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We mainly investigate the rational solutions and N-wave resonance solutions for the (3+1)-dimensional Kudryashov—
Sinelshchikov equation, which could be used to describe the liquid containing gas bubbles. With appropriate transfor-
mations, two kinds of bilinear forms are derived. Employing the two bilinear equations, dynamical behaviors of nine
district solutions for this equation are discussed in detail, including bright rogue wave-type solution, dark rogue wave-type
solution, bright W-shaped solution, dark W-shaped rational solution, generalized rational solution and bright-fusion, dark-
fusion, bright-fission, and dark-fission resonance solutions. In addition, the generalized rational solutions, which depending
on two arbitrary parameters, have an interesting structure: splitting from two peaks into three peaks.

Keywords: rational solution, N-wave resonance solution, Hirota bilinear method, Kudryashov—Sinelshchikov
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1. Introduction

It is well known that the research on wave propagation is
one of the important problems in bubble liquid. The dynamics
of pressure waves in the gas—liquid mixtures are characterized
by the Burgers—Korteweg—de Vries (BKdV) equation and the
Korteweg—de Vries (KdV) equation.!! The (3+1)-dimensional
Kudryashov-Sinelshchikov (KS) equation with the effects of
liquid viscosity and heat transfer on the phase interface is
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Here the long waves propagate along the x axis and allow for
horizontal development in the y and z directions. The solu-
tion p = p(z,x,y,z) represents the density in the bubble-liquid
mixture, the parameters a, aj, b, and ¢ are constants relying
on the radius of bubbles and the pressure of the gas in the un-
perturbed state, the kinematic viscosity and the surface tension
of the liquid, the polytrophic exponent, and the volume of gas
in the per unit mass of the bubble-liquid mixture, efc. The
parameters d and e denote the perturbations in the y and z di-
rections.
With the scaling transformation
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the three-dimensional KS equation (1) can be converted into
the following form:

Uy + a(uux)x + ﬁuxxxx — XUxxx + Yityy + 5“22 =0, 3

where x = ¢/b. It is noted that this equation has very impor-
tant physical implications, and can be reduced to some clas-
sical physical models by choosing suitable parameters in the
following cases:

(i) The two-dimensional BKdV equation[2J (6 =0);

(i) The KdV equation®! (a =6, =1, y =y= 6 = 0);

(iii) The KP equation™ (¢ =6, B =1, y =8 =0,

y==£D);

(iv) The one-dimensional KSP! or BKdV equation!®!
B=1Ly=06=0);

(v) The two-dimensional Burgers-KP (BKP) equation!®!
(x=1,=6=0);

(vi) The three-dimensional KP equation!’! (a =6, B =1,
x=0,6=y=43).

In recent years, several attempts have been made to con-
struct explicit solutions for some nonlinear systems.[*~1] Tt is
a difficult and complicate but very important and meaningful
work to find the nonlinear wave solutions and interaction solu-
tions for nonlinear systems. By solving the nonlinear mathe-
matical physics model, many kinds of nonlinear physical phe-
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nomena can be effectively described in nature. With the deep-
ening of the nonlinear system research, a series of effective
methods have formed for solving nonlinear partial differen-
tial equations, such as Hirota method,!®! Darboux transforma-
tion method,!!”! KP reduction method, 3! nonlocal symmetry
method, "1 and so on.

Consideration here is the issue of rational solutions for the
(3+1)-dimensional KS equation only with the highest deriva-
tive terms of each variables, namely

Uyt +a(uux)x+ﬁuxxxx+’yuyy+ 5”22 - 07 (4)

where o, B, 7, and & are real constants. It can be used to
describe the liquid containing gas bubbles without consid-
ering its viscosity. To our knowledge, localized wave so-
lutions, periodic wave solutions and interaction solutions of
the (3+1)-dimensional KS equation (4) have been obtained
in Refs. [20,21] Moreover, bright soliton, resonant multiple
wave, lump-stripe, breather and rogue wave solutions have
been derived for the (3+1)-dimensional KS equation with the
scaling u(t,x,y,z) = u(t — hx, x,,z).1>] Motivated from the
work by Clarkson and Dowie in a study of rational solutions to
the Boussinesq equation, [*! the aim of the present paper is to
construct rogue wave-type rational solution, W-shaped ratio-
nal solution, multiple basic rogue wave solution, and N-wave
resonance solution of the (3+1)-dimensional KS equation (4),
which have not been reported before.

In the present paper, a total of nine district solutions of
Eq. (4) will be obtained by the Hirota bilinear method,!'® in-
cluding bright rogue wave-type rational solution, dark rogue
wave-type rational solution, bright W-shaped rational solution,
dark W-shaped rational solution, generalized rational solution,
bright-fusion resonance solution, dark-fusion resonance solu-
tion, bright-fission resonance solution, and dark-fission reso-
nance solution. By introducing two polynomials, the gener-
alized rational solutions splitting from two peaks into three
peaks are constructed. The dynamical behavior of these phe-
nomena are demonstrated in detail. With the analysis of the
first- to third-order rational solution, it is extremely interest-
ing to find that s-order rational solution has 2s + 1 points for
rogue wave-type solution or parallel lines for W-shaped solu-
tion. More importantly, the bright rational solution must have s
peaks above the zero background plane and s+ 1 valleys below
the background plane, while the dark one is just the opposite.

The remainder of our article is organized as follows. In
Section 2, bright and dark cases of rogue-type rational solu-
tion, W-type rational solution, high-order rational solutions
and generalized rational solutions for the (3+1)-dimensional
KS equation are constructed by virtue of the Hirota bilin-
ear method. Section 3 is devoted to deriving four types of
bright-fusion, dark-fusion, bright-fission, and dark-fission res-
onance solutions for the (3+1)-dimensional KS equation. Fi-
nally, some conclusions are given in Section 4.

2. Bright and dark high-order rational solutions

In this section, rogue wave-type rational solutions, W-
shaped rational solutions, high-order rational solutions, and
generalized rational solutions are investigated for the (3+1)-
dimensional KS equation (4). Let £ = x+ my +nt in Eq. (4).
It follows that

1
Nuge + 5 0(u)eg + Buggze + Suz =0, ©)
here 1 = ym? +n. It is then deduced that

(nD +BD} +8D3)f - f
= N(ffee — [+ B(ffeece —4fe free3f2e)
+8(ff— 1) =0, 6)

with the transformation

_ 128

u=
(04

(Inf(&,2))ee, (7
where D and D are Hirota operators. ['°!

In order to construct the rational solution (7) of the (3+1)-
dimensional KS equation (4), we first introduce a polynomial
function F; = f with the following form:

s(s+1)/2 j ' '
Y A1) 0j i €T ezt (8)

Substituting F; into Eq. (6) and collecting the coefficients of &
and z, we can get a set of equations that determine the value
of a; ; by setting the coefficients equal to 0. According to the
transformation (7), the specific rational solution of Eq. (4) is
obtained. Obviously, the power of the denominator for the so-
Iution u with respect to the independent variables, is always
higher than that of the numerator, which gives rise to u — 0 as
B e N )

Remark 1 The proposed form of Eq. (8) has some
limitations on constructing the nontrivial rational solutions
of the nonlinear models in the bilinear form, which means
Only
all the bilinear operator in these models are linear combi-

it is not applicable to all the bilinear equations.

nations of D%” (p € Z*, v denotes independent variable)
or they can be transformed into this form could be suit-
able for this method, otherwise the coefficients a; ; obtained
are all trivial. If g;; is trivial, then the first-order ratio-
nal solution u = 0, let alone the high-order ones. Many
examples can be calculated to verify the above conclu-
sion, such as (2+1)-dimensional Benjamin-Ono equation, [*7!
(2+1)-dimensional Camassa—Holm—Kadomtsev—Petviashvili
equation,®8 (3+1)-dimensional Hirota equation,*! (3+1)-

dimensional KP equation,BO] and so on.
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For s = 1, a set of non-trivial coefficients of function Fj is
obtained, i.e., app = —n2a0,0/3[35, azo = —na0’0/3[3. Plug—
ging them into Eq. (7), there appears the expression for the
first-order rational solution in the form

24BN (346 —2n2 —n8E?)
 a(3B6—n22+n8E2)?

ui(&,z) = ©)

where £ = x+my+nt and a, B, 6 are all non-zero real num-
bers. Then we can get the following rogue wave-type and W-
shaped rational solutions in case 1 and case 2.

Case 1 Rogue wave-type rational solutions

At the plane (y,z), we can obtain three critical points y =0
and y = £(3/m)\/—B/n along the line z = 0 through solving
the following equations

uiy(x=0,=0)=0,
u(x=0,0=0)=0.

Since u;(x =0, = 0,z = 0) is an even function about y, the
values of u; are the same at the last two opposite points. At
the point of (x = 0, = 0,z = 0), the corresponding values
of u; are —8n /o at the point y = 0 and 1/ at the points
y = +(3/m)\/—B/n. After further analysis, it is clear that
when the sigh of a, B are the same and 717, J are opposite,
a bright rogue wave-type rational solution can be obtained.
However, when the sigh of a, &, n are the same, 8 is op-
posite of theirs, a dark rational solution is derived. It is not
difficult to find that the dark rational solution also has three
extreme points, which are exactly the same as that of bright
rational solution. The corresponding amplitudes of u; are the
same in the two situations, but the directions of the maximum
amplitude point are opposite. As shown in Fig. 1, it illustrates
the characteristics of the above rational solutions and the dy-
namic behavior. Red points denote the extreme values of the
bright rational solution, while blue points represent that of the
dark rational solution.

Fig. 1. The first-order rational solution of the (3+1)-dimensional KS
equation (4) at the plane (y,z) with the parameters (f,y,8,m,n) =
(1,—1,—1,2,2). (a) Bright rogue wave-type rational solution with o = 1,
(b) dark rogue wave-type rational solution with ot = —1.

Similarly, rogue wave-type rational solutions are also
available for the planes (x,z) and (z,7). Along the line z =0,
there both exist three extreme points at the plane (x,z) for
u1(y = 0, = 0) and the plane (z,#) for u;(x = 0,y = 0),

which are at the points x =0 and x = +£3,/—f/1, ¢ =0 and
t = +(3/n)\/—PB/n, respectively. The characteristic proper-
ties of these two planes are similar as the plane (y,z), here
the dynamical behavior will not be elaborated. For the above
three planes, whether bright or dark rational solutions, the cor-
responding values of u; are —81 /o and 1/ at the extreme
points, which are all proportional to 17/ ct.

Case 2 W-shaped rational solutions

For the plane (x,y), three parallel lines can be obtained by
the method of finding the extreme point as in case 1, which are
x = —my, and x = —my +3/—f /1, respectively. It provides
us that

M]()C: —my,zzO,t :0) = _&l

o’

u(x=—-my+3 %ﬁ,zzo,t=0) =1,

o

The three parallel lines denote peaks or valleys of the W-
shaped rational solution. According to the distance formula of
two parallel lines, the width of the W-shaped rational solution
is 6\/W . In terms of the expressions for the three
parallel lines, it is not difficult to find that the absolute value
of m determines the angle between the W-shaped rational solu-
tion and the positive half of the y axis, and its sigh determines
the rotation direction. So as m changes, the W-shaped rational
solution will have a corresponding tilt. The amplitude of u; is
determined by ¥, m, n, and « together. In addition, we can ob-
tain different W-shaped solutions by changing the sign of the
parameters, i.e., &, 3, and 7. When the sigh of 7 is different
from « and 3, the W-shaped rational solution is a bright type.
While the sigh of 3 is different from « and 7, it yields a dark
‘W-shaped rational solution. The dynamical phenomena of the
bright and dark W-shaped rational solutions are demonstrated
in Fig. 2.

—6 0 6
T

Fig. 2. The first-order W-shaped rational solution of the (3+1)-dimensional
KS equation (1) at (y,z) plane with the parameters (o, f,y,8,m,n) are:
(a) (17 17_1’ 172’2)5 (b) (la 17_17 17_272)’ (C) (_17 la_17 17272)7 (d)
(=1,1,—1,1,—2,2). (a) and (b) bright W-shaped rational solution; (c) and
(d) dark W-shaped rational solution.
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When y = z=0, the solution u; has three parallel lines r =
—x/nandt = —x/n+(3/n)y/—B /N, their corresponding val-
ues are —87 /o and 11/, respectively. The parameter n con-
trols the tilt of solution, and the width of last two parallel lines

is 64/—B/n(1+n?). At the (y,?) plane, there also have three
parallel lines t = —m/ny and t = —(m/n)y £ (3/n)\/—B/1N.
The expression m/n also determines the tilt angle of solution,
—B/n(m*+n?).

From the analysis of the above two cases, the values of
the first-order rational solutions are both —87 /o and 1/ o¢ at

and the width of last two parallel lines is 6

the critical points or on the parallel lines, whether the rational
solution is a W-shaped or rogue wave-type solution.

Case 3 High-order rational solutions

The above discussed are the cases of the first-order ratio-
nal solutions, high-order rational solution can be derived with
the increase of s. Here we take s = 2 and s = 3 as examples to
analyze the dynamic characteristic of the high-order rational

solution at (y,z) and (x,y) planes. For s = 2, a set of coeffi-
cients a; ; of the function F> can be derived, that is

75B2a470 19ﬁa470 171‘)26147()

a, = a, = = a, = —

0,0 nz ; 0,2 S , 404 2562 )
1’]4614’0 _ 5[3614’() _ 187]6147()

ap6 = — 25ﬁ63 , 20 n , a2 55 ’

3n3asy _3n%as _ MNap
ara aggffﬁﬁé,%pf :

47 Tsper M T 258

Taking the coefficients into Eq. (8), It then follows Eq. (7) that
the expression of second-order rational solution u,(&,z) can
be adduced, namely,

u(&,2) (10)

_r
=5

where

P = —1440B%8°15E67% — 420008361 E6 + 14453 n° BE4 S —3384828°1n° 2 + 6792083631728
— 11100008484 % — 728%1°BE0 — 2168717 BESL? + 180082817 E8 +26250008° 871322
+56250008°8%n — 144n8BEC7* 421687110 BE2ZE + 2016828318 E22° 49000083 541022
—3060000848°1n*E222 + 63750008 8n2E2 + 72118 B2'0 + 21608284 E4*

+ 1260008385734 — 75000084 5013 E4,

0 = 156°n"aé* S +on'' 6aé?z'0 +4687508° 8 naE? — 50880  aE 0+ 156*nS aEd* + 8°n°aé™?
+208°n° 0 E%2° + 250083603 e + 10937584802 aé* — 33086 k> — 72460 a0
+4700828 07 0022 — 282887 n° aé2 2 + 566082 8°n aE228 — 92500884  aé 2 + ' o'
—692B83 08 &40 + 123982803 az® — 12500838 n* aE*2? +35156258°6%a — 34861 0z '°
+11050828*n®a&*z* — 1990082 83 n°az® + 2893758484 n* az* — 17812508° 85> az?
+218750B848 03 0222 + 375828 n* aé® +68°n" aE 1072

When the parameters selected in u; are the same as those
in u; of case 1, it will give rise to the second-order rogue wave-
type rational solution, namely, bright and dark rational solu-
tion, as shown in Fig. 3. According to the analysis process of
the first-order rational solution, we can also calculate the co-
ordinates of the red and blue points in the (y,z) plane and their
corresponding values of the second-order rational solutions.
The y and z coordinates of the red points are approximately
localized at (+1.768,0), (0,0), and (+0.821,0). Their cor-
responding values of u, are approximately —3.2 for the first
three points and 19.385 for the last two points. After further
calculation, it is not difficult to find that the blue points and the
red points have the same coordinates, while the corresponding
values of u, are just opposite with each other. Figure 3(a) dis-
plays the dynamics of the second-order bright rogue wave-type

rational solutions, while figure 3(b) shows the dark one.

Fig. 3. The second-order rogue wave-type rational solution in Eq. (4) at the
(y,z) plane with the similar parameters as those given in Fig. 1. (a) Bright
rogue wave-type rational solution; (b) dark rogue wave-type rational solu-
tion.

Similarly, when the parameters selected in u; are the same
as those in u; of case 2, the second-order bright and dark
W-shaped rational solutions can be constructed, as shown in
Fig. 4. Tt is obvious that the tilt angles of the corresponding
W-shaped rational solutions in Figs. 2 and 4 are the same and
the slopes are 4-1/2, which are determined by the parameter
m.
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—6 0 6 —6 0 6
T T

Fig. 4. The second-order W-shaped rational solution in Eq. (4) at the (x,y)
plane with the similar parameters as those given in Fig. 2. (a) Bright W-
shaped rational solution; (b) dark W-shaped rational solution.

Setting s = 3 in Eq. (8), the expression for the coefficients

a; j in the function F3 is as follows:

- 847[32(1470 o 58,3(1470
a0,0 - 15”2 I a0,2 - 5 I
133811%a4 22828n%as
04 = ———oozor— (0,6 = o> aan
42355 14822585
260115a4 17418a4
08 = —T———rarsi’ 40,10 = TiomomzR3R5)
1037575825 518787535
_ 30"y _ 154Bayp
40127 T 5187875p466 0T T 5
oy 18naqp _ 36M°as0
227 77558 0 AT T 4035862
. _ 276M°asg e 3421 as
207 T 134758283 “H* T 103757583564
4 _ 181’]961470 oy — 1081]261470
2107 751878758455 “M* T T847B5
642n%as 876m%a4
44 =50 epasyr 46 = T037e7ep353”
29645825 1037575835
i — 9nBasg g — 4naqp
8T 10375758464 00T 2758
_228nlasp _12n°as
9627 751175825 Y04 T 13475B362°
e —— 121‘[7(1470 den— — 9T]2a4’0
667 7 1037575B%53 " 0T T 2117582
414n%aq g 9Mas
82 = T p3s WA= T pasy’
1037575B35 1037575845
o — 6M3as dis— 18n5a4.
1007 10587583 7% T T 5187875845

4 _ 31]4614’0
1207 7518787584 [

By taking them into Eq. (7) with Eq. (8), it yields the ex-

pression of the third-order rational solution u3(&,z). Since the
expression of u3(&€,z) is too cumbersome, we only shows its
dynamic behavior, as illustrated in Figs. 5 and 6.

Fig. 5. The third-order rational solution at the (y,z) plane with the simi-
lar parameters as those given in Fig. 1. (a) Bright rogue wave-type rational
solution; (b) dark rogue wave-type rational solution.

6 6
3 3
> 0 > 0
-3 -3

—655 5%

6
3
> 0
-3

5 0 6

xT

Fig. 6. The third-order W-shaped rational solution in Eq. (4) at the (x,y)
plane with similar parameters as those given in Fig. 2. (a) and (b) Bright
‘W-shaped rational solution; (c) and (d) dark W-shaped rational solution.

There are seven critical points for the third-order ratio-
nal solution on the z = 0 axis at the (y,z) plane, and they also
have the above symmetry results, see Fig. 5. The y and z co-
ordinates of the critical points for the bright and dark third-
order rogue wave-type rational solution are approximately lo-
calized at (+2.54,0), (+1.565,0), (+0.718,0), (0,0), and the
corresponding values of u3 are F3.534, +18.556, F4.516,
+26.182, respectively. Simultaneously, the third-order W-
shaped rational solution has the same characteristics as the
lower one, and seven critical lines can be seen in Fig. 6.

As s increases, high-order rational solution (rogue wave-
type or W-shaped) of the (3+1)-dimensional KS equation can
be generated. It is noticeable that the solution meets a rule:
s-order rational solution has 2s -+ 1 points or parallel lines on
different planes, and the two situations show different dynamic
behavior characteristics.

Case 4 Generalized rational solutions

Attention is now turned to investigate generalized rational
solutions for the (3+1)-dimensional KS equation. To achieve

010202-5
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this purpose, we introduce two polynomials

s(s+1)/2 5 ey
Gs(&,2) = Z by(s+1)-2,2i6 e t)=2],
j=0 =0
s(s+1)/2 o Y
Hy(E,2) = ch(s+l)72j,2iz léx(ﬁ )= 7, (A1)
j=0 =0

in the same form as F;(&,z) in Eq. (8), where the two coef-
ficients b5y 1)—2;j2; and ¢y(s41)-2;j,2; Will be determined later.
Applied the method used in Ref. [26], it is natural to have the
following result.

Theorem 1 The (3+1)-dimensional KS equation (4) has
generalized rational solutions in the form

(& EMN) = P (inf(E M N))es,  (12)
for s > 1, with
f = Ls(g,Z;M,N)
= Lg41 (éaz) +2MZGS(€aZ) +2N§HS(€7Z)
+(M? +N*)F,_1(€,2), (13)

where M and N are arbitrary constants.

Obviously, let M, N, and s in Eq. (13) be equal to zero, the
one-order rational solution can be obtained, which is consis-
tent with the results obtained at the beginning of this section.
Without loss of generality, when s = 1, a set of non-trivial co-

efficients of function L; can be obtained as

{ao,o =-—

258 (M28b&2 + 9N2nc%70 - 27ﬁa£70)

9(M?+ N2+ 1)n%asp
any — — 19[3614,0 o s — 17T]2a4$0
02 — S y do4 — 2562 ’
4
_ Nap _ 5Basp _ 18na4p
ap.e = 25[3 53 , a0 = n , a2 = 55 )
- 317361470 _ 3112614,0
ar4 = 25528 asp = 2565
aeo — _Naso __5Bboy __Mboa
6,0 25[3 » 00,0 317 sy 020 35 )
3
o0 = [5;2,0’ co2 = __11;2,0 }

Plugging them into Eq. (7), it gives rise to the first generalized
rational solution uy(&,z;M,N). Here we only analyze their
dynamic behavior.

When M = N = 0, it becomes the obtained rational so-
lution and can bring in similar results as shown in Fig. 3 by
selecting appropriate values for the remaining parameters. As
|M| and |N| increase, the solution can be split from two peak
into three peaks rogue wave solution, which is also known as
‘rogue wave triplet’ solution. Figure 7 shows its evolution pro-
cess of the bright case. Let oo = —1, the dark case can be
obtained. Using Theorem 1, high-order generalized rational
solutions can be derived for the case of s > 2.

—6 0 6

Fig. 7. Decomposition process of the generalized rational solution u (&,z; M, N) for the (3+1)-dimensional KS equation with distinct values of
the parameters M, N and (o, B, v, 8, m, n, aso, boo, c20) = (1,1,—-1,—-1,2,2,2,2,2). (a M=N=0;(b): M=N=1;(c): M=N=3;

d:M=N=5;():M=N=8;(): M=N=10.

3. The N-wave resonance solution

The purpose of this section is to construct N-wave reso-
nance solutions of the (3+1)-dimensional KS equation (4) by
reverting it into the following bilinear form:

(DxD; + D3 + YD} + 8D3)f - f =0, (14)

where D is the Hirota operator,''®! here use has been made of

the transformation
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=" (0 pl 32 (1)

Assuming

N
f =1 4 ek,-x+l,-y+m,—z+w,-17
2
and then plugging it into Eq. (14), one can have the dispersion
relation
_ Bk 4y +om

i = 1
w k,- (16)

Let /; = ak?, m; = bk?. It thus transpires that f has the follow-
ing specific expression

N
f — 14 Z ekix+akl.2y+bkizz—4ﬁk?t’ (17)

i=1
with an additional constrain condition 38 = ya? 4 §b*, which
Substituting Eq. (17) into
Eq. (15), the N-wave resonance soliton solution can be de-

gives the solution of Eq. (14).

rived. For the soliton solution of Eq. (4), it exists both fission
and fusion phenomena.

By choosing appropriate parameters, four different reso-
nance solutions are discussed, including bright-fission, dark-
fission, bright-fusion, and dark-fusion solutions. Figure 8 dis-
plays different dynamical phenomena of the two-wave reso-
nance solution. Fission waves can be split from one wave

to multiple waves, while fusion waves are just the opposite.
In order to understand the fusion and fission processes of the
soliton solutions clearly, the three-wave resonance solution is
taken as an example, and the evolution processes of fusion
and fission over time are given respectively. Figure 9 shows
the bright type of the three-wave resonance solution, dark type
of the three-wave resonance solution also has the same phe-
nomena. In the same way, N-wave resonance solution can be
constructed.

Fig. 8. Two-wave resonance solution of the (3+1)-dimensional KS equa-
tion (4) in the (x,z) plane with parameters (., ,a,b,y,8,k;,k2) as: (a) (1,
1,1,1,v2, 1, 1, —1/2, —1) bright-fusion solution; (b) (—1, 1, 1, 1, v/2, 1,
1, —1/2, —1) dark-fusion solution; (c) (1, 1, 1, 1, V2, 1,1, 1/2, 1) bright-
fission solution; (d) (—1, 1,1, 1, —ﬁ, 1,1, 1/2, 1) dark-fission solution.

30 30 30
0 0 0
I I\ N
—30 —30 —30
—60 —60 —60
- - —60
30 30 30
0 0 0
N N N
—30 —30 —30
—60 —60 —60
—-60 —30 0 30 —60 —30 0 30 —60 —30 0 30

xT

x T

Fig. 9. The evolution of three-wave resonance solution over time with similar parameters as those given Figs. 8(a) and 8(c). Top row: bright-

fusion solution (k3 = —3/2). (d)—(f) bright-fission solution (k3 = 3/2).

4. Summary and discussion

A (3+1)-dimensional Kudryashov—Sinelshchikov equa-
tion modelling the liquid containing gas bubbles has been stud-
ied in this paper. Rogue wave-type rational solution, W-shaped
rational solution, Multiple basic rogue wave solution, and N-

wave resonance solution are provided explicitly for this equa-

tion based on two kinds of bilinear equations.

By introducing the polynomial function (8), we obtain
bright rogue wave-type rational solution, dark rogue wave-
type rational solution, bright W-shaped rational solution, and
dark W-shaped rational solution, see Figs. 1-6. From the anal-

ysis of the first- to third-order rational solutions, it is not diffi-
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cult to find that s-order rational solution has 25+ 1 points for
rogue wave-type solution or parallel lines for W-shaped solu-
tion. As long as it is a bright rational solution, there must be
s peaks above the background plane (zero plane), s+ 1 val-
leys below the background plane, and the dark one is just the
opposite. Their corresponding properties, such as amplitude,
wave width, and tilt angle, are all parametrically controllable.
Moreover, generalized rational solutions splitting from two
peaks to three peaks are derived by introducing two polyno-
mials (11). The dynamical behavior of the splitting process
has been demonstrated in Fig. 7.

In addition, the N-wave resonance solution of the (3+1)-
dimensional KS equation is constructed under the dispersion
relation and specific constraints. Bright-fission, dark-fission,
bright-fusion, and dark-fusion two-wave resonance solutions
are constructed, see Fig. 8. Fission waves can be split from
one wave to multiple waves, while fusion waves are just the
opposite. Figure 9 shows the evolution processes of fusion
and fission three-wave resonance solutions, which reveal di-
verse dynamic behavior.
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