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Abstract The various patterns of internal solitary
wave interactions are complex phenomena in the
ocean, susceptible to the influence of shear flow and
density distributions. Satellite imagery serves as an
effective tool for investigating these interactions, but
usually does not provide information on the struc-
ture of internal waves and their associated dynamics.
Considering a three-layer configuration that approx-
imates ocean stratification, we analytically investi-
gate two-dimensional internal solitary waves (ISW)
in a three-layer fluid with shear flow and contin-
uous density distribution by establishing a (2+1)-
dimensional Kadomtsev—Petviashvili (KP) model with
depth-dependent coefficients. Firstly, the KP equation
is derived from the basic governing equations which
include mass and momentum conservations, along with
free surface boundary conditions. The coefficients of
the KP equation are determined by the vertical dis-
tribution of fluid density, shear flow, and layer depth.
Secondly, it is found that the interactions of ISW can be
carefully classified into five types: ordinary interactions
including O-type, asymmetric interactions including P-
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type, TP-type and TO-type, and Miles resonance. The
genuine existence of these interaction types is observed
from satellite images in the Andaman Sea, the Malacca
Strait, and the coast of Washington state. Finally, the
“convex” and “concave” internal solitary interactions
are discovered in the three-layer fluid, which together
constitute the fluctuating forms of oceanic ISW. It is
revealed that shear flow is the primary factor to deter-
mine whether these types of interactions are “convex”
or “concave.” Besides, a detailed analysis is conducted
to show how the ratio of densities influences the prop-
erties of these interactions, such as amplitude, angle,
and wave width.

Keywords Internal solitary wave interactions - KP
equation - Three-layer fluid - Shear flow

1 Introduction

Internal waves commonly occur in stratified fluids
(oceans, lakes and fjords, etc) [1-3]. The first dis-
coverer of internal waves was Nansen, whose vessel
encountered the phenomenon of “dead water” [4] in
Arctic waters between 1893 and 1896, caused by the
drag increasing effect of internal waves. In the actual
ocean environment, the density of seawater is stable and
continuously stratified, and any disturbance may excite
internal waves, making them ubiquitous in the ocean.
Internal solitary waves (ISW) are the most common
and widely studied type of internal wave phenomena.
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Research has shown that in stratified seawater, ISW can
be generated through the interaction of shear flow, inter-
nal tides, and wave-flow interactions in frontal regions
[5,6]. ISW have a significant impact on the safety of off-
shore structures, the distribution of nutrients in water,
and the propagation of acoustic waves, among other
aspects. Therefore, in-depth research on ISW holds
paramount theoretical and practical significance.

It is difficult to solve analytically the original equa-
tions for oceanic ISW, which may contain multiple
dynamical processes at different scales and may even
distort or obscure the features of our primary inter-
est, and thus the size-dependent effect must be care-
fully judged to establish various nonlinear models [7—
9]. Most early investigations on ISW depended on the
KdV equation [10, 11] which is an important integrable
equation applied in many physical fields. Later, many
low-dimensional equations such as the higher-order
KdV equation, the Gardner equation, and the variable-
coefficient KdV equation have been used to describe
ISW [12-15]. However, interactions of ISW typically
involve multiple dimensions. In the aforementioned
low-dimensional models, it is challenging to accurately
capture these interactions, as they fail to provide suf-
ficient dimensions to describe the details of interac-
tions. Therefore, when considering the actual situa-
tion, it becomes imperative to conduct a more com-
prehensive study of ISW based on high-dimensional
models. Kadomtsev and Petviashvili derived a two-
dimensional version of the KdV equation, known as
the KP equation [16]. Kataoka et al. earlier used the
KP equation as a model for ISW [17], and thereafter
much work on ISW has focused on the KP equation
and some other high-dimensional equations [18-20].
Nevertheless, these high-dimensional models have pre-
dominantly employed a two-layer structure, wherein
the density within each layer is assumed constant, and
the influence of shear flow has not been considered. As
we mentioned above, in the actual ocean environment,
the continuous distribution of density and the presence
of shear flow both play significant roles. Consequently,
these critical factors have to be considered in our model
development. To our knowledge, the KP equation has
not been applied to ISW in a three-layer fluid. Itis found
that the vertical stratification has a clearly pronounced
three-layer structure in the ocean [21-23]. Therefore,
it is also necessary to introduce a three-layer model to
explain the basic features of the internal wave field in
such environments.
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ISW often interact with each other during their prop-
agations [24-26], and these interactions can threaten
the safety of offshore structures, ships, and submarines.
Many theoretical analysis on the interactions of ISW
have been carried out to help people understand them
further. For instance, Yu et al. studied the ordinary inter-
actions based on the KP type equation [27]. Wang et al.
described the Mach interactions observed in the Strait
of Georgia [28]. Yuan et al. simulated diffraction and
oblique interactions [29]. However, these investigation
focused exclusively on a specific type of interaction. As
is well-known, various types of interactions occur in the
ocean, and thus, we aim to conduct a more comprehen-
sive classification of these interactions. A noteworthy
study is the one conducted by Xue et al., who analyzed
the interactions among three different types of inter-
nal waves in the Mid-Atlantic Bight based on satellite
imagery [30]. The theoretical foundation of Xue’s work
is established upon the “convex” interaction solutions
of the KP-type equation with constant coefficients,
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It is worth noting that the discovery and analysis
of the “concave” interaction solutions have not been
addressed in previous studies. We speculate that this
may be related to the absence of physical quantities
such as density and shear flow in the equations, and thus
they will be added in our derivation of the internal wave
equation. Actually, the internal wave interactions are
not only common in the mid-Atlantic but also in other
marine regions. These internal wave interactions, even
though they occur within the ocean, exhibit a surface
feature on the sea surface (manifesting as a small mod-
ulation on the surface roughness) that can be captured
by satellite imagery. For instance, the ERS-2 satellite
has collected a significant amount of internal wave data
in the Andaman Sea, including interactions between
ISW [31]. Furthermore, photographs taken by astro-
nauts (STS036-082-76) showcase the intricate patterns
formed when ISW collide in the southern African mar-
itime region [31]. Nowadays, satellite images have
become an efficient tool to study internal wave interac-
tions, however, satellite images by themselves usually
do not provide detailed information on the structure and
dynamics of internal waves, which motivates us to rely
on theoretical analysis to supplement the limitations of
satellite images.

It is worth mentioning that Kodama and Biondini
have theoretically studied three fundamental types of
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2-soliton interaction structures for the KP-II equa-
tion [32-34]. On the other hand, Ablowitz and Bald-
win observed two types of interactions for shallow-
water waves on flat beaches [35], and mathematically
described them using the KP-type equation
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The aforementioned research provides an important
reference for the study of surface waves. Due to the
typically challenging nature of observing fluctuations
occurring within the internal environment of fluids,
research on systems involving internal interaction types
remains relatively limited. Our work aims to describe
ISW in the ocean by establishing a reasonable model
and to explore their internal interaction patterns by
drawing on surface wave theory, as well as to validate
the feasibility of the theoretical study through satellite
images. It is mentioned that this work has been pre-
sented in [36].

The rest of the paper is organized as follows. In
Sect.2, a (2+1) dimensional KP model is derived for
describing oceanic ISW. In Sect. 3, the coefficients of
the KP equation, as defined by the particular vertical
distribution of fluid density, layer depth and properties
of shear flow, are explicitly calculated and analyzed in
detail in a three-layer fluid. In Sect. 4, the “convex” and
“concave” ISW are diagnosed, and the internal solitary
wave interactions are carefully categorized into five
types, which can reflect interaction patterns in the real
ocean. It is revealed that shear flow is the primary fac-
tor determining the generation of “convex’ and “con-
cave” interactions, while the density ratio also influ-
ences properties such as amplitude, angle, and wave
width in these interactions. The last section is devoted
to the conclusion and discussion.

2 Derivation of the KP model for internal waves
2.1 Governing equations

In order to derive the KP equation modeling oceanic
internal waves, we start from the inviscid, incompress-
ible, and layered fluid. The basic governing equations,
consisting of the mass and momentum conservation

equations in three-dimensions, are

du dp

Py, 3

pdt+8x )

dv 9

l+£=a )
dy

dw+8 +pg=0, (5)

P4 pg=

dp

Lo, 6

o (6)

8u+3v+3w_0 7

ox  dy 9z

where x, y and 7 are the spatial coordinates, and u, v and
w are the fluid velocities in the x, y and z directions,
respectively, p is the fluid density, p is the pressure,
and g is the gravitational acceleration. The material
derivative d/dt is expressed in the following form,

d 0 0 a 0 g
E—&“r £+U$+wa—z 3

Consider that the fluid takes the rigid boundary
z = —h as the lower boundary, the free surface z =
¥(x,y,t) as the upper boundary, and the equilibrium
position of the upper boundary is z = 0. Therefore, the

boundary conditions of the governing equations are

w =0 |,—_p, 9)

P =0 l=y.y.0 (10)
oy oy oy

w=g+ a—+v L=y (x,y.0)» (11)

where 1 (x, y, t) is the vertical displacement of the free
surface. Equation (11) ensures that the vertical velocity
at the free surface coincides with the vertical velocity
inside the fluid.

Introducing the characteristic length kg, the char-
acteristic density p, and the characteristic buoyancy
frequency No = gAp/hop, we can define the dimen-
sionless variables as follows,

- - - 1

()C, y, 2, t) = (h0x7 h()y, hOZ, _}35 (12)
No

(u, v, w) = (hoNout, hoNov, hoNow),  (13)

(h, ¢, p, p,) = (hoh, ho@, PP, Phogd),  (14)
then by substituting Eqs. (12)—(14) into Eqgs. (3)—(7)

and the boundary conditions (9)—(10), and ignoring the
superscripts of dimensionless variables, the governing
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equations and boundary conditions in the dimension-
less form can be obtained,

du 1 8p
— =0, 15
pdt ty o dx (15)
dv 19
) (16)
dt o dy
LY (. (17)
Par T \e: TP) T
dp
=L o, 18
ar (18)
du ov oJw
—+— 4+ —==0, 19
ax + ay + 9z (19)
w=0|,—_p, (20)
p=0 |z:1//(x, v, 1)s (21)
oy oy
= Thax

Y
+ va |z=w(x, y, 1) (22)

where 0 = hoNg /g is small in the ocean conditions.

2.2 Semi-Lagrangian form

In this subsection, we further transform the govern-
ing equations and boundary conditions into the semi-
Lagrangian form. A new variable ¢(x, y, z, t) is
introduced to represent the vertical displacement of a
fluid particle from its rest position, which is obviously
related to w as
_ ¥
=3
According to Eq. (17), the pressure p is denoted by

(23)

Z
p(x,y,z,r>=—/ po()dz +oq(x. y.2. 1), (24)
0

where the function ¢ (x, y, z, t) is the complex integral
function.

Suppose the density of the fluid is pp(z) in the rest
state. Therefore, the density of the perturbed fluid reads
p(x,y,z,t) = po(z — ¢(x, y, z, t)). Hence, the
Lagrangian coordinate is introduced as

k=z—-¢(x,y, 2,10, (25)

and the density of the fluid in the perturbed state is
reformulated as

p(x,y,z,t) = po(k). (26)
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Based on Eqgs. (25) and (26), we obtain
d d 0 ) a 0
do _dpo _ 30 Op0 . Opo D60
dr dr ot x 8y 0z

=%<w—8—§—u8—§—va—€—wa—§> 27
ak Z

900 d¢
=—(w-=)=0.
ok dt

It is obvious that the introduction of Lagrangian
coordinates makes Eq. (18) identically satisfied. Now
let us derive the partial derivatives of an arbitrary func-
tion f(x,y, z,t) in Eulerian coordinates with respect
to time and space, as well as the form of its material
derivative. Denoting f(x, y, z,1) = f'(x, y, k, t), we
have

af _ af  af ac

ar a9k o’

af _ af  af’ a¢

ax  ox ok ax’

By ay ok dy

of _off affag

9z~ 0k ok 9z’

which lead to the material derivative as

d af’ af’ 8 ¢

A Y N 29)

ar o Uox "%y

Letting ¢(x,y,z,t) = n(x,y,k,t), the partial
derivatives of ¢ (x, y, z, ) in Eq. (28) can be determined
as

Mk . x Ny
gz_l-"r]k, {x 1+77k’ ;y 1+7’]k’ ;‘t
(30)
_ M
14+

Using Egs. (28)—(30) and ignoring the superscripts
of the functions, we rewrite Egs. (15)—(17) and (19) in
the new coordinates as

k) + ou ) 4 2
Uu— +v— —
P ax  Coy) T ox
1 dq 0
_dadn _ 31
1_|_ '7 ak ax
av av aq
k - = -
Po()( +u3x+v8y>+8y
1 9qo0
qon (32)

L mokay
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1 Bq
[+1 Bn Bk [po(k) potk +m] =0, (33)
ou + av + ow
ox ok
1 du d dv 9 Jw 0
__3<_”_" _U_"+_w_’7>:o, (34)
1+ 8_2 ok 0x  dkdy  dk ok

From Egs. (23) and (30), we get

n an an
= 35
at tu ax v By (35)

Itis important to mention that since Eq. (23) satisfies
the boundary condition { = v atz = ¥, Eq. (35)is still
satisfied on the boundary. Under the new coordinates,
the boundary conditions become

n
/ po (K')dk' =oq| (36)
0 k=0

=0l (37)

Finally, Egs. (31)—(34) are reduced to the following
three equations by using Eq. (35) and eliminating the
function g (x, y, z, 1),

i{ (k>(—+ L 8—")}— BN 22
ak |”° ax " Uay o ox

<1+gk)33 {m()(a u;+va)2n} (38)
X dy
i {p()( +u 3—”+v21)}
_<1+ZZ);y{po(k)(ww;)ﬁv;y)zn} (39)
+gn;({p()<3+u;+v;))2n}=0,

RUAYEL “y N RO B
— )=+ = — +u vV——
ok ay) " arak © "axok ' ayok

d
- po(k)Nz(k)al
y

=0,
(40)
where
2o 1 deok)
N*(k) = o0 Ak (41)

The boundary conditions (36) and (37), after elimi-
nating the function ¢ (x, y, z, t), are

an ou ou ou
5__0(5“‘5“5)
Lo (@ 3 3\?
a ax (E—i_ £+ 8y> 7

n=0|__,- (43)

; (42)

Itis noted that in the semi-Lagrangian form, the orig-
inal governing equations are reformed as Eqs. (38)-
(40) with the boundary conditions (42) and (43). In
this way, the number of the equations and the bound-
ary conditions are both reduced. However, this semi-
Lagrangian method leads to an increase in the order of
nonlinearity to the fourth order, whereas the original
controlling model has only two orders of nonlinearity.

2.3 Derivation of the KP equation

It is remarkable that Egs. (38)—(40) are still a compli-
cated set of nonlinear equations, so it is not easy to
obtain explicit general solutions. Here, we utilize the
multiple scale method[12] to derive the KP equation
modeling two-dimensional ISW.

For the discussion of nonlinear long waves, the coor-
dinate extension method in the long wave approxima-
tion, namely, the Gardner-Morikawa transform, can be
used. Introduce a small parameter € to have the slow
variables

X =€x, Y =€y, T =e€t, (44)

which gives

a a 9 a 0 a
— =€, — =€—, — = €—. (45)
ox X dy aYy ot oT
Separate the velocity field in the x-direction into
an elementary component U (k) and a perturbation
u'(x, v, k, t), while the velocity field in the y-direction
only has a perturbation component v'(x, y, k, t), i.e.,

u(e,y, k,t) =Uk) +u'(x, y, k, 1), (46)
v(x, y, k1) =v'(x, y, k, 1). (47)
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Based on Eqgs. (45)-(47), Egs. (38)—(40) can be
rewritten as

0 ou’ Uk ou'  ,ou
a5 1700 —+( ()+u)8X+va—Y

2 9m) 2
¢ <l+8k)8X

3 3 3 7?
po(k)|:—+(U(k)+u)§+vﬁ} n}

n ,0n 0
e — —
X ok

a
po (k) [ﬁ+

_ 2020 _
po(k)N (k)aX

X aY

2
(U@ﬂ)iﬂi} n}=0,
(43)
v v’
{Po(k) |:_+(U(k)+u)ﬁ+v W:“

in 5 an\ o
— po(N? (k) — — > [ 1+ — ) —
N E) ) 6(+8k)8Y

0
ok

9 9 3 7?
{Po(k) [—+(U(k)+u) o ﬁ] n}

29
aY ok
(k) 8+(U(k)+ )8+ 0 7 0
JE— u =
PO BT ox " Uay ] T[T
(49)
an\ [du  dv 92y
1+ —
< +8k)< +8Y>+8T8k
(50)
W ) Dy
Xk aY ok ’
with the boundary conditions
an ou du du
T o == (U - -
9X (8T+( ()+”)ax+”ay>
an [0 3 3 \2
2 l 1
—e‘o— | =+ (U — — ,
< 7ox <8T+( (+u') 5% +v ay> LA
(51
N=Olg=—p - (52)
Then, introduce new variables
E=X—cT, 0=¢€Y, T=uT, (53)

where c is the velocity of the long wave, and j = €.

Consequently, we have
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8 a a 0 0

— =—c—+ — =, — =€—.

aT 9E X
(54)

Substituting Eq. (54) into Egs. (48)—(51) arrives at

a /
% {po(k)(U(k) _C)_g} - po(k)Nz(k)—= F,

0§
(55)
d v’ 2,,,00
% {po(k)(U(k) - C)@} —epo(k)N (k)ﬁ_F
(56)
ou’ 3%y
haall _ = 57
T + (U k) )asak G, (37
a /
— <8_u/+ 8_u/_|_ /3_1)/+ _nH)’
R ™ 58 TV 30 THae ) iy
(58)
where
F——i (k)( 8u/ _+ 8u>
=k [\ M NP,

an
(oo )—u——(poH),

+ 1+8’7 i
’ ok ) o 9E Ok

3 w v/
Fl=—— po(k) p—+u'— +ev
. 89 -
Ui
k

a7 JE
renf142m) 0 = (poH) M0 o),
12 3 £0 M898k £0

a2y 9 an v’ a ,on
G=—p - < —e— — e—(v’ﬁ),

drok  9e \ ok 30 90
3,9 3 7?
[(U(k)—c)g M— + 3§ + €v £:| .
(59)

By eliminating u’ on the left-hand side of the above
equations, Eqgs. (55) and (57) can be further simplified
and degenerated to one equation,

8{ (k)(U (k) — ¢)*
9k £0 -

8§8k} (60)
20
+ po(k)N (k) _85 =M,

with the boundary condition

on _ 0% _
7 o(Uk) — ¢) asak —o(U®k) — )G 1)

+ o Hilp—g,
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where
9
M = % {po(K)(U(k) — )G} — F, (62)
y ou’ e ,ou’ N ,0v ’+ 877H
=—|pu— — +ev .
! o T4 % 06 T HoE

(63)

Expanding (&, 0, k, 7),u’(§,0,k, t)andv'(§, 0, k,
7) in the following asymptotic form,

N, 0,k 1) = pAE, 0, D)DK + w0,k 1)
+WmE 0, k) +. ..,
W' (5,0, k,T) = puo(&, 0, k, t) + pPui (€, 6, k, 7)

+1lurE, 0.k, T+ ...,
VI(E, 0.k, T) =€ 15,0,k T) + 02(E, 0, k, T)
+eur(€, 0.k, T+ ...,

(64)
substituting them into Eqs. (56), (57), (60) and the
boundary conditions (52) and (61), and then collect-
ing the terms of the same order in €, we obtain the

perturbation problems at each order.
At the order of 1 and e, we have

d [po(k)(U(k) —c)’ CD] + poN*® =0,

dk
i =04y, (65)
— Uk — 222
=0 C dk
duo e B
e E“U“‘C)Eg—o' (66)
0
o [po(k)(U(k) —0) —‘}
€ : (67)
— Po(k)Nz(k)q)@ =0.

Rewriting Eq. (60) as

a 0°n
Mo = [po(k)(U(k)— 9) 4’@]

d , 0P O
e [po(k)(U( ) —©) ok ag]
and the integrating it with the boundary conditions (52)
and (61) results in

(68)

0 ,d®
/ M®odk=o ipo(k)(U(k)—C) * [(U(k)—c)
—h (69)

G*Hl]} .
k=0

which can be reformulated via Eq. (62) as

0 0
/ O oW ) — OGP dk — / Fodk
n 0k —h

0 RYes
- / P U ®) — G dk

_s [po(k)(U(k) - c)zdﬁHl]
dk " Ji=o

()]
+o [po(k)(U(k) — c)z—d (U (k) — c)G]
dk k=0

According to Eq. (65), we obtain

0 0 9P
/ Fcpdk+/ () (U (k) = )G —-dk

h (71)

]
-0 [,Oo(k)(U(k) —c) EH1:| =0.
k=0

Based on Eq. (59), we easily get

F 9 ® 8u’+ u ’+ ,ou’ tp anH
_ oul 0w 0w
ok [P\ P or IE 90 " MoE

1 on H Ha on
+u(+ )%W ) + oo (85)

(72)
which can be expressed as
JdaF F,
- 4+ = 73
ok + & (73)
with
an
Fy=poHy, F»=pupoH |1+ — ok (74)
It is necessary to note that
/0 i(F @)dk= (k)(U (k) )2d£H (75)
T ac ™ L

Hereafter, the substitution of Egs. (73) and (75) into
Eq. (71) leads to

0 0 do
/ —ddk — f F1—dk
h 85 —h dk 6
0 I (76)
+ f po(k)(U (k) —c)G——dk =0,
—h dk

where the boundary terms are removed naturally.
From the expansions of Egs. (56) and (76), the order
of u? gives
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. k
d N(k Uk o (k)
f [po(k)(U(k) —or <A<1>>] Pk P ©_ 7
0 08 9§
0 dugp '\ d@
k| — — | —dk
—|—/_ po )( +ug 0F )
0 dAdD 9 do Ol R
— R — JE— A—
+£h po(k)(U (k) C)[ or dk 0% ( U dk)
—aﬂ] 4% k=0, 77 P
a0 | dk
Finally, substituting Egs. (66) and (67) into Eq. (77),
we arrive at the KP equation o

9 [9A A 3A 92A
% +a1A—+a2— +a3— =0, (78)

where
_ 32 Wk — o (7 ) dk
2 /%, por(e = U ) (42)7 dk
2 P0G (U (k) — ©)>®2dk

i = , (79)
2 1%, pok)(c = U k) (32)° dk

_ SO N Kk G
2 (%, o) — U k) (42)° dk

Here, the variable coefficients of Eq. (78) are closely
related to many physical quantities, giving them an
advantage compared to Egs. (1) and (2). Besides, other
equations describing internal waves, such as the KdV
equation and Boussinesq equation, usually deal with
two layers of fluid with constant density of the upper
and lower layers. However, when such a two-layer strat-
ification is considered, the coefficient a3 in Eq. (78)
will be zero, and Eq. (78) will be reduced to the KdV
equation. In the next section, a three-layer fluid with
continuous density distribution is investigated in detail.

3 Coefficients of the KP equation for a three-layer
fluid

The three-layer structure of fluid is displayed in Fig. 1.
The depths of the upper, middle and lower layers are
H —d — D, d and D, respectively. Densities p3 and
p1 of the upper and lower layers are constant, while,
the density of the middle layer is a depth-dependent
function ps (k), and p; > pa(k) > p3. Such a stratified
structure is also similar to the stratification found in the
ocean. Based on the density distribution, the buoyancy
frequencies of the upper and lower layers are zero, i.e.,
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Fig. 1 (Color online) A schematic representation of the three-
layer system

N3=N1=0, and the middle layer has a constant buoy-
ancy frequency N.

Each fluid layer is assumed to have a constant cur-
rent velocity U;(i = 1,2,3), with U} < U, < Us,
In this situation, the shear flow in the three-layer fluid
is supposed to be a piecewise constant function, and
this shear flow is affected by the Kelvin-Helmholtz
instability, which can be neglected when considering
long waves, and the fluid we are investigating can be
regarded as an effective approximation to a system with
a continuous shear flow.

3.1 Calculation of the coefficients

As mentioned above, the specific formulas for the den-
sity become

P15 0<k<D,

ol 22(k) _p3edln D+, —4m ”lk’ D <
k<D+d,
03, D+d<k<H.
(80)
The corresponding buoyancy frequencies are
N1 =0, 0<k<D,
N AN= | L w?  p<k<D+d
od p3
N3 =0, D+d<k<H.
1)

The modal function @ is obtained from Eqgs. (55),
(81) and the eigenvalue problem (65),
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1
—k, 0<k<D,
D
(k=D—b)pj+q] (=k+D+b)p1+q] (—k+D)p1+aqp (k=D)p1+qp
—e 2do (—Up+c) + e 2do (—Up+c) —e 2do (—Up+c) + e2da(7U2+c)
= dp1+43 __dpit+q3 ’ D<k=<D+d, (82)
62d0(7U2+c) —e 2do (=Up+c)
k+o(Us—C)? -
+os—C) : D+d<k<H,
o(Us—C)?>—H+D+d
where the maximum values of the modal functions
of the upper and lower layers have been set one. The 3.2 Analysis of the coefficients
expressions for pi, g1, g» and g3 are determined as
follows We show graphics of the coefficients a;, ay and a3 as
0 functions of the shear flows, ratio of density and depth
_ 2 ! p1 ) oo
p1 =0 <U(—U2 +c)*In (E) - 4d) In (p_) of the lower and middle layers in Figs. 2, 3, 4, 5, 6,7.
It should be noted that though p1/p3 > 1, we also
g1 =ocln (ﬂ) (d+ D+ k)(—=Us + ), show the related figures with p1/p3 = 1 for a better
03 comparison.
=oln (’0 The value of a; can be positive or negative, and has
o

D —
) (D+k)(=l2+0), an infinite value at D = 0, that is, the depth of the lower

layer is zero, see Fig. 2. Besides, a; has singular and
g3 =0ln (E) (d+2D)(=Ux +0). zero points about D, and their locations can be under-
(83) stood as where the nonlinear effects are very strong and
very weak, respectively. It is found that increasing the
Finally, Eqs. (80)—~(83) are substituted into Eq. (79) value of p;/p3 would make the zero points move in
to obtain the coefficients of the KP equation, which are the increasing direction of D, but has no impact on the
presented in Appendix A. singular points. However, as the shear flow increases,
the zero and singular positions move in the positive

direction along the D-axis.

20 201 20
(a) (b) (c)
10 10 10
a, a, a,
\ \
0 T 0 0 ; ;
1 P 4 k9 | 7 6 7
D
-10 -10 -10
-20 -20 -20
Pr_ 1 P 1.5
Ps Ps

— [;=0.1,=0,U;=0
— ;=0,1,=02,U;=09
— [;=0.U,=04,U;=18

Fig. 2 (Color online) Coefficient @) with H = 8,¢c =4 andd = 0.3
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Fig. 3 (Color online) Coefficient a; with H = 8,c =4and D =3
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Fig. 4 (Color online) Coefficient a, with H = 8,c =4andd = 0.3

It is revealed from Fig. 3 that the variation of p1/p3
can affect the range of d except the case of p;/p3 = 1.
As a matter of fact, in the case of p;/p3 > 1, the
minimum value of d cannot be 0. The maximum value
of d can only reach the position where the curve starts
to appear as a gap, and it is clear from the expression
d < jo(=Us + c)zln(%). Obviously, d is a small
value with respect to H and D, which explains well

@ Springer

why we usually consider the middle layer as a thin
layer. Specifically, increasing the ratio of the densities
p1 and p3 increases the range of d. The presence of
shear flows also affects the value of d, but the effect is
very weak compared to the change caused by densities.
Likewise, these results are not found when p1/03 = 1.

The dispersion coefficient a; can not be negative,
and goes to zero at D = 0. The ratio of the densities
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Fig. 5 (Color online) Coefficient a, with H = 8,¢c =4 and D = 3
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Fig. 6 (Color online) Coefficient a3 with H = 8, c =4 andd = 0.3

p1 and p3 has no significant effect on the basic trend of
the curves about a;. However, the presence of the shear
flows greatly changes the trend of the curves, and this
change is more pronounced as the value of the shear
flows increase, as shown in Fig. 4.

The reason for this phenomenon can be manifested
by comparing Figs.2 and 4, where one can clearly

observe that with the increase of the shear flows, the
dispersion term ap has local maximum and minimum
values, corresponding to the positions of zero and sin-
gular points in the nonlinear term ap, respectively. It
is indicated that the dispersion effect becomes weaker
at the locations where the nonlinear effect is suddenly
enhanced (i.e., singularity locations) and vice versa.
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Fig. 7 (Color online) Coefficient a3 with H =8,c =4and D =3

Similar to the nonlinear coefficient ay, Fig. 5 shows
the variation of the densities and shear flows can affect
the range of d, and this effect considerably narrows the
area of d, which makes the middle layer thicker. It is
also the density that has a greater effect on the range of
d, than the shear flows. The value of the middle layer
must be within a reasonable range.

The value of the coefficient a3 is a tiny number (see
Fig. 6) compared to a1 and a,, mainly because the depth
of the middle layer d is small compared to H and D,
and the upper and lower layers do not contribute to
the value of a3. The coefficient a3 is zero at D = 0. In
addition, there is a zero point in the positive direction of
the D-axis. Moreover, the position of this zero point is
consistent with that of the singularity in Fig. 2. There-
fore, the change of the density ratio does not affect
the position of the zero point, while the existence of
the shear flows does. Specifically, increasing the shear
flows makes the position of the zero point move along
the positive direction of the D-axis. This is also con-
sistent with our previous analysis that the dispersion
effect becomes weak at the position where the nonlin-
ear effect is suddenly enhanced.

The range of d is affected by the densities and shear
flows, as depicted in Fig. 7. The details are similar to
the analysis of the nonlinear and dispersion terms and
will not be stated again. Moreover, we note that a3
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approaches zero in the p;/p3 = 1 case, which reduces
the KP equation to a KdV model.

When choosing the stratification location, one should
keep the middle layer thin and try to avoid those strat-
ification locations that make the coefficients tend to
infinity or zero. It is discovered that fixing H and c to
be different values will lead to similar conclusions.

4 Internal solitary wave interactions

By rescaling the function and its variables as

Jart

6
A(g,@,r): au(%‘, 9, t), T = 1

£ = Jak, 6 =‘/“23ﬁé,

and then dropping the hats for convenience, Eq. (78)
becomes

(84)

(—4ur + 6uug + ugse ), + 3ugy = 0. (85)

Due to the physical constraints, the coefficients a
and a3 cannot be negative, thus, Eq. (78) can only be
transformed to the KP-II equation. This indicates the
absence of the (2+1)-dimensional internal rogue waves
described by Eq. (78), and actually, the current research
on internal rogue waves mainly relies on the (1+1)-
dimensional Gardner equation[12]. In the following,
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solutions of Eq. (78) are obtained from those of Eq.
(85), and then are used to investigate the internal soli-
tary wave interactions.

4.1 Review of solutions of the KP equation (4.2)

Solutions of Eq. (85) can be given as

82
u&,0,1) _28 InA(&, 0, 1), (86)
where A(€, 6, T) can be expressed in terms of the Wron-
skian determinant
(0) (0)
fi o fy
A=Wr(f1,..., fn) = e , (@7)
f(N D f(N 1))

with fi(”) = 0" f;/9&", f; being the set of linearly

, 3p
independent solutions of % = 33 Sﬁ and af‘ = %EJ;'

The N-soliton solution is obtained by takmg

M

w

fi =) aie
=1

M >N, (88)

i, fori=1,...,N, and

where the constants a;; define the N x M coefficient
matrix C(y, ) = (a,- j). The phase functions w; can be
written in the form of

®j(€.0.71) = —kjE+ k10 — kit + ), for |
=1,...,M, (89)

where k; and a)? are arbitrary constants, and note that
ki <ky<--- <ky.

By choosing the appropriate forms of C(y, ), some
exact solutions of Eq. (85) can be obtained. For the
simplest example with N = 1 and M = 2,ie., 1 =
f1 = a1e® + appe®? with ajjajp > 0, we obtain the
1-soliton solution

2ok Tk THk{O+k30—kiE—ko§ (ky — ky)?

u = .
(efk?rJrkafk]E + efkgwkgeszgy ©0)

Similarly, let N = 1 and M = 3, the Y-shaped solu-
tion with three line solitons interacting at a vertex is
obtained.

It is well known that elastic 2-soliton solutions[34]
of Eq. (85) have been classified into three types: ordi-
nary (O-type), asymmetric (P-type) and resonant (T-
type). These types are generated by choosing N = 2

and M = 4, and their corresponding coefficient matri-
ces have the following forms, respectively,

1100 100 -1
C°=:<0011>’ CP=:<011()>’ Cr

10— —
=<01++>’ On

where '+, —' indicates the sign of the non-zero entry.

4.2 The internal solitary wave interactions

According to Eq. (84), the 1-soliton, Y-shaped, ordi-
nary 2-soliton, asymmetric 2-soliton, and resonant 2-
soliton solutions for Eq. (85) can be used to build
solutions of Eq. (78). For instance, taking the simplest
example, from Eq. (90), we obtain

A=

3 g kg Kt

V2V (kg — ky)?

7"

2 3

k2 @az g ko )
Vaz

92)

4](3{ 4k T
1 20 42
12e Va o Jay k “2“3 o k azaz

43t P 43t
1 2 _ kg 2
ai (6 far +k1 uza'; far 2 +e +

In order to determine the specific values of the coef-
ficients ay, a» and a3, we set D = 5, H = 8 and
d = 0.3 so that the lower layer is deep and the middle
is thin. Under different densities and shear flows, we
can determine the values of the coefficients from Figs.
2,3,4,5,6,7.

An oceanic internal solitary wave can be well
described by the “concave” 1-soliton solution, as
depicted in Fig. 8. The “concave” Y-shaped solution
(see Fig. 9) is formed by the resonant interaction of
three oceanic ISW at a vertex, which demonstrates that
the interaction of ISW can produces a Miles resonance.
Miles resonance can be regarded as one of the basic
structures of the resonance interaction of elastic two
solitons.

Remark 1 The Miles resonance corresponds to an
internal solitary wave pattern captured along the coast
of Washington State in 1990 by the RADARSAT-1
satellite, as shown in Fig. 9 (¢). Unlike the eastern coast
of the United States, the western coast lacks an exten-
sive continental shelf, leading to the occurrence of these
internal solitary waves closer to the shore.
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Fig. 8 (Color online) a The “concave” 1-soliton solution of Eq.
(78),withH =8,D =5,d =0.3,U; =0,U, =0.4,U3 = 1.8,
”—; = 1.5, (k1, k2) = (—0.15,0.1) and w(} =0forj=1,2at
© = 0. b The density plot of the “concave” 1-soliton solution. ¢

Now, we focus on the types of interactions of two
oceanic ISW. Firstly, the “concave” O-type solution of
Eq. (78) is obtained from the ordinary 2-soliton solu-
tion of Eq. (85) through Eq. (84). As can be seen from
Fig. 10, the ordinary interactions of the ISW produce a
region where a wave with a relatively large amplitude
exists. In this specific case, the amplitude of the wave
in this region is more than twice that of a single inter-
nal solitary wave. The ISW produce a phase shift in
this region. In real physical situations, the phase shift
is not very large, usually twice the wavelength of the
soliton at most[33]. It is important to note that although
we only show the figures of the O-type interactions at
a certain moment, in fact, the size of the region neither

@ Springer

The oceanic ISW (ASTER false-color VNIR image over the area
between the Andaman Sea and the Strait of Malacca acquired on
31 January 2002 at 0406 UTC), from [31]

expands nor contracts with time, and the amplitude of
the wave in the region is also stable. It follows that the
interactions of the ISW produce a wave with a relatively
large amplitude, which propagates without taking into
account the frictional dissipation.

Remark 2 The ordinary interactions (O-type) align
with Fig. 10c were captured by the RADARSAT-1
satellite in the South African maritime region in 1990.
Zheng et al. analyzed the image and found that both
sets of waves propagate toward the shore, complex
wave-wave interactions occur when the two sets of
waves meet, and that the water depths of ISW at this
site are all less than 500 m, with intervals ranging
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Fig. 9 (Color online) a The “concave” Y-shaped solution of
Eq. (78), with H = 8, D = 5,d = 03, U; =0, U, = 04,
Uz = 1.8, % = 1.5, (ky, k2, k3) = (—0.15,0,0.1) and a)(} =0
forj =1, 5 3 at T = 0. b The density plot of the “concave” Y-

from 1.08 ~ 2.27 km, and peak lengths ranging from
50 ~ 100 km [37].

Secondly, we display the P-type interactions for the
internal waves in Fig. 11. The difference from the ordi-
nary interactions is that the amplitudes of the two soli-
tary waves are different, and the amplitude of the asym-
metric interaction region is always smaller than that
of the highest soliton. Also we note that the solitons
with the largest amplitude are almost parallel to the
0-direction.

Thirdly, making advantages of the resonant 2-soliton
solution of Eq. (85) and the scaling of the variables
(84), we can obtain the solution of Eq. (78) to dis-

shaped solution. ¢ The interaction of oceanic ISW (RADARSAT-
1 image showing internal waves off the coast of Washington
State, acquired 9 August 1999 at 0155 UTC), from [31]

cuss whether there are resonant interactions, i.e., T-type
interactions (web-soliton) in the interior of the fluid. As
displayed in Fig. 12, though we do not find resonant
interactions of two ISW, we obtain another asymmet-
ric interaction (TO-type). While this interaction shares
some similarities with the O-type interaction, the TO-
type interaction is distinct in that it is generated by two
internal waves with varying amplitudes. It is evident
that the amplitude of the interaction region does not
exceed several times that of the higher soliton’s ampli-
tude, and the phase shift is not significant

When varying the values of k1, k2, k3 and k4 (note
that k1 < ko < k3 < k4), a third asymmetric interac-
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-100 -50 0 50 100

Fig. 10 (Color online) a The “concave” ordinary 2-soliton solu-
tion (O-type) of Eq. (78) with H = 8, D = 5,d = 0.3,
Uy =0,U; =04, Uz = 1.8, % = 1.5, (ki,....ks) =

tion, referred to as the TP-type interaction, is revealed.
It shares some similarities with the P-type interaction,
but in contrast to the P-type interaction, the ampli-
tude of this TP-type interaction region becomes lower
than that of any individual internal solitary wave. This
characteristic results in a less conspicuous interaction
region when observed in satellite imagery. Moreover,
the soliton with a higher amplitude is notably no longer
aligned parallel to the 6-direction.

Remark 3 The asymmetric interactions (P-type, TO-
type, and TP-type) exhibit features consistent with
Figs. 11c, 12, 13c observed in satellite imagery from
the Andaman Sea in 1997, acquired by the ERS-2 satel-
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(=0.1, —0.001, 0, 0.1) andw‘; =0forj=1,...,4att=1.b
The density plot of the “concave” O-type solution. ¢ The inter-
action of oceanic ISW (Astronaut photograph (STS036-082-76)
acquired on 1 March 1990 at 1254 UTC), from [31]

lite equipped with SAR. Alpers et al. identified several
sources of internal waves based on images of the region
(The shallow ridges between the Nicobar and Andaman
islands, submarine banks, and the shallow reefs off the
northwest coast of Sumatra) [38].

The above results demonstrate that the resonance
2-soliton solution behaves as asymmetric interactions
(TO-type or TP-type) for the oceanic internal waves.
That is, the web-like internal solitary wave interactions
described by the KP-II equation are common in sur-
face waves, but nonexistent in internal waves. The pri-
mary types of the internal solitary wave interactions
include ordinary interactions and asymmetric interac-
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-100  -50 0 50 100

Fig. 11 (Color online) a The “concave” asymmetric 2-soliton
solution (P-type) of Eq. (78) with H = 8, D = 5,d = 0.3,
Uy =0,U; = 04, U3 = 1.8, % = 1.5, (ky, ..., kg) =

tions(encompassing the TO-type and TP-type), as well
as Miles resonance, and they can be described by Eq.
(78).

Finally, we study the influence of the densities and
shear flows on the interactions of the oceanic ISW.
As shown in Fig. 14, in the absence of shear flows or
the presence of relatively small shear flows, we obtain
the “convex” ordinary 2-soliton solutions, while when
there are relatively large shear flows, the “concave”
ordinary 2-soliton solution is produced. This “‘concave”
ordinary 2-soliton solution corresponds to the gener-
ation of internal wave interactions, underscoring the
crucial role of shear flows in the formation of inter-
nal waves. In fact, whether the “convex” or the “con-

(—0.2,-0.15,0.1,0.2) and ) = O for j = 1,..., 4att = 0.
b The density plot of the “concave” P-type solution. ¢ The inter-
action of oceanic ISW (ERS-2 SAR image of the Andaman
acquired on 11 February 1997 at 0359 UTC), from [31]

cave” soliton solution is obtained depends on the sign
of the nonlinear coefficient a;, see Fig. 2 where the
shear flows affect the sign of a; once the stratification
and the ratio of density are determined. In addition, the
shear flows affect the amplitude and size of the ordinary
interaction region, both do not vary with time. Compar-
ing Figs. 10 and 14, it can be seen that increasing the
ratio of the densities has little effect on the amplitude
of the interaction region, but changes the size of the
region.

In the case of asymmetric interactions (see Fig. 15),
no shear flows or relatively small shear flows generate
the “convex” asymmetric 2-soliton solutions, and rel-
atively large shear flows excite a “concave” asymmet-
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-100  -50 0 50 100

Fig. 12 (Color online) a The “concave” asymmetric 2-soliton
solution (TO-type) of Eq. (78), with H = 8, D = 5,d = 0.3,
Uy =0,U; = 04, U3 = 1.8, Z—l = 1.5, (ky, ..., kg) =

ric 2-soliton solution (the emergence of internal wave
interactions). Similar to the case in Fig. 11, this is all
due to the action of the shear flows. It can be observed
from Fig. 15 with Fig. 11 that increasing the ratio of
the densities has almost no effect on the amplitude of
the asymmetric interaction region, but changes the size
of the region. The case of Miles resonance(see Fig. 16)
is similar and will not be repeated here.

The effect of shear flows on the ordinary, asymmetric
and Miles resonance interactions of the internal waves
is similar. Here we take only three types of typical inter-
action 3D images as examples. As a side note, the anal-
ysis of the TO-type and TP-type interactions also leads
to the same conclusion. In Figs. 14, 15, 16, we have
coarsely analyzed the effects of shear flows and den-
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(—=0.1,0,0.05,0.1) and o) = Oforj=1,...,4att = 3.
b The density plot of the “concave” TO-type solution. ¢ The
interaction of oceanic ISW (ERS-2 SAR image of the Andaman
acquired on 11 February 1997 at 0359 UTC), from [31]

sity on the internal solitary wave interactions. In order
to find out the rules, we next study their effects more
pertinently.

In Table 1, we compared the maximum amplitudes
of the derived KP equation (78) and the KP-II equation
(85). In order to control the variables, it is ensured that
the values of k; are the same and that there is no shear
flow in Eq. (78). Since Eq. (85) usually yields inter-
actions above the zero background, we use the “con-
vex” interactions of Eq. (78) as comparison. The T-type
interaction of Eq. (85) is used as comparison between
the TO-type and TP-type interactions of Eq. (78). The
amplitudes of all types of interactions obtained in Eq.
(78) are much higher (about three times higher) than
the corresponding interactions in Eq. (85). This indi-
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Fig. 13 (Color online) a The “concave” asymmetric 2-soliton
solution (TP-type) of Eq. (78), with H = 8, D = 5,d = 0.3,
U =0,U; =04, Uz = 1.8, % = 1.5, (ki,..., ka) =

(—0.1, —0.08,0.05,0.1) and a)? =0forj=1,...,4att =3.
b The density plot of the “concave” TP-type solution. ¢ The
interaction of oceanic ISW (ERS-2 SAR image of the Andaman
acquired on 11 February 1997 at 0359 UTC), from [31]

Table 1 Comparison of the maximum amplitude of the solitary wave-wave interactions for the derived KP equation and the KP-II

equation
Equation Type

1-soliton O-type P-type Y-shape TO-type TP-type
KP 0.094 0.052 0.24 0.094 0.043 0.05
KP-II 0.031 0.016 0.079 0.031 0.014(T) 0.017(T)
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Fig. 14 (Color online) Left: The “convex” ordinary 2-soliton
solution of Eq. (78) with Uy = 0 and U3z = 0. Center: The
“convex” ordinary 2-soliton solution of Eq. (78) with U, = 0.2
and Uz = 0.9. Right: The “concave” ordinary 2-soliton solu-
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Fig. 15 (Color online) Left: The “convex” asymmetric 2-soliton
solution of Eq. (78) with Uy = 0 and U3 = 0. Center: The “con-
vex” asymmetric 2-soliton solution of Eq. (78) with U, = 0.2
and U3 = 0.9. Right: The “concave” asymmetric 2-soliton solu-
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tion of Eq. (78) with Uy = 0.4 and U3 = 1.8. In all cases
(ki,...,kq) = (—=0.1,—-0.001,0,0.1),U; =0,H =8, D =5,
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tion of Eq. (78) with Uy = 0.4 and U3 = 1.8. In all cases
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D=5d=032% = 2and ) = O for j = 1,....4at
=0 ) '
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Fig. 16 (Color online) Left: The “convex” Y-shaped solution of
Eq. (78) with U = 0 and Uz = 0. Center: The “convex” Y-
shaped solution of Eq. (78) with U, = 0.2 and U3 = 0.9. Right:
The “concave” Y-shaped solution of Eq. (78) with U, = 0.4 and

(c)

Concave

-0.02+

-0.04—
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[

Uz = 1.8. In all cases (ki, ..., ks) = (0.2, —0.15,0.1,0.2),
Uy=0H=8D=5d=031% =2andw<} = 0 for
j=1,...,4att =0 ’ ’

Table 2 Comparison of the maximum amplitude of the internal solitary wave interactions under different shear flows, with the “-” sign

indicating the appearance of “dark” interactions

Shear flow Type
1-soliton O-type P-type Y-shape TO-type TP-type
U =0,U;=0,U3=0 0.094 0.052 0.24 0.094 0.043 0.05
U =0,U;,=02,U3=09 0.037 0.021 0.096 0.037 0.017 0.02
U =0,U;=04,U3=1.8 -0.064 -0.035 -0.16 -0.062 -0.029 -0.033

cates that Eq. (78) yields solitary wave-wave interac-
tions with larger amplitudes.

Table 2 shows that with the same density and strati-
fication, when the shear flow increases, the maximum
amplitude of all types of solitary wave-wave interac-
tions decreases, and the “convex” interactions will turn
to “concave” interactions. Therefore, the presence of
shear flows is the main determinant in exciting “con-
vex” or “concave” solitary wave-wave interactions.
It is noted that “concave” and “convex” phenomena
were also discussed in [12] for one-dimensional inter-
nal rogue waves governed by the Gardner equation,
whereas only “convex” internal solitary wave interac-

tions in the ocean were studied in [30] due to the theory
based on the constant coefficient.

The above results are obtained when a more realistic
stratification is chosen D = 3, i.e., the lower layer is
a deep layer. When other reasonable stratifications are
considered, one can judge the interactions are ‘“con-
vex” or “concave” from Figs. 2 and 3. For example,
when the stratification is closer to the bottom of the
fluid (D = 1), the interactions are “concave” with-
out shear flows, and become “convex” when increasing
shear flows. When the stratification is near the middle of
the fluid (D = 4), “convex” interactions appear with-
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Fig. 17 (Color online) Left: The O-type solution of Eq. (78)
with (ki,...,ka) = (=0.1,—-0.001,0,0.1) at T = 1. Cen-
ter: The P-type solution of Eq. (78) with (ky,...,ks) =
(—=0.2,-0.15,0.1,0.2) at T = 0. Right: The Y-shaped solu-

out shear flows, and as shear flows increase “concave”
interactions come in being.

The ratio of densities has no significant effect on the
amplitudes of the internal solitary wave interactions,
but has a fundamental impact on the angle between
the ISW, the width of the waves, and the region of the
interactions. As shown in Fig. 17, when the density ratio
decreases from p1/p3 = 2 to p1/p3 = 1.5, the angle
y of two ISW becomes smaller and the width 8 also
becomes narrower. In particular, the same phenomenon
occurs in two special types of interactions as displayed
in Fig. 18. At the same time, as the ratio of densities
decreases, the size of the area of interactions changes.
In general, the change in angle y and width 8 is the
indirect cause of the size of the interacting area, but
the fundamental factor is the change in the ratio of
densities.

Remark 4 1t is remarkable that one can transform the
results into the laboratory coordinate system (x, y, t),
however, it will simply changes the scales of the spatial
and temporal coordinates, and will not alter the main
characteristics and properties of the internal solitary

@ Springer
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tion of Eq. (78) with (ky, k2, k3) = (—0.15,0,0.1) at 7 = 0. In
allcases, H=8,D=5,d =03,U; =0,U, =04,U3 =1.8
and @) =0for j=1,....4

wave interactions that could be captured by the satellite
images.

5 Conclusion and discussion

We have established a (2+1)-dimensional KP model
whose coefficients are functions of shear flow and den-
sity, considering a three-layer fluid with a continuous
density distribution, to investigate the oceanic inter-
nal solitary wave interactions. In previous studies, the
determination of the depth of the middle layer d was
somewhat arbitrary. We emphasize the significance of
carefully selecting the value of d. In our specific case, it
is crucial to ensure a thin intermediate layer. Addition-
ally, shear flow and density ratio can affect the range
of d. It is noteworthy that when the delamination is
located at a position where the nonlinear effect is sud-
denly enhanced, the dispersion effect is weakened and
vice versa.

The oceanic internal solitary wave interactions are
categorized in detail into five types ( O-type, P-type,
TO-type, TP-type and Y-shaped), which is more com-
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Fig. 18 (Color online) Left: =100
The TO-type solution of Eq.
(78) with (ky, ..., kg) =
(—0.1,0,0.05,0.1). Right: -5
The TP-type solution of Eq.

(78) with (ky, ..., ks) =

(—0.1, —0.08,0.05,0.1). In g
all cases, H =8, D =5,
d=03,U; =0,U; =04,
U3:1.8,%:1.5and 5
@) =0forj=1,...,4at
T=3

- 100
=50

g
50
100

-100 -50 0 50 100

:]

prehensive than previous results and highlights the
superiority of Eq. (78). Especially, it is found that the
web-like internal solitary wave interactions (T-type)
commonly observed in surface waves are not found in
internal waves, and in fact, the TP-type interactions can
evolve into TO-type or TP-type interactions in inter-
nal waves. It is important to emphasize that we have
found distinct correspondences between different types
of interactions and internal wave satellite imagery. For
instance, O-type interactions align with images from
the southern African sea while asymmetric interac-
tions like P-type, TO-type, and TP-type correspond
with Andaman Sea satellite data. Moreover, Y-shaped
interactions match those captured along the Washing-
ton State coast. This not only addresses the limita-
tion of satellite imagery in capturing detailed structures
and dynamics of interactions but also demonstrates the
authenticity and effectiveness of our results.

These interactions are of various types in the ocean
and take “convex” and “concave” forms under the influ-
ence of shear flow. To the best of our knowledge, the

“convex” and “concave” forms of oceanic internal soli-
tary wave interactions have been obtained for the first
time, and this result reflects more realistically the fluc-
tuating state of oceanic ISW. Theoretical analysis indi-
cates that shear flow determines the occurrence of “con-
vex” or “‘concave” interactions, emphasizing the impor-
tance of introducing shear flow in the study of oceanic
ISW. In addition, the density ratio has a significant
effect on the angle, width and interaction area of ISW.
The specific patterns of their influence are presented.
Furthermore, exploring new types of internal soli-
tary wave interactions and different categories of inter-
nal waves, such as internal rogue waves and internal
breathers, combined with the powerful tool of satellite
imagery will be our primary focus in the future.
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Appendix A

According to Egs. (79)-(83), exact expressions of the
coefficients can be obtained as below.

_pi(=Ui+o0)

p3(=Us+0)(H—-D—d)

(0 (~Us+¢)? — H+ D +d)’
1

1

+

P 1 2y | :
op1d(=Uz +¢) | e — 77T — 5

L1 P1 2(%
In{— | [ (=p1d 4 p20 (=Uz +¢)) p3 [ —e?> W27
P3 03
P1 _ 3
— (p1d + p20 (=Uz +¢)) p3 ;eZo<Uz—c>
3

1
+ 1 (=Uz+¢)((p1 — p3) p1 (U2 +¢)

2
+p2 (p1 + p3)) oe 29
2p

1 5 e
=501 (U240 (01 = p3) 0 =24 (o1 + 1)) 7

1
oUy—c)— 1 (= (o1 —p3) (=Uz2 +¢) p1
+p2 (o1 4 p3)) (U2 4+ ) o]}, (A.1)

2 p1 (=U; + ¢)?
Zp.g =BG O
D2
p3(=Us +¢)* (H— D —d)
(0 (~Us+¢)* — H+D+d)’
1

2 3 :
4o psd?p3 /pL <ea(llefc) _ en(UZL(') + led(UZI—c) _ l)
3 3 3

P1 =Pl
In o —2p1 (=Uz +¢) p1p3p3e @29

+

5py

—2p1 (=Uz +¢) p1p3p3e> W2

5py

2 _sm
3 (ﬂ12 + p%) (=Uz +c) p1pze> 279

@ Springer

+ ps\/g((m (p1 + p3) (U2 +¢) pi
— 02 (Us — )* (p1 — p3) In? (ﬂ)
P3

+60 (p1 — p3)d (Us — ¢)*In (%)
3

2p|

1
+6d* (p1 — 03)) e (2= + 3 (p1p3 (1 + p3)

3p1

(=Uz+¢) + ps (p1 — p3)) e @279

+ (p1p3 (p1 + p3) (=Uz +¢) + o*
1
(=Us +)* (o1 — p3) In? (’i>
p3
2 L1
—60 (p1 —p3)d (—Uz +¢)"In (*)
P3
+6d* (py — ,03))
Pl
eo(Uy—)

1
+§P1P3 (p1+ p3) (U2 +0¢)

1
o))

1
2= 2p (U1 +)’ D
1
3(—0 (~Us+c)*H—D —d)’

(A2)

03 (—=Us +¢)* (H — D — d) (30’2 (—Us + o)

—30(—U3+c)2(H—D—d)+(H—D—d)2)
1

oL (2 2 0 .
£l £l —p20(Uy—c 20(Upr—c) __
p}ln(m)ap3( e20(U2=¢) 4 p20(Ur—0) 1)

1
{(—Uz +¢)%d <4P1 <—§P1 +o(=Us +C)>

3p1

r1 1
e20(Uy—) _ 4p1 <§p1 + o (_U2 + C)) e20(-Uz+c)

2p) r1
+ <a (—Uz+c)e?@2=9 4 2pje2-9)

—o (=Uz +¢)) (o1 + p3) \/E)} ,
03

21 - a3

(A.3)

B 1

- p3ln (%) od (—p12 + 6212 <%) (=Us + c)2> U.




Oceanic internal solitary wave interactions. ..

4839

prd+o ]n(%)(2n+d)(7U2+C)
e 2do (—Up+c) —e

—prd+o ]n(%)(zDﬂl)(fUerr)
2do (—Up+c)

{2p3 In3 (%) [(4p1d + 4pao (—Us + )

—prd+o ]n(%)(4D+3d}(7U2 +c)
e 2do (—Up+c)

+ (4pid —4pr0 (=Us +0))

prd+o ]11(%)(4D+3d)(—u2+/:)
e 2do (~Ua10)

— (U= pr+p)(—Ua+o)o

—pid+o ln(%)(ZDer)(—Uz +¢)

e 2do (~Up+c)

—(=2+)p1+p)(=Ua+0)o

—pd+o 1n(%)(n+d)(—vz +¢)
e 2do (—Up+c)

+((=Ua+o)pir+p)(—Uzr+c)o

p
prd+o ]n(%)(20+(1) (~Up+e)
e 2do (—Up+c)

+((U2—)p1+p2) (Uzr+0)o

prd+o ]n(%)(D+d}(—U2+c)
e 2do (~Us+0)

2D+2d

03

2D+d
— (0 (Us — ©)* +2d) (%) ! )Pl:“,

+2 ((a (Vs — ¢)? - 2d) (ﬂ>

(A4)

where

pL = \/a (o(—Uz 02 (ﬂ) - 4d> In (ﬂ
p3 03

pr=0(-Us+¢>h (ﬂ> ~2d,
03

p3 = U(_UZ =+ C)2 In (ﬂ> — 4d,

P3

9d

pa=0(~Us+)2In (ﬂ> -y
03 2

ps = 02(=Us + ¢)* In? (ﬂ)
P3

—60d(~Us +¢)*In (ﬂ) +6d2.
p3

(A.5)

10.

11.

12.

13.

14.

15.

16.

17.

18.

References

. Alford, M.H., Peacock, T., MacKinnon, J.A.: The formation

and fate of internal waves in the South China Sea. Nature
521, 65-69 (2015)

. Abdel-Gawad, H.I.: Towering and internal rogue waves

induced by two-layer interaction in non-uniform fluid. A 2D
non-autonomous gCDGKSE. Non. Dyn. 111, 1607-1624
(2023)

. Yuan, C., Grimshaw, R., Johnson, E., Whitfield, A.: Gener-

ation of nonlinear internal waves by flow over topography:
Rotational effects. Phys. Rev. E 101, 033104 (2020)

. Ekman, V.W.: On dead water. Sci. Results Norw. Polar

Expedi. 5(152), 1893-96 (1904)

. Grimshaw, R., Pelinovsky, E., Talipova, T.: Simulation of the

transformation of internal solitary waves on oceanic shelves.
J. Phys. Oceanogr. 34, 2774-2791 (2004)

. Grimshaw, R., Pelinovsky, E., Talipova, T.: Modelling inter-

nal solitary waves in the coastal ocean. Surv. Geophys. 28,
273-298 (2007)

. Wu, Q., Yao, M., Niu, Y.: Nonplanar free and forced vibra-

tions of an imperfect nanobeam employing nonlocal strain
gradient theory. Commun. Nonlinear Sci. Numer. Simul.
114, 106692 (2022)

. Wu, Q., Yao, M., Li, M.: Nonlinear coupling vibrations of

graphene composite laminated sheets impacted by particles.
Appl. Math. Model. 93, 75-88 (2021)

. Niu, Y., Yao, M., Wu, Q.: Nonlinear vibrations of function-

ally graded graphene reinforced composite cylindrical pan-
els. Appl. Math. Model. 101, 118 (2021)

Benney, D.J.: Long non-linear waves in fluid flows. J. Math.
Phys. 45, 52-63 (1966)

Grimshaw, R.: Evolution equations for long, nonlinear inter-
nal waves in stratified shear flows. Stud. Appl. Math. 65,
159-188 (1981)

Bokaeeyan, M., Ankiewicz, A., Akhmediev, N.: Bright and
dark rogue internal waves: The Gardner equation approach.
Phys. Rev. E 99, 062224 (2019)

Grimshaw, R., PelinovSky, E., Poloukhina, O.: Higher-order
Korteweg-de Vries models for internal solitary waves in a
stratified shear flow with a free surface. Nonlinear Proc.
Geoph. 9, 221-235 (2002)

Kleeorin, N., Rogachevskii, I., Soustova, I.A.: Internal grav-
ity waves in the energy and flux budget turbulence-closure
theory for shear-free stably stratified flows. Phys. Rev. E 99,
063106 (2019)

Liu, Y., Gao, Y.T,, Sun, Z.Y.: Multi-soliton solutions of
the forced variable-coefficient extended Korteweg-de Vries
equation arisen in fluid dynamics of internal solitary waves.
Non. Dyn. 66, 575-587 (2011)

Kadomtsev, B.B., Petviashvili, V.I.: On the stability of soli-
tary waves in weakly dispersing media. Dokl. Akad. Nauk.
Russ. Acad. Sci. 192, 753-756 (1970)

Kataoka, T., Tsutahara, M., Akuzawa, T.: Two-dimensional
evolution equation of finite-amplitude internal gravity waves
in a uniformly stratified fluid. Phys. Rev. Lett. 84, 1447
(2000)

Sadat, R., Saleh, R., Kassem, M.: Investigation of Lie sym-
metry and new solutions for highly dimensional non-elastic

@ Springer



4840

J-C. Sun et al.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

and elastic interactions between internal waves. Chaos, Soli-
tons Fractals 140, 110134 (2020)

Yuan, C., Grimshaw, R., Johnson, E.: Topographic effect on
oblique internal wave-wave interactions. J. Fluid Mech. 856,
36-60 (2018)

Igbal, M., Seadawy, A.R., Khalil, O.H.: Propagation of long
internal waves in density stratified ocean for the (2+1)-
dimensional nonlinear Nizhnik-Novikov-Vesselov dynam-
ical equation. Results Phys. 16, 102838 (2020)
Leppéranta, M., Myrberg, K.: Physical Oceanography of the
Baltic Sea (Springer Praxis, Berlin/Heidelberg/New York,
2009). 378 p

Kurkina, O.E., Kurkin, A.A., Soomere, T.: Higher-order
(244) Korteweg-de Vries-like equation for interfacial waves
in a symmetric three-layer fluid. Phys. Fluids 23, 116602
(2011)

Wang, Z., Wang, Z., Yuan, C.: Oceanic internal solitary
waves in three-layer fluids of great depth. Acta. Mech. Sin.
38, 321473 (2022)

Davis, G., Jamin, T., Deleuze, J.: Succession of resonances
to achieve internal wave turbulence. Phys. Rev. Lett. 124,
204502 (2020)

Guo, L.J., Chen, L., Mihalache, D., He, J.S.: Dynamics of
soliton interaction solutions of the Davey-Stewartson [ equa-
tion. Phys. Rev. E 105, 014218 (2022)

Tian, Z., Jia, Y., Du, Q.: Shearing stress of shoaling inter-
nal solitary waves over the slope. Ocean Eng. 241, 110046
(2021)

Yu, D., Dong, H.H., Zhang, Z.G., Yang, Y.H.: A novel
dynamic model and the oblique interaction for ocean internal
solitary waves. Non. Dyn. 108, 491-504 (2022)

Wang, C., Pawlowicz, R.: Oblique wave-wave interactions
of nonlinear near-surface internal waves in the Strait of Geor-
gia. J. Geophys. Res. Ocean. 117, C06031 (2012)

Yuan, C., Wang, Z.: On diffraction and oblique interactions
of horizontally two-dimensional internal solitary waves. J.
Fluid Mech. 936, A20 (2022)

Xue, J., Graber, H.C., Romeiser, R.: Understanding internal
wave-wave interaction patterns observed in satellite images
of the Mid-Atlantic Bight. IEEE. T. Geosci. Remote. 52,
3211-3219(2014)

@ Springer

31. http://www.internalwaveatlas.com/

32. Kodama, Y.: Young diagrams and N-soliton solutions of the
KP equation. J. Phys. A: Math. Gen. 37, 11169 (2004)

33. Biondini, G., Maruno, K.I., Oikawa, M.: Soliton Interactions
of the Kadomtsev-Petviashvili Equation and Generation of
Large-Amplitude Water Waves. Stud. Appl. Math. 122,377—
394 (2009)

34. Chakravarty, S., Kodama, Y.: KP web-solitons from wave
patterns: an inverse problem. J. Phys. Conf. Ser. IOP. Publ.
482, 012007 (2014)

35. Ablowitz, M.J., Baldwin, D.E.: Nonlinear shallow ocean-
wave soliton interactions on flat beaches. Phys. Rev. E 86,
036305 (2012)

36. Sun,J.C., Tang, X.Y. and Chen, Y.: Oceanic internal solitary
wave interactions via the KP equation in a three-layer fluid
with shear flow. arXiv preprint arXiv:2311.07990 (2023)

37. Zheng, Q., Klemas, V., Yan, X.H.: Digital orthorectification
of space shuttle coastal ocean photographs. lin. J Remote.
Sens. 18, 197-211 (1997)

38. Alpers, W., Wang-Chen, H., Hock, I.: Observation of inter-
nal waves in the Andaman Sea by ERS SAR. IGARSS 97.
Remote Sens. Sci. Vis. Sustain. Dev. 4, 1518-1520 (1997)

Publisher’s Note Springer Nature remains neutral with regard
to jurisdictional claims in published maps and institutional affil-
iations.

Springer Nature or its licensor (e.g. a society or other partner)
holds exclusive rights to this article under a publishing agreement
with the author(s) or other rightsholder(s); author self-archiving
of the accepted manuscript version of this article is solely gov-
erned by the terms of such publishing agreement and applicable
law.


http://www.internalwaveatlas.com/
http://arxiv.org/abs/2311.07990

	Oceanic internal solitary wave interactions via the KP equation in a three-layer fluid with shear flow
	Abstract
	1 Introduction
	2 Derivation of the KP model for internal waves
	2.1 Governing equations
	2.2 Semi-Lagrangian form
	2.3 Derivation of the KP equation

	3 Coefficients of the KP equation for a three-layer fluid
	3.1 Calculation of the coefficients
	3.2 Analysis of the coefficients

	4 Internal solitary wave interactions
	4.1 Review of solutions of the KP equation (4.2)
	4.2 The internal solitary wave interactions

	5 Conclusion and discussion
	Acknowledgements
	Appendix A
	References




