
Physica D 454 (2023) 133855

e
L
a

b

U
c

d

E
n
w
w

o
o

S

h
0

Contents lists available at ScienceDirect

Physica D

journal homepage: www.elsevier.com/locate/physd

The long-time asymptotics of the derivative nonlinear Schrödinger
quationwith step-like initial value
ili Wen a, Yong Chen b,c,∗, Jian Xu d

Department of Mathematics, Shanghai Polytechnic University, Shanghai, 201209, China
School of Mathematical Sciences, Shanghai Key Laboratory of Pure Mathematics and Mathematical Practice, East China Normal
niversity, Shanghai, 200241, China
College of Mathematics and Systems Science, Shandong University of Science and Technology, Qingdao, 266590, China
College of Sciences, University of Shanghai for Science and Technology, Shanghai, 200093, China

a r t i c l e i n f o

Article history:
Received 16 February 2023
Received in revised form 4 July 2023
Accepted 13 July 2023
Available online 20 July 2023
Communicated by F. Bao-Feng

Keywords:
Long-time asymptotics
DNLS equation
Step-like initial value
Genus 3
Leading order
Subleading order

a b s t r a c t

Consideration in this present paper is the long-time asymptotics of solutions to the derivative nonlinear
Schrödinger (DNLS) equation with the step-like initial value

q(x, 0) = q0(x) =

{
A1eiφe2iBx, x < 0,
A2e−2iBx, x > 0,

by Deift–Zhou method. The step-like initial problem is described by a matrix Riemann–Hilbert problem.
A crucial ingredient used in this paper is to introduce the g-function mechanism for solving the
problem of the entries of the jump matrix growing exponentially as t → ∞. It is shown that the
leading order term of the long-time asymptotics solution of the DNLS equation is expressed by the
Theta function Θ about the Riemann-surface of genus 3 and the subleading order term expressed by
parabolic cylinder and Airy functions.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction and main result

This paper is devoted to the long-time asymptotics behavior of solutions to the derivative nonlinear Schrödinger (DNLS) equation
with a step-like initial value

iqt + qxx − iq2qx +
1
2
|q|4q = 0, (1.1)

q(x, 0) =

{
A1eiφ1e−2iB1x, x < 0,
A2eiφ2e−2iB2x, x > 0.

(1.2)

q. (1.1) alternatively termed by DNLS-III equation and sometimes referred as the Gerdjikov–Ivanov equation, to model weakly
onlinear dispersive water waves, Alfvén waves propagating along with the constant magnetic field in cold plasmas and ultrafast
aves in optical fibers [1–3]. Here and after, the overbar denotes the complex conjugation and the subscript denotes the differential
ith respect to the corresponding variables. The DNLS-I,-II equations

iqt + qxx + i(|q|2q)x = 0, (1.3)

iqt + qxx + i|q|2qx = 0, (1.4)

r termed by Kaup–Newell equation and Chen–Lee–Liu equation are also the canonical models of the DNLS equation. There exist a chain
f gauge transformations to relate DNLS-I,-II,-III equation with each other [4]. Theoretically, a solution q̌(x, t) of DNLS-I equation (1.3),
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Fig. 1. The jump contour ∁ = R ∪ iR and R.

he invertible gauge transformation q(x, t) = q̌(x, t) exp
(
∓i
∫ x

−∞
|q̌|2(y, t)dy

)
maps the solutions of the DNLS equation (1.1) with t →

t
2 .

owever, it is very hard to be done explicitly due to the involved indefinite integration. Therefore, one needs to work with these
quations separately.
Note that the problematic term (|q|2q)x in (1.3) is replaced by the quintic term |q|2q without derivative and a derivative term q2qx

ith a better convolution structure in (1.1). Therefore, the present paper is concerned with the long-time asymptotics under the step-
ike (asymmetric) initial value problem for x ≶ 0 of the DNLS equation (1.1). The now well-known method of nonlinear steepest
escent for studying the long-time asymptotics of solutions of integrable nonlinear equations with initial value was introduced in the
arly 1990s in a seminal paper by Deift and Zhou [5], building on earlier works of Manakov [6] and Its [7]. For a detailed historical
eview of this method please see [8] and further extended by Deift, Venakides and Zhou [9,10]. This method of increasing perfection
s based on the development of the nonlinear steepest descent method for Riemann–Hilbert (RH) problem associated with integrable
onlinear equations. The intermeshing of the RH formalism and the Deift–Zhou approach to the step-like initial value problems has
radually been the subject of more works [11–14]. This idea was adapted by Venakides to problems in the shock problem with initial
ata for the integrable equation [9]. Buckingham, Boutet de Monvel, Biondini, Minakov and Grava considered the long-time asymptotics
or the step-like initial value [15–24].

Before stating our assumptions and result more precisely, we recall known results concerning the DNLS equation (1.1). The multiple
oliton solutions are addressed for the DNLS equation (1.1) under the initial value with zero/nonzero boundary conditions as x → ±∞

y analyzing a matrix Riemann–Hilbert (RH) problem [25]. The Dirichlet initial–boundary value problem for the DNLS equation (1.1) is
xhibited to be locally well-posed in Hs(R+) for s ∈ (1/2, 5/2) and s = 3/2 on the half-line [26]. For the nondecaying boundary value,
he existence of a solution is classified for the DNLS equation (1.1) with asymptotical time-periodic boundary values and two particular
amilies of parameters lying on the quarter plane {(x, t) ∈ R2

|x ≥ 0, t ≥ 0} [27]. Due to its integrability, many explicit solutions in the
losed form (including solitons and algebraic solitons, breathers and rogue wave solutions, algebro-geometric solutions), Hamiltonian
tructures, integrable decompositions and similarity reductions have been presented for the DNLS equation (1.1) [28–36]. The global
xistence for the DNLS equation (1.1) was proved by inverse scattering method in [37].
In the context of inverse scattering, the long-time asymptotics was studied for the DNLS equation (1.1) with step-like initial values

(x, 0) =

{
Aeiφe−2iBx, x ≤ 0,
0, x > 0,

time-periodic initial value on the quarter plane and the nonzero boundary condition by the nonlinear

teepest descent method [38–40]. Liu studied the long-time behavior of solutions to the DNLS equation (1.1) for soliton-free initial
ata [41]. These works gave the leading order asymptotics where error is O(t−1/2). However, the subleading order asymptotics not
erived.
In the present paper, we consider the long-time asymptotics in a shock case of DNLS equation (1.1) with the more general step-

ike initial value conditions (1.2). Moreover, we derive the leading order and the subleading order asymptotics where the error is
(t−1/2 ln(t)).
In the initial value (1.2), {Aj, Bj, φj}

2
1 ∈ R and Aj > 0. Eq. (1.1) with initial condition (1.2) admits the plane wave solution

±∞

j (x, t) = Ajeiφje−2iBjx+2iωjt , where ωj =
1
4 (A

4
j + 4A2

j Bj − 8B2
j ). For B1 > B2 (the rarefaction case), the asymptotics does not depend on

the values of Dj (Dj defined in Section 2.2), for details see [38]. For B1 < B2 (the shock case), the asymptotic is influenced by Dj/(B2−B1).
or simplicity, we consider the symmetric shock D1 = D2 = D > 0 and B2 = −B1 = B > 0. The infinite branch of Im g = 0 passes

through the points E1 and E1 before the two real zeros µ1 and µ2 of Im g = 0 directly lead to the genus 3. The distribution of the
symptotical region was shown in Fig. 3, where ξE1 denotes ξ = ξE1 = 2(B +

√
D2 + B2) as the infinite branch pass through the points

1 and E1, ξmer denotes ξ = ξmer the two real zeros µ = µ1 = µ2 of Im g = 0. And the two zeros merge, where ξmer = 4(−B +
√
2D).

So the infinite branch pass through the two points E1 and E1 before the zeros merge if and only if ξE1 > ξmer , i.e. D/B < 4+6
√
2

7 .
The present paper is devoted to studying the long-time asymptotic of the genus 3 for the DNLS equation (1.1) by means of the matrix

RH problem (RH problems in this paper are 2 × 2 matrix-valued). A critical step in the nonlinear steepest descent method consists in
deforming the contour associated to the RH problem in a way adapted to the structure of the phase function that defines the oscillatory
dependence on parameters. When the entries of the jump matrix are not analytic, they must be approximated by rational functions
so that the deformation can be carried out. Therefore, we bring in the g-function mechanism which is introduced when the entries of
the jump matrix grow exponentially or oscillate as t → ∞ [42]. The core idea of the g-function mechanism is to transform the phase
function θ of the basic RH problem to a g-function so that the jump matrix of the RH problem is constant or decayed to an identity
matrix by some matrix deformations.

For this purpose, we fix some notations for this paper. We define C+ and C− are the upper and lower plane of the complex plane
C, as shown in right panel of Fig. 1. All RH problems in this paper are considered in the L2-RH problem [43–48].
2
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Our main result is addressed as follows:

Theorem 1.1. The long-time asymptotics of the solution to the DNLS equation (1.1) with the initial value condition (1.2) is given by the
following formula

q(x, t) = q0 +
q1
√
t

+ O(t−1 ln t), t → ∞, (1.5)

where the leading order term shown as

q0 = e2i(tg
(0)

+h(∞))Im(E1 + E2 + α + β)
Θ(ϕ(∞+) + d)Θ(ϕ(∞+) − v(t) − d)
Θ(ϕ(∞+) + v(t) + d)Θ(ϕ(∞+) − d)

, (1.6)

nd the subleading order term shown as

q1 = −2ie2i(tg
(0)

+h(∞)) (Yµ(x, t, µ)m
pc
1 Y−1

µ (x, t, µ))12
ψµ(µ)

. (1.7)

he constants g (0) and h(∞) are given by (2.49) and (3.20). The Riemann Theta function Θ and Abel map ϕ are defined by (4.4) and (4.7),
espectively. The matrices Yµ and mpc

1 are given by (4.35) and (4.39). The constant ψµ defined by (4.32).

. Preliminaries

In this section, we mainly introduce some preparations for studying the long-time asymptotics of the DNLS equation (1.1) with the
nitial value (1.2), such as Jost solutions, scattering datas, basic RH problem, g-function.

.1. Jost solution

It is well known that the DNLS equation (1.1) can be represented as the compatibility condition of two linear spectral problem (Lax
air). The Lax pair makes it possible to reduce the long-time asymptotics of the solutions with the initial value problem for Eq. (1.1)
o the matrix RH problem, which involves the Jost solutions of the Lax pair. The DNLS equation (1.1) admits the Lax pair [49]

Ψx = UΨ , Ψt = VΨ , (2.1)

here Ψ is a 2 × 2 matrix-valued function of (x, t, k), k ∈ C is the spectral parameter and

U = −ik2σ3 + kQ +
i
2
|q|2σ3,

V = −2ik4σ3 + 2k3Q + ik2|q|2σ3 − ikQxσ3 +
i
4
|q|4σ3 +

1
2
(qqx − qqx)σ3,

ith

Q =

(
0 q

−q 0

)
, σ3 =

(
1 0
0 −1

)
.

etting Ψ ±∞

j (for convenience we omit x, t, k) are the solutions of the Lax pair (2.1) as x → ±∞. And Ψ ±∞

j satisfy the following
ystems

Ψ ±∞

jx = U±∞

j Ψ ±∞

j , Ψ ±∞

jt = V±∞

j Ψ ±∞

j ,

where U±∞

j and V±∞

j are defined by U and V with the q instead by q±∞

j . Furtherly, one can derive Ψ ±∞

j with the form

Ψ ±∞

j = e(−iBjx+iωjt)σ3Yj(k)e(−ixXj(k)−itΩj(k))σ3 ,

here

Xj(k) =

√
(k2 − Bj −

A2
j

2
) + k2A2

j , Ωj(k) = 2(k2 + Bj)Xj(k),

Yj(k) =
1
2
e

iφj
2 σ3

(
yj(k) + y−1

j (k) yj(k) − y−1
j (k)

yj(k) − y−1
j (k) yj(k) + y−1

j (k)

)
e−

iφj
2 σ3 ,

yj(k) =

⎛⎝k2 − Bj −
A2j
2 − ikAj

k2 − Bj −
A2j
2 + ikAj

⎞⎠
1
4

.

The branch cuts for Xj and yj are taken along the segment γj ∪ γ j = {k ∈ C| Re2 k − Im2 k = Bj, Re2 k ≤ Bj +
A2j
2 }, where

γj = {k ∈ C| Re2 k − Im2 k = Bj, Re2 k ≤ Bj +
A2j
2 , Im k2 > 0}. Xj and yj with the asymptotics

X (k) = k2 − B + O(k−2), y (k) = 1 + O(k−1), k → ∞.
j j

3
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or k2 ∈ γj ∪ γ j, yj+(k) = iyj−(k) and Yj(k) satisfy the jump condition

Yj+(k) = Yj−(k)
(

0 ieiφj
ie−iφj 0

)
.

Introduce the transformation Ψj(x, t, k) = µj(x, t, k)e−ix(Xj+Bj)σ3−it(Ωj−ωj)σ3 . The Lax pair (2.1) rewritten as a new version about Jost
solution Ψj

Ψjx = (U − U±∞

j )Ψj + U±∞

j Ψj, Ψjt = (V − V±∞

j )Ψj + V±∞

j Ψj, (2.4)

and one can note that the version of Lax pair (2.1) about µj

µjx = i(Xj + Bj)µjσ3 + Uµj, µjt = i(Ωj − ωj)µjσ3 + Vµj. (2.5)

Multiply both sides by (Ψ ±∞

j )−1 for the equation of (2.4) and derive the full derivative form

d
[
(Ψ ±∞

j )−1Ψj
]

= (Ψ ±∞

j )−1(U − U±∞

j )Ψjdx + (Ψ ±∞

j )−1(V − V±∞

j )Ψjdt.

Furthermore, the solutions Ψj(x, t, k) and µj(x, t, k) can be represented as the Volterra integral equations

Ψj(x, t, k) = Ψ ±∞

j (x, t, k) +

∫ x

±∞

Λ(x, y, t, k)Λ♮(y, t, k)Ψj(y, t, k)dy,

µj(x, t, k) =ei(ωjt−Bjx)σ̂3Yj(k)

+

∫ x

±∞

Λ(x, y, t, k)Λ♮(y, t, k)µj(y, t, k)e−i(Xj+Bj)(y−x)σ3dy,

(2.6)

where

Λ(x, y, t, k) = Ψ ±∞

j (x, t, k)(Ψ ±∞

j )−1(y, t, k),

Λ♮(y, t, k) = k(Q − Q±∞

j )(y, t) +
i
2
|q|2(y, t)σ3 −

i
2
A2
j σ3.

(2.7)

The existence, analyticity and differentiation of Ψj and µj can be proven directly, here we just list their properties, for details, see [38].

Lemma 2.1. The Jost solutions Ψj(x, t, k) of (2.1) admit the following properties:

▶ Ψ
(1)
1 (x, t, k) and Ψ (2)

2 are analytic in {k ∈ C | Imk2 > 0 \ {γ1 ∪ γ2}} Ψ
(2)
1 (x, t, k) and Ψ (1)

2 are analytic in {k ∈ C | Imk2 < 0 \ {γ 1 ∪ γ 2}},
where γj ∪ γ j = {k ∈ C | Re2k − Im2k = B, Re2k ≤ Bj + A2

j /4}. The distribution of asymptotic region is shown in the left panel of Fig. 1.

▶ Ψj(k) satisfies the symmetries

Ψj(k) = σ1σ3Ψj(k)σ3σ1, σ1 =

(
0 1
1 0

)
. (2.8)

▶
(
(Ψ ±∞

j )−1Ψj
)(1) (x, t, k) and ((Ψ ±∞

j )−1Ψj
)(2) (x, t, k) admit the asymptotics(

(Ψ ±∞

j )−1Ψj
)(1)

(x, t, k) = e(1) + O(k−1), k → ∞,(
(Ψ ±∞

j )−1Ψj
)(2)

(x, t, k) = e(2) + O(k−1), k → ∞,

where the superscripts
(
(Ψ ±∞

j )−1Ψj
)(j) denote the jth column of the matrix (Ψ ±∞

j )−1Ψj, e(j) denotes the jth column of a identity matrix I2×2.

.2. Scattering data

For the reason that Ψj(x, t, k), (j = 1, 2) are solutions of the Lax pair (2.1), there exists a scattering matrix S(λ) obey the scattering
elation

Ψ2(x, t, k) = Ψ1(x, t, k)S(k), k ∈ R, k ̸= Bj. (2.9)

From the symmetries (2.8), one can derive the following form of Ψj(k),

Ψj(k) =

(
Ψ

(11)
j (k) Ψ

(12)
j (k)

Ψ
(21)
j (k) Ψ

(22)
j (k)

)
=

⎛⎝ Ψ
(22)
j (k) Ψ

(12)
j (k)

−Ψ
(12)
j (k) Ψ

(22)
j (k)

⎞⎠ , (j = 1, 2). (2.10)

Eq. (2.9) implies that

S(k) = Ψ −1
1 (0, 0, k)Ψ2(0, 0, k). (2.11)

nserting (2.10) into (2.11), one can derive the scattering matrix S(k) with the following structure

S(k) =

(
a(k) b(k)

)
,

−b(k) a(k)
4



L. Wen, Y. Chen and J. Xu Physica D 454 (2023) 133855

a

C
t

w
a

T

d

Ω

t

F

m

L

F
s

nd det S(k) = 1. From the analyticities of Ψj(x, t, k), one can derive the analyticities of a(k) and a(k) are in C+
\{γj ∪ γ j}

2
j=1 and

−
\{γj ∪γ j}

2
j=1, respectively. The scatter coefficient r(k) =

b(k)
a(k) . And a(k) with the asymptotics a(k) = 1+O(k−1) for k → ∞. Generally,

he map q → {a, b, r} is the direct scattering map.
From the analyticities and asymptotics of Ψj(x, t, k), a piecewise matrix function m(x, t, k) is given by

m(x, t, k) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(
Ψ

(1)
1 eitθ

a
,Ψ

(2)
2 e−itθ

)
, Ω+

\ γj,(
Ψ

(1)
2 eitθ ,

Ψ
(2)
1 e−itθ

a

)
, Ω−

\ γ j,

(2.12)

here θ = 2k4 + ξk2, ξ = x/t and the analyticity regions are defined by Ω±
= {k ∈ C | ±Imk2 > 0}. This matrix function m(x, t, k)

dmits the jump condition

m+(x, t, k) = m−(x, t, k)J(x, t, k), k2 ∈ ∁. (2.13)

he jump contour ∁ can be viewed as the boundary of the regions Ω±. The jump matrix J(x, t, k) is given by

J(x, t, k) =

(
1 + rr r

r 1

)
. (2.14)

Due to the multi-value of spectrum parameter k2, we reduce by symmetry from scattering data on the oriented contour ∁ to scattering
ata on the oriented contour R. Both contours with orientation are shown in Fig. 1. Introduce the transformation [50,51]

m̃(x, t, λ) = ▽k−
σ̂3
2 m(x, t, k), (2.15)

where ▽ =

(
1 0

−
i
2q 1

)
and σ̂3 is a 2 × 2 matrix with σ̂3A = σ3Aσ−1

3 . Using transformation (2.15), we can now reduce the spectral

problem with k ∈ ∁ to λ ∈ R. And m̃ satisfies the asymptotic m̃ → I as λ → ∞. The modified scattering coefficient ϱ(λ) =
r(k)
k . Xj and

j are rewritten as

Xj(λ) =

√
(λ− Bj)2 +

A4
j

4
+ A2

j Bj, Ωj(λ) = 2(λ+ Bj)Xj(λ).

The branch points Ej = Bj + iDj, where D2
j =

A4j
4 + A2

j Bj. The branch cuts γj = [Bj, Ej] and γ j = [E j, Bj]. For λ → ∞, Xj(λ) and Ωj(λ) with
he asymptotics

Xj(λ) = λ− B + O(λ−1), Ωj(λ) = 2λ2 + ωj + O(λ−1), λ → ∞.

unctions m̃±(x, t, λ) are analyticity in the regions C±
\{γj ∪ γ j} (γj and γ j see Fig. 2) and satisfy the jump condition

m̃+(x, t, λ) = m̃−(x, t, λ)e−it(ξλ+2λ2)σ̂3 J̃(x, t, λ), (2.16)

where the definition of σ̂3 is shown in (2.15). The jump matrix J̃(x, t, λ) is given by

J̃(x, t, λ) =

(
1 + λϱϱ ϱ

λϱ 1

)
, λ ∈ R. (2.17)

Now, we successfully map the spectral problem of k-plane to λ-plane. For the reason that there exist branch cuts γj∪γ j, the function
˜ (x, t, λ) does not continue as λ ∈ γj ∪ γ j. We consider the jump condition about the branch cuts γj ∪ γ j as shown in Lemma 2.2:

emma 2.2. For λ ∈ γj or λ ∈ γ j, the jump matrices are given by

J̃ =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(
1 0

λf (λ) 1

)
, λ ∈ γ1,(

ã−

ã+
ieiφ2

0 ã+

ã−

)
, λ ∈ γ2,

J̃ =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(
1 −f (λ)
0 1

)
, λ ∈ γ 1,⎛⎝ ã+

ã−

0

ie−iφ2 ã−

ã+

⎞⎠ , λ ∈ γ 2,

where f (λ) = ϱ+(λ) − ϱ−(λ).

Proof. For λ ∈ γj ∪ γ j, introduce the

ℵj(x, t, λ) = I +

∫ x

±∞

Λ(x, y, t, λ)Λ♮(y, t, λ)ℵj(y, t, λ)Ψ ±∞

j (y, t, λ)(Ψ ±∞

j )−1(x, t, λ)dy. (2.18)

or every fixed (y, t), the function Ψ ±∞

j (x, t, λ)(Ψ ±∞

j )−1(y, t, λ) is a solution of the x-part with q replaced by q±∞

j . Since this
olution equals the identity matrix at x = y and the matrix M in the Lax pair (2.1) is a polynomial in λ, we conclude that
5
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Fig. 2. The jump contour Σ = R ∪ γ1 ∪ γ 1 ∪ γ2 ∪ γ 2 .

±∞

j (x, t, λ)(Ψ ±∞

j )−1(y, t, λ) is an entire function of λ, well defined for λ ∈ γ1 ∪ γ2. Thus, Ψj± and ℵjΨ
±∞

j± solve the same integral
quation for λ ∈ Σj′ , j′ ̸= j. Hence, Ψ1±(x, t, λ) and Ψ2±(x, t, λ) can be written as follows for λ ∈ γ1 ∪ γ 1 ∪ γ2 ∪ γ 2:

Ψ1± = ℵ1Ψ
−∞

1± , Ψ2 = ℵ2Ψ
+∞

2 , λ ∈ γ1 ∪ γ 1, (2.19a)

Ψ2± = ℵ2Ψ
+∞

2± , Ψ1 = ℵ1Ψ
−∞

1 , λ ∈ γ2 ∪ γ 2. (2.19b)

The scattering matrix S̃±(λ) on branch cuts γ1 ∪ γ 1 ∪ γ2 ∪ γ 2 and det S̃±(λ) = 1. There exist the relations

Ψ2±(x, t, λ) = Ψ1(x, t, λ)S̃±(λ), λ ∈ γ2 ∪ γ 2, (2.20a)

Ψ2(x, t, λ) = Ψ1±(x, t, λ)S̃±(λ), λ ∈ γ1 ∪ γ 1. (2.20b)

For λ ∈ γ2 ∪ γ 2, one can derive S̃±(λ) = Ψ −1
1 (x, t, λ)ℵ2(x, t, λ)Ψ +∞

2± (x, t, λ). Letting x = t = 0, one have S̃±(λ) = P2(λ)Y2±(λ), where
P2(λ) = Ψ −1

1 (0, 0, λ)ℵ2(0, 0, λ). Hence

S̃+(λ) = S̃−(λ)
(

0 ieiφ2
ie−iφ2 0

)
, λ ∈ γ2 ∪ γ 2. (2.21)

This implies that

S̃12+ = ieiφ2 S̃11−, S̃22+ = ieiφ2 S̃21−. (2.22)

The jump relation across γ2 follows(
Ψ

(1)
1
ã+

Ψ
(2)
2+

)
=

(
Ψ

(1)
1
ã−

Ψ
(2)
2−

)( ã−

ã+
c2

0 ã+

ã−

)
, (2.23)

here c2 is a function with respect to λ. Furtherly,

Ψ
(2)
2+

ã+

−
Ψ

(2)
2−

ã−

=
c2

ã+ã−

Ψ
(1)
1 . (2.24)

From (2.20),

Ψ
(2)
2± = S̃12±Ψ

(1)
1 + S̃22±Ψ

(2)
1 . (2.25)

One can derive S̃22± = det
(
Ψ

(1)
1 Ψ

(2)
2±

)
= ã± and

Ψ
(2)
2+

ã+

−
Ψ

(2)
2−

ã−

=

(
S̃12+
S̃22+

−
S̃12−
S̃22−

)
Ψ

(1)
1 . (2.26)

ence

S̃12+
S̃22+

−
S̃12−
S̃22−

= ieiφ2
S̃11−S̃22− − S̃12−S̃21−

S̃22+S̃22−
=

ieiφ2

ã+ã−

. (2.27)

Thus c2 = ieiφ2 .
For k ∈ γ1 ∪ γ 1, one can derive S̃±(λ) = (Φ−∞

1± )−1(x, t, λ)ℵ1(x, t, λ)Φ2(x, t, λ). Letting x = t = 0, one have S̃±(λ) = Y−1
1± (λ)P1(k),

here P1(λ) = ℵ
−1
1 (0, 0, λ)Φ2(0, 0, λ). Hence

S̃−(λ)S̃−1
+

(λ) = Y−1
1− Y1+ =

(
0 ieiφ1

ie−iφ1 0

)
. (2.28)

his implies that

S̃−(λ) =

(
0 ieiφ1

ie−iφ1 0

)
S̃+(k). (2.29)

hat is

S̃ = ie−iφ1 S̃ , S̃ = ie−iφ1 S̃ , λ ∈ γ ∪ γ . (2.30)
21− 11+ 22− 12+ 1 1

6
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m

ccording the jump relation across γ1 as(
Ψ

(1)
1+
ã+

Ψ
(2)
2

)
=

(
Ψ

(1)
1−
ã−

Ψ
(2)
2

)( 1 0
c1 1

)
, (2.31)

where c1 is a function with respect to λ.

Ψ
(1)
1+

ã+

−
Ψ

(1)
1−

ã−

= c1Ψ
(2)
2 . (2.32)

rom (2.20),

Ψ
(1)
1± = S̃22±Ψ

(1)
2 − S̃21±Ψ

(2)
2 . (2.33)

ne can derive S̃22± = det
(
Ψ

(1)
1 Ψ

(2)
2±

)
= ã±. Thus

Ψ
(1)
1+

ã+

−
Ψ

(1)
1−

ã−

=

(
S̃21−
S̃22−

−
S̃21+
S̃22+

)
Ψ

(2)
2 . (2.34)

s above, one can derive

S̃21−
S̃22−

−
S̃21+
S̃22+

=
ieiφ1

ã+ã−

. (2.35)

Thus c1 = λf (λ). □

Furthermore, we note that the scattering datas obey the following relationships from the proof of Lemma 2.2{
ã+ = −ie−iφ1 b̃−,

b̃+ = −ieiφ1 ã−,
λ ∈ γ1 ∪ γ 1,

{
ã+ = −ieiφ2 b̃−,

b̃+ = ieiφ2 ã−,
λ ∈ γ2 ∪ γ 2.

From Lemma 2.2, we summarize the function m̃(x, t, λ) satisfies the RH problem:

H problem 2.1. m̃(x, t, λ) satisfies the RH problem

• m̃(x, t, λ) is analytic in C\Σ , where jump contour Σ see Fig. 2.
• m̃(x, t, λ) satisfies the jump condition

m̃+(x, t, λ) = m̃−(x, t, λ)e−it(ξλ+2λ2)σ̂3 J̃(x, t, λ), (2.36)

where the jump matrix J̃(x, t, λ) is given by

J̃(x, t, λ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1 + λϱϱ ϱ

λϱ 1

)
, λ ∈ R,(

1 0
λf (λ) 1

)
, λ ∈ γ1,(

ã−

ã+
i

0 ã+

ã−

)
, λ ∈ γ2,(

1 −f (λ)
0 1

)
, λ ∈ γ 1,⎛⎝ ã+

ã−

0

i ã−

ã+

⎞⎠ , λ ∈ γ 2.

• m̃(x, t, λ) satisfies the asymptotic behavior

m̃(x, t, λ) → I, λ → ∞. (2.37)

2.3. The basic Riemann-Hilbert problem

It is necessary to regularize function m̃(x, t, λ) to get the RH problem of subsequent deformations in the L2. Define function m̂(x, t, λ)
by

m̂(x, t, λ) = m̃(x, t, λ)ν−σ3 (λ),

where ν =

(
λ−E1
λ−E1

)1/4
admits ν+ = iν−. This transformation implies that ââ = aa, b̂ˆb = bb, ϱ̂ = ϱν−2, ϱ̂ϱ̂ = ϱϱ = |ϱ|2. â, b̂ and

ϱ̂

1+λϱ̂ϱ̂
= âb̂ are bounded near E1, ϱ̂ is bounded near E2.

In order to study the long-time asymptotics of the step-like initial value problem for the DNLS equation (1.1) via the Deift–Zhou
ethod, we refresh the RH problem based on the previous analyses as follows:
7
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R

a

H problem 2.2. m̂(x, t, λ) satisfies the RH problem

• m̂(x, t, λ) is analytical in C\Σ , where jump contour Σ see Fig. 2.
• m̂(x, t, λ) satisfies the jump condition

m̂+(x, t, λ) = m̂−(x, t, λ)Ĵ(λ), (2.38)

where the jump matrix

Ĵ(x, t, λ) = e−itθ (λ)σ3 Ĵ (0)(λ)eitθ (λ)σ3 , λ ∈ Σ, (2.39)

and

Ĵ (0)(λ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1 + λϱ̂ϱ̂ ϱ̂

λϱ̂ 1

)
, λ ∈ R,(

−i 0
λf̂ i

)
, λ ∈ γ1,(

−i −
ˆf

0 i

)
, λ ∈ γ 1,(

â−

â+
iν2

0 â+

â−

)
, λ ∈ γ2,⎛⎝ â+

â−

0

iν−2 â−

â+

⎞⎠ , λ ∈ γ 2.

• m̂(x, t, λ) satisfies the asymptotic behavior

m̂(x, t, λ) → I, λ → ∞. (2.40)

The solution q(x, t) of the DNLS equation (1.1) with the initial value is reconstructed by

q(x, t) = 2i lim
λ→∞

λm̂12(x, t, λ). (2.41)

The jump matrices Ĵ(x, t, λ) and m̂(x, t, λ) admit the following symmetries

m̂(x, t, λ) = σ1σ3m̂(x, t, λ)σ3σ1, λ ∈ C\Σ,

Ĵ(x, t, λ) =

⎧⎨⎩σ1σ3 Ĵ(x, t, λ)σ3σ1, λ ∈ γ1 ∪ γ 1 ∪ γ2 ∪ γ 2,

σ1σ3 Ĵ(x, t, λ)
−1
σ3σ1, λ ∈ R.

2.4. g-Function

Consider the initial value D1 = D2 = D > 0 and B2 = −B1 = B > 0. Let g = Ω2(λ)+ ξX2(λ) be the g-function, the two real zeros of
Im(g) given by

µ1 =
B
2

−
ξ

8
−

1
8

√
(ξ + 4B)2 − 32D2, (2.43)

µ2 =
B
2

−
ξ

8
+

1
8

√
(ξ + 4B)2 − 32D2, (2.44)

nd
dg
dλ

=
4(λ− µ1)(λ− µ2)√
(λ− E2)(λ− E2)

. (2.45)

As ξ decreases, the infinite branch of the curve Im g = 0 moves to the right. There are three possibilities:
Case 1: The finite branch hits E1 and E1 before the two real zeros µ1 and µ2 merge.
Case 2: The two real zeros µ1 and µ2 merge before the finite branch hits E1 and E1.
Case 3: The finite branch hits E1 and E1 at the same time as the two real zeros µ1 and µ2 merge. We define some notations:

• The infinite branch hits E1 and E1 for ξ = ξE1 = 2(B +
√
D2 + B2).

• The two real zeros µ1 and µ2 merge for ξ = ξmer = 4(−B +
√
2D).

• The infinite branch hits E1 and E1 before the zeros merge if ξE1 > ξmer , i.e.

Case 1 : D/B <
4 + 6

√
2

7
,

Case 2 : D/B >
4 + 6

√
2

7
,

Case 3 : D/B =
4 + 6

√
2
.

7
8
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p
F

a

r
α

Fig. 3. The space–time region of x and t for 4+6
√
2

7 > D
B > 1, where the blue region ■ denotes the genus 0 region; the green region ■ denotes the genus 2 region;

he yellow region ■ denotes the genus 3 region; the red region ■ denotes the genus 1 region.

Fig. 4. The signature tables of Im g: ξ > ξE1 , ξ = ξE1 , ξmer < ξ < ξE1 , ξ = ξmer , 0 < ξ < ξmer , ξ = 0.

ach of these cases signifies the ending of the plane wave sector, because the g-function g2 stops to provide a signature table appropriate
or subsequent deformations. Thus a more complicated g-function is required. Next, we pay attention to the situation small ξ . Let
arameters be D1 = D2 = D > 0, B2 = −B1 = B > 0, φ1 = φ and φ2 = 0, for 1 < D

B <
4+6

√
2

7 . For the distribution of region see Fig. 3.
or the signature tables see Fig. 4.
In this paper, we focus on region 0 < ξ < ξmer . For ε < |ξ | < ξ0, ξ0 is a positive constant, ε ∈ (0, ξ0), an appropriate g-function has

derivative of the form
dg
dλ

=
⋎

h̄
, (2.46)

where

⋎ = 4(λ− µ)(λ− α)(λ− α)(λ− β)(λ− β),

h̄ =
[
(λ− E1)(λ− E1)(λ− E2)(λ− E2)(λ− α)(λ− α)(λ− β)(λ− β)

]1/2
.

And this g-function generating genus 3 asymptotics. The genus 3 structure because the derivative of g-function has five zeros: one
eal zeros µ, two complex conjugate pairs of zeros {α, α} and {β, β} lie in C+

\(Σ1 ∪ Σ2). And dg defined by (2.46) where µ ∈ R,
= Reα + iImα, β = Reβ + iImβ which are determined by∫

a1

d̂g =

∫
a2

d̂g =

∫
a3

d̂g = 0, (2.47a)

lim
(
dg

− 4λ
)

= ξ, lim λ

(
dg

− 4λ− ξ

)
= 0. (2.47b)
λ→∞ dλ λ→∞ dλ
9
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Fig. 5. The contour aj and bj of Riemann surface with genus 3.

The contour aj see Fig. 5. And d̂g denotes the differential on the Riemann surface given by dg on the upper sheet and by −dg on the
lower sheet (d̂g(λ±) = ±dg(λ) for λ ∈ C\{γ1 ∪ γ 1 ∪ γ2 ∪ γ 2 ∪ γ(β,α) ∪ γ(α,β))}). Then d̂g is a meromorphic differential on the Riemann
surface which is holomorphic everywhere except for two poles at ∞

±. The solvability of system (2.47) of equations characterizes a

genus 3 sector. Since dg
dλ (λ) =

dg
dλ (λ), we have

∫ B
D dg =

∫ B
D dg where the second integral is the complex conjugate of the first one. This

mplies that
∫
aj
d̂g ∈ iR. So the first third in (2.47) are three real conditions. The precise definition of g-function on the Riemann surface

(see Fig. 5) will be given in the following:

g(λ) =

∫ λ

E2

dg, λ ∈ C\Σmod, (2.48)

here Σmod
= γ1 ∪ γ 1 ∪ γ2 ∪ γ 2 ∪ γ(β,α) ∪ γ(α,β) ∪ γ(β,β). The systems of (2.47) ensure that

dg(λ) = 4λ+ ξ + O(λ−2), λ → ∞,

g(λ) = θ (λ) + g (0)
+ O(λ−1), λ → ∞.

(2.49)

emma 2.3. The g-function defined by (2.48) with the following properties:
▶ g(λ) − θ (λ) is analytic and bounded for λ ∈ Ĉ\Σmod with continuous boundary values on Σmod, where Ĉ = C ∪ {∞}.
▶ g(λ) admits the symmetry g(λ) = g(λ).
▶ g(λ) admits the RH problem

g+(λ) + g−(λ) =

⎧⎨⎩
2∆1, λ ∈ γ1 ∪ γ 1,

2∆2, λ ∈ γ(α,β) ∪ γ(β,α),

0, λ ∈ γ2 ∪ γ 2,

g+(λ) − g−(λ) = 2∆3, λ ∈ γ(β,β),

(2.50)

here

∆1 = g(E1)g(E1), ∆2 = g(α)g(α), ∆3 =
g+(β) − g−(β)

2
=

g+(β) − g−(β)
2

. (2.51)

roof. For λ ∈ C\Σmod, function g(λ) is analytic function with bounded and continuous boundary values on Σmod. Eq. (2.49) implies
hat g(λ) − θ (λ) is analytic also at infinity. The first one follows.

Using that(
dg
dλ

)
+

=

(
dg
dλ

)
−

{
−1, λ ∈ Σmod

\ γ(β,β),

1, λ ∈ γ(β,β),
(2.52)

ne can find that g+ + g− and g+ − g− are constants on each curve in (2.50). And these constant values are fixed by evaluation at the
ndpoints. Since dg

dλ (λ) =
dg
dλ (λ) and g(E2) = g(E2) = 0, (2.50) derived. The second one follows.

In Eq. (2.47) and dg
dλ (λ) =

dg
dλ (λ) ensure that Im g = 0 on R and that Im g(E1) = Im g(α) = Im g+(β) = Im g−(β) = 0. Hence the

constants ∆ in (2.51) are real. The third one follows. □
j

10
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‘

Fig. 6. The branch cuts and the level set Img = 0 (the dash line and R ∪ γ1 ∪ γ 1 ∪ γ2 ∪ γ 2 ∪ γ(α,β) ∪ γ(β,β) ∪ γ(β,α)). The region of Img > 0 is ‘‘+’’ and Img < 0 is
‘−’’. The jump contour Σ (1)

= R ∪ γ1 ∪ γ 1 ∪ γ2 ∪ γ 2 ∪ γ(α,β) ∪ γ(β,β) ∪ γ(β,α) .

3. Deformation of the jump contour

In this section, our main purpose is to re-normalize Problem 2.2 such that it is well-behaved as t → ∞ along any characteristic by
establishing transformation m̂ → m̂(j). For deriving the long-time asymptotics of Eq. (1.1), the jump matrices need to be transformed
as a constant matrix or decay to identity matrix. Now we will perform five transformations for the RH problem.

Introduce the matrix function m̂(1)(x, t, λ)

m̂(1)(x, t, λ) = e−itg(0)σ3m̂(x, t, λ)e−it(g(λ)−θ (λ))σ3 , (3.1)

where g (0)
= (g − θ )(ξ,∞). Function m̂(1)(x, t, λ) admits the following RH problem:

RH problem 3.1. Function m̂(1)(x, t, λ) satisfies the following jump condition:

• m̂(1)(x, t, λ) is analytic in C\Σ (1), where Σ (1) see Fig. 6.
• m̂(1)(x, t, λ) satisfies the jump condition

m̂(1)
+ = m̂(1)

− Ĵ (1), (3.2)

where the jump matrix

Ĵ (1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1 ϱ̂e−2itg

0 1

)(
1 0

λϱ̂e2itg 1

)
, λ ∈ (µ,+∞),(

1 0
λϱ̂e2itg(k)

1+λϱ̂ϱ̂
1

)(
1 + λϱ̂ϱ̂ 0

0 1
1+λϱ̂ϱ̂

)⎛⎝ 1 ϱ̂e−2itg(k)

1+λϱ̂ϱ̂

0 1

⎞⎠ , λ ∈ (−∞, µ),(
−ieit(g+−g−) 0
λf̂ eit(g++g−) ie−it(g+−g−)

)
, λ ∈ γ1,(

â−

â+
eit(g+−g−) iν2e−it(g+−g−)

0 â+

â−
e−it(g+−g−)

)
, λ ∈ γ2,(

−ieit(g+−g−)
−

ˆf e−it(g++g−)

0 ie−it(g+−g−)

)
, λ ∈ γ 1,⎛⎝ â+

â−

eit(g+−g−) 0

iν−2eit(g++g−) â−

â+

e−it(g+−g−)

⎞⎠ , λ ∈ γ 2,(
eit(g+−g−) 0

0 e−it(g+−g−)

)
, λ ∈ γ(β,α) ∪ γ(α,β) ∪ γ(β,β).

• m̂(1)(x, t, λ) satisfies the asymptotic behavior

m̂(1)(x, t, λ) → I, λ → ∞. (3.3)
11
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There is a bad factorization in jump matrix Ĵ (1) for λ ∈ (−∞, µ). To eliminate the intermediate matrix, we define function m̂(2)(x, t, λ)
by

m̂(2)(x, t, λ) = m̂(1)(x, t, λ)δ−σ3 (λ), (3.4)

where

δ(λ) = exp

[
−i
2π

∫ µ

−∞

ln (1 + s|ϱ̂(s)|2)
s − λ

ds

]
, λ ∈ C\(−∞, µ]. (3.5)

he function δ(λ) with the scalar RH problem:

emma 3.1. The function δ(λ) admits the following properties:
▶ δ(λ) and δ−1(λ) are bounded and analytic for λ ∈ C\(−∞, µ] with continuous boundary values on (−∞, µ).

▶ δ admits the symmetry δ(λ) = δ(λ)
−1

.
▶ δ admits the jump condition

δ+ = δ−(1 + λ|ϱ̂|
2), (−∞, µ),

δ+ = δ−, (µ,+∞).

▶ δ(λ) admits the asymptotic behavior

δ(λ) = 1 + O(λ−1), λ → ∞. (3.6)

Lemma 3.1 implies that δσ3 satisfies a L2-RH problem. Hence m̂ satisfies Problem 2.2 iff m̂(2) satisfies the RH problem:

H problem 3.2. m̂(2)(x, t, λ) satisfies the following properties:

• m̂(2)(x, t, λ) is analytic in C\Σ (2), where Σ (2) see Fig. 6.
• m̂(2)(x, t, λ) satisfies the jump condition

m̂(2)
+ = m̂(2)

− Ĵ (2), (3.7)

where the jump matrix Ĵ (2) is given by

Ĵ (2) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1 0

λϱ̂

1+λϱ̂ϱ̂
δ−2
− e2itg 1

)(
1 ϱ̂

1+λϱ̂ϱ̂
δ2
+
e−2itg

0 1

)
, λ ∈ (−∞, µ),(

1 ϱ̂δ2e−2itg

0 1

)(
1 0

λϱ̂δ−2e2itg 1

)
, λ ∈ (µ,+∞),(

−ieit(g+−g−) 0
λf̂ δ−2eit(g++g−) ie−it(g+−g−)

)
, λ ∈ γ1,(

â−

â+
eit(g+−g−) iν2δ2e−it(g++g−)

0 â+

â−
e−it(g+−g−)

)
, λ ∈ γ2,(

−ieit(g+−g−)
−

ˆf δ2e−it(g++g−)

0 ie−it(g+−g−)

)
, λ ∈ γ 1,⎛⎝ â+

â−

eit(g+−g−) 0

iν−2δ−2eit(g++g−) â−

â+

e−it(g+−g−)

⎞⎠ , λ ∈ γ 2,(
eit(g+−g−) 0

0 e−it(g+−g−)

)
, λ ∈ γ(β,α) ∪ γ(α,β) ∪ γ(β,β).

• m̂(2)(x, t, λ) satisfies the asymptotic behavior

m̂(2)(x, t, λ) → I, λ → ∞. (3.8)

The purpose of the third deformation of the RH problem is to extend the jump matrix off the real axis. Then, the complex plane C
is separated into six sectors which are respectively denoted by Uj(j = 1, 2, . . . , 6). The distributions of Uj are shown in Fig. 7. With this
deformation, we define a new function m̂(3) that deforms the oscillation term along the real axis onto new contours. Along the new
12



L. Wen, Y. Chen and J. Xu Physica D 454 (2023) 133855

c

B

t

R

Fig. 7. The distribution of Uj, j = 1, 2, . . . , 6.

Fig. 8. The jump contour Σ (3) .

ontours, the deformed oscillation term is decaying. The function m̂(3) defined by

m̂(3)
= m̂(2)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1 0

−λϱ̂δ−2e2itg 1

)
, λ ∈ U1,(

1 −
ϱ̂

1+λϱ̂ϱ̂
δ2e−2itg

0 1

)
, λ ∈ U3,(

1 0
λϱ̂

1+λϱ̂ϱ̂
δ−2e2itg 1

)
, λ ∈ U4,(

1 ϱ̂δ2e−2itg

0 1

)
, λ ∈ U6,

I, λ ∈ U2 ∪ U5.

y using the identity

i = λf̂

(
ϱ̂

1 + λϱ̂ϱ̂

)
−

, −i = λf̂

(
ϱ̂

1 + λϱ̂ϱ̂

)
+

,

â−

â+

+ iλρ̂+ν
2

= 0,
â+

â−

+ iλρ̂−ν
2

= 0,

he function m̂(3) admits the RH problem:

H problem 3.3. m̂(3)(x, t, λ) satisfies the following properties:

• m̂(3)(x, t, λ) is analytic in C\Σ (3), where Σ (3) see Fig. 8.
• m̂(3)(x, t, λ) satisfies the jump condition

m̂(3)
= m̂(3) Ĵ (3), (3.9)
+ −

13
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t
h
T

Fig. 9. The distribution of Vj , j = 1, 2, . . . , 8.

where the jump matrix Ĵ (3) = Ĵ (3)j in the upper half-plane rewritten as

Ĵ (3)1 =

(
1 0

−λϱ̂δ−2e2itg 1

)
, Ĵ (3)2 =

(
1 −

ϱ̂

1+λϱ̂ϱ̂
δ2e−2itg

0 1

)
,

Ĵ (3)3 =

(
0 (λf̂ )−1δ2e−it(g+−g−)

λf̂ δ−2eit(g++g−) 0

)
,

Ĵ (3)4 =

(
0 iν2δ2e−it(g++g−)

iν−2δ−2eit(g++g−) 0

)
,

Ĵ (3)5 = e−itg−σ3

(
1 −i(λf̂ )−1δ2

0 1

)
eitg+σ3 ,

Ĵ (3)6 = e−itg−σ3

(
1 −i(λf̂ )−1δ2

λϱ̂δ−2 ââ

)
eitg+σ3 .

where the subscript of Ĵ (3)j denotes the jump contour in Fig. 8.
• m̂(3)(x, t, λ) satisfies the asymptotic behavior

m̂(3)(x, t, λ) → I, λ → ∞. (3.11)

Our purpose for performing the fourth deformation of the jump contour is to transform the jump matrix across γ(β,α) ∪γ(α,β) ∪γ(β,β)
o a diagonal or off-diagonal matrix. Then, the branch cuts γ(β,α) ∪ γ(α,β) ∪ γ(β,β) is separated into eight jump contours in the upper
alf-plane which are respectively denoted by (5, 6, . . . , 12) and there exist eight jump contours in the lower half-plane, see Fig. 10.
he analytic regions enclosed by these jump contours named by Vj(j = 1, 2, . . . , 8), see Fig. 9. First, we deformate Ĵ (3)5 and Ĵ (3)6 as

Ĵ (3)5 = e−itg−σ3

(
1 0

iλf̂ δ−2 1

)(
0 −i(λf̂ )−1δ2

−iλf̂ δ−2 0

)(
1 0

iλf̂ δ−2 1

)
e−itg+σ3 ,

Ĵ (3)6 = e−itg−σ3

(
1 −i(λf̂ )−1δ2

ââ
0 1

)(
1
ââ

0

0 ââ

)(
1 0

λϱ̂δ−2

ââ
1

)
e−itg+σ3 .

We define the function m̂(4) in the upper half-plane by

m̂(4)
= m̂(3)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1 0

−
e2itg

âb̂δ2
1

)
, λ ∈ V1,(

1 0
e2itg

âb̂δ2
1

)
, λ ∈ V2,(

1 0
−
λϱ̂

ââ
δ−2e−2itg 1

)
, λ ∈ V3,(

1 −ϱ̂δ2e−2itg

0 1

)
, λ ∈ V4,

I, elsewhere,

and m̂(4)(x, t, λ) admits the RH problem:
14



L. Wen, Y. Chen and J. Xu Physica D 454 (2023) 133855

R

t

T

Fig. 10. The jump contours Σ (4) and Σ (5) .

H problem 3.4. m̂(4)(x, t, λ) satisfies the following properties:

• m̂(4)(x, t, λ) is analytic in C\Σ (4), where Σ (4) see Fig. 10.
• m̂(4)(x, t, λ) satisfies the jump condition

m̂(4)
+ = m̂(4)

− Ĵ (4), (3.13)

where the jump matrix Ĵ (4) = Ĵ (4)j in the upper half-plane rewritten as

Ĵ (4)1 = Ĵ (3)1 , Ĵ (4)2 = Ĵ (3)2 , Ĵ (4)3 = Ĵ (3)3 , Ĵ (4)4 = Ĵ (3)4 ,

Ĵ (4)5 = Ĵ (4)7 =

(
1 0

−
e2itg

âb̂δ2
1

)
, Ĵ (4)6 =

(
0 −âb̂δ2e−it(g++g−)

1
âb̂δ2e−it(g++g−) 0

)
,

Ĵ (4)8 =

(
1 0

1
â2 âb̂

δ−2e2itg 1

)
, Ĵ (4)9 =

(
1 0

−
â
b̂
δ−2e2itg 1

)
,

Ĵ (4)10 =

(
1 −

b̂
â
δ2e−2itg

0 1

)
, Ĵ (4)11 =

(
eit(g+−g−)

ââ
0

0 ââe−it(g+−g−)

)
,

Ĵ (4)12 =

(
1 0

ˆb
â2 â
δ−2e2itg 1

)
,

where the subscript of Ĵ (4)j denotes the jth jump contour in Fig. 10.
• m̂(4)(x, t, λ) satisfies the asymptotic behavior

m̂(4)(x, t, λ) → I, λ → ∞. (3.15)

For making the jump matrix across the branch cuts γ1 ∪ γ 1 ∪ γ2 ∪ γ 2 ∪ γ(α,β) ∪ γ(β,α) and across γ(β,β) constant in λ. We introduce
he matrix function m̂(5) by

m̂(5)(x, t, λ) = e−ih(∞)σ3m̂(4)(x, t, λ)eih(λ)σ3 . (3.16)

he function h(λ) in m̂(5) is defined as

h(λ) =
h̄(λ)
2iπ

∫
Σmod

H(s)
s − λ

ds, (3.17)

where

H(k) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

2τ1+h1
h̄+

, λ ∈ γ1 ∪ γ 1,

2τ2+h2
h̄+

, λ ∈ γ(β,α) ∪ γ(α,β),

2τ3+h3
h̄ , λ ∈ γ(β,β),

h4 , λ ∈ γ ∪ γ ,

(3.18)
h̄+
2 2

15



L. Wen, Y. Chen and J. Xu Physica D 454 (2023) 133855

w

a

▶

ith

h1 = −i ln (â+â−δ
2eiφ), λ ∈ γ1,

h2 = −i ln (iâ+â−δ
2), λ ∈ γ(β,α),

h3 = −i ln (ââ), λ ∈ γ(µ,β),

h4 = −i ln (µ2δ2), λ ∈ γ2,

nd τj are real constants, hj = hj. h(λ) satisfies Lemma 3.2.

Lemma 3.2. h(λ) admits the following properties:
▶ h(λ) admits the symmetry

h(λ) = h(λ), λ ∈ Ĉ\Σmod. (3.19)

h(λ) admits the asymptotic

h(λ) = h(∞) + O(λ−1), λ → ∞,

h(∞) = −
1

2iπ

∫
Σmod

s3H(s)ds.
(3.20)

▶ eihσ3 is bounded and analytic for k ∈ Ĉ\Σmod.
▶ h(λ) satisfies the jump conditions

h+ + h− =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

2τ1 − i ln (â+â−δ
2eiφ), λ ∈ γ1,

2τ1 + i ln (â+â−δ
−2e−iφ), λ ∈ γ 1,

2τ2 − i ln (iâb̂δ2), λ ∈ γ(β,α),

2τ2 + i ln (−iâˆbδ−2), λ ∈ γ(α,β),

−i ln (µ2δ2), λ ∈ γ2 ∪ γ 2,

h+ − h− =

{
2τ3 − i ln (ââ), λ ∈ γ(µ,β),

2τ3 + i ln (ââ), λ ∈ γ(β,µ).

RH problem 3.5. Function m̂(5)(x, t, λ) satisfies the following properties:

• m̂(5)(x, t, λ) is analytic in C\Σ (5), where Σ (5) see Fig. 10.
• m̂(5)(x, t, λ) satisfies the jump condition

m̂(5)
+ = m̂(5)

− Ĵ (5), (3.21)

where the jump matrix Ĵ (5) = Ĵ (5)j is given by

Ĵ (5)1 =

(
1 0

ˆb
â δ

−2e2itge2ih 1

)
, Ĵ (5)2 =

(
1 âb̂δ2e−2itge−2ih

0 1

)
,

Ĵ (5)3 =

(
0 ie−2i(t∆1+τ1)

ie2i(t∆1+τ1) 0

)
, Ĵ (5)4 =

(
0 i
i 0

)
,

Ĵ (5)5 = Ĵ (5)7 =

(
1 0

−
e2itg

âb̂δ2
e2ih 1

)
Ĵ (5)6 =

(
0 ie−2i(t∆2+τ2)

ie2i(t∆2+τ2) 0

)
,

Ĵ (5)8 =

(
1 0

1
â2 âb̂

δ−2e2itge2ih 1

)
, Ĵ (5)9 =

(
1 0

−
â
b̂
δ−2e2itge2ih 1

)
,

Ĵ (5)10 =

(
1 −

b̂
â
δ2e−2itge−2ih

0 1

)
, Ĵ (5)11 =

(
e2i(t∆3+τ3) 0

0 e−2i(t∆3+τ3)

)
,

Ĵ (5)12 =

(
1 0

ˆb
â2 â
δ−2e2itge2ih 1

)
,

where the subscript of Ĵ (5)j denotes the jth jump contour in Fig. 10.
• m̂(5)(x, t, λ) satisfies the asymptotic behavior

m̂(5)(x, t, λ) → I, λ → ∞. (3.23)

The lower half-plane can be derived by the symmetries.
16
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a

. The long-time asymptotic

Let Dε(α), Dε(α), Dε(β), Dε(β) and Dε(µ) be the small disks of α, α, β , β and µ. Define D = Dε(α) ∪ Dε(α) ∪ Dε(β) ∪ Dε(β) ∪ Dε(µ).
The approximate solution is

mapp
=

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

mα, λ ∈ Dε(α),
mβ , λ ∈ Dε(β),
mα, λ ∈ Dε(α),
mβ , λ ∈ Dε(β),
mµ, λ ∈ Dε(µ),
mmod, elsewhere,

(4.1)

and the jump contour Σapp
= Σmod

∪ ∂D ∪ A ∪ A ∪ Z ∪ Z ∪ X . Y , Y , Z , Z and X are defined in the next subsections.

.1. The model problem

From the fifth deformation of the jump contour, the jump matrix approaches the identity matrix as t → ∞ on Σ (5)
\ (Σ1 ∪ Σ2 ∪

(α,β) ∪γ(β,α) ∪γ(β,β)). Inspired by this idea, for t → ∞, the solution of function m̂(5) approaches the solution of function mmod. Function
mod admits the RH problem

mmod
+

(x, t, λ) = mmod
−

(x, t, λ)vmod(x, t, λ), λ ∈ Σmod, (4.2)

where we define Σmod
= γ1 ∪ γ 1 ∪ γ2 ∪ γ 2 ∪ γ(β,α) ∪ γ(α,β) ∪ γ(β,β) and the jump matrix

vmod
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
0 ie−2i(t∆1+τ1)

ie2i(t∆1+τ1) 0

)
, λ ∈ γ1 ∪ γ 1,(

0 i
i 0

)
, λ ∈ γ2 ∪ γ 2,(

0 ie−2i(t∆2+τ2)

ie2i(t∆2+τ2) 0

)
, λ ∈ γ(β,α) ∪ γ(α,β),(

e2i(t∆3+τ3) 0
0 e−2i(t∆3+τ3)

)
, λ ∈ γ(β,β),

efine a vector valued function M(λ, u, e) by

M(λ, u, e) =

(
Θ(ϕ(λ+) + u + e)
Θ(ϕ(λ+) + e)

,
Θ(ϕ(λ+) − u − e)
Θ(ϕ(λ+) − e)

)
, λ ∈ C\Σmod, u, e ∈ C3, (4.3)

here Θ is the Riemann theta function

Θ(z) =

∑
N∈Z3

e2iπ (
1
2N

T τN+NT z), z ∈ C3. (4.4)

iemann theta function Θ has the properties for all z ∈ C3,

Θ(z + e(j)) = Θ(z), Θ(z + τ (j)) = e2iπ (−zj−
τij
2 )Θ(z), Θ(z) = Θ(−z), j = 1, 2, 3, (4.5)

where τ = (τjl)3×3 is a 3 × 3 period matrix. τ defined by τjl =
∫
bj
ζl (see [52] for its detailed informations), where

∫
ai
ζj = δij. ζj is given

by ζj =
∑3

l=1 Ajlζ̂l, where ζ̂l = h̄−1λl−1 and (A−1)jl =
∫
aj
ζ̂l. Since h̄ admits h̄(λ+) = −h̄(λ−), we have the symmetry for ζ (λ+) = −ζ (λ−).

And ∫
a+

j

ζ =
1
2

∫
aj

ζ =
1
2
e(j),

∫
b+

j

ζ =
1
2

∫
bj

ζ =
1
2
τ (j), (4.6)

+

j and b+

j are the restrictions of aj and bj to the upper sheet, e(j) is the jth column of the identity matrix I3×3, τ (j) is also. ϕ in (4.3) is
Abel map ϕ : M → C3 with base point E2,

ϕ(P) =

∫ P

E2

ζ , P ∈ M. (4.7)

And ϕ satisfies the jump conditions

ϕ+(λ+) + ϕ−(λ+) = −ϕ+(λ−) − ϕ−(λ−) =

⎧⎪⎪⎨⎪⎪⎩
τ (1), λ ∈ γ1 ∪ γ 1,

τ (2), λ ∈ γ(β,α),

τ (2) + e(1) + e(2), λ ∈ γ(α,β),

0, λ ∈ γ2 ∪ γ 2,

ϕ+(λ+) − ϕ−(λ+) = τ (2) − τ (3) + e(1) + e(2), λ ∈ γ(β,β),

where ϕ (λ±) and ϕ (λ±) are the boundary value of ϕ(l±) for l ∈ C approaches λ from the right and left of the contour, respectively.
+ −

17
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The vector valued function M(λ, u, e) satisfies the jump condition

M+(λ, u, e) = M−(λ, u, e)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
0 e2iπu1

e−2iπu1 0

)
, λ ∈ γ1 ∪ γ 1,(

0 1
1 0

)
, λ ∈ γ2 ∪ γ 2,(

0 e2iπu2

e−2iπu2 0

)
, λ ∈ γ(β,α) ∪ γ(α,β),(

e−2iπ (u2−u3) 0
0 e2iπ (u2−u3)

)
, λ ∈ γ(β,β).

Define a vector valued function N(λ, u, e) by

N(λ, u, e) =
1
2

(
(ν1 + ν−1

1 )M1(λ, u, e) (ν1 − ν−1
1 )M2(λ, u, e)

(ν1 − ν−1
1 )M1(λ, u,−e) (ν1 + ν−1

1 )M2(λ, u,−e)

)
, λ ∈ C\Σmod, u, e ∈ C3,

here

ν1(λ) =

(
(λ− E1)(λ− E2)(λ− α)(λ− β)

(λ− E1)(λ− E2)(λ− α)(λ− β)

)1/4

, λ ∈ C\Σmod. (4.8)

or k → ∞, ν1(λ) = 1 + O(λ−1). Let ν̂1 denote the function M → Ĉ which is given by ν21 on the upper sheet and by −ν21 on the
ower sheet of M . ν̂1(λ±) = ±ν21 (λ) for λ ∈ Σmod. Then ν̂1 is a meromorphic function on M . Noting that ν̂1 has four simple zeros at
1, E2, α and β , we see that ν̂1 has degree four. Hence, function ν̂1 − 1 has four zeros on M counting multiplicity. These zeros are

+, P1, P2, P3 ∈ M . Let D be the divisor D = P1P2P3 on M . N(λ, u, e) satisfies the jump condition

N+(λ, u, e) = N−(λ, u, e)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
0 ie2iπu1

ie−2iπu1 0

)
, λ ∈ γ1 ∪ γ 1,(

0 i
i 0

)
, λ ∈ γ2 ∪ γ 2,(

0 ie2iπu2

ie−2iπu2 0

)
, λ ∈ γ(β,α) ∪ γ(α,β),(

−e−2iπ (u2−u3) 0
0 −e2iπ (u2−u3)

)
, λ ∈ γ(β,β).

Define the complex vector d(ξ ) ∈ C3 by d = ϕ(D)+K, where ϕ(D) =
∑3

1 ϕ(Pj) and K =
1
2 (e

(1)
+ e(3) + τ (1) + τ (2) + τ (3)). Define the

ector function v(ξ, t) = v(t) = −
1
π
(t △1 +τ1, t △2 +τ2, t(△2 − △3) + τ2 − τ3 +

π
2 ).

The solution of the model RH problem is shown as follows:

Lemma 4.1. For each choice of the constants {△j, τj}
3
j=1 and for t ≥ 0, the function mmod(x, t, λ) defined by

mmod(x, t, λ) = N(∞, v(t), d)−1N(λ, v(t), d), λ ∈ Ĉ\Σmod, (4.9)

s the unique solution of the RH problem (4.2). And this solution satisfies

lim
λ→∞

λmmod
12 (x, t, λ) = −

i
2
Im(E1 + E2 + α + β)

Θ(ϕ(∞+) + d)Θ(ϕ(∞+) − v(t) − d)
Θ(ϕ(∞+) + v(t) + d)Θ(ϕ(∞+) − d)

.

roof. Define a multivalued meromorphic function Pj(P), j = 1, 2 by

P1(P) = (ν̂1(P) − 1)
Θ(ϕ(P) − v(t) − d)

Θ(ϕ(P) − d)
, P2(P) = (ν̂1(P) − 1)

Θ(ϕ(P) + v(t) − d)
Θ(ϕ(P) − d)

.

sing the symmetry ϕ(λ+) = −ϕ(λ−), then

N(λ, v(t), d) =
1

2ν(λ)

(
−P1(λ−) P1(λ+)
P2(λ+) −P2(λ−)

)
, λ ∈ Ĉ\Σmod. (4.10)

he function Θ(ϕ(λ±) ± v(t) − d) is bounded on Ĉ\Σmod. And Θ(ϕ(P) − d) has zero divisor which is a factor of ν̂1 − 1. N(λ, v(t), d) is
n analytic function which is bounded away from the eight branch points. Thus one can derive

|N(λ, v(t), d)| ≤ C |λ− λ0|
−1/4, λ ∈ Ĉ\Σmod, (4.11)

here λ0 is one of the eight branch points. For λ → ∞,

lim
λ→∞

N(λ, v(t), d) = N(∞, v(t), d) =

(
M1(∞, v(t), d) 0

0 M2(∞, v(t),−d)

)
,

here

M1(∞, v(t), d) =
Θ(ϕ(∞+) + v(t) + d)

, M2(∞, v(t), d) =
Θ(ϕ(∞+) − v(t) + d)

.

Θ(ϕ(∞+) + d) Θ(ϕ(∞+) + d)

18
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he values Θ(ϕ(∞+)+v(t)+d) and Θ(ϕ(∞+)+d) are finite and nonzero [52,53]. These imply that N(∞, v(t), d) is invertible. Eq. (4.9)
is successfully proved:

lim
λ→∞

λmmod
12 (x, t, λ)

=
1

M1(∞, v(t), d)
lim
λ→∞

λN12(λ, v(t), d)

=
Θ(ϕ(∞+) + d)

Θ(ϕ(∞+) + v(t) + d)
lim
λ→∞

λ(ν1(λ) − ν−1
1 (λ))

2
Θ(ϕ(∞+) − v(t) − d)

Θ(ϕ(∞+) − d)

= −
i
2
Im(E1 + E2 + α + β)

Θ(ϕ(∞+) + d)Θ(ϕ(∞+) − v(t) − d)
Θ(ϕ(∞+) + v(t) + d)Θ(ϕ(∞+) − d)

.

□ □

.2. The local model near α, β and µ

The jump matrix m̂(5) of the fifth deformation with the property that v̂(5) − I decays to zero for λ ∈ Σ (5)
\ Σmod as t → ∞. But

his decay is not uniform decay as λ approaches Σmod. So, for the parts of Σ (5) that lie near Σmod, it is necessary to introduce the
ocal solutions which are better approximations of m̂(5) than mmod. These local approximations help us derive the approximate error
stimates.
local model near α: We define a function m(α0)(x, t, k) for k near α by

m(α0)(x, t, λ) = m̂(5)(x, t, λ)e−i( i
2 ln (−δ(λ))2 â(λ)b̂(λ)+tg(α)+h(λ))σ3 , λ ∈ Dε(α)\Σ (5).

emma 3.1 and Lemma 3.2 imply that the exponential of m(α0) is bounded and analytic for λ ∈ Dε(α)\Σ (5). The function m(α0) satisfies
he following jump condition

m(α0)
+ (x, t, λ) = m(α0)

− (x, t, λ)v(α0)(x, t, λ), λ ∈ Σ (5)
∩ Dε(α), (4.12)

where

v(α0) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

(
1 −e−2itgα

0 1

)
, λ ∈ A1,(

1 0
e2itgα 1

)
, λ ∈ A2 ∪ A4,(

0 1
−1 0

)
, λ ∈ A3,

with gα(λ) = g(λ)− g(α) for λ ∈ Dε(α)\γ(β,α). And Aj = S j−1 ∩S j, S0 = S4. Let A = ∪Aj, A is the conjugate of A. For the jump contour
f RH problem (4.12) and Sj please see Fig. 11.
For relating this RH problem to the Airy function of Eq. (A.5), we introduce ζ (λ) =

( 3itgα (λ)
2

)2/3
. We define a parametrix mα(x, t, λ)

for m̂(5) near α by

mα(x, t, λ) = Yα(x, t, λ)mAi(ζ (λ))e−i( i
2 ln (−δ(λ))2 â(λ)b̂(λ)+tg(α)+h(λ))σ3 , λ ∈ Dε(α)\Σ (5),

here

Yα(x, t, λ) = mmode−i( i
2 ln (−δ(λ))2 â(λ)b̂(λ)+tg(α)+h(λ))σ3 (mAi

as,Nζ (λ))
−1, N ≥ 0. (4.13)

unction mAi
as,Nζ (λ) is analytic near α for the jump contour Y3 satisfies (A.6). And the first second terms in (4.13), i.e. mmod

e−i( i
2 ln (−δ(λ))2 â(λ)b̂(λ)+tg(α)+h(λ))σ3 also satisfies (A.6) on Y3. According Theorem A.1, in Eq. (A.5), we have

mα(λ)(mmod(λ))−1
= I + O(t−N−1), t → ∞, λ ∈ ∂Dε(α), N ≥ 0. (4.14)

local model near β: Define m(β0)(x, t, λ) for λ near β as

m(β0)(x, t, λ) = m̂(5)(x, t, λ)e−i( i
2 ln(δ(λ))2 â(λ)b̂(λ)+h(λ))σ3 , λ ∈ Dε(β)\Σ (5).

unction m(β0)(x, t, λ) satisfies the following jump condition

m(β0)(x, t, λ) = m(β0)(x, t, λ)v(β0)(x, t, λ), λ ∈ Σ (5)
∩ D (β), (4.15)
+ − ε
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here

v(β0) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1 −

1
ââ
e−2itg

0 1

)
, λ ∈ Z1,(

1 0
ââe2itg 1

)
, λ ∈ Z2,(

0 e−it(g+−g−)

−eit(g+−g−) 0

)
, λ ∈ Z3,(

1 0
1
ââ
e2itg 1

)
, λ ∈ Z4,(

eit(g+−g−)

aa 0
0 ââe−it(g+−g−)

)
, λ ∈ Z5.

et Z = ∪Zj, Z be the conjugate of Z . For the jump contour Zj and Zj = T j−1 ∩ T j please see Fig. 12. Define gβ (λ) as

gβ (λ) =

∫ λ

β

dg =

{
g(λ) − g−(β), λ ∈ T1 ∪ T2 ∪ T5,

g(λ) − g+(β), λ ∈ T3 ∪ T4.
(4.16)

ntroduce a transformation

m(β1)(x, t, λ) = m(β0)(x, t, λ)A(λ), λ ∈ Dε(β)\Σ (5), (4.17)

here

A(λ) =

{
(ââ)−

σ3
2 e−itg−(β)σ3 , λ ∈ T1 ∪ T2 ∪ T5,

(ââ)
σ3
2 e−itg+(β)σ3 , λ ∈ T3 ∪ T4.

(4.18)

We can derive that m(β1)(x, t, λ) satisfies a jump condition

m(β1)
+ (x, t, λ) = m(β1)

− (x, t, λ)v(β1)(x, t, λ), (4.19)

where the jump matrix

v(β1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1 −e−2itgβ

0 1

)
, λ ∈ Z1,(

1 0
e2itgβ 1

)
, λ ∈ Z2 ∪ Z4,(

0 1
−1 0

)
, λ ∈ Z3,

I, λ ∈ Z5.

Similar with local near α, we need to transform this model to Airy function of Eq. (A.5). Let ζ (λ) = ( 3it2 gβ (λ))2/3. Define mβ (x, t, λ) by

mβ (x, t, λ) = Yβ (x, t, λ)mAi(ζ (λ))A−1(λ)ei(
i
2 ln(âb̂δ2)+tg(β)+h(λ))σ3 , λ ∈ Dε(β)\Σ (5),

where

Yβ (x, t, λ) = mmode−i( i
2 ln(âb̂δ2)+tg(β)+h(λ))σ3A(λ)(mAi

as,N (ζ (λ)))
−1.

According to the asymptotic function (A.6) of Theorem A.1 in Eq. (A.5), one can derive

mβ (λ)(mmod(λ))−1
= I + O(t−N−1), t → ∞, λ ∈ ∂Dε(β), N ≥ 0. (4.20)

local model near µ: Define m(µ0)(x, t, λ) for λ near µ by

m(µ0)(x, t, λ) = m̂(5)(x, t, λ)e−ihσ3B(λ), λ ∈ Dε(µ)\Σ (5), (4.21)

where

B(λ) =

{
e−itg−(µ)σ3 , λ ∈ R1 ∪ R2 ∪ R6,

e−itg+(µ)σ3 , λ ∈ R3 ∪ R4 ∪ R5,
(4.22)

and function gµ(λ) for λ near µ, i.e. λ ∈ Dε(µ), defined by

gµ(λ) =

∫ λ

µ

dg =

{
g(λ) − g−(µ), λ ∈ R1 ∪ R2 ∪ R6,

g(λ) − g+(µ), λ ∈ R3 ∪ R4 ∪ R5.
(4.23)

unction m(µ0)(x, t, λ) satisfies jump condition

m(µ0)(x, t, λ) = m(µ0)(x, t, λ)v(µ0)(x, t, λ), (4.24)
+ −
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Fig. 11. The jump contour Aj and Sj .

Fig. 12. The jump contour Zj and Tj .

here the jump matrix

v(µ0) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1 0

ˆb
â δ

−2e2itgµ 1

)
, λ ∈ X1,(

1 −
b̂
â
δ2e−2itgµ

0 1

)
, λ ∈ X2,( 1

aa 0
0 aa

)
, λ ∈ X3,(

1 0
ˆb

â2 â
δ−2e2itgµ 1

)
, λ ∈ X4,(

1 −
b̂

ââ
2 δ

2e−2itgµ

0 1

)
, λ ∈ X5,(

ââ 0
0 1

ââ

)
, λ ∈ X6.

For the jump contour please see Fig. 13. For eliminating the jump across γ(β,β), we introduce a function

δ̃(λ) = exp

[
i

2π

∫
γ(µ,β)

ln â(s)â(s)
s − λ

ds

]
exp

[
−i
2π

∫
γ(β,µ)

ln â(s)â(s)
s − λ

ds

]
, λ ∈ C\γ(β,β).

emma 4.2. The function δ̃(λ) admits the following properties:

δ̃(λ) and δ̃−1(λ) are bounded and analytic functions for λ ∈ Dε(µ)\γ(β,β).

δ̃(λ) admits the symmetry

δ̃ = (δ̃)−1, λ ∈ C\γ(β,β). (4.25)

δ̃(λ) admits the following jump condition

δ̃+ = δ̃−

{ 1
ââ
, λ ∈ γ(µ,β),

ˆ
(4.26)
âa, λ ∈ γ(β,µ).
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Fig. 13. The jump contour Rj and Xj , j = 1, 2, 3, 4, 5, 6.

δ̃(λ) can be rewritten as

δ̃(λ) = exp
[
iν2[lnβ (λ− µ) + lnβ (λ− µ)] + χ̃ (λ)

]
, (4.27)

here ν2 =
ln (1+|q|2)

2π and

χ̃ =
1

2iπ
Lβ (β, λ) ln (1 + ϱ(β)ϱ(β)) +

1
2iπ

Lβ (β, λ) ln (1 + ϱ(β)ϱ(β))

+
1

2iπ

∫
γµ,β

Lβ (s, λ) ln (1 + ϱ(s)ϱ(s)) −
1

2iπ

∫
γ
β,µ

Lβ (s, λ) ln (1 + ϱ(s)ϱ(s)).

ome symbols denote respectively

lnβ (λ− µ) = ln(λ− µ), λ ∈ Dε\γ(µ,β),
lnβ (λ− µ) = ln(λ− µ), λ ∈ Dε\γ(β,µ),
Lβ (s, λ) = ln(λ− s), s ∈ γ(µ,β), λ ∈ Dε\γ(µ,β),
Lβ (s, λ) = ln(λ− s), s ∈ γ(β,µ), λ ∈ Dε\γ(β,µ).

Remark: Function δ in Lemma 3.1 with a new version

δ(λ) = exp [−iν2 ln (λ− µ) + χ (λ)] , λ ∈ C\(−∞, µ], (4.28)

here ν2 =
ln (1+|q|2)

2 and

χ (λ) =
1

2iπ
ln(λ+ 1) ln(

1 + |ϱ+(−1)|2

1 + |ϱ−(−1)|2
)−

1
2iπ

(∫
−1

−∞

+

∫ µ

−1

)
ln(λ− s) ln(1 + |ϱ(s)|2), λ ∈ C\(−∞, µ].

+(−1) and ϱ−(−1) denote the values of ϱ(λ) on the left and right sides of γ1 ∪ γ 1. Moreover, functions δ̃ and δ satisfy the following
elations:

emma 4.3. Let δ2 = δδ̃, thus

δ2(λ) = p(z(λ))δ0(λ)δ1(λ), λ ∈ Dε(µ)\((−∞, µ] ∪ γ(β,β)), (4.29)

here

p(z) = exp
[
−iν2[ln−

π
2
z − ln z − ln0 z]

]
, z ∈ C\(R ∪ iR−),

δ0(t) = e
πν2
2 t−

iν2
2 exp−iν2 lnψµ(µ)eχ (µ)+χ̃ (µ), t > 0,

δ1(λ) = e−iν2 ln
ψµ(λ)
ψµ(µ) eχ (λ)−χ (µ)+χ̃ (λ)−χ̃ (µ), λ ∈ Dε(µ).

Define m(µ1)(x, t, λ) by

m(µ1)(x, t, λ) = m(µ0)(x, t, λ)δ̃(λ)−σ3 , λ ∈ Dε(µ). (4.30)

m(µ1)(x, t, λ) satisfies a jump condition

m(µ1)(x, t, λ) = m(µ1)(x, t, λ)v(µ1)(x, t, λ), (4.31)
+ −
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he jump matrix is given by

v(µ1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1 0

ˆb
â δ

−2
2 e2itgµ 1

)
, λ ∈ X1,(

1 −
b̂
â
δ22e

−2itgµ

0 1

)
, λ ∈ X2,(

1 0
ˆb

â2 â
δ−2
2 e2itgµ 1

)
, λ ∈ X4,(

1 −
b̂

ââ
2 δ

2
2e

−2itgµ

0 1

)
, λ ∈ X5,

I, λ ∈ X3 ∪ X6.

Let X = X1 ∪ X2 ∪ X4 ∪ X5. For relating m(µ1) to the solution of the parabolic cylinder functions in Appendix B, we introduce z for
iz2 = 2itgµ. For the reason that gµ(λ) has a double zero at λ = µ, we let

z = it1/2(λ− µ)ψµ(λ), (4.32)

here ψµ(λ) is analytic function for λ ∈ Dε(µ).
Define m(µ2)(x, t, z(λ)) by

m(µ2)(x, t, z(λ)) = m(µ1)(x, t, λ)δ0(t)σ3 , λ ∈ Dε(µ)\Σ (5). (4.33)

unction m(µ2)(x, t, z(λ)) satisfies the RH problem m(µ2)
+ (x, t, λ) = m(µ2)

− (x, t, λ)v(µ2)(x, t, λ), where

v(µ2) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1 0

r̂δ−2
1 ρ−2(z)e2iz

2
1

)
, arg z =

π
4 ,(

1 r̂δ21ρ
2(z)e−2iz2 ,

0 1

)
, arg z =

3π
4 ,(

1 0

−
r̂(1+r̂ r̂)
(1+|q|2)2

δ−2
1 ρ−2(z)e2iz

2
1

)
, arg z =

5π
4 ,(

1 −
r̂(1+r̂ r̂)
(1+|q|2)2

δ21ρ
2(z)e−2iz2

0 1

)
, arg z =

7π
4 .

We define a matrix function mµ(x, t, λ) for m̂(5) near µ by

mµ(x, t, λ) = Yµ(x, t, λ)mpc(q, z(λ))δ0(t)−σ3 δ̃σ3 (λ)B−1(λ)eih(λ)σ3 , (4.34)

where mpc(q, z(λ)) is the solution of the RH problem (B.1) in Appendix B. Function Yµ(x, t, λ) is analytic for λ ∈ Dε(µ) and defined by

Yµ(x, t, λ) = mmod(x, t, λ)e−ih(λ)σ3B(λ)δ̃−σ3δ
σ3
0 (t). (4.35)

Function mµ(x, t, λ) admits the following lemma:

Lemma 4.4. Function mµ satisfies the jump condition

mµ
+(x, t, λ) = mµ

−(x, t, λ)v
µ(x, t, λ), (4.36)

where the jump matrix

vµ = Ĵ (5), λ ∈ γ(β,β) ∩ Dε(µ). (4.37)

or t → ∞,

∥v̂(5) − vµ∥L1(χ ) = O(t−1 ln(t)),

∥v̂(5) − vµ∥L2(χ ) = O(t−3/4 ln(t)),

∥v̂(5) − vµ∥L∞(χ ) = O(t−1/2 ln(t)),

∥mmod(mµ)−1
− I∥L∞(∂Dε (µ)) = O(t−1/2),

1
2iπ

∫
∂Dε (µ)

(mmod(mµ)−1
− I)dλ =

Yµ(x, t, µ)m
pc
1 Y−1

µ (x, t, µ)
√
tψµ(µ)

+ O(t−1), (4.38)

here

mpc
1 =

(
0 −e−πν2βpc(q)

−πν2 pc

)
. (4.39)
e β (q) 0
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.3. The asymptotic solution

Function merr defined by

merr
= m̂(5)(mapp)−1, (4.40)

atisfies RH problem

merr
+

(x, t, λ) = merr
−

(x, t, λ)verr (x, t, λ), k ∈ Σerr , (4.41)

here Σerr
= (Σ (5)

\(Σmod
∪ D)) ∪ ∂D ∪ X , X = X1 ∪ X2 ∪ X4 ∪ X5 and

verr =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

mmod Ĵ (5)(mmod)−1, λ ∈ Σerr
\D,

mmod(mα)−1, λ ∈ ∂Dε(Dα),
mmod(mβ )−1, λ ∈ ∂Dε(Dβ ),
mmod(mα)−1, λ ∈ ∂Dε(Dα),
mmod(mβ )−1, λ ∈ ∂Dε(Dβ ),
mmod(mµ)−1, λ ∈ ∂Dε(Dµ),
mµ

− Ĵ (5)(m
µ
+)−1, λ ∈ X .

Let ω̂ = verr − I , and ω̂ admits the following lemma:

Lemma 4.5 ([47]). For t → ∞, ω̂ satisfies

∥ω̂∥(L1∩L2∩L∞)(Σerr\D) = O(e−ct ), c > 0. (4.42)

Eqs. (4.14) and (4.20) imply that

∥ω̂∥L∞(∂Dε (α)∪∂Dε (β)∪∂Dε (α)∪∂Dε (β)) = O(t−N ), t → ∞, N ≥ 1. (4.43)

For t → ∞, Lemma 4.4 yields that

∥ω̂∥L1(X ) = O(t−1 ln t), ∥ω̂∥L2(X ) = O(t−3/4 ln t),

∥ω̂∥L∞(X ) = O(t−1/2 ln t), ∥ω̂∥L∞(∂Dε (µ)) = O(t−1/2).
(4.44)

hus for t → ∞, we have

∥ω̂∥(L1∩L2)(Σerr ) = O(t−1/2), ∥ω̂∥L∞(Σerr ) = O(t−1/2 ln t). (4.45)

et Ĉ denote the Cauchy operator associated with Σerr , for function f (λ)

(Ĉf )(λ) =
1

2iπ

∫
Σerr

f (s)
s − λ

ds, λ ∈ C\Σerr .

efine Ĉω̂: L2(Σerr ) → L2(Σerr ) by Ĉω̂f = Ĉ−(f ω̂) [47,48]. We have the lemma:

emma 4.6. In the Banach space B(L2(Σerr )), we have

∥Ĉω̂∥B(L2(Σerr )) ≤ C∥ω̂∥L∞(Σerr ) = O(t−1/2 ln t), t → ∞, (4.46)

nd I − Ĉω̂ ∈ B(L2(Σerr )) is invertible for large enough t.

Define a 2 × 2-matrix function µ̂(x, t, λ) for a large t by

µ̂ = I + (I − Ĉω̂)−1Ĉω̂I ∈ I + L2(Σerr ), (4.47)

e consider the Neumann series representation of (I − Ĉω̂)−1 as (I − Ĉω̂)−1
=
∑

∞

j=0 Ĉ
j
ω̂
. we have

∥(I − Ĉω̂)−1
∥B(L2(Σerr )) ≤

∞∑
j=0

∥Ĉω̂∥
j
B(L2(Σerr ))

=
(
1 − ∥Ĉω̂∥B(L2(Σerr ))

)−1
, (4.48)

as ∥Ĉω̂∥B(L2(Σerr )) < I . Using Lemma 4.6, we have

∥µ̂− I∥L2(Σerr ) = ∥(I − Ĉω̂)−1Ĉω̂I∥L2(Σerr )

≤ ∥(I − Ĉω̂)−1
∥B(L2(Σerr ))∥Ĉω̂I∥L2(Σerr )

≤
C∥ω̂∥(L2(Σerr ))

I − I − ∥Ĉω̂∥B(L2(Σerr ))

≤ C∥ω̂∥(L2(Σerr )).

(4.49)

Using Eq. (4.45), we have the estimate shown as follows:

Lemma 4.7. Function µ̂ satisfies

∥µ̂− I∥ = O(t−1/2), t → ∞. (4.50)
L2(Σerr )
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The definition 4.7 implies that µ̂− I = Ĉω̂µ̂, thus merr
= I + Ĉ(µ̂ω̂) satisfies a L2-RH problem. And this L2-RH problem with a unique

olution is shown as follows:

emma 4.8. There exist the unique solution of the RH problem (4.41) given by

merr (x, t, λ) = I +
1

2iπ

∫
Σerr

µ̂(s)ω̂(s)
s − λ

ds. (4.51)

From Lemma 4.8, we have

lim
λ→∞

λ(merr (x, t, λ) − I) = lim
λ→∞

1
2iπ

∫
Σerr

λµ̂(s)ω̂(s)
s − λ

ds

= −
1

2iπ

∫
Σerr

µ̂(s)ω̂(s)ds.
(4.52)

This implies that

lim
λ→∞

λ(merr (x, t, λ) − I)

= −
1

2iπ

∫
∂Dε (µ)

ω̂(x, t, λ)dλ−
1

2iπ

∫
∂Dε (µ)

(µ̂(x, t, λ) − I)ω̂(x, t, λ)dλ

= −
1

2iπ

∫
∂Dε (µ)

(mmod(mµ)−1
− I)dλ+ O(∥µ̂− I∥L2(∂Dε (µ))∥ω̂∥L2(∂Dε (µ)))

= −
Yµ(x, t, µ)m

pc
1 Y−1

µ (x, t, µ)
√
tψµ(µ)

+ O(t−1), t → ∞.

q. (4.44) and Lemma 4.7 imply that the contribution of X to the right hand side of Eq. (4.52) is

O(∥ω̂∥L1(X )) + O(∥µ̂− I∥L2(X )∥ω̂∥L2(X )) = O(t−1 ln t), t → ∞. (4.53)

Thus, we have the following limit

lim
λ→∞

λ(merr (x, t, λ) − I) = −
Yµ(x, t, µ)m

pc
1 Y−1

µ (x, t, µ)
√
tψµ(µ)

+ O(t−1 ln t), t → ∞. (4.54)

Combining with the five transformations in Section 3, we have

lim
λ→∞

λ(m̂(x, t, λ) − I)

= eitg
(0)σ3eih(∞)σ3 lim

λ→∞

λ(mmod
− I + (merr

− I)mmod)e−ih(∞)σ3e−itg(0)σ3

= ei(tg
(0)

+h(∞))σ3
(
lim
λ→∞

λ(mmod
− I) + lim

λ→∞

λ(merr
− I)

)
e−i(tg(0)+h(∞))σ3 .

Thus, we have the solution of the DNLS equation (1.1) given by

q(x, t) = 2i lim
λ→∞

(λm̂(x, t, λ))12

= 2ie2i(tg
(0)

+h(∞))
(
lim
λ→∞

λmmod
12 (x, t, λ) + lim

λ→∞

λmerr
12 (x, t, λ)

)
.

(4.55)

Insert Lemma 4.1 and Eq. (4.54) into Eq. (4.55), Theorem 1.1, can be derived.
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T
▶

Fig. A.14. The contour of the Airy RH problem.

Appendix A. Airy function

For ζ ∈ C\Y , we define the function mAi(ζ ) as

mAi(ζ ) = Ψ (ζ ) ·

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

e
2
3 ζ

3
2 σ3 , ζ ∈ S1 ∪ S4,(
1 0

−1 1

)
e

2
3 ζ

3
2 σ3 , ζ ∈ S2,(

1 0
1 1

)
e

2
3 ζ

3
2 σ3 , ζ ∈ S3,

(A.1)

where

Ψ (ζ ) =

⎧⎪⎪⎨⎪⎪⎩
(

Ai(ζ ) Ai(ω2ζ )
Ai′(ζ ) ω2Ai′(ω2ζ )

)
e−

iπ
6 σ3 , ζ ∈ C+,(

Ai(ζ ) −ω2Ai(ωζ )
Ai′(ζ ) −Ai′(ωζ )

)
e−

iπ
6 σ3 , ζ ∈ C−,

(A.2)

and A = ∪Aj ⊂ C, j = 1, 2, 3, 4, and

A1 = {y|0 ≤ y ≤ ∞}, A2 = {ye
2iπ
3 |0 ≤ y ≤ ∞},

A3 = {−y|0 ≤ y ≤ ∞}, A4 = {ye
−2iπ
3 |0 ≤ y ≤ ∞},

see Fig. A.14.
Define the asymptotic approximation mAi

as,N (ζ ) as

mAi
as,N (ζ ) =

e
iπ
12

2
√
π
ζ−

σ3
4

N∑
k=0

(
2
3
ζ

3
2

)−k (
(−1)kuk uk

−(−1)kvk vk

)
e−

iπ
4 σ3 , ζ ∈ C\A, (A.3)

where N is the positive integer number, uk and vk are the real constants

u0 = v0 = 1, uk =
(2k + 1)(2k + 3) · · · (6k − 1)

(216)kk!
, vk = −

6k + 1
6k − 1

uk, k = 1, 2, 3. (A.4)

heorem A.1. The function mAi satisfies the following properties:

The function mAi is analytic for ζ ∈ C\A and admits the RH problem

mAi
+
(ζ ) = mAi

−
(ζ )vAi(ζ ), ζ ∈ A\{0}, (A.5)

where

vAi(ζ ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1 −e−

4
3 ζ

3
2

0 1

)
, ζ ∈ A1,(

1 0

e
4
3 ζ

3
2 1

)
, ζ ∈ A2 ∪ A4,(

0 1
−1 0

)
, ζ ∈ A3.

▶ The function mAi
as,N (ζ ) is analytic for ζ ∈ C\(−∞, 0] and admits the jump condition

mAi
as,N+

(ζ ) = mAi
as,N−

(ζ )
(

0 1
)
, ζ < 0. (A.6)
−1 0
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Fig. B.15. The contour of the Parabolic Cylinder RH problem.

▶ The function mAi
as,N (ζ ) approximates mAiry as ζ → ∞

(mAi
as,N (ζ ))

−1mAi(ζ ) = I + O(ζ−
3(N+1)

2 ), ζ → ∞, (A.7)

where the error term is uniform with respect to arg ζ ∈ [1, 2π ].

Appendix B. Parabolic cylinder function

Define the RH problem

mpc
+ (q, z) = mpc

− (q, z)vpc(q, z), z ∈ P, (B.1)

where P = P1 ∪ P2 ∪ P3 ∪ P4 and

vpc(q, z) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1 0

qρ(q, z)−2e2iz
2

1

)
, z ∈ P1,(

1 qρ(q, z)2e−2iz2

0 1

)
, z ∈ P2,(

1 0
−

q
1+|q|2

ρ(q, z)−2e2iz
2

1

)
, z ∈ P3,(

1 −
q

1+|q|2
ρ(q, z)2e−2iz2

0 1

)
, z ∈ P4,

with ν : C → [0,∞) and ν(q) =
1
2π ln (1 + |q|2). Let ρ(q, z) = eiν(q) ln−π/2 z , i.e. ρ(q, z) = z iν(q). The rays P = ∪Pj ⊂ C, j = 1, 2, 3, 4,

P1 = {se
iπ
4 |0 ≤ s ≤ ∞}, P2 = {se

3iπ
4 |0 ≤ s ≤ ∞},

P3 = {se
−3iπ
4 |0 ≤ s ≤ ∞}, P4 = {se

−3iπ
4 |0 ≤ s ≤ ∞},

ee Fig. B.15.

heorem B.1. The RH problem with a unique solution mpc(q, z)

mpc(q, z) = I +
i
z

(
0 −e−πνβP (q)

eπνβP (q) 0

)
+ O(

1
z2

), z → ∞, q ∈ C, (B.2)

here the error term is uniform with respect to arg z ∈ [0, 2π ] and q is compact subset of C, and βP (q) is given by

βP (q) =

√
ν(q)
2

ei(−
3π
4 −2ν(q) ln 2−arg q+argΓ (iν(q))), q ∈ C. (B.3)

nd for compact subset K ⊂ C,

sup
q∈K

sup
z∈C\P

|mpc(q, z)| < ∞. (B.4)
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