (-4) 4
q_— 20 20 zq
q " a0
N [75} 22 (*%) 2 @ %], 2
- 2 27 2 +—= _QB —— |+ =
2 \b {,ﬂl} 35" (,&1) 20 20 20 20
zZ0 22 zZ0
This completes the proof. (I
Proposition 20. Forn=1,2,--- Ny and m =1,2,---, No, we have
4 % 2 4 % 27 *
* % * % Znd— qO Zﬂq* qO
Alzy| = —AlZE] = A[=23" = —A[-z,] = =& A[——]: A[—}
] = ~Alz1)* = Al-5i]" = —Al-z) = =54 | -0 = 2 0
4 x 271* 4 x 2
z z
i {q—o} i {q—o} 2 € Zo,
qoq—- Zn q09— Zn
Alwm] = —Alw; " = Al—w; ] = —Al~wm] = T—Alwn]*, wm € Wo,
q049—
) ) ) ) . ) (3.45)
* q0 q0 q0 qo
Blz,]| = B[z = —=B[—2¥]" = —B[—= —B[—]Jr = B[ —] + —
(o = Blez)* = ~Bl-)" = ~Bl-z] = BB |- 8|4 2 = Lp)| ) 4 2
2 27% 9 2 2
__YDop {q_o] +_q0B[q—O} + —, zn € Zp,
2 * 2
z2 zk Zn 22 Zn, Zn
2
* q
Blwp] = Blwp,|" = —Bl-wy,]" = —=B[-wn] = W—SB[ ml]"+—, wm €W
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Proof. From the proposition [IJ), the symmetry relation Alz,] = —A[—z,] can be derived by combining A[zy] =
4 * 2 4 2
—A[z§]* and Alz0] = A[—2z3]*, and we directly obtain A[z,] = —A[z}]* = A[—z}]* = %A [—zﬂl} and ZZZ* A [—zﬂl} =
04— n 04— n
4 x * 4 x * 4 *
Zo1- g [ﬁ} = 209 4 [—é} = 201y {ﬁ} In conclusion, we obtain the following identity
409— Zn 909 Zn 909— Zn
2’4 * 2 2’4 * 27%*
Alsn] = — ] = Al-53]" = —Al-a] = 24 2| S |5
doq- Zn do9- Zn
4 x 27%* 4 2
z z
-y [q—o} ey {q—o] . zn € Zo.
909- Zn q09- Zn
) 4 2
Furthermore, here let z, = w,, = qoe“i’ , substituting it into A[z,] = %A[ — g—”] , one can obtain
0d— n

4 o 4 4 x
Alon] = 2 4] = oo~ = B -] = B A, € W

99— 99— 49~
and
Alwp] = —Alwr ] = Al-wi ] = —Al—wn] = 4q Alwm]*,  wm € Wo.
64—

Similarly, the identities about B[z,] and Blw,,] can be derived by repeating above process. End of proof.

3.2. Inverse Scattering Problem with NZBCs and Double Poles.

In the following subsections, we will propose an inverse problem with NZBCs and solve it to obtain explicit double
poles solutions for the TOFKN equation (LI).

3.2.1. The Matriz Riemann-Hilbert Problem with NZBCs and Double Poles.

Similar to the case of ZBCs in Section 2, the matrix RH problem for the NZBCs can also be established. In order

to pose and solve the RH problem conveniently, we define zn = —g—f with

Zn, n:132a"'5N1’

— Zn—N, n:N1+1)N1+2)"'32N13

@2
— n=2N;+1,2N; +2,--- , 3Ny,
Zn72N1
Cn = 5 (3.46)
— B = 3N +1,3N 42, AN,
Zn73N1
Wn—4N7 n:4N1+1,4N1—|—2, ,4N1 +N2,
— Wn—4N;—Ny; n = 4N1 +N2 + 1,4N1 + NQ + 2, tee ,4N1 + 2N2

Then, we can proposed a matrix RH problem as follows.

Proposition 21. Define the sectionally meromorphic matrices

;x,t
MJF(Zazat) = (w,MQ(Z,LL',t)), as z €D+7

s11(2
M(z;z,t) = n(z) (z:2.1) (3.47)
M~ (z;z,t) = (u_l(z;ac,t), M), as z € D,
SQQ(Z)
where  lim M(2';2,t) = M*(2z;2,t). Then, the multiplicative matriz Riemann-Hilbert problem is given below:
Jepk

o Analyticity: M(z;z,t) is analytic in D™ UD™\Z and has the double poles in Z, whose principal parts of the Laurent

series at each double pole (, or (,, are determined as

Res M(z1,) = (AlGJe ™D Ly (Guio,) + [BIGal — 208/ (Gos v )a-2(Gos )}, 0)

2=(n

P—2 M(Zy xz, t) = (A[gn]e_Qie(cn;z7t)M—2(C’n; Z, t)a O) )

i I _ _ ~ ~ (3.48)
Res M (z; 7, 1) = (0, Ao Coin O (L Gos e, ) + [BIG] + 200/ (Gos 2, s s 1)}

2=(n

Py M(zi2,t) = (0, A[G e @m0y (Goia,1) )

z=(n
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e Jump condition:

M~ (z;2,t) = M (z;2,8)[I — J(z;2,1)], as z € X, (3.49)
where
J(z; @, t) = (=207 < p(oz) p(_z/;;(ﬁz(,)z) > . (3.50)

e Asymptotic behavior:

éew*(m’t)gi"ogQ, +0(1), as z— 0,

| 1 (3.51)
ezvf(xvt)US + (_) , as z — Q.

M(z;z,t) =

z

Proof. For the analyticity of M (z;z,t), It follows from Eqs. [313) and (343) that for each double poles ¢, € DV or
¢, € D™. Now, we consider ¢, € DT, and obtain

Res erl(gn;xvt) — Res MJrl(Cn;zat)eiG(Cn;z,t)
z=Cn Sll(Cn) 2=Cn

I ] s11(Gn)
= A[Cn]{[:u—Q(Cn; xz, t)e_w((n;m’t)]l + B[Cn]ﬂ—Q(Cn? Zz, t)e_w(cnﬂ’t)}a =

= A[Cn] [wLQ(Cna xz, t) + B[Cn]"/)f2(<n, €z, t)]

zlieCi % = A[C"]e_%e(cnﬂ’t){ML2(Cn§ z,t) + [B[G] — 2"9/@7@? z, )| p—2(Cns 7, t)}, =

Res M (zi 1) = (AlGule™ %0 {0y (Guie, ) + [BIG] = 208/ (G )lu-2(Gus . )1,0)

2=Cn

where the “” denotes the partial derivative with respect to z (here z = (,), and

Pr1lniz, ) 11 (Gns o 8) ipcs —i8(Cs
- sncy | T F — (Cniz,t) =A njH— n;fE,t (§] ZG(C"”m’t),i
o | ) o s [Cnli—2(Cns ;1)
n; Tyt i
P_s M = ACale 219((7"@’”#—2@”;;E,t),:
z=(p Sll(Cn)
P800 (A6 .10)

Similarly, we also can obtain the analyticity for Zn € D~. It follows from Eqgs. (313) and (3.19) that

{:L“rl(z;zat)

,U/+2(Z; T, t)

—2i0(z;z,t)

w—1(z;x,t)s11(2) + p—ao(z; z, t)e s21(2),

M—l(z; xz, t)e%e(zw’t)sm(z) + ,u—2(2§ Zz, t)822(25),

by combining formula (B:21]), one can obtain

z;x,t —2i0(z;x
M*(zx,t) = (%@),uz(zmto = (ufl(Z;w,t)Jrufz(Z;x,t)e 268z ’t)p(Z),ufz(Z;x,t)),

(11 (zs.8), o (232, 020 E05(2) 4 pia(z,1))

H+2(Z;$;t)>

M~ (z2,t) = <“1(Z;x’t)’ s22(2)

and

oy BTt () o 1 0= ()
<u1(z’ 1) 592(2) > B ( s511(2) -2 ’t))< —e 20EEDp(2) 1 — p(2)p(2) >’
M~ (z;2,t) = Mt (z;2,t) (I — J(2;2,1)),

where J(z;x,t) is given by Eq. (B350). The asymptotic behaviors of the modified Jost solutions pi(z;2,t) and
scattering matrix S(z) given in Propositions (I7) and ([I8) can easily lead to the asymptotic behavior of M(z;x,t).
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Specifically, when z — 0, we have

0 l'q_eiu, (z,t)
. t) ; #
M™(z;2,t) = <M, —2(z2,t > = | dgpe vtV +o(
( ) 511(25) : 2( ) w ! ( )
- 1 0 q_eiuf(w,t) " O(l) o zeiu,(m,t)aso. Q + O(l)
2\ gremiv-@o 0 Tz o ’
vy (z,t)
St 0 %
M~ (zz,t) = (u—1(z;x,t), M) = e v +0(1)
522(2) iqie*il’f(zvt) 0
i 0 e T ) L o0 = e 0oy 1 o)
T2\ et 0 Sz e 7

it can obtain that M(z;z,t) = Le-@H%5g3Q_ + O(1) as z — 0. Moreover, when z — 0o, we have

pt1(z;,t) e . 1
M™T(z: )= ———27 cx.t — EIE) . N
(z;2,t) < s11(2) s h—2(2; T, )) ( 0 e | TO(3
_ etv—(z,t) 0 +0 1 — oiv-(zt)os ) 1
= 0 efiu,(z,t) > = . ,
- pyo(z;,t) v (@,t) 0 X
Moz t) = [y (mp ) 2B\ o0 o
(ZyiEa ) (IU/ 1(2,1" )a 522(2) ) < 0 % + .

iv_(z,t) 0 1 ) 1
€
— ) ol =) =e¥ (z,t)o3 ol =
< 0 efw,(z,t) ) + (Z) e + Py

it can obtain that M(z;x,t) = e~ (®1os + O (%) Therefore, we obtain the asymptotic behavior (51 of M (z;,t)

when z — 0 and z — oco. This completes the proof.

Proposition 22. The solution of the matriz Riemann-Hilbert problem with double poles can be expressed as

' M*(&x,t)J (& z,t
M(Z x t) u/ (z,t)os (I-i-éUgQ_) 27”/ 5,1' (5,50, >d€+
4N142No

> (Cn(z) {u’g(gn;:c,t) + (Dn + - 1<n)u—2(é“n;w,t)],

| N e En)u—1(é~“n;w,t)D,

where fz: stands for an integral along the oriented contour displayed in F'ig. [

[Cn] 72i9(§n;z,t) ~ _ A[En] 21’9(5";1,15)
Cp(z) = ——— Z—Cn ) Cn(Z)_—z—Ene )
Dy, = Bl(a] — 2i9/(<n5 T, ), Bn = B[gn] + 21‘9/(571;5070,

—o(Gnsx,t) and p_o(Cns x, t) are determined via ;L,l(zn;:c,t) and ;L’_l(zn;:c,t) as
iq

—Q(C’n;xat) C_’u 1(§n7$ t) :u’/—2(§n7$at) = _C_Q_M—l(gnaxat) +

iq— ‘ZO
g !

1 (Cai s t),

O

(3.52)

(3.53)

(3.54)
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and ;L,l(zn;:c,t) and u’_l(gn; x,t) satisfy the linear system of 8N1 + 4Na as below:

4N1+2No

; {én(cs)u’_l(fn;x,t) + [C‘n(cs) <15n + 3 i En> - %557"} ul(En;z,t)} -

<>< e ) . O (G0, 0)s
P

1 27T’L 6_ Cs
3.55

IR én(CS) iqu(% / = én(CS) ~ 2 iq, = ( )

Z C Z + 43 5s,n ,LL,l(Cn;:L',t) + C Z (Dn =+ C E > - 4_255771 ,Ufl(Cn;zat) -

n=1 s — §n S s — §n s Sn S

o @iyes [ L[ (MG, t) (& a,1))s

_ v (@t)os | 2 2

’ ( 0 >+ e

where s =1,2,--- 4Ny + 2Ny and 05, are the Kronecker §-symbol.

Proof. Similar to the proof of Proposition (@) for the case of ZBCs. In order to regularize the RH problem established
in Proposition (2]) for the case of NZBCs, one has to subtract out the asymptotic values as z — 0 and z — co given
by Eq. (821 and the singular contributions. Then, the jump condition ([3.49) becomes

M_(Z;SC,t) . ieiu, (m,t)0303Q7 - eil/, (z,t)os
z
ANy +2Ns P_<2 M(z;x,t) R%s M(z2,t) P%z M(z;z,t) Rezs M(z;x,t) .
z2=Cn + z2=Cn + z2=Cn _ + z2=Cn _ _ M+ Z;(E,t _ _eiv,(x,t)a'go_sQ__
| Teer e et TG )=
AN, 42N> P_Cg M(z;x,t) R%s M(z2,t) P—E2 M(z;z,t) ReEs M(z;x,t)
ww_(z,t)oz Z2=Cn 2=(n z2=GCn 2=Cn . 4. .
€ + + = + = M™(z;2,t)J (232, 1),
7; (Z - Cn)2 = Cn (Z — Cn)2 z — Cn
(3.56)
where P_o M (z;z,t), R%s M(z;x,t),P_o M(z;x,t), Res M(z;z,t) have given in Eq. (348). By using Plemelj’s for-
2=Cn 2=(n =Z, 2=Cn

mula, one can obtain the solution (852) with formula [B53]) of the matrix RH problem. According to the symmetry

. 2
reduction p(z;2,t) = Lt ( — %l; z,t |o3@+, we can obtain

i %
p—2(z2,t) = —q-p—1| — 5.t ),
V4 z

and take derivative respect to z on both sides of above equation at the same time. Then, let z = (,,, one have following

formula

; L2

tq— = 1q9-q Pt

Vs ,U,_l(Cn,(E,t)‘i‘ 30/1/:1((71;:1"31&)'
C’n, Cn

From Eq. (847), when we take z = (s, pi—2((s; @, t) is the second column element of matrix M ({s; x,t), that is

Le-(hg. 1 [ (M2, 0],
M@S;x,t)( e ) JLCE

IU’LQ(C’VL; T, t) =

2_7Ti € _Cs
AN, 4+2Ns . (3.57)
Z {Cn(Cs> |:M/1(<n;xvt> + <Dn + C z ) Ml((n;xvt)] } )
n=1 s — Ln

where s = 1,2,--- ,4N7 + 2N and (; is equivalent to (,. Then, taking the derivative respect to z (here z = (;) on
both sides of Eq. (851 at the same time, we have

_ i w_(x,t) . )
u’_Q(cs;z,t)< et >+ 1 /(1\4+(§,:c,1t)J(§,x,t))gd5
3

0 2_7” (E_Cs)2
ANy +2Ns X ) (3.58)
éncs{ [ Z: ,t+(ﬁn+ ) s t]}
; ( ) Cs—Cnul( x) —c Ml( x)

After that, substituting Eqs. B.57)-(B58) into Eq. 54) to eliminate p_o((s;x,t) and p’ o((s;x,t), by merging
and simplifying, one can derived Eq. (B558). Completing the proof.
O
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3.2.2. Reconstruction Formula of the Potential.

From the solution ([3.52]) of the matrix RH problem, we have

_ Mz ¢ 1
M(Z,:C,t) — e’va(CE,t)O'S + ﬂ + O<_2), as z — 00, (359)

z z

where
_ 1 4N1+2Ny _
MU (1) =ie™ = ("0705Q - — o— / M* (&, ) (G o t)de+ Y {ALGe > B [0l 5 (Cus @, ) + Doz (Gos 2, 1)),
>z n=1
AL =0 [ (Cus ,) + Drpio1 (Cas 2,8)] )

(3.60)

Substituting Eq. (339) into Eq. (315) and matching O(z) term, we have

7 1 X )
O(2) : 5 [Mm (z,t),08] + 3 [UsQiew’(m’t)gg’,m} = (Q — Q)™ (®bs,

then, by expanding the above equation, one can find the reconstruction formula of the double poles solution (potential)
for the TOFKN equation with NZBCs as follows

qlz,t) = —ie- @O (g 4, (3.61)

where M1[12} (z,t) represents the first row and second column element of the matrix MM (z,t), and

4N7+2No

- dv_(z 1 = i0(Cn s ’ = = =
My (z,t) = ie"~"Pq_ — %/E (M (&2, t) (&2 t)] ,de+ Y {AG)e* ™D (111 (G2, t) + Dupo11 (s 2, 1))},
n=1
(3.62)
when taking row vector a = (a(l), a(2)) and column vector v = (v, y®) T where
oD — (A[Zn]ezie(zn;x,t)) o a® = <A[Zn]ezw(fn;z,t)5n) :
1><(4N1+2N2) 1><(4N1+2N2) (3 63)
’Y(l) = </L111(En; €T, t)) 7(2) = <M11(En; €T, t)) )
1% (4N1+2N3) 1x (4N +2N3)

we can obtain a more concise reconstruction formulation of the double-pole solution (potential) for the TOFKN
equation with NZBCs as follows

) ) 1
o) =00 | 0 iy o [ (40 (6 Ohade] (3.64)
™ Js
3.2.3. Trace Formulae and Theta Condition.

The so-called trace formulae are that the scattering coefficients s11(z) and sa22(z) are formulated in terms of the
discrete spectrum Z and reflection coefficients p(z) and p(z). We know that s11(z), s22(z) are analytic on DT, D™,

respectively. The discrete spectral points (,,’s are the double zeros of s11(z), while (,,’s are the double zeros of sa2(2).

Define the functions % (z) as follows:
ANI2N2 Z 2
G =sn(e) ] ( )

n=1 z = Cn
N2, 5 (3.65)
B7(2) = s22(2) nljl (%) o i

Then, 8%(z) and 87 (z) are analytic and have no zero in DT and D™, respectively. Furthermore, we have the
relation 81 (2)B7(2) = s11(2)s22(2) and the asymptotic behaviors A% (z) — 1, as z — oc.
According to detS(z) = $11822 — S21512 = 1, we can derive
1 821(2)812(2) ~
——=1-——"—L=1—p(2)p(2),
811(2)822(2’) 811(2)822(2) P( )P( )
by taking logarithm on both sides of the above equation at the same time, we have
—log(s11(2)s22(2)) = log[1 — p(2)p(2)] = log[B7 (2)8™ (2)] = —log[1l — p(2)p(2)],
then employing the Plemelj’ formula such that one has
1 log|1 — p(z)p(z
g (s) — % gl — p(=)(2)]

— d D*. 3.66
2 Js E—z & z¢€ ( )
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Substituting Eq. (360) into Eq. (360, we can obtain the trace formulae

o) e L[ ol P22, 4N”QN2<z—<ﬁ>i,w

n p( 27”'/2 §-2 5) nl;[l G | (3.67)
(L [ loglt =o)L T (226 )

s22(2) = eXP(Qm’ /E E—=z d§> 7:!;[1 z—=Cn

As z — 0, we consider formulas (8.67) and the asymptotic behavior of the scattering matrix (B.37), then the
so-called theta condition is obtained. That is to say, there exists ¢ € Z such that

arg (ZJr) +2v = 162arg Zn) + 8Zarg W) + 270 + —/ w&. (3.68)

n=1 =

3.2.4. Reflectionless Potential: Double-Pole Soliton Solutions.

For the case of the reflectionless potential: p(z) = p(z) = 0, the part jump matrix J(z;z,t) in Eq. B350) can
be simplified as J(z;x,t) = O2x2. From the Volterra integral equation (72), one can derive ¥4 (qo;x,t) = Yiqo.
Combining with the definition of scattering matrix, one has S(qo) = I and ¢+ = ¢—. From the theta condition, there
exists i € Z lead to

N, N2
V*SZarg Zn +4Zarg Wi ) + 7. (3.69)
= n=1
Then Egs. (350) and B64) with J(z;z,t) = 0242 become
AN1+2N; N N N 1 i N
Z {Cn(Cs)Mll(Cn;xat) + |:Cn(gs) (Dn + ﬁ) C_ s n:| ,U/—I(Cn;xat)} =
n=1 s~ 6n s

. iq-
_ et (z,t)o3 Cs ,
1

(3.70)
B (e = Cnl(Cs) (= 2 _ _
Z {(§ _(Cz) + zq<3QO5 )Ml_l(gn;x,t) + : _(Cz) (Dn + R _g ) 1212 én‘| ,U_1(Cn;:zj,t)} —
n=1 s n s " ; .
_ eiu, (z,t)os ( Zg_S; )7
0
and
g(z,1) = i~ (z,t) (qieiu,(z,t) B Z'OW) . a)

Theorem 23. The explicit expression for the double-pole solution of the TOFKN equation (LI with NZBCs is given

by determinant formula
C (det(®) det(G) (. det(G)
q@“‘”Qm@)dmm(“ﬂmm) (3:72)

0 « ~ 0 « @
R<T G)’ R(T é)’ T(T(2)>’

where

(3.73)
) 2 )
Gs (4N1+2N3)x1 G (AN1+2N3)x1
d the (8N1+4No)x (8N14+4Ny) partitioned matriz G P <P ith Gid) (i)
and the (8N +4N2) X (8N1+4Ny) partitioned matriz G = cen gey | 7(95’" )(4N1+2N2)><(4N1+2N2)

(i,7 =1,2) given by

~ ~ 1 iq_
A e
g§2n1) n(Ci) n 1q— 3% Sams ggi’f) _ Cn(Ci) (En n 2 _ ) zq2_ o,
CS 7Cn C CS 7Cn Cs *Cn C
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G@y G2

. ~ Gy G2 o~ —(i.)
and the (8N1+4N2) x (8 N1+4N2) partitioned matriz G = with G(H9) = (gs,}i )
(4N142N3) x (4N1+2N>)

(i,7 =1,2) given by

NP F AP (S (15 L1 X@n)) g,

gs,n )\(é_n) ( )7 gs,n )\(Cn) ( ) CS . Cn )\(Cn) Cs )

~(2,1) _ énSCS) < /\(CSZ Y ¢ > + Z.qfqga

PTG NG -G (<) ¢

jea _ | 2 (m 2 M) ) (m ot X@w)] g
Cs - gn Cs - Cn )‘(gn) Cs - gn )‘(gn) CS

Proof. From the Eqs. (863), BX0) and BT, the reflectionless potential is deduced by determinants:
; det(R)
t) =q_e*- (=D (1 : 3.74
dlet) = gc - (3.74)

However, this formula [B.74)) is implicit since v_(z,t) is included. One needs to derive an explicit form for the
reflectionless potential. From the trace formulae ([B.67) and Volterra integral equation (BI8)) as © — —oo, one derives
that

aviton, [ P2 (MA(2);2,8)/A(2))  Res (M(A(2); 2, ) /A(2))

z2=Cn z2=(n
M(z;x,t) =Y_(2) + Az + +
() Y- +2) T o
(3.75)
Py (M(A(2);2,t)/A(2))  Res (M(A(2);2,1)/A(2))
2=Cn z2=Cn
= + - ,
(Z - <7l) = Cn
which can yield the « given by Eq. (863) exactly. Then, substituting 7 into the formula of the potential, one yields
. . det(R)
_ iv_(z,t) wv_ (x,t)
q(x,t) =q_e e + == |, 3.76
(2.1) ( o G)> (3.76)

then, by combining Eq. [B.74) with Eq. ([B.76]), we can obtain Eq. ([3.72), and complete the proof.
([l

For example, we exhibit the double-pole solutions which contain three kind of types for the TOFKN equation with
NZBCs:

e When taking parameters Ny = 0, No = 1,q+ = 1,w; = e%%, Afw;] = 4, Blw1] = 1 + (1 — v/2)i, we can obtain the

explicit double-pole dark-bright soliton solution ¢(z,t) = % with

B =—i {(3x/§z’t +3V2L+ V2 — 1) (247 ¢ [2(12\/51'15 — 36it> + 2v/2i — 12it — 40)(3V/2it + 3V2t + V2 — 1 — 1)
" T3 1 9(—3v/2it — V2i + 3v2t — 1 +4)(3v2it + 3v2 + V2 — 1 — z')] 2T 4 (12v/2it — 36it% + 2v/2i — 12it — 4i)?
2
(e“%t) + 2(—3v/2it — Vi + 3V2t — 1 +4)(12V/2it — 36it> + 2V/2i — 12it — 4i)e” ' + (—3v/2it — v/2i + 3v2t — 1

+i)?} [(12\/% — 36it> + 2V/2i — 12it + 42 — 24t — 4)e™ T 1 (2v/2i — 6v/2t — 2V/2 + 2)e" T3 4 (2/2i — 6V/2¢ + 2)

St dz14t

+ie +i],

By = [(12\/575 — 3612 + 2V2 — 12t — 4)e> T 4 (—6V/2t — 2V/2 + 2)e"TE + (6V2t — 2)e%T T Mt 1]
[(3\/%5 V20— 3V2t+ 1 — 0)e* T 4 (12v/2it — 36it> + 2v/2i — 12t +2V/2 — 2 — 2i — 12t)e" 51—

2
3\/§it73\/§t7\/§+1+i] ,

and give out relevant plots in Fig. 5. Fig. 5 (a) and (b) exhibit the three-dimensional and density diagrams for the
exact double-pole dark-bright soliton solution of the TOFKN equation with NZBCs. Fig. 5 (c¢) displays the distinct
profiles of the exact double-pole soliton for ¢ = 4+3,0. It is a semi rational soliton, which is different from the simple
pole solution usually expressed by exponential function, even if the double-pole dark-bright soliton solution shows the
interaction of dark soliton and bright soliton.

Compared with the classical second-order flow Kaup-Newell system which also be called the DNLS equation in
Ref. [44], according to the density diagrams of the double-pole dark-bright soliton solutions for the TOFKN equation
and the DNLS equation in Ref. [44] shows that the trajectories of solutions are different obviously. Moreover, by
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(a) X ®) [—t=-3—1t=0-—t=3] ()

10 10

FIGURE 5. (Color online) The double-pole dark-bright soliton solution of TOFKN equation (LTI
with NZBCs and Ny = 0,Ny = 1,q+ = 1,w; = e3?, Alwi] = i, Blwi] = 1 + (1 — v2)i. (a) The
three-dimensional plot; (b) The density plot; (c) The sectional drawings at t = —3 (dashed line),
t = 0 (solid line), and ¢t = 3 (dash-dot line).

®) [—-t=-5—1=0 -~ t=5] )

FIGURE 6. (Color online) The double-pole breather-breather solution of TOFKN equation (1) with
NZBCs and Ny = 1,Ny = 0,q4+ = 1,(; = 2e%%, A[¢;] = i, B[¢1] = i. (a) The three-dimensional plot;
(b) The density plot; (¢) The sectional drawings at t = —5 (dashed line), t = 0 (solid line), and t =5
(dash-dot line).

observing the form of exact double-pole dark-bright soliton solution, the average wave velocity of the double-pole
dark-bright soliton solution of the DNLS equation from Ref. [44] is about —2, while the average wave velocity of the
double-pole dark-bright soliton solution in this paper is about —7/2. It further validates the introduction of third-order
dispersion and quintic nonlinear term of Kaup-Newell systems can affect the trajectories and the speed of solutions.

Remark 24. The parameter selection of the double-pole dark-bright soliton solution shown in Fig. 5. is consistent
with that in reference [14)].

e When taking parameters Ny = 1, Ny = 0,q+ = 1, = 2e%%, A[(1] = 4, B[¢1] = 4, we can obtain the explicit
double-pole breather-breather solution and give out relevant plots in Fig. 6. Figs. 6 (a) and (b) exhibit the three-
dimensional and density diagrams for the exact double-pole breather-breather solution of the TOFKN equation with
NZBCs. Fig. 6 (c) displays the distinct profiles of the exact double-pole breather-breather solution for ¢ = +5,0.
Moreover, from the density plot Fig. 6 (b), we can find that the propagation of the double-pole breather-breather
solution is localized in space z and periodic in time ¢. Obviously, from the Fig. 6 (a) and (b), we can find that the
double-pole breather-breather solution breathes 10 times at ¢ = [—3, 3] and collides once at near t = 0.

e When taking parameters Ny = 1, Ny = 1,¢qx = 1,{; = 2ei%,w; = ei?, A[(1] = B[¢1] = i, Alwi] = Blwi] = 4,
we can obtain the explicit double-pole breather-breather-dark-bright solution and give out relevant plots in Fig. 7.
Figs. 7 (a) and (b) exhibit the three-dimensional and density diagrams for the exact double-pole breather-breather-
dark-bright solution of the TOFKN equation with NZBCs, which is equivalent to a combination of breather-breather
solution and dark-bright soliton solutions. Fig. 7 (c) displays the distinct profiles of the exact double-pole breather-
breather-dark-bright solution for ¢ = 4+5,0. It is obvious that the double-pole breather-breather-dark-bright solution
is an interaction between the double-pole breather-breather solution and the double-pole dark-bright soliton solution.
Moreover, We can find that the amplitude at ¢ = 0 in Fig. 7 (c) is between that the amplitude at ¢t = 0 in Fig. 5 (c)
and the amplitude at ¢t = 0 in Fig. 6 (c), which also in accordance with the energy conservation law of the interaction
between two waves.
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F1GURE 7. (Color online) The double-pole breather-breather-dark-bright solution of TOFKN equa-
tion (LI) with NZBCs and Ny = 1,Ny = 1,qx = 1,(; = 2?1’ ,w; = 1%, A[¢(1] = B[] = i, Alwn] =
Blw;] = 4. (a) The three-dimensional plot; (b) The density plot; (c) The sectional drawings at t = —5
(dashed line), t = 0 (solid line), and ¢ = 5 (dash-dot line).

4. CONCLUSIONS AND DISCUSSIONS

In this paper, we reveal the corresponding parameter reduction from the coupled TOFKN equation to the general
form of the TOFKN equation (IT]) specifically. the inverse scattering transforms for the TOFKN equation under
ZBCs and NZBCs have been built by applying RH method. We not only construct the direct scattering problem
which illustrates the analyticity, symmetries, asymptotic behaviors and discrete spectrum, but also establish and solve
the inverse problem which can derive the trace formula and reflectionless potential with the aid of a matrix RH problem.
For the case of ZBCs, from the asymptotic behavior for the scattering matrix in the direct scattering problem, we
connect the constant v with the conservation of mass (also called power) I; of the modified Zakharov-Shabat spectral
problem and exhibit essential proof in details. Due to the multi-valued case of eigenvalue k() in the case of NZBCs,
we illustrate the scattering problem on a standard z-plane by utilizing two single-valued inverse mappings. Since the
introduction of z-plane, the inverse scattering transform with NZBCs is more complex than the case of ZBCs. In
particular, the reflectionless potentials with double poles which also be called the double-pole solutions of the TOFKN
equation (ITI]) are deduced explicitly via the determinants. Based on the RH method, we further improve the rigorous
theory of inverse scattering transforms of higher-order flow KN system, and also provides a valuable reference for the
inverse scattering transforms of the higher-order flow equations of KN systems or other nonlinear integrable dynamical
systems.

Vivid illustration and dynamic behavior for some representative double-pole solutions have been given out in
details. In the case of ZBCs, we exhibit the dynamic behaviors of the N-double-pole solution when taking N =1
and N = 2 respectively, and discover the exact 1-double-pole soliton solution is equivalent to the elastic collisions of
two bright-bright solitons. Furthermore, the exact 2-double-pole soliton solution is equivalent to the interaction of
two 1-double-pole soliton solutions. In the case of NZBCs, when N; and N, take different values, we give out the
dynamic behaviors of abundant double-pole solutions which contain the double-pole dark-bright soliton solution as
N7 =0, Ny = 1, the double-pole breather-breather solution as N1 = 1, N = 0 and the double-pole breather-breather-
dark-bright solution as Ny =1, Ny = 1.

In addition, by comparing the solutions of the TOFKN equation and the DNLS equation, it is found that the
third-order dispersion and quintic nonlinear term of the KN system can affect both the trajectory and the speed of
the solutions. However, the third-order dispersion and quintic nonlinear term of KN system have little influence on
the maximum amplitude of the solution at a certain moment. These conclusions are consistent with those in Ref. [46].
These analytical results obtained in this work might have vital reference value for the study of the higher-order flow
equations of KN systems or other nonlinear integrable dynamical systems, and provide a theoretical basis for possible
experimental research and applications. At present, there are more and more researches on the triple poles solutions
and even the N-pole solutions, and the long-time asymptotic behaviors have attracted more and more attention. In the
future, we will study the multipole solutions and long-time asymptotic behaviors for the higher-order flow equations
of KN systems or other nonlinear integrable dynamical systems.
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