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ABSTRACT

Due to the fact that the higher-order Kaup-Newell (KN) system has more complex and diverse solutions than the classical second-order flow
KN system, the research on it has attracted much attention. In this paper, we consider a higher-order KN equation with third-order dispersion
and fifth-order nonlinearity. Based on the theory of the inverse scattering, the matrix Riemann-Hilbert problem is established. Through the
dressing method, the solution matrix with simple zeros without reflection is constructed. In particular, a new form of solution is given which
is more direct and simpler than previous methods. In addition, through the determinant solution matrix, the vivid diagrams and dynamic
analysis of single-soliton solution and two-soliton solution are given in detail. Finally, by using the technique of limit, we construct the general
solution matrix in the case of multiple zeros, and the examples of solutions for the cases of double zeros, triple zeros, single-double zeros, and
double-double zeros are especially shown.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0064411

I. INTRODUCTION
In Ref. 1, Abhinav et al. gave the coupled equations

qr = iqee — (4B + 1)qry — 4qqer + %(1 +2B) (4B + 1)g’r,

. (1)
11 = it — (4B + 1)1 qx — 4Prreq — %(1 +2B) (4B + 1) g’
System (1) has three famous Schrédinger-type reductions and these three reductions had been widely studied in recent years.
When 8= -1 and r = —¢*, system (1) reduces to derivative nonlinear Schrédinger (DNLS) I,
iqi + g - i(q°9") = 0, 2

« »

where the symbol “+” represents the complex conjugate and the subscript of x (or t) represents the partial derivative with respect to x (or t).
Equation (2) is also called the Kaup-Newell (KN) equation.” In recent years, the KN equation related to spectral problems, exact solutions,
Hamilton structure, Painléve properties, and other properties have been in-depth research.” * Equation (2) is a typical dispersion equa-
tion, wh;lcll} is derived from the magnetohydrodynamic equation with Hall effect, especially describing the nonlinear Alfvén waves in plasma
physics.”
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When f§ = —i and r = —q", system (1) reduces to DNLS II,

iq + g — 199" gx = 0, (3)

which appears in optical models of ultrashort pulses and is also referred to as the Chen-Lee-Liu (CLL) equation.'?
When 8 = 0and r = —¢%, system (1) reduces to DNLS III,

. 15
iqr+ G —iq G5+ 5q'q " =0. (4)

This equation was first discovered by Gerdjikov and Ivanov in Ref. 13, also known as the GI equation.
In Ref. 14, Fan gave the higher-order generalization of Eq. (1),

q‘_i [2Gxx — 6(28 — 1)7gs — 6(4B — 1)qqars — 6(2B — 1)qrdsx + 6(28 — 1)(4f — 1)’ 1
+3(8° — 12B+3)q'r’q. + 4B(2B - 1) (4B - 1)q'r’] = 0,

,t_i (27 + 6(2B = 1)grs — 6(4B — 1)rqurc + 6(2B — 1)qrre: + 6(2f — 1) (4B — 1)qr’qs
+3(86° —12B +3)q’r’re — 4B(2B - 1) (4B - 1)g’r*] = 0.

System (5) can be used to describe the higher-order nonlinear effects in nonlinear optics and other fields. System (5) also has three important
Schrodinger-type reductions.
First, when f = 0,x — ix,t - it,and r = —q*, system (5) becomes

_ 1 3i 34
qr = qu+(2|ql qx)x+(4\ql q)x, (6)

which can be viewed as the higher-order DNLS I or higher-order KN equation. Equation (6) also can be derived from the generalized KN
hierarchy'® under n = 3 and proper parameter.
Second, when f§ = i and x — ix,t —> it,r = —q", system (5) becomes

1 3.2 3. 42 3 4
= T xxx — xx — x - x> 7
qe = =5 Qe — L ildl g~ iq" @+ lal'q (7)

which can be viewed as the higher-order DNLS II or higher-order CLL equation.
Third, when = % and x — ix,t — it and r = —q", system (5) becomes

1 3 . 34
= — < (xxx —i x{x — x> 8
Gt = = Qe + 514054 4lql q (8)

which can be regarded as the higher-order DNLS III or higher-order GI equation.

It has been proved in Ref. 14 that Egs. (6)-(8) have multiple Hamiltonian structures and are Liouville integrable. The
N-soliton solutions of Egs. (7) and (8) have been studied in Refs. 16 and 17. In this paper, we mainly consider the soliton solutions and
higher-order soliton solution of Eq. (6). In fact, there are several classical methods to obtain the soliton solutions, such as the inverse scat-
tering (IST) method, Hirota bilinear method, Darboux/Backlund transform, and Riemann-Hilbert (RH) method.'® > Here, we will use
the RH method to derive the soliton solutions of Eq. (6) since it is more convenient to study the exact long-time asymptotic and large
—n asymptotic.”*

The high-order soliton solution of the nonlinear Schrodinger (NLS) type has been widely concerned by many scholars in recent years.
It can be used to describe the weak bound states of solitons, which may appear in the study of soliton train transmission with specific chirp
and almost equal velocity and amplitude.”” There are not many studies on DNLS type higher-order soliton solutions. Recently, Chen’s team
studied the double and triple zeros of the GI equation’” and the double zeros of higher-order KN.?* Here, we study more extensive cases and
give the general form of the solutions with multiple zeros.

The main content of this paper is to construct the general soliton solution matrix of the higher-order KN equation by using RH method.
It is worth noting that we recover the potential g(x, t) as the spectral parameter { — 0, it effectively reduces the operation process and avoids
the interference of implicit function, and the matrix form of the soliton solution is more direct. Taking the single soliton solution and the
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two-soliton solution as examples, the properties of the soliton are studied. Then, on the basis of the soliton solution, through a certain limit
technique, the solution matrix of the high-order soliton solution of the multiple zeros is obtained.

The organization of this paper is as follows: In Sec. II, the inverse scattering theory of the spectrum problem and the correspond-
ing matrix Riemann-Hilbert problem (RHP) are established. The N-soliton formula for the higher-order KN equation is derived by
considering the simple zeros in the RHP in Sec. III. In Sec. IV, we construct the higher-order soliton matrix and obtain the general
expression of the higher-order soliton, which corresponds to the multiple zeros in the RHP. Section V is devoted to conclusion and
discussion.

Il. INVERSE SCATTERING THEORY OF (6)

The main work of this part is to study the inverse scattering problem of Eq. (6) and construct the corresponding RHP.
Equation (6) is Lax integrable with the linear spectral problem

Y, = MY, M = -il*03 + (Q, 9)

Y, =NY, N=-2il’0;+Ny, (10)
where

Ni=2Q0 - i@l +i0sQi” + Q' - 2(QQ: - Q)

. (11)
- ZiQ‘lUS(Z - %Qxx( + %USQzQx( + ZQSC’
1 0 0
o= o= ) (12)
0 -1 -g 0

and it is easy to verify that
Q' =-q 03Qo3 = -Q,

which plays an important role in symmetry research later, and the symbol “” represents the conjugate transpose of a matrix. In the following
analysis, we assume that the potential function g, q* rapidly tends to zero as x — +oo. In this case, the solution of the boundary form can be
clearly obtained,

Y ~ e(ﬂzzxfz"(ét)‘73 as x — oo. (13)
We make the following transformation:
Yy = ]e(—ifzx—Zi(f’t)@. (14)
The Lax pair of Egs. (9) and (10) becomes
Ji+ i [03,]] = Q. (15)
Ji +2i°[03,]] = NuJ, (16)

where Q, N; have been given by Egs. (11) and (12).
In the scattering problem, the Lax equation (16) of time ¢ is ignored temporarily. By solving Eq. (9) with the constant variation method
and using transformation (14), the solution of Eq. (15) can be obtained, which satisfies the following integral equations:

eI+t f 0D Q) e mCN dy, 17)
+oo .. 2
Jo=1- ([ etC Us(y—x)Q(y)]Pel( 03(X—}’)dy) (18)
J. Math. Phys. 62, 123501 (2021); doi: 10.1063/5.0064411 62, 123501-3
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and these two Jost solutions satisfy the following asymptotics at large distances:

J~1 as x|~ oo. (19)

In order to analyze the analytical properties of Jost solutions in the { plane, we divide the entire { plane into two regions, as shown in

Fig. 1,
Cis = {(|arg(e (0,%) U (n,%ﬂ)}, Cyy = {C|arg(e (g,n) U (37”,271)}

Dividing J into columns as J = ( J M, J @ ), due to the structure (12) of the potential Q and Volterra integral equations (17) and (18), we
have the following proposition:

Proposition II.1. The above Volterra integral equations exist and are unique and have the following properties:

e The column vectors ]IE,[I) and ]}(,2) are analytic for { € Cy3 and continuous for { € C;3 UR UiR.

e The column vectors ]Ifl) and ]If/,z) are analytical for { € Ca4 and continuous for { € Coa UR U IR,

Through Eq. (14), we know that JpE and JiE are both solutions of the linear equation (9), so they are linearly related by a matrix S({),

JME = ]pES((), C e RuUiR, (20)

where E = ¢ and § (¢) = (5ij) ,,- It should be noted that

tr(-i¢’03 +{Q) = 0,
and using Abel’s formula, we can get that
(detY). =0, (21)
considering that transformation (14) has
det] = det Ydet(eiqzm) =detY.
Reusing Eq. (21) has
(det]), =0,

which means that the det J is independent of x, and then from the asymptotic (19), we know

+Im ¢

C2 I C1

Re ¢
C3 Cy

FIG. 1. Definition of the C43 = Cy u C3 and Cy4 = Cy U Cy.
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det] = lim det] = det( lim ]) =1.

x>0 x>0
We take the determinant on both sides of relation (20) to get det S({) = 1.
In order to construct the RHP, we consider the adjoint scattering equation of (15),
Oy = —il*[03, @] - {DQ, (22)

and it is easy to see that J™' is the solution of the adjoint equation (22) and satisfies the boundary condition J™ — I as x — +oo, where the
inverse matrices J~! as a collection of rows,

Up) 7 = (Y G 0 = () ) (23)
Due to the structure (12) of the potential Q, we also have the following proposition:

Proposition I1.2. According to the properties of the Jost solution, we can deduce that the inverse matrix J ' has the following properties:

o The row vectors (J;1) ) and (J3})® are analytic for { € Cy3 and continuous for { € C3 UR U iR.
o The rows (Tt )V and (J5*)® are analytical for ¢ € Cay and continuous for { € Ca4 UR UiR.

Furthermore, the analytical properties of the scattering data can be obtained as follows:

Proposition I1.3. Suppose that q(x,t) € L' (R), then si1 is analytic on Cy3, sz2 is analytic on Cas, and si2 and sy, are not analytic in Cy3
and Cy4 but are continuous to the real axis R and imaginary axis iR.

Proof. The scattering matrix can be rewritten as

-1y (1) -1y (D) (1) -1y (D) 1(2)
—i(*x03 i2xoy _ -1 (]P ) (1) (2) (]P ) M (]P ) M ;
e S(Q)e* ™ =Tp Ju = s = , (eRUIR. (24)
P ((];1)(2))( M M ) (];1)(2)]1&1) (];1)(2)]1512)

The elements corresponding to the matrices on both sides can be written clearly as
— 1 _ 1) i
S11 :(]Pl)( )](1), 512:(]1)1)( ]1(\,12)82(’(,

$1 = (]1;1)(2)]](\41)6721-(2’(, s12 = (]1:1)(2)]15?).

According to Propositions 1 and 2, it is easy to know that s1; is analytic on C;3, sz, is analytic on Cy4, and s12 and sz are not analytic in Cy3
and Cy4 but are continuous to the real axis R and imaginary axis iR. ]

Hence, we can construct two matrix functions P({,x) that are analytic for { € Ci3 U Cy4,

[(]E)(C,x),]}(,z)((,x)], (eCys,

P({,x):= (25)
[0 @x), 0P|, e
and detP = s;; when ¢ € Cy3, detP = §;1 and when ( € Caq. §11 is the first element of S7'.
To find the boundary condition of P, we consider the following asymptotic expansion as { — 0:
P=PO 4 PO PO 1 0(0). (26)
Substituting (26) into (15) and equating terms with like powers of {, we find
p¥ =,
It can be seen from (17) and (18) that
J. Math. Phys. 62, 123501 (2021); doi: 10.1063/5.0064411 62, 123501-5
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Tg=0y =1,
so we have
P->I, (-0 (27)

Then, the RHP of the higher-order KN equation is as follows:
Riemann-Hilbert Problem I1.4. The matrix function P((; x) has the following properties:

e Analyticity : P({;x,t) is an analytic function in { € Cy3 U Cps.
e Jump condition:

P.($;x) =P_(Gx)G(0),  (eRuUiR (28)

e Normalization : P({;x) =1+ O({) as{ - 0.

Here,

1%
G-E e (29)
$21 1

Next, we consider the symmetric properties of Jost solutions and scattering data so that we can consider interesting reduction.
Proposition I1.5. There are two symmetries of the Jost solutions and scattering data:

o The first symmetry reduction:

JECN =11 (x%0), (30)
(P(E))T =P7(0), (31)
s(¢) =s71(0). (32)
o The second symmetry reduction:
J(§) = 5] (—{)o3, (33)
P(-{) = asP({)os, (34)
S(=¢) = 038({)0s. (35)

Proof. For the first symmetric case, we replace { with {* and then take the conjugate transpose of Eq. (15) to get

U6 ))x = =il o5, ) (6. )] + T (¢ Q (36)

owing to Q" = —Q, so the above equation is

TN C))x = =il o] (6. 0] - U (6.0 Q. (37)

Comparing with Eq. (22), it is found that J ™ (x, {) and J7 (x, {*) satisfy the same equation form, and then according to the boundary conditions
at x = +o0o0, we know that

TN =T"(x0).

Note that the P we constructed are part of the Jost solutions and therefore have

J. Math. Phys. 62, 123501 (2021); doi: 10.1063/5.0064411 62, 123501-6
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®ECN =P().

In addition, in view of the scattering relation (20) between J and Jp, we find that § also satisfies the involution property

S'(¢) =57'(0).

For the second symmetry, replacing { with —{ and both sides of the equation being multiplied by o3,

03Jx(~0) a3 + il [03, 03] (~{) 03] = ~La3QI (=) 03,

due to 03Qo3 = —Q, the above equation can be reduced to

03Jx(-{)o3 + 152[03,03](—()03] ={Qua3J(-{)os.

It is easy to find that J({) and J(-{) satisfy the same equation, so there is

J(§) = 03] (=)o, (38)
and it follows that

P(=() = a:P({)o3 (39)

and
$(=0) = 035({) . (40)
O

From Egs. (32) and (35), we obtain the relations

i) =800 () =820, sh(0) =), (<RUR (41)

and
s11(0) =s11(=0), $22(0) =22(=()> s12(=0) = =s12(),  s21(=C) = =su({), (eRuUiR. (42)

Thus, s11(A) is an even function, and each zero {} of s11 is accompanied with zero —{. Similarly, $;1 has two zeros (.

A. Solvability of RHP

In general, if the det P({) # 0 of the RHP, the RHP is considered to be regular, its solution is unique, and can be given by using the Plemelj
formula.”” However, more often than not they are non-regular, where det P({) = 0, i. e., s11(£{;) = 0 and 311 (+(x) = 0 at certain discrete
locations, +(; and +(; are called zeros. Here, we first consider the case of simple zeros {+{; € Ci3,1 < k< N} and {iZk €Cu,1 <k <N},
where N is the number of these zeros. These zeros are known from relation (41),

su(G) =8(8%) =0, 311(zk) =0,
)
&= (43)

In this case, both ker(P(+(;)) are one-dimensional and spanned by single column vector |v;) and single row vector (vy|, respectively,
and thus,

P((k)"’k) =0, (Vklp({lj) =0, (eCpis, 1<k<N. (44)

By the symmetry relation (31), it is easy to get

J. Math. Phys. 62, 123501 (2021); doi: 10.1063/5.0064411 62, 123501-7
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[ve) = (vl (45)

Regarding this non-regular RHP (28) under the canonical normalization condition, its solution is also unique. Here, we mainly use the
dressing method to turn the non-regular problem into the regular problem.”’ Next, we construct a matrix function I'(x, £, {’) that could cancel
all the zeros of P. From relations (41) and (42), we should construct a matrix I';, whose determinant is

det Ty ({) = é - (46)
k

From the above properties [(31), (34) and (46)], we could construct the form for the matrix

Ak (I3Ak0‘3 -1 A;E 0'3A;£0'3
Te(Q) =T+ 5 -T2 () =T+ - 2E2 G eCpi, k=1,2,...,N, (47)
MO g O g SO
where
*2 2 0"’: 0 B (k 0
Ay = kT(k i) (wels o' = (i o |lwiehs (48)
0 243 0 k
wi) = Tt (G) - T (Golvids (wil = [wie) (49)
and then det PI;! # 0 at points +(; and det T;'P # 0 at points +{; . Introducing
T(0) = Tn(OTn-1(¢) - - Ta ({)s (50)
IO =TT (O (). TN (0), (51)
the analytic solutions may be represented as
P = PT. (52)

Then, the RHP of the higher-order KN equation without singularity is as follows:
Riemann-Hilbert Problem I1.6. The matrix function P({;x) has the following properties:

o Analyticity: f’(( ;x, 1) is the analytic function in { € Ci3 U Cas.
e Jump condition:

P, (Gx) =P (GX)IGTT'(0), (eRUIR. (53)
e Asymptotic behaviors: P({;x) = Py + O({), as (0.
The form of G has been given by Eq. (29). From Eq. (52), we have

Py = (T, (54)
B. Scattering data evolution
From the solution of RHP, it can be seen that the minimum scattering data needed for solving RHP and reconstructing potential is

{521,§12,( e RuUiR; ﬂ:(k, i{;, |Vk>, <Vk|, 1<k< N}

Since J satisfies the temporal equation (16) of the Lax pair and relation (20), then according to the evolution property (20) and Q - 0,V — 0
as |x| = oo, we have

St +2i¢°[03,5] = 0,

and the evolutions of the entries of the scattering matrix S satisfy

J. Math. Phys. 62, 123501 (2021); doi: 10.1063/5.0064411 62, 123501-8
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si =520 =0, s12(85() = 512(0;0) eXp(—4i56t), $21(5:0) = 521(0;{) eXp(4iCGt). (55)

Differentiating both sides of the first equation of (44) with respect to x and t and recalling the Lax (15) and (16), we have

P((x )(d|;>+1(03|vk)) 0, P((k,x)(| >+21(03|vk)) 0, CeCup

It concludes that
|Vk> _ e—i(,fd3x—2i(fo3t|vk0),
where vy = vil,_,
lll. N SOLITON SOLUTIONS
In this part, we mainly obtain the potential g. The expansion of P({) with { - 0is

P(() =1+PV ¢+ PP+ 0(0). (56)

Substituting the expansion into Eq. (15), the potential matrix function can be obtained by comparing the coefficients,

Q=P (57)
from this formula, and we can get the potential g(x, t). As we all know, the soliton solutions correspond to the disappearance of the scattering

coefficient, G = I, G = 0. Therefore, we intend to solve the corresponding RHP (53).
According to Egs. (52) and (54), we can consider the following expansion form:

P(x, ) = (Tle=o) ™ (Tleo + T (6, )¢ + O(0)), (58)

which gives P(V) = (1"|(:0)711"(1) (x,t). Below, the main effort is to find an explicit expression for (T|;—o) ~'T" (x, ). In fact, the form of I from
Egs. (50) and (51) have a more compact form

N
O'3Bk03
r(Q)=1I+ . (59)
@15 | P T
and
N B]L 0'3BTCT3
I''(O)=I+ k ] (60)
@15 e -
with By = |z }{v|. To determine the form of matrix By, we consider ()T ({) = I, we have
Res;_¢ (I (¢) =T(§)Bf =0,
and it yields
o [ 126) (il a3lz) (vilos )]
EE N wy=0, j=1,2,..., N, (61)
2 (- o
it is easy to figure out
AN
l2ic)y = 2o (M7 )il (62)
j=1
where |z;), denotes the Ith element of |z;) and matrix M is defined as
J. Math. Phys. 62, 123501 (2021); doi: 10.1063/5.0064411 62, 123501-9
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_ (elosly)  (wlwy)

el g )

Then, we have

N [ B + 03B,
(F|(_0)—I—Z[ JL? iz,
¢

Y, Bj - 03Bjo:
1 3 3
1D (x,1) =*§]TJ
Y

These equations enable us to have

1

-

-1
_ N[ B; + 03B; N, 03Bjos - B;
PO = (Ifc-o) lr”(x,t):(’-z[ T 0]) IR

and by Eq. (57), we can obtain that the potential function q(x, t) is

N z(Ml)jk|vk>1<vJ-|1)“( N —z(M1>jk|vk>1<v,-|z)
) = 1- _ _ s 64
o ((1- 5247 PR o

X

where M has been given by Eq. (63). Note that M~ can be expressed as the transpose of M’s cofactor matrix divided by det M. Hence, the
solution (64) can be rewritten as

24tk 2detF
x,t) = detM :( ) , 65
a01) (1+2§:§A§)x detM + 2detG /, (65)
where
My My - My |vih My My -+ My |vin
My My - My v My My -+ My |ma)
F= , G= :
M Mp -+ Mun |Vn>1 M Mpp  -++ Mpn |Vn>1
(il (»2)2 (val2 (vili  (») (vah
*2 *2 e *2 0 * * e * 0
Gi ¢! e G & e

To get the explicit N-soliton solutions, we may take vy = (ay, b)), and then

[vi) = L = e e %),
Ok

where 6 = —ilfx — 2i(}t.
In what follows, we will take single soliton and two-soliton solution as examples to study the properties of solitons in more detail. For
convenience, let {j = (ir + i(jr,
6 = 2my(x— (8} — )0, 6 = —Bx—2(8) — 12mB)1,

2 2
mj = GrGr,  Bj = Gr = Gi»

where (jr, {jr are the real and imaginary parts of {;.
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A. Single-soliton solution

For N = 1, taking the discrete spectrum point +{; and +(;’, then using formula (64) to directly calculate, it can be seen that

2 *2 * 01—
q(x,t) — (Cl — 61 )( alble ) (66)

|(1|2 ({+|b1|ze—(el+9;) 4 (l|a1|zeel+a;

or equal to

CV1|171|26_26lR + (1*|011|2€29‘R 2i6;
@I Pe 5 + e

q(xt) = 8a1bi (irCur (67)

The velocity for the single soliton is v = 8(z(%; — 6({z — (;)*. The center position for |g| locates on the line

! lnM—O.

X —vt— =
400

The amplitudes associated with |g|* are given by

6401rCi
A(q) = =B
@ e
In Fig. 2(a), we give the 3D graph of the single-soliton solution.

B. Two-soliton solution
When N = 2, the two-soliton solution of the higher-order KN equation has the form of g(x, t) = A/A¢ with

(b)

FIG. 2. Soliton solutions for |g|. (a) Single-soliton solution in the three-dimensional plot, where {1 = 1 + 0.25/,a1 = 1,y = 0.1 + 0.7i. (b) Two-soliton solution in the three-
dimensional plot, where {1 = 1+ 0.25i,a1 = 1,by = 0.1 + 0.7, {, = 1+ 0.5/, 8, = 1,b, = —0.1 + 0.7i. Single-soliton solution for |u, where &1 = 1,771 = 0.5,¢ = 1.
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—20,r+2i6,;—40:; 20,r+2i6 20, +2i6,,—46 —20,r+2i6 —20,r+2i6) 4i0,;—20,g —2i6
A1:51€ 1RFT21011 ZR+626 1R 1”+53€ 1RFT21011 ZR+64e 1R 1”+65€ 2R 121+666111 2R~ 21021

40,r+20,5+2i6. 40,r—20,r+2i6 20,5 +2i6. 20,r—2i6+4i6. 20,r+2i6,+406 —20,r+2i6,+40.
+87€ 1R 2R l”+6ge 1R 2R 12[+69€ 2R 12]+810€ 1R—21011 12]+(S116 1rR+21011 2R+6126 1rR+21011 2R

4i0,1+26,g—2i6 —40,r—20,5+2i0. —40,r+20,5+2i6. —20,r—2i6,+4i6.
+613elll 2R 121+5146 1R 2R 121+515€ 1R 2R 121+616€ 1R—21011 121)

—460,r—40 —46, —46, —26,r—2i6,;—20,5+2i0) —20,r+2i6;—20,5 216, 40,r+40
AO:P0+P1€ 1R ZR+P23 1R+p3e ZR+p4e 1R~ 241011 2R lzr+pse 1R+21011 2R lzz+p6e 1R 2R

40, 20)r—2i6;—20,,+2i6. 20, r+2i6, 426, —2i6. 460,r—40 20,r—2i6;1+20,r+2i6!
1R+P8€ 2R+p9e 1R— 41011 2R IZI+P106 1R+2101] 2R lzr+plle 1R ZR+P126 1R—21011 2R T210o1

20, +2i0);— 20,3 —2i03 +p14ef49”‘+492" +PIS87291R—2i011+29m+2i9u +p168—291R+2i9”+26m—2i9u +p17e—4i611+4i921

46
+ p7e

+ pi13e

4160, —4i0;
+P183 1011 121.

The coefficients of these exponential terms constituted of a1, ay, az, a5, b1, b7, b2, b5 and (1, {{', (5, {; . However, it is tedious to write them
all out, and they can be calculated directly via the computer. Instead of presenting the complex expression, we show the typical solution
behavior in Fig. 2(b). It can be seen from Fig. 2(b) that when ¢ — —oo, the solution consists of two single solitons that are far apart and travel
opposite each other. When they collide together, the interaction weakens. When ¢t — +oo, these are separated into two single solitons, and
there is no change in shape and velocity and no energy radiating to the far field. Therefore, the interaction of these solitons is elastic. However,
it can be observed from the graph that after the interaction, each soliton has a phase shift and a position shift.

Next, we verify the rationality of the above analysis through the expression of the soliton solution. In general, we make the assumption
&ini > 0 and v; < v,. This means that at t - —oo, soliton-2 is on the left side of soliton-1 and moves faster, and the two solitons are in the
moving frame with velocity v; = 8(,-2};(,% - 6((,2R - (,-21)2; noting that 01z = 2m (x — vit), Or = 2ma(x — vat), it yields

ma0ir — M1 = 2mima(va — v1)t.

Next, we study the collision dynamics of the two soliton solutions by using the asymptotic analysis technique of Ref. 31. Under different
asymptotic states of 01z and 6.z, the asymptotic expression of g(x, t) is obtained.

(i) Before collision (as t — —o0).
(a) If|6ig| < oo, then B — oo:

QB P+ Flal Pt g,

xt) ~ 8y b - 68
q(x,t) 1 b1 QR (CF|BM2e26u + (| [2¢20m )2 (68)
where a1 = m((zz - (12),?711\4 = bl({;z - {12)
(b) 1f|62r| < o0, then O1g - —o0:
s Glby e + Gy Pe™ g
x,t) ~ 8a) b3M = haR 69
q(x,t) 5 by GrGar ((;\bgﬂze‘zezk n (2\5112”|26292R)2 (69)
where @) = a,(5 - (7). BY' = b2((3 - (7).
(ii) After collision (as t — o0).
(a) If‘em‘ < oo, then 6 — —o0:
pes (Iléflze—ww 4 {*laPlleZGU{ 210
x,t) ~ 8ar b’ = L o, 70
q(x,t) 101 GrCu (Cf\bﬂze_zem N (1‘5111>‘2€29,R)z (70)
where @} = a1 (& - (1), 00 = 01 (G - ).
(b) If|62r| < oo, then O1r — oo:
. B[220 *1~P|2 20 ;
q(x,t) ~ 8a50;" (orl Glbs[ e +&lale 20 (71)

(1B Pei + Glal et )2

where @ = ax(& - &), b5 = b2 (3 - §2).

It is pointed out that the asymptotic solutions can also be written as the function of solitary waves, and the respective velocities
are v; and v;, which remain unchanged before and after the collision. This elastic interaction is a remarkable property, which shows
that the higher-order KN equation (6) is integrable. From the above asymptotic solutions, we can get the phase difference of soliton-1
solution,
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G-4

2_ 2
;_(1

P M
Ao = l(m il _y, 12 |) =In

2\ lagl o la]

Following similar calculations, we can get the phase difference of soliton-2 solution,
B3]

M
Abo = l(1n o b2 |) “In

AN Y

g-g
1

G-

= —Aﬂm.

IV. SOLITON MATRIX FOR MULTIPLE ZEROS

In this section, we will further consider the case of multiple zeros, where the multiplicity of {+{;, +{;" } is greater than 1, and then the
determinant of P can be written in the following form:

detP(Q) = (C-&)"(C-8)" ... (F-8)"p(0), GeCus,

nYA

detP(0) = (- &7)" (8 -67)" . (C=07)"p()s & € Cas,
where p({i) #0(i=1,...,r)forall { e Cizand p({;) #0 (i=1, ..., r) forall { € Cys.

Compared with the case of simple zeros, the number of kernel functions with multiple zeros is related to the multiplicity of zeros. For
example, for the discrete spectral point {{i, {7’ }, its kernel function is

P(0)lv) =0, (w[P((F)=0, G eCi 1<j<m, (72)
|v;) is linearly independent. For the case of multiple zeros, the corresponding I' and I'™" can be given by using the following theorem:

Theorem IV.1 (Ref. 32, Lemma 3). Consider a pair of higher order zeros of order nj(j =1, ...,r): {{;,~(j} in Ci3 and {{',~{} in Cay.
Then, the corresponding soliton matrix T;({) and its inverse can be cast in the following form:

<¢J’>”j‘
IO =1+ (1) [ )EO] |
(9ial
) (73)
(]
L) =1+ (|gim)-- @i )EO| |
<¢j>n]
where the matrices 5;({) and 8;({) are defined as
:4({)_ D+((‘(]) Onxn :—({)_ ,D_((_(j*) Onxn
HJ - b HJ - _ * >
01 D ((+ ) Oy D ({+")
D*(y), D (y) are upper-triangular and lower-triangular Toeplitz matrices defined as
yloy? oy y'oo o o0
0o . T _ yooyh e
D'(y) = . D(y)-= ,
. -1 2 S
- Yooy : 0
0 -~ 0 y! yoe oy oy
and vectors |¢;), |9i), ((7)1-,1-|, (@il (@3, @) (i =1, ..., n,) are independent of (.
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(74)

(75)

The rest of the vector parameters in (73) can be derived by calculating the residue of each order in the identity I'({ ' () =Tat{=¢ f

and { = —(j,
1) |6i1)
Ll =0 TG : |=0
|®jn,) |$jn.)
where
r(¢) 0 0
iF(Z) r({)
- * |
: . 0
1 ar1 d
(-1 g © 2t (© T©)

(76)

(77)

Using this method, the process of solving the soliton solution is very complex. Next, the corresponding I' can be constructed by using the
method of Ref. 33, and the dressing matrix of multiple zeros is derived by the unipolar limit method. The results are given by the following

theorem:

Theorem IV.2. Suppose { = (i is the zero of geometric multiplicity nj(j =1, ...,r) and ¥;_, nj = N; then, the modified matrix can be

expressed as

r(¢y =ri ol plmd o ety = oyt byl ety

where

A Al

i

C_(i* (+(i* ’

@) =1+ Q=1+

*2 2 *[ 1]

i e K2 0 i j i1\~ N

A= L N T R |
0 a; 0

[n;—1] 0 ny—1 0
Tty
! 5—0 6J

0]-1 nm—1]-1 0]-1 [n-1]-1
(o=t plm=t=t o plol=t o pl

ATl USAT[J'](73
(-4 - {+G ’

[vi) (i + 6),

(v = lim(n| (¢ +0)

Then, we can get

which leads to

=gz +s
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det F =
c 2det F
t) = detM _ — n _ ,
4(<1) (1+2de“? ) (detM+2detG) (78)
detM / x x
where
C] of12] Cl] -
MM M g o)
M[Zl] M[ZZ] M[Zr] ).(2
i i M[Zl] M[22] M[Zr]
F=l : : > M= :
el ] ol : : :
M~ M M Xr il ) il
v 2 v 0
2 JVL I
M[Zl] M[22] M[Zr] 2
G = S >
it gyl Jyiddl 2
T T, T, 0
with
il _ 1 0 (loalv) _ i)y
R N () I T T S CH S
B ANORING N o roo
Xi= (|Vz)1 ,|V,>1 > ce ‘Vz)1 ) > |V1) = (])' 8(c)j|vl>|(=fi’
i = (<w|z)[°] (w)m (<v,-|2)[""” (<V,.| )“] _ (; o () )
i (i*z > {i*z > o> (1*2 > (l_*z (])| a(()l (*2 =P

I

o

(]
) ) (ﬁ Ay

)

)

FIG. 3. (a) The double-zero soliton solution for |q| with ny = 2,{ =1 +1,a; = by = 1. (b) Density plot of double zeros. (c) The triple-zero soliton solution for |q| and ny =

3,{ =1+i,a; = by = 1. (d) Density plot of triple zeros.
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FIG. 4. (a) Mixed solution of double zeros and single zero for |q| with ny =2, i, =1, (1 =1+i, a1 =b1 =1, & = % +1i, ap = by = 1. (b) Density plot of single-double

zeros. (c) Mixed solution of double zeros and double zeros for [q| withny =2, np =2, s =1+i, a1 =b1 =1, L =1+ %i, ap = b, = 1. (d) Density plot of double—double
Z€ros.

Hence, formula (78) gives the general expression of high-order solitons with multiple zeros. Because the spectral parameters here cannot be
pure real or pure virtual, the expression of the high-order soliton is relatively complex, but different #; and appropriate parameters can be
selected, and the graphics of mixed high-order solitons solution can be given by using mathematical software such as Maple and Mathematica.
Here, we give several representative mixed solutions. In Fig. 3, let n; =2,n;=0 (j=2, ..., r), in Eq. (78), which represents the double

zeros case, and ny =3,n;=0(j =2, ..., r), in Eq. (78) is the triple zeros case. In Fig. 4, take n1 = 2,m = 1,n;=0(j=3, ..., r), that is, a
mixed solution of a double zeros and a single zero, and take n; = 2,1, = 2,n; = 0(j=3,...,7), which means a mixed solution of two double
Zeros.

V. CONCLUSION AND DISCUSSION

In a word, the inverse scattering method is applied to the higher-order KN equation with vanishing boundary at infinity, and the soliton
matrix is constructed by studying the corresponding RHP. Using RHP regularization of finite simple zeros, the determinant form of general
N-solitons of the higher-order KN equation without reflection is obtained, which is different from the soliton solution form of the previous
KN system. In the process of inverse scattering, the potential function is recovered when the spectral parameter tends to zero, which effectively
avoids the appearance of the implicit function.”® At the same time, the properties of the single-soliton solution and the collision dynamics and
asymptotic behavior of the two-soliton solution are investigated.

In addition, the multiple zeros of RHP are considered, and the higher-order soliton matrix of the higher-order KN equation is obtained
by the limit technique. Several typical graphs are given, including the graphs of the double zero soliton solution, triple zero soliton solution,
single-double zero soliton solution, and double-double zero soliton solution. It provides a good basis for future experimental observation.

In this context, we merely consider the solutions of the zero boundary condition at infinity. For solutions with non-zero boundary
conditions at infinity, the long-term behavior and asymptotic stability need to be further studied.
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