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by Deift-Zhou method. The step-like initial problem is described by a matrix Riemann-Hilbert problem.

fgﬁg‘gﬁf'& asymptotics A crucial ingredient used in this paper is to introduce the g-function mechanism for solving the
DNLS equation problem of the entries of the jump matrix growing exponentially as t — oo. It is shown that the
Step-like initial value leading order term of the long-time asymptotics solution of the DNLS equation is expressed by the
Genus 3 Theta function ® about the Riemann-surface of genus 3 and the subleading order term expressed by
Leading order parabolic cylinder and Airy functions.

Subleading order ©2023 Elsevier B.V. All rights reserved.

1. Introduction and main result

This paper is devoted to the long-time asymptotics behavior of solutions to the derivative nonlinear Schrodinger (DNLS) equation
with a step-like initial value

. o 1

i + Qu — i9°Gy + Elql“q =0, (1.1)
Aeitre=2B1x  x <0,

q(x,0) = {Azei hre28x x5 0 (1.2)

Eq. (1.1) alternatively termed by DNLS-III equation and sometimes referred as the Gerdjikov-Ivanov equation, to model weakly
nonlinear dispersive water waves, Alfvén waves propagating along with the constant magnetic field in cold plasmas and ultrafast
waves in optical fibers [1-3]. Here and after, the overbar denotes the complex conjugation and the subscript denotes the differential
with respect to the corresponding variables. The DNLS-I,-II equations

iqe + guw + i(lg1*q)x = 0, (1.3)
iqe + guw + ilgl*qx = 0, (1.4)

or termed by Kaup-Newell equation and Chen-Lee-Liu equation are also the canonical models of the DNLS equation. There exist a chain
of gauge transformations to relate DNLS-I,-IL-III equation with each other [4]. Theoretically, a solution §(x, t) of DNLS-I equation (1.3),
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Fig. 1. The jump contour C = RU iR and R.

the invertible gauge transformation q(x, t) = q(x, t) exp ( i ffoo |(§|2(y, t)dy) maps the solutions of the DNLS equation (1.1) with t — %

However, it is very hard to be done explicitly due to the involved indefinite integration. Therefore, one needs to work with these
equations separately.

Note that the problematic term (|q|2q), in (1.3) is replaced by the quintic term |q|?q without derivative and a derivative term g2,
with a better convolution structure in (1.1). Therefore, the present paper is concerned with the long-time asymptotics under the step-
like (asymmetric) initial value problem for x < 0 of the DNLS equation (1.1). The now well-known method of nonlinear steepest
descent for studying the long-time asymptotics of solutions of integrable nonlinear equations with initial value was introduced in the
early 1990s in a seminal paper by Deift and Zhou [5], building on earlier works of Manakov [6] and Its [7]. For a detailed historical
review of this method please see [8] and further extended by Deift, Venakides and Zhou [9,10]. This method of increasing perfection
is based on the development of the nonlinear steepest descent method for Riemann-Hilbert (RH) problem associated with integrable
nonlinear equations. The intermeshing of the RH formalism and the Deift-Zhou approach to the step-like initial value problems has
gradually been the subject of more works [11-14]. This idea was adapted by Venakides to problems in the shock problem with initial
data for the integrable equation [9]. Buckingham, Boutet de Monvel, Biondini, Minakov and Grava considered the long-time asymptotics
for the step-like initial value [15-24].

Before stating our assumptions and result more precisely, we recall known results concerning the DNLS equation (1.1). The multiple
soliton solutions are addressed for the DNLS equation (1.1) under the initial value with zero/nonzero boundary conditions as x — +o0o
by analyzing a matrix Riemann-Hilbert (RH) problem [25]. The Dirichlet initial-boundary value problem for the DNLS equation (1.1) is
exhibited to be locally well-posed in HS(R™) for s € (1/2,5/2) and s = 3/2 on the half-line [26]. For the nondecaying boundary value,
the existence of a solution is classified for the DNLS equation (1.1) with asymptotical time-periodic boundary values and two particular
families of parameters lying on the quarter plane {(x, t) € R?|x > 0, t > 0} [27]. Due to its integrability, many explicit solutions in the
closed form (including solitons and algebraic solitons, breathers and rogue wave solutions, algebro-geometric solutions), Hamiltonian
structures, integrable decompositions and similarity reductions have been presented for the DNLS equation (1.1) [28-36]. The global
existence for the DNLS equation (1.1) was proved by inverse scattering method in [37].

In the context of inverse scattering, the long-time asymptotics was studied for the DNLS equation (1.1) with step-like initial values

ih o —2iBx
q(x,0) = ge ¢ Xx<>0’0 time-periodic initial value on the quarter plane and the nonzero boundary condition by the nonlinear
steepest descent method [38-40]. Liu studied the long-time behavior of solutions to the DNLS equation (1.1) for soliton-free initial
data [41]. These works gave the leading order asymptotics where error is ©(t~'/2). However, the subleading order asymptotics not
derived.

In the present paper, we consider the long-time asymptotics in a shock case of DNLS equation (1.1) with the more general step-
like ill}iztial value conditions (1.2). Moreover, we derive the leading order and the subleading order asymptotics where the error is
o(t~ /4 In(t)).

In the initial value (1.2), {AJ,B],qﬁ]}2 € R and A; > 0. Eq. (1.1) with initial condition (1.2) admits the plane wave solution
qF¥(x, t) = Ajeitie 2Bx+2i0t where w; = (A4 + 4A?B; — 8B?). For By > B, (the rarefaction case), the asymptotics does not depend on
tl(le values of D} (Dj defined in Section 2.2), for details see [38[] For By < B, (the shock case), the asymptotic is influenced by D;/(B, —By).
For simplicity, we consider the symmetric shock Dy = D, = D > 0 and B, = —By = B > 0. The infinite branch of Img = 0 passes
through the points E; and E; before the two real zeros ©; and u; of Img = 0 directly lead to the genus 3. The distribution of the
asymptotical region was shown in Fig. 3, where &, denotes & = &, = 2(B+ «/ D? + B?) as the infinite branch pass through the points
E; and Eq, Emer denotes £ = & the two real zeros = 1 = pu of Img = 0. And the two zeros merge, where &per = 4(—B + ﬁD),
So the infinite branch pass through the two points E; and E; before the zeros merge if and only if &g, > &mer, 1.0, D/B < 4+§f

The present paper is devoted to studying the long-time asymptotic of the genus 3 for the DNLS equation (1.1) by means of the matrix
RH problem (RH problems in this paper are 2 x 2 matrix-valued). A critical step in the nonlinear steepest descent method consists in
deforming the contour associated to the RH problem in a way adapted to the structure of the phase function that defines the oscillatory
dependence on parameters. When the entries of the jump matrix are not analytic, they must be approximated by rational functions
so that the deformation can be carried out. Therefore, we bring in the g-function mechanism which is introduced when the entries of
the jump matrix grow exponentially or oscillate as t — oo [42]. The core idea of the g-function mechanism is to transform the phase
function 6 of the basic RH problem to a g-function so that the jump matrix of the RH problem is constant or decayed to an identity
matrix by some matrix deformations.

For this purpose, we fix some notations for this paper. We define C* and C~ are the upper and lower plane of the complex plane
C, as shown in right panel of Fig. 1. All RH problems in this paper are considered in the L>-RH problem [43-48].
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Our main result is addressed as follows:

Theorem 1.1. The long-time asymptotics of the solution to the DNLS equation (1.1) with the initial value condition (1.2) is given by the
following formula

4% ) =g+ L 4 ot 'Int), t— oo, (15)

NG

where the leading order term shown as

o O(p(00t) + d)O(g(oo™) — v(t) — d
qo = 2BV HONIME, + E) + o + %EZE?; I vzt)(f(;;@()(p(;(f; — d;, (16)

and the subleading order term shown as

PCyy—
sy kMY £ )
V()

The constants g9 and h(oco) are given by (2.49) and (3.20). The Riemann Theta function © and Abel map ¢ are defined by (4.4) and (4.7),
respectively. The matrices Y, and mﬁ’c are given by (4.35) and (4.39). The constant v,, defined by (4.32).

q (1.7)

2. Preliminaries

In this section, we mainly introduce some preparations for studying the long-time asymptotics of the DNLS equation (1.1) with the
initial value (1.2), such as Jost solutions, scattering datas, basic RH problem, g-function.

2.1. Jost solution

It is well known that the DNLS equation (1.1) can be represented as the compatibility condition of two linear spectral problem (Lax
pair). The Lax pair makes it possible to reduce the long-time asymptotics of the solutions with the initial value problem for Eq. (1.1)
to the matrix RH problem, which involves the Jost solutions of the Lax pair. The DNLS equation (1.1) admits the Lax pair [49]

U =U¥, W=V, (2.1)

where ¥ is a 2 x 2 matrix-valued function of (x, t, k), k € C is the spectral parameter and

i
U= —ik’o3 + kQ + 5|q|2a3,
1

> (99x — q9x)o3,

i
V = —2ik?o; + 2k3Q + ik*|q|?03 — ikQyo3 + Z|q|4a3 +
with

_ 0 ¢ (1 0
(4 8) -3 %)
Setting lei"o (for convenience we omit x, t, k) are the solutions of the Lax pair (2.1) as x — +o00. And leiOO satisfy the following
systems
+oo _ yyEoo,y,to0 +oo _ yy£00,5,E00
= U, g = v,
where U** and V™ are defined by U and V with the g instead by ¢™. Furtherly, one can derive ¥ > with the form
J j j j
wEe _ l-iBjxtivjt)os Yi(k) o —IX;(R)—it 2;(l)o3
¢ )

where

A2
X;(k) = \/ (k? — B — 3’) + kA2, 2i(k) = 2(k* + B))X;(k),

id: . —1 i | ih:
R Y I i I
j _

k)
yjtk) = y; (k)

SN

2

A? X
k2 — Bj — 71 — lkAj

yithy = 2
kZ — Bj — % + lkA]
A2
The branch cuts for X; and y; are taken along the segment y; Uy; = {k € C| Re’k — Im*k = B;, Re?k < B; + 71}, where
A?
¥ = {k € C[Re’ k — Im”® k = Bj, Re* k < B; + £, Imk? > 0}. X; and y; with the asymptotics

Xi(k) = k* —B+0(k™%), yjk)=1+0k™"), k— oo.
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For k? € ¥ UV, yir(k) = iy;—(k) and Y;(k) satisfy the jump condition

Yj(k)zvj_(k)( % )

ie"i¢i

Introduce the transformation Wj(x, t, k) = w;(x, t, k)e”**+8)os=it(2=wj)os The Lax pair (2.1) rewritten as a new version about Jost
solution ¥;

W = (U — USW + U0, W = (V= V) 4 V0, (2.4)
and one can note that the version of Lax pair (2.1) about u;

M = i(X; + Bjujos + Uy, pje = i(82) — wj)pjos + V. (2.5)
Multiply both sides by (lI/ji"c’)‘1 for the equation of (2.4) and derive the full derivative form

d [('Ilj:tOO)flqjj] — (lIIjiOO)fl(U _ Ujioo)l]/]dx + (lIIjiOO)fl(V _ Vjioo)qudf

Furthermore, the solutions ¥j(x, t, k) and u;(x, t, k) can be represented as the Volterra integral equations

X

wi(x, £, k) = FO(x, t, k)+/ Ax,y, t, k) Ay, t, )y, t, k)dy,
+o0

(. t, k) =€ (k) (26)

X
+ / Ax,y, £, KAy, t, Ky, t, ke NHB=073qy,

+o0

where

AX,y, £, k) = W5, £, k() (v £, k),
(2.7)

i i
Ay, k) = KQ = @)y, )+ S lal’(y, os — SAos.
The existence, analyticity and differentiation of ¥; and y; can be proven directly, here we just list their properties, for details, see [38].
Lemma 2.1. The Jost solutions Wj(x, t, k) of (2.1) admit the following properties:

> l,l/]m(x, t, k) and 11/2(2) are analytic in {k € C | Imk? > 0\ {y; U y»}} U/](Z)(x, t, k) and 11/2“) are analytic in {k € C | Imk? < 0\ {y; U¥,}},
where y; Uy; = {k € C | Re?k — Im%k = B, Re’k < B; +Aj2/4}. The distribution of asymptotic region is shown in the left panel of Fig. 1.

» Wj(k) satisfies the symmetries
Uj(k) = o103¥j(k)osor, o1 = < 10 ) (2.8)

> ((llfjiw)”d/j)m (x, t, k) and ((llfjiw)”d/j)(z) (x, t, k) admit the asymptotics
(=) (6 k) = e+ ok, k- oo,
(= '%) (k£ k) = €@ + ok ™),k — oo,
where the superscripts ((llfjioo)‘lllfj)w denote the jth column of the matrix (lI/jiOO)‘]le, el) denotes the jth column of a identity matrix L.

2.2. Scattering data

For the reason that ¥j(x, t, k), (j = 1, 2) are solutions of the Lax pair (2.1), there exists a scattering matrix S(A) obey the scattering
relation

Wn(x, t,k) = ¥ (x, t,k)S(k), keR, k#B. (2.9)

From the symmetries (2.8), one can derive the following form of ¥;(k),

(11) (12) (22), 7 (12)
i) = k) k) N k) k) (=1.2) (2.10)
J K) = [I/(21) k [1/(22) k - W (22) B =L . .
(k) (k) - (k) W k)
Eq. (2.9) implies that
S(k) = ¥, (0, 0, k)¥»(0, 0, k). (2.11)

Inserting (2.10) into (2.11), one can derive the scattering matrix S(k) with the following structure
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and detS(k) = 1. From the analyticities of Wj(x, t, k), one can derive the analyticities of a(k) and a(k) are in C*t\{y; U 7]-}}.2:] and
C\{y U?l-}jz:], respectively. The scatter coefficient r(k) = %@ And a(k) with the asymptotics a(k) = 14+ O(k~!) for k = oo. Generally,
the map q — {a, b, r} is the direct scattering map.

From the analyticities and asymptotics of Wj(x, t, k), a piecewise matrix function m(x, t, k) is given by

(1) ito
v e ;
( 1 . , l112(2)61[9> , ot \ Yis

(2) —ito
o WTe
(lllz(])elm, 1) . 0 \7]’
a

where 6 = 2k* 4+ £k? £ = x/t and the analyticity regions are defined by 2% = {k € C | £Imk? > 0}. This matrix function m(x, t, k)
admits the jump condition

m(x, t, k) = (2.12)

my(x, t, k) =m_(x, t, k)(x, t, k), k*eC. (2.13)

The jump contour C can be viewed as the boundary of the regions £2*. The jump matrix J(x, t, k) is given by
Jx, £, k) = ( thmr ) . (2.14)

Due to the multi-value of spectrum parameter k?, we reduce by symmetry from scattering data on the oriented contour C to scattering
data on the oriented contour R. Both contours with orientation are shown in Fig. 1. Introduce the transformation [50,51]
R(x, t, 1) = vk~ 2 m(x, t, k), (2.15)

1 0 ~ . o~ _ . .
where v = ( _ig 1 > and o3 is a 2 x 2 matrix with 03A = 03A0, !, Using transformation (2.15), we can now reduce the spectral
2

problem with k € C to A € R. And m satisfies the asymptotic m — I as A — oo. The modified scattering coefficient (1) = % X; and
£2; are rewritten as

A?
Xi(h) = \/(x — B2+ Zj +A?B;, 2i(0) = 20 + B)Xi(A).
4 —
The branch points E; = B; + iD;, where Dj2 = % —|—Aj23j. The branch cuts y; = [B}, Ej] and ¥; = [E}, B;]. For A — o0, X;(1) and £2;(A) with
the asymptotics
X(A)=r—B+00™"), 2;(x) =22 +aw;j+007"), r— oo

Functions m.(x, t, A) are analyticity in the regions (Ci\{yj U7} (y and ¥; see Fig. 2) and satisfy the jump condition

(%, £, ) = M (x, £, A)e MEH 2255 (e £ ), (2.16)
where the definition of 53 is shown in (2.15). The jump matrix J(x, t, ) is given by

~ _( 1+2x00 ©

Jx, t,A) = < A0 1] A ER. (2.17)

Now, we successfully map the spectral problem of k-plane to A-plane. For the reason that there exist branch cuts y;Uy;, the function
m(x, t, 1) does not continue as A € y; Uy;. We consider the jump condition about the branch cuts y; U; as shown in Lemma 2.2:

Lemma 2.2. For A € y; or A € ¥}, the jump matrices are given by

1 0 1—f(T) —
o Dren |3 ) e

o HF' E’,,
—a
I
1\‘5!\

/= iei®2 N 0
. A€Vl o v
i & i = | PETE
a+
where f(A) = 04+(2) — 0-(%).
Proof. For A € y; U, introduce the
X
N(x, £, 1) =1+ f AR, £ M)A, £ R, £ A, £ A) 7 (x, ¢, 2)dy. (2.18)
+o0

For every fixed (y,t), the function lI/ji"O(x,t,}»)(llfjioo)*l(y,t,A) is a solution of the x-part with g replaced by qji"o. Since this
solution equals the identity matrix at x = y and the matrix M in the Lax pair (2.1) is a polynomial in A, we conclude that

5



L. Wen, Y. Chen and J. Xu
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Fig. 2. The jump contour ¥ =RUpy; Uy Uy, UYy,.

WEC(x, £, A)(W) "y, t, 1) is an entire function of 1, well defined for A € y; U y,. Thus, ¥ and ®;¥;> solve the
equation for A € Xy, j' # j. Hence, ¥14(x, t, A) and ¥, 1 (x, t, 1) can be written as follows for A € y; Uy, Uy, Uy,:
Ui = R~

Uhy = VWL,

Uy = VW, >,
Uy =Ry,

)\.E)/]U?l,
Aepy Uy,

The scattering matrix S, () on branch cuts y; U y1 Uy, UYy, and det S.(A) = 1. There exist the relations
Wou(x, £, 1) = Wi(x, £, A)SL(R),

Po(x, t, &) = Pia(x, t, A)S4(R),

A€ V2 U727
S "1 U?l.

Physica D 454 (2023) 133855

same integral

(2.19a)
(2.19Db)

(2.20a)
(2.20b)

For A € y», UY,, one can derive §i(k) = ll/]’l(x, £, M)Ra(x, t, )\)lll;f’(x, t, 1). Letting x = t = 0, one have Ei(x) = Py(1)Y2+()), where

Py(A) = ¥, 1(0, 0, 1)R,(0, 0, 1). Hence
ie'2
0

= = 0 _
Sy(A)=S5-(1) ( jo—it2 > s AEYIUY,.
This implies that

Sipy = €281, Sy, =ie?28,; .

The jump relation across y, follows

o o) e C
( ~1 ) = ( ~1 lp(Z) ) a+ a ’
a4 a— 2— 0 gi

where c; is a function with respect to . Furtherly,

(2)
LN

(2) (2)
Lo vy~ G o
T = = T = 1
ay a_ a;a_
From (2.20),

2 < 1 < 2
lpZ(i) = S]z;tllll( ) + SZZilp]( ).

One can derive S, = det( vV ¢ )=a, and

ﬁ B ﬁ _ (512+ _ §12—) )
a a-  \Spr Spo) '
Hence
§1z+ _ %1& _ o2 §11—§2~2— —~§12—§21— _ jei‘fz .
S+ Sz- 5224522 a.a-

Thus ¢, = ez, ~
For k € y; Uy, one can derive Si(A)
where P;(1) = 87(0, 0, 1)@,(0, 0, 1). Hence

~ ~ _ 0 iei¢1
S_WST' W) =YYy = ( i1 o )
This implies that
~ 0 iei¢1 ~
Sf(k) = ( i€7i¢1 O >S+(k)
That is
Soi- =i 1Sy, Sp_ =i 1S, reyiUb.

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(@fioo)“(x, £, AR1(x, t, A)Dy(x, t, A). Letting x = t = 0, one have §i(k) = Y{Q(A)Pl(k),

(2.28)

(2.29)

(2.30)
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According the jump relation across y; as

(D @) )_( wD @ ) 1 0
(f ¥, - a% v, c 1) (2.31)

where c; is a function with respect to A.

(1) (1)
o) w
S X (232)
a, a-
From (2.20),
) =Sy vV — 5w, (2.33)

One can derive Sy, = det( lI/f]) lllz(i) ) = d. Thus

1 1 - -
‘1’1(+) _ ‘p1(_) _ (521— _ S21+)

8 . - v, (2.34)
a+ a- S Sng

As above, one can derive
Sa- Saip . ie'1
§22— - §22+ B (~1+(~1_'

Thus ¢; = Af(A). O

(2.35)

Furthermore, we note that the scattering datas obey the following relationships from the proof of Lemma 2.2
{a+ = —ie"1h_,

a+ == _iei¢25_,
b+ == —i€'¢]a_,

)\.E)ﬁU?, ~ L= )\,G)/2U?.
! b, =ie%2a_, 2
From Lemma 2.2, we summarize the function m(x, t, A) satisfies the RH problem:

RH problem 2.1. m(x, t, A) satisfies the RH problem

) is analytic in C\ X, where jump contour X see Fig. 2.

(x,t, A
t, 1) satisfies the jump condition

(x, t,

S F

(X, £, ) = M (x, £, A)e EF2D035(x 1 ), (2.36)

where the jump matrix J(x, t, A) is given by

1+Xx00 © L eR
A0 1)’ ’

1 0
(s 1) 2em

(A
~ o , A€y,
Jix, 6 3) = (0 ) s

e m(x, t, A) satisfies the asymptotic behavior

m(x,t,A) =1, A— oo. (2.37)
2.3. The basic Riemann-Hilbert problem

It is necessary to regularize function m(x, t, ) to get the RH problem of subsequent deformations in the L2. Define function f(x, t, 1)
by
m(x, t, 1) = m(x, t, Av~ (1),
1/4 ~ AL —
where v = (%) admits v, = iv_. This transformation implies that da = aa, bb = bb, o = ov™2, o

= 00 = |ol* & b and

>

1+§@5 = ab are bounded near Eq, ¢ is bounded near E,.

In order to study the long-time asymptotics of the step-like initial value problem for the DNLS equation (1.1) via the Deift-Zhou
method, we refresh the RH problem based on the previous analyses as follows:

7
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RH problem 2.2. m(x, t, 1) satisfies the RH problem

e m(x, t, A) is analytical in C\ X, where jump contour X see Fig. 2.
e Mm(x, t, 1) satisfies the jump condition

My (x, €, 1) = o (x, ¢, A (),
where the jump matrix

j(x, t, )n) — efitQ()L)agj(O)(k)ei[H()u)(73’ = 2,

and
1 Al el
( +Age Q>’A€R
rO 1
—-i 0
A , A€ Y1,
( Mo ) "
—i —_f _
. ; AEY,
JOG) = ( 0 i ) !
a iv?
a
a g% 5 A€ Y2,
& g
=, , AEY,.
v & 2
a+

o Mm(x, t, A) satisfies the asymptotic behavior
m(x,t,A) — I, A— oo.
The solution q(x, t) of the DNLS equation (1.1) with the initial value is reconstructed by
qlx, t) = Zi;\lij)lo Ao(x, £, A).

The jump matrices j(x, t, ) and m(x, t, A) admit the following symmetries

ﬁl(x, t, )h) = 0'103m0—30—1, AcC (C\E,
: o L Dmo, A€ UTUn U,
Jx, t,A) = 103( )_§1 iYYiV2VY,

(rlagj(x, t,)) o301, A€ER.

2.4. g-Function
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(2.38)

(2.39)

(2.40)

(2.41)

Consider the initial value D; =D, =D > 0 and B, = —B; = B > 0. Let g = §2,(1) + £X5()) be the g-function, the two real zeros of

Im(g) given by

B ¢ 1
=-—3__ 4B) — 3202,
M1 578 38 (§ +4B)
B ¢ 1
S A 4B? — 32D2,
M2 =3 8+8 (¢ +4B)

and
dg 4 — pa)(h — p2)

A i —E)A—E)

As & decreases, the infinite branch of the curve Img = 0 moves to the right. There are three possibilities:

Case 1: The finite branch hits E; and E; before the two real zeros j; and u merge.
Case 2: The two real zeros pq and u, merge before the finite branch hits E; and E;.

(2.43)

(2.44)

(2.45)

Case 3: The finite branch hits E; and E; at the same time as the two real zeros w1 and u, merge. We define some notations:

e The infinite branch hits E; and E; for £ = &, = 2(B + +/D? + B2).
o The two real zeros p and u, merge for & = & = 4(—B + V2D).
e The infinite branch hits E; and E; before the zeros merge if &z, > &mer, i.€.

4+ 642
&%1:DM<4i%£,
4+ 642
&mZ:lNB>4i7£;
4+ 642
Case3: D/B= %f



L. Wen, Y. Chen and J. Xu Physica D 454 (2023) 133855

£=0
t
genus 1
genus 2 genus 2
<, IR0
G;,V 0<€&<&mer 0 <& < &mer {,_,L
€ genus 3 genus 3 &
%, e
&>, ¢> e
genus 0 genus 0
X

0

Fig. 3. The space-time region of x and t for H6v2 D 1, where the blue region ' denotes the genus O region; the green region denotes the genus 2 region;
the yellow region denotes the genus 3 region; the red region denotes the genus 1 region.
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RYZAN 1
— S H -+ — | -+
L-a ol L=<a 5 -] L
+E1 \\ - E2 +E1 \\ - E2 +E1 : - E2

\ \
\ \

Fig. 4. The signature tables of Img: & > &, &£ =&, &mer <& < &g, & = &mer, 0 < & < &per, £ =0.

Each of these cases signifies the ending of the plane wave sector, because the g-function g, stops to provide a signature table appropriate
for subsequent deformations. Thus a more complicated g-function is required. Next, we pay attention to the situation small &. Let
parameters be Dy =D, =D > 0,B, = —B;=B>0,¢y =¢and ¢, =0,for 1 < 2 < @. For the distribution of region see Fig. 3.
For the signature tables see Fig. 4.
In this paper, we focus on region 0 < & < &per. For € < |&| < &, & is a positive constant, ¢ € (0, &), an appropriate g-function has

a derivative of the form

dg

= = 2.46

dr h ( )
where

Y =4(k — p)(h — a)d — @)1 — B)A — B),

_ —_ _ —91/2

h=[(—E)—E) — E)(A — E)(A —a)(h —@)(h — B)A— B)] .
And this g-function generating genus 3 asymptotics. The genus 3 structure because the derivative of g-function has five zeros: one
real zeros i, two complex conjugate pairs of zeros {«, @} and {8, 8} lie in CT\(X; U X,). And dg defined by (2.46) where i € R,
o = Rea + ilma, f = ReB + ilmB which are determined by

/ dg = f dg = / dg =0, (2.47a)
ay a as

. (dg . dg
lim (M - 4)») =£, AILH;A (dk —4A — 5) =0. (2.47b)

L—00
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Fig. 5. The contour g; and b; of Riemann surface with genus 3.

The contour g; see Fig. 5. And d:g denotes the differential on the Riemann surface given by dg on the upper sheet and by —dg on the
lower sheet (dg(A%) = £dg(r) for A € C\{y1 Uy, Uy, Uy, U V(B.a) Y y(a 5))}) Then dg is a meromorphic differential on the Riemann
surface which is holomorphic everywhere except for two poles at co*. The solvability of system (2.47) of equations characterizes a

genus 3 sector. Since dk()\) , we have j[f dg = fEE dg where the second integral is the complex conjugate of the first one. This
implies that fa ) dg € iR. So the ﬁrst third in (2.47) are three real conditions. The precise definition of g-function on the Riemann surface
M (see Fig. 5) will be given in the following:

A
g(M=/f dg, reC\x™, (2.48)
Ey

where X™4 = 1, Uy, Uy, Uy, Uyga U Ya.p Y V@ p) The systems of (2.47) ensure that

dg(A) =4r+£+0O(L7%), r— oo,

g =00 +g%+0o0™h, A - . (2.49)

Lemma 2.3. The g-function defined by (2.48) with the following properties:
» g(A) — 6(1) is analytic and bounded for A € (@\Em"d with continuous boundary values on ™, where C = C U {o0}.
» g()) admits the symmetry g(A) = g(X).
» g(X\) admits the RH problem

2A1, A€ Y1 U?l’
g+(A)+8-(A)= 1242, A€ Vg5 YV

O, A€ Y2 U?Z!
g+(A) —g-(A) =243, A€V,

(2.50)

where

g:(B)—g-(B) _g(B)—g(B)
2 N 2 '

Ay =g(E)g(Er), Ay =g(a)g(@), As= (2.51)

Proof. For A € C\X™¢, function g(A) is analytic function with bounded and continuous boundary values on X™, Eq. (2.49) implies
that g(A) — 6(A) is analytic also at infinity. The first one follows.

Using that
d d -1, rexmid\ yz
<g) = <£> { > € \ YB.p) (2.52)
dr/ dr)_ 1, A€ vygp)
one can find that g, + g_ and g, — g_ are constants on each curve in (2.50). And these constant values are fixed by evaluation at the
endpoints. Since dk( )— dg (X) and g(E,) = g(E;) = 0, (2.50) derived. The second one follows.

In Eq. (2.47) and ¢ (k) ( ) ensure that lmg = 0 on R and that Img(E;) = Img(«e) = Img,(B) = Img_(B) = 0. Hence the
constants A; in (2.51) are real The third one follows. O

10
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Fig. 6. The branch cuts and the level set Img = 0 (the dash line and RU y1 Uy Uy, UV, Uyz5 U vg s U Up.e) The region of Img > 0 is “+” and Img < 0 is
‘" The jump contour ZN =RUy Uy, Uy UV, Uygp U vgs Y Visa-

3. Deformation of the jump contour

In this section, our main purpose is to re-normalize Problem 2.2 such that it is well-behaved as t — oo along any characteristic by
establishing transformation h — mY. For deriving the long-time asymptotics of Eq. (1.1), the jump matrices need to be transformed
as a constant matrix or decay to identity matrix. Now we will perform five transformations for the RH problem.

Introduce the matrix function mM(x, t, 1)

mV(x, t,A) =e

where g = (g —

—itg(0>a3 T/fl(X, t, }L)e—it(g()»)—ﬁ()»))(ﬁ

0)(&, oo). Function m(x, t, 1) admits the following RH problem:

RH problem 3.1. Function mM(x, t, 1) satisfies the following jump condition:

o mM(x, t,

t, A
o mD(x, t, 1) satisfies the jump condition

D = A0,

where the jump matrix

roe
1+AQQ

0

a,

2itg(k)

_le”(g+ -8-)

jv—2eit(g++8-)

(
g
(
[

0

1 Ee‘z”g 1
) ( )\éeﬂtg
) ( 1+ 160

—jelt(e+—g-) 0

Afett(g++g ) jeitlg+—g-)

0
1

A= oit(g+—8-)  j)2p—itlg+—g-)

g%e—it(y —&-)

jo—it(e+—8-)

elt(e+—g-)

a+
elt(g+ g-) 0
0 eit(g+—8-)

0

&= pitlg+—g-)

)

—feitles+e-)

o mV(x, t, 1) satisfies the asymptotic behavior

mV(x, t,2) = 1,

A — 00.

).

0
1

141260

)

)
)

) is analytic in C\ X", where X see Fig. 6.

A € (u, +00),
1 Fe2itg(k)
14100
0 1
A e Y1,
A€ Y2,
AEYY,
AEY,,

A€V YYap Y YEs:

11

. A€ (—oo, ),

(3.1)

(3.2)

(3.3)



L. Wen, Y. Chen and J. Xu Physica D 454 (2023) 133855

There is a bad factorization in jump matrixj“) for A € (—oo, ). To eliminate the intermediate matrix, we define function m®(x, t, 1)
by

mA(x, t, 1) = mV(x, t, A)673(1), (3.4)
where
. " RV
5(0.) = exp [2_711 /l l“(]:_sli'(s)”ds}, € C\(=00, ul. (35)

The function §(A) with the scalar RH problem:

Lemma 3.1. The function §(A) admits the following properties:
» 8(1) and §~'()) are bounded and an?lyricfor A € C\(—o00, u] with continuous boundary values on (—oo, i).
» & admits the symmetry 8(1) = 8(1)
» & admits the jump condition

8+ =8_(1+1l61*), (o0, ),
5+ = 8—7 (,LL, +OO)

» &(A) admits the asymptotic behavior
s =1+0071, 1— oo. (3.6)
Lemma 3.1 implies that 8°% satisfies a L-RH problem. Hence 1 satisfies Problem 2.2 iff m(® satisfies the RH problem:

RH problem 3.2. m®)(x, t, 1) satisfies the following properties:

o MP(x, t, 1) is analytic in C\ X, where X?) see Fig. 6.
o m@(x, t, 1) satisfies the jump condition
D = 5 o7

where the jump matrix ] is given by

0 1 52 —2itg
_A0 _s72e2i8 1 I_H‘ . A€ (—oo, 1),
14700~ 0 1

p282pitle++8-) I p-it(gr—g-)
at

82 —2itg 1 0
)\@8_282@ 1) A€ (p, +00),
_lelt g+—8-) 0
Afg 2,itlgr+8-)  jo-itler-g-) | A€y,
a+ eitle+—8-)  jp282e—it(g++g-)
J@ = 0 iy it g ) | A€ 2,
a—
—jeit(g+—g-) _fazefit(g++g,) N
0 joitle+—g-) ’ €Y1
“+ eit(g+—8-) 0
by , reT,,

eit(g+—8-) 0
0 etz )0 A EVBoYYanYYap:

o MmP(x, t, 1) satisfies the asymptotic behavior
mAx, t,0) > 1, A — oo. (3.8)

The purpose of the third deformation of the RH problem is to extend the jump matrix off the real axis. Then, the complex plane C

is separated into six sectors which are respectively denoted by U;(j = 1, 2, ..., 6). The distributions of U; are shown in Fig. 7. With this
deformation, we define a new function M that deforms the oscillation term along the real axis onto new contours. Along the new

12
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Fig. 8. The jump contour ¥©).

contours, the deformed oscillation term is decaying. The function m® defined by

1 0
( —10872e%E 1 ) reln
1 _ é Agze—zitg
1+2100 , A € Us,
0 1
Mo __g-202tg 1 |° A€ Uy,
14100
1 éaze—zitg
s A € Ug,
( 0 1 6
I, A e U, UUs.

By using the identity

i:)\f Lﬂ s —i:)»f Lﬂ >
1+i00/ 1+ Xo0 N

a a

4 irpir? =0, — +irp_v?> =0,
a, a

the function /) admits the RH problem:

RH problem 3.3. m®)(x, t, 1) satisfies the following properties:

o MmB)(x, t, 1) is analytic in C\ X3, where ¥ see Fig. 8.
o m3)(x, t, 1) satisfies the jump condition

m = mje),

13
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Fig. 9. The distribution of V;, j=1,2,...,8.

where the jump matrix j(3) :jj(3) in the upper half-plane rewritten as

3 1 0\ e 1 - g2
§)= ( _)Léa—zeZitg 1 >, §)= ( 0 1“991 s

oo . 0 (Wf ) 182e e+ —g-)
3 }Lfs—Z ’

eit(g++g-) 0

~3) 0 iv2§2e—itle++e-)
4 T\ 25 2eitle+te-) 0 ’

00) _ gitg o (1 —i(f)718? ) jitgion
> 0 1 ’

73) _ ,—itg_o3 1 _i()‘f)_lsz itg o3
Jg =e AolD A e .
A0S~ aa
where the subscript of]Aj(3) denotes the jump contour in Fig. 8.
o mB3)(x, t, 1) satisfies the asymptotic behavior

m¥(x, t, M) =1, A — oo. (3.11)

Our purpose for performing the fourth deformation of the jump contour is to transform the jump matrix across y(s.«) Y ¥z Y 3.5

to a diagonal or off-diagonal matrix. Then, the branch cuts ys.4) U ¥z3 U 5,5 Is separated into eight jump contours in the upper

half-plane which are respectively denoted by (5,6, ..., 12) and there exist eight jump contours in the lower half;glane, see Fig. 10.
The analytic regions enclosed by these jump contours named by V;(j = 1, 2, ..., 8), see Fig. 9. First, we deformate ]é ) and jéf) as

Al

1(3) — e*itg,ag Al 0 q _l()\'f,\)7162 Al 0 efi[g+03
5 irfo2 1 —irfo—2 0 irfe? 1 ’

_ —i(3f)s2 L 0 1 0 _
73) _ ,—itg_o3 1 L aa . —itgyo3
=e L 52 e .
Is < 0 T ) ( 0 da L}aﬁ 1

We define the function M in the upper half-plane by

1 0

2itg 1 5 A€ V]7
" abs?

1 0
Q2itg 1 . S Vz,
abs?

m¥ = m® 1 0
( _rg-2p-2ig  q ) s AeVs,
da

a

_ 2¢2,-2itg
(; Q‘Sf ) e Vs,

I, elsewhere,
and m®(x, t, ) admits the RH problem:

14
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Fig. 10. The jump contours X® and ¥,

RH problem 3.4. m®(x, t, 1) satisfies the following properties:

o mW(x, t, 1) is analytic in C\ X, where £ see Fig. 10.
o m¥)(x, t, 1) satisfies the jump condition
~ (4 A (4)5
m(+) _ m(_)](4)’ (3.13)
where the jump matrix j(4) :]}(4) in the upper half-plane rewritten as
7(4) _ 73 54 _73) 34 _33)  34) _ 73)
V=0 Lo=hL BT =E0 L=l
~4) A4 12“ 0 4 0 _Gbs2eitlg++g-)
5 —J7 = _e® 1 ) Je T I 0 )
abs2 abs2e—it(e++&-)
) _ ( C e © ) . 12 ) 0
8 —=0 > Jg T _ag—2,2itg >
ﬁ26b8 € 1 [;5 € 1
A . it(g+—g—)
a1 —%(Sze*Z"g i % 0
10 0 1 »on 0 Gae—ite+—g-) |’
7(4) _ - 1 0
12 =\ b g-2022 1 |°
a%a
where the subscript of]}(‘” denotes the jth jump contour in Fig. 10.
o MmW(x, t, 1) satisfies the asymptotic behavior
MO, 6, 0) > 1, A — oo. (3.15)

For making the jump matrix across the branch cuts y; Uy, Uy, Uy, Uyg 5 U Ve and across yg g constant in A. We introduce

the matrix function m®) by
PO(x, £, 1) = e~ fA)(x £ 3)ehH)

The function h(1) in M® is defined as

W) = h(A)/ H(s) ds.
z

o 2im mod S — A
where
271+h —
%, rEUYY,
279+h
=1 * € Ypa) U Vapy

- 213+h3 AE Ve
“h Y8y
I _
;—i, A €Y UY,,

(3.16)

(3.17)

(3.18)

15
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with
hi = —iln(a,a_8%%), x ey,
hy, = —iln(ia,a_82), A € V(B,a)
hs —lln(aa), A€ Vu.p)s
hy = —iln(u?8?), L€y,

and 7; are real constants, h; = Hj h()) satisfies Lemma 3.2.

Lemma 3.2. h(1) admits the following properties:
» h(1) admits the symmetry

h(x) = h(x), A e C\zm,
» h()\) admits the asymptotic
h(%) = h(co) + O(A™"), A — oo,

1
h(oo) = —— sH(s)ds
2im s;mod

» "3 is bounded and analytic for k € C\ X™d.
» h()) satisfies the jump conditions

211 — iln(a,a_s%e®), A€ Y1,

21y +iln(a,a_8"%e™), rEV,
hy+h_ =21 — iIn (iabs?), A€ Vip.a)

27, +iln(—iabs~2), A € Vg5

—iln(pu?8%), A€V UY,,

213 — iln(&ﬁ), A€ Vu.p)»
hy —h_ = s

213 + iln (da), * € Y@

RH problem 3.5. Function m®)(x, t, 1) satisfies the following properties:

o MmB)(x, t, 1) is analytic in C\ X®), where X see Fig. 10.
o Mm®)(x, t, 1) satisfies the jump condition

) = ),

where the jump matrix J©®) :]Aj(5 ) is given by

~5) 1 0 25) _ 1 aﬁéze*Zifge*Zih

1 = §2elitge2in 1 | 2 T\ ¢ 1 ’

(5) 0 ie—Zi(tA1+r1) 5) 0 i
] ieZi(tA1+T1) 0 ’ ]4 - i 0 ’

(5) _ J _ Zi;lg . "(5 ie*Zi(tAzﬁ»rz)

7 _ %ezlh leZt(tAerrz 0 ’
abé
7(5) _ L A(S 0
8 Az%(s—ZEan eZZh a 8 2621tg821h 1 ’
a
s 1 b52 ~2itg o—2ih 2i(tA3+13) 0
10 — 0 1 ’ e—2i(tA3+1:3) s

7(5) = = ! . . 0
12 %S—Zezngezm 1 ’
a‘a

where the subscript of]Aj(5 ) denotes the jth jump contour in Fig. 10.
o MmB)(x, t, 1) satisfies the asymptotic behavior

IS

mPx, t, 1) = I, A — oo.

The lower half-plane can be derived by the symmetries.
16
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(3.19)

(3.20)

(3.21)

(3.23)
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4. The long-time asymptotic

Let D.(a), Do(e), D:(B), D.(B) and D,(1) be the small disks of «, @, 8, 8 and w. Define D = D,(ar) U Do(¢) U Do(8) U D.(B) U D, ().
The approximate solution is

mY, A € Dy(a),
mP, e Dy(B)

marP — mi A€ Ds(g)’ (4.1)
mf, & e D.(B), ’
mt, A€ De(p),
mmd  elsewhere,

and the jump contour X% = ¥4 U 3puU AU AUZUZUX. Y, Y, 2, Z and X are defined in the next subsections.
4.1. The model problem

From the fifth deformation of the jump contour, the jump matrix approaches the identity matrix as t — oo on £® \ (Z; U X, U
y@@ UWp.0)U V3 p))- Inspired by this idea, for t — oo, the solution of function m®) approaches the solution of function m™?. Function
m™® admits the RH problem

mTx, t, ) = m™(x, £, ™ (x, £, 1), A e T, (4.2)

where we define X™¢ = y; Uy, Uy, UV, U yp.a) U Ya.B) Y ¥.p) and the jump matrix

0 i672i(tA1+r1) .
( je2iltAr+7y) 0 ) . AenUyy,
0 i _
< . ) , L€y Uy,
vmod _ 1 0
- 0 ie—Zi(tA2+12)
< jp2i(t Ag+T3) 0 > s A EVB Y Y ap):
eZi(tA3+t3) 0
( 0 e*Zi(tA3+‘L'3) ) ’ A€ J/(E,ﬁ)a
Define a vector valued function M(A, u, e) by
Olp(AT)+u+e) Op(AT)—u—e
ML, u, e) = ( (O +ute) Ole(r) )> L e\ yeec? (43)
Op(rt) +e) O(p(At) —e)
where @ is the Riemann theta function
O(z) = Z eZin(%NTrN-#NTz), 7 e 3. (4.4)

Nez3

Riemann theta function @ has the properties for all z € C,

O +e)=0@), Ok +19) =" i DoE), 0r)=060(-2). j=1.23 (45)
where T = (7j)3x3 is a 3 x 3 period matrix. t defined by 7;; = fbj ¢ (see [52] for its detailed informations), where fai g = 8jj. ¢j is given
by ¢ = 2?21 AuZ;, where & = h™'A"and (A~); = fuj Zi. Since h admits h(AT) = —h(A ™), we have the symmetry for £(A1) = —¢(A 7).

And
1 1, 1 1,
/c=f/c=fe0>, /z=f ¢ =510, (46)
aj+ 2 qj 2 bj+ 2 b; 2

a and b are the restrictions of ¢; and b; to the upper sheet, e?’ is the jth column of the identity matrix I3, 7% is also. ¢ in (4.3) is
Abel map ¢ : M — C3? with base point E,,
P

eP)=| ¢, PeM. (4.7)
Ep

And ¢ satisfies the jump conditions

(1) v
T, reyiUyy,
+ + @ A€V
A (AT) == (A7) —p_ (A7) = ’ o
(,0+( )+§0 ( ) (/)+( ) 4 ( ) ‘C(Z) +e(1) +€(2), = V(E,B)v
0, r€yaUYy,,

o) = 0 =1® =P 4 eV 4+ e h e ygy),
where ¢, (1%) and ¢_(A*) are the boundary value of ¢(I*) for | € C approaches A from the right and left of the contour, respectively.

17
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The vector valued function M(, u, e) satisfies the jump condition

0 eZinu1 .
( o2y 0 > ’ renUyy,
0 1 _
( 1 0 ) , A ey Uy,,
M, (A, u,e)=M_(A, u,e) 0 Q2im
( 20ty 0 ) ; A€ Vo) YYas),
e—2irr(u2—u3) 0
( 0 e2im(uz—u3) ) » A€ YB.8)

Define a vector valued function N(A, u, e) by

< (V] + V1_1)M1()"7 u, e) (U] - U]_I)MZ()“! u, e)

1
N = -
()\, u, e) (U] _ v]—])Ml(A’ u, _e) (vl —+ U;l)Mz()\-, u, _e)

5 ) reC\Z™  yeeC?

where

((k —E)(A —E) —a)r—B)
vi(A) = = = — —
(A —E1)(A —E2)(A —a@)(A — B)

For k — oo, vi(A) = 14 O(A~1). Let D; denote the function M — € which is given by u12 on the upper sheet and by _V12 on the
lower sheet of M. H1(A*) = j:vf(x) for A € ™ Then ; is a meromorphic function on M. Noting that d; has four simple zeros at
E1, E5, « and B, we see that D has degree four. Hence, function ¥; — 1 has four zeros on M counting multiplicity. These zeros are
oo™, Py, Py, P3 € M. Let © be the divisor © = P;P,P; on M. N(A, u, e) satisfies the jump condition

1/4
) . AeC\xmd (4.8)

0 ie?mi _

< je—2imu 0 ) ) AEVUYY,

0 i _
(i 0), A€y UY,,

Ni (2, u,e)=N_(%, u,e) 0 e2imtz

< l‘e—ZiTruz 0 > ’ re Y(B.) U y(E,E)’

_e*Ziﬂ(“2fu3) 0

0 _e2intuy—uz) ) A€ Vg p)-

Define the complex vector d(£) € C3 by d = ¢(D) 4 K, where ¢(D) = 33 ¢(P;) and kK = (6™ 4B (0 4 72 4 £03). Define the
vector function v(&, t) = v(t) = —%(t A 4T, t Ay +10, t(Ay — A3)+ T — T3 + %).
The solution of the model RH problem is shown as follows:

Lemma 4.1. For each choice of the constants {A;, 'L'j}]-3:l and for t > 0, the function m™4(x, t, 1) defined by

m™4(x, t, 1) = N(oo, v(t), d)"'N(A, v(t), d), A€ C\x™M, (4.9)
is the unique solution of the RH problem (4.2). And this solution satisfies
O(p(00™) + d)O(p(00™) — v(t) — d)
O(p(00™) + v(t) + d)O(p(c0t) —d)’

i
lim AamT(x, t, 1) = —=Im(E; + E; + « + B)
A—00 2

Proof. Define a multivalued meromorphic function Pj(P), j =1, 2 by

O(gp(P) — v(t) — d) O(g(P) + v(t) —d)

Py(P) = (1(P)— 1) Py(P) = (11(P) = 1)

O(p(P)—d) O(p(P) —d)
Using the symmetry ¢(AT) = —@(A~), then
_ 1 —Pi(x7)  Pi(A7T) P—
NG v(0),d) = 5o ( PO —Baa) ) A e G\ zmod, (4.10)

The function @(p(A*) & v(t) — d) is bounded on @\Em"d. And ©(¢(P) — d) has zero divisor which is a factor of 17 — 1. N(A, v(t), d) is
an analytic function which is bounded away from the eight branch points. Thus one can derive

IN(L, v(t), d) < CIA — 2ol 4, A e C\Z™, (4.11)
where 1 is one of the eight branch points. For A — oo,
. _ [ My(oo, v(t), d) 0
AlLrgo N(A, v(t), d) = N(oo, v(t),d) = ( 0 My(c0. v(t), —d) ) ,
where
O(p(oo™) + v(t) 4 d) O(p(oo™) — v(t) + d)
M; (00, u(t). d) = ., My(oo, v(t), d) =
100,10 D =0 (o) + d) 200 v D=5 ioct) + d)

18
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The values @(p(oco™)+v(t)+d) and O(¢(oot)+d) are finite and nonzero [52,53]. These imply that N(oo, v(t), d) is invertible. Eq. (4.9)
is successfully proved:

lim Am™4(x, t, 1)

L—00

1
= ———— lim ANy (X, v(t), d
M (s, o(0), d) e N2l Y- D
Olploot) +d) . M) — v () Op(oot) — () —d) & 1

O(p(o0") + (D) + d) e 2 O(p(o0") — )
i O(p(00™) + d)O(p(00™) — v(t) — d)
= M E et B oot + u(0) + DO(e(oet) — d)'

4.2. The local model near o, 8 and p

The jump matrix M® of the fifth deformation with the property that 9®) — I decays to zero for A € ¥®) \ £™4 a5 t — oo. But
this decay is not uniform decay as A approaches XM, So, for the parts of X©) that lie near X™, it is necessary to introduce the
local solutions which are better approximations of Mm®) than m™. These local approximations help us derive the approximate error
estimates.

local model near a: We define a function m@%(x, t, k) for k near « by

meO(x, £, &) = MO, t, )~ (3 M(-3CIPABOIHg@HhIDos 5 ¢ P (@ )\ 5,

Lemma 3.1 and Lemma 3.2 imply that the exponential of m®® is bounded and analytic for A € D,(a)\ X®. The function m®® satisfies
the following jump condition

m@(x, t, 1) = m“O(x, t, WW@O(x, t, 1), A€ £ ND(a), (4.12)
where
1 _e—2itga
. AE A,
(0 1) rea
. 1 0
p(@0) — ( ize 1 > , A e AU Ay,
0 1
, A€ As,
(%0) :

with g,(1) = g(A) — g(a) for & € D(@)\Y(p,0)- And A; = Sj_1 NS}, So = Sa. Let A = UA;, A is the conjugate of A. For the jump contour
of RH problem (4.12) and S; please see Fig. 11.

For relating this RH problem to the Airy function of Eq. (A.5), we introduce ¢(A) = (3"&’(”) /3. We define a parametrix m“(x, t, A)
for Mm®) near « by

rnct(x7 t, }\.) — Ya(x, t, A)mA'(;‘(A))e_'(% ln(—S(A))zﬁ(k)l;(l)+tg(a)+h()u))63, = DS(O[)\Z(S)
where
Y (x, £, A) = mmode—i(%ln(—B(A))Zﬁ(k)la(k)+tg(a)+h(k))a3(mg;"N;.()L))fl, N >o0. (4.13)

Function mﬂsN;“(A) is analytic near « for the jump contour Y satisfies (A.6). And the first second terms in (4.13), i.e. m™
e i3 In(=3(\2aMBG)+g()+h(A)o3 4]5q satisfies (A.6) on V3. According Theorem A.1, in Eq. (A.5), we have

me(A)(m™ ) =1+ 0N, t—> o0, AedDi(a), N=>O0. (4.14)

local model near g: Define m#%(x, t, 1) for A near B as

m(ﬁo)(x, t, 1) = ﬁ«l(S)(x’ £, A)e_' 111(5(>~))2 (\)B( )+h(?»))03 = DE(,B)\E(S)
Function m#%(x, t, 1) satisfies the following jump condition

mP%x, £, 1) = mP%x, £, MpBO(x, £, 1), A € T ND.(B), (4.15)
19
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where

1 _iAe—Zitg
da , A€ Zy,

1 0
Py , A€ 2,
aae’® 1

0 —it(g+—g-)
VB0 — < A ¢ ) A€ 23,

_pit(g+—8-) 0

1 0
1etg 1 | A€ Zy,
aa
oitles —g-)

aa AN 0 ), A€ Zs.

0 adae—t&+—8-)

Let 2 = Uz}, Z be the conjugate of 2. For the jump contour 2; and Zj = T;_1 N T please see Fig. 12. Define gg(1) as

A
—g_ UT U
gﬁ(x):/ dg = [g(/\) g-(B). LETIURUTs, (4.16)
8 g(A)—g+(B), A eTUTs.
Introduce a transformation
mPV(x, ¢, 2) = mPx, £, MAL), 1 € D(BNZ®, (4.17)
where
ad —itg—(B)o3
AL = (g) Fe , A€TMUTUTs, (4.18)
(Ga)7 e~ &+Bl3 A e T3 UTa.
We can derive that m#1(x, t, 1) satisfies a jump condition
mPV(x, £, 1) = mPV(x, £, MuP(x, £, 1), (4.19)

where the jump matrix

1 _e—2itgﬁ
, A€ Z,
(6 07 ) wes
1 0 re ZUZ
VB — Qditgp 1 , € Z 45
0 1
s A€ Z3,
(5 0) 3
I, A€ Zs.

Similar with local near o, we need to transform this model to Airy function of Eq. (A.5). Let (1) = (32’tgﬁ(k))2/3. Define mP(x, t, 1) by

mP(x, £, 1) = Y(x, t, mY(Z(0))A (1)ells MR35 ¢ p (g T,
where
Yp(x, t,A) = mmode=its l"(awzHtg(ﬁHh(W%A(X)(mﬁ M)

According to the asymptotic function (A.6) of Theorem A.1 in Eq. (A.5), one can derive

mP)m™ ) T =140, t— 00, Ae€dD(B), N=0. (4.20)
local model near u: Define m*%(x, t, 1) for A near u by
mO(x, t, 1) = mO)(x, t, 2)e 3B(A), A e D(u)\Z®, (4.21)
where
e~ itg—(1)os AERIURyURg
B = 1€ : ’ 422
( {e'fg+(“>°3, A€ R3URLURs, (4.22)
and function g, (A) for A near u, i.e. A € D,(u), defined by
A
A)—g_ A U U
gu(k)=/ dg = {g( )—g-(n). A €R1UR2URs, (4.23)
“ g(A) —gi(un), A eR3IUR4URs.

Function m“9(x, t, ) satisfies jump condition
mOx, t, 1) = m*“V(x, £, ApHO(x, £, 1), (4.24)
20
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As

Fig. 11. The jump contour .4; and S;.

Z3 Zo

Zs

Fig. 12. The jump contour Z; and 7;.

where the jump matrix

1 0
, A€ X,

% s-2e%ten 1
1 — éaze—Zitgﬂ
a , A E X,
0 1
1
= 0
a - _ ) , A € A3,
(u0) 0 aa
vt = 1 0

iS‘zez"tg# 1 >, A € Ay,
a%a

1 _#aze—zitgﬂ
ﬁaJ s AE Xs,
0 1

aa 0 ) A E X
1 ) 6-
0 aa

For the jump contour please see Fig. 13. For eliminating the jump across yz 4, we introduce a function

P NG N e Ve N

s i Ina(s)as) —i In a(s)a(s)
O(x) = exp {zn /W_m H‘“} exp {zn / Hds:|’ h e C\rap:

(B.1)

Lemma 4.2. The function 8(1) admits the following properties:
» 3(1) and §'(1) are bounded and analytic functions for A € De(u\V(z.py
» 3(1) admits the symmetry
§=0)". reC\ygy.
» 3(1) admits the following jump condition
5 !;ﬂ A€ Vp)

&E, S )/(E,M).
21
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(4.26)
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Fig. 13. The jump contour R; and Xj, j=1,2,3,4,5,6.

» 5()) can be rewritten as

8(1) = exp [ivz[lng (A — p) + Ing (A — )1 + ¥(V)] (4.27)
where v, = % and
1 1 _
X :EL/S(,Bv A)In(1+ o(Be(B)) + ELE(/S, M) In(1+ o(B)a(B))

1
pr. Lg(s. 2)In(1 + o(s)e(s)) — o /Vh Lg(s, 2)In (1 + o(s)a(s)).

Yu.p
Some symbols denote respectively

Ing(A — p) =1In(A — u), A € De\yup),
Ing(A — ) =1In(A — w), A €D\yg, .
Lg(s,A) =1In(A —5), S € yup, *€D\vup),
Lg(s, M) =In(A—5s), se Y@ *€De\VE -

Remark: Function § in Lemma 3.1 with a new version
3(A)=exp[—ivaln(A — )+ x(A)], A € C\(—o0, u], (4.28)

ln(1+\q\
2

where v, and

1 e 1)
Xm—z G e e

- (/ /)m — (1 + los)P). & € C\(—o0, ul.
T

0+(—1) and o_(—1) denote the values of (1) on the left and right sides of y; U y;. Moreover, functions 8 and $§ satisfy the following
relations:
Lemma 4.3. Let §; = 83, thus

82(A) = p(z(A))80(2)1(A), A € De(u)\((—00, u1U ¥z 4))s (4.29)
where

p(z) = exp [—ivz[ln_% Z—Inz— 1noz]] , zeC\(RUIR_),

So(t) = e 2t F exp 2 MVn(Wex(W+i) ¢ o 0
81(1) = o2 I VG X )R~ W e D).
Define m“V(x, t, A) by

mD(x, ¢, 1) = mO(x, £, M)8(1) %3, A € Do(u). (4.30)

m(x, t, 1) satisfies a jump condition

mDx, £, 1) = m“Dix, £, Aot (x, £, 1), (4.31)
22
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the jump matrix is given by

( 1 0 ) N
2 . , € X1,
b o—2 2itg,
582 ethg, 1
1 _§82 —2itg,
a2t ., AEX,
0 1

U(Ml): 1 0
i8{262ftgu ) e

a%a
1 —-b s2p-2it
ﬁaJ 2 , AEXs,
0 1
I, A€ X3U X

Let ¥ = &; U X, U X, U Xs. For relating m®* to the solution of the parabolic cylinder functions in Appendix B, we introduce z for
2iz? = 2itg,,. For the reason that g,(A) has a double zero at A = u, we let

z=it"?(h — W), (4.32)

where v,(1) is analytic function for A € D (u).
Define m"?)(x, t, z(1)) by

m2(x, £, 2(3)) = m*D(x, £, M)8o(t), & € De(u)\Z®. (4.33)
Function m\“2)(x, t, z(1)) satisfies the RH problem m{*(x, t, ») = m"(x, t, A)v¥2)(x, t, 1), where
! 0 argz = 2
Por2p (e 1 ) Be=
1 ?Sfpz(z)efz"zz, 3
, argz = ¢,
( 0 1 & 4
2 —
1 0 5
1) 2 Az ,  argz = %,
N e :
T4 §2 20\, 2i2
( ! (riger 0107 (2)e ) , argz = ¢,
0 1

We define a matrix function m#(x, t, 1) for m® near u by
mi(x, £, 1) = Y, (x, £, A)mP(q, z(A))So(t) 3873 (A)B " (A)e )73 (4.34)
where mP°(q, z(1)) is the solution of the RH problem (B.1) in Appendix B. Function Y, (x, t, A) is analytic for A € D.(u) and defined by
Yu(x, t, 2) = m™(x, t, A)e 73BT 85 (). (4.35)

Function m*(x, t, A) admits the following lemma:

Lemma 4.4. Function m" satisfies the jump condition

mi(x, t, 1) = m(x, t, M uH(x, t, A), (4.36)
where the jump matrix

vt =] A€ g N D). (4.37)
For t — oo,

15 — v" I3,y = Ot " In(t)),
15% = vl 2(,) = Ot (1)),
195 — v# [0y = Ot~ ? In(t)),
mod (. pu\—1 ] _ -1/2
[m™(m*) oo ape(uy) = O™ 74),

1 Yo (x, t, w)mY " (x, t,
— (m™4(m*yT = [)d = ux £ pmy ¥, “)+o(r—‘), (4.38)
2im aDe (1) \/ﬁpp&(ﬂ)
where
0 —e "2 BP¢(q)
pc __
m’ = ( e BRG] 0 . (4.39)
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4.3. The asymptotic solution

Function m®" defined by

merr — m(s)(mapp)fl ,

satisfies RH problem

mé (x, t, 1) = mTT(x, £, A (x, t, 1),

err

Let @ = v®" — I, and & admits the following lemma:

mmod(ma )71
mmod(mﬂ )—1 ,
mmod(mi)—l
mmod(mﬁ)fl ,
mmod(mu )—1 ,
mJOml) T,

A€ X\D,

Lemma 4.5 ([47]). For t — oo, @ satisfies

”C’l\)”(,_lnl_ZnLoo)(zerr\ﬁ) = O(E_Ct), c> 0.

Eqs. (4.14) and (4.20) imply that

N —N
@l o, (), (81080 @D By = OE ), £ —> 00, N=>1.
For t — oo, Lemma 4.4 yields that

&l 2y = o(t~'Int),

“&)”LOO(X) = O(t71/2 In f),

Thus for t — oo, we have

&Nl 112y ger) = (t72),
Let € denote the Cauchy operator associated with ¢, for function f(A)
1 (s)

(€f)2)

Define C;: [*(X°7) — [*(X°") by Cuf = C_(f&) [47,48]. We have the lemma:

Lemma 4.6. In the Banach space B(L>(X°™)), we have
1Ca | sz zemy < Cll@llis(semy = Ot~ Int), £ — oo,
and I — C; € B(L*(X°™M)) is invertible for large enough t.

Define a 2 x 2-matrix function fi(x, t, A) for a large t by

2im yerr § —

@l 22y = Ot Int),

|1l (ap, (uy) = O(t

@l o(zery = Ot Int).

AeC\Z.

L=1+=C) Gl € 141227,

we consider the Neumann series representation of (I — ;)" 'as (I — ;) ' = Z;:o é’w we have

o0
A -1 A i N -1
10 = o) Nsuzezemy < D WCollgyaggemyy = (1= 1Collsu2czemy)
j=0

as ||é&)||B(L2(Eerr)) < I. Using Lemma 4.6, we have

||ﬂ — I”LZ(Eerr) = ”(1 - é&))71é\12)1”L2(Z‘”r)

Using Eq. (4.45), we have the estimate shown as follows:

Lemma 4.7. Function [i satisfies

< - é&))71”B(LZ(Z‘E"))”é&)I“LZ(Z‘e”)

C||&)||(L2(Eerr))

- I—I - ||é(;,”5(,_2(zerr))

f C||&)||(L2(Eerr)).

||[/:L — I”LZ(Eerr) = O(t_l/z), t — 00.

ke X,
where X7 = (ZON\(ZM4 UD)UIDU X, X = X; U X, U X, U X5 and

mmodj(s)(mmod )71 ,
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(4.41)
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(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)



L. Wen, Y. Chen and J. Xu Physica D 454 (2023) 133855

The definition 4.7 implies that it —I = &1, thus m®" = I + C(/1®) satisfies a L>-RH problem. And this L>-RH problem with a unique
solution is shown as follows:

Lemma 4.8. There exist the unique solution of the RH problem (4.41) given by

: o
meT(x, £, 0) = I + —/ LORIOFN (451)
21w yer S — A

From Lemma 4.8, we have

1 A(S)d
lim A(m®"(x, t,A) — ) = lim 7/ Mu(s)a(s)
Eerr

A—>00 A—>o;> 2im s—A (4.52)
= -0 fu(s)a(s)ds.
2im yerr
This implies that
lim A(m®"(x, t, A) —1I)
A—00
1 . 1 . N
= - w(X, t, )\.)d)\. —_ (,U/(X,t,)u)_l)w(x,t,)\.)d)\.
2iT Jap, () 2im Jop, ()
1 _ n ~
= o (m™(m*)" — Ddr + Ol — Hl2gap, (up 121 205D, (1))
9Dg ()
Yu(x, t, )miY (x, t, w)

=— +o(t™h, t— oo.

NGA™Y
Eq. (4.44) and Lemma 4.7 imply that the contribution of X to the right hand side of Eq. (4.52) is

O([|@l1cxy) + OUIA = T2yl 2 2)) = ot 'Int), t— oo. (4.53)
Thus, we have the following limit
Y, (x, t, W)m Y Y(x, t,
lim A(m®"(x, t, 1) —1) = — px, £y Yy (%, E ) + ot 'Int), t— oo. (4.54)
A0 V()

Combining with the five transformations in Section 3, we have

lim A((x, t,2) — 1)
L—00

_ eitg(o)ag eif00)3 [im /\(mmod 4 (mT — I)mmod)efih(oo)@ efirg“))ag

r—00
— (8 @+h(c0)rs <lim A(m™4 — )+ lim A(m" — I)) e~ ilig®)+h(oo))o3
A—00 A—00

Thus, we have the solution of the DNLS equation (1.1) given by

qlx, t) = ZiAlim (Am(x, t, A1z
— 00
, (4.55)
— 2je?iltE (o) ( lim Amf{P4(x, £, 4) + lim Am{(x. ¢, k)).
—00

L—00

Insert Lemma 4.1 and Eq. (4.54) into Eq. (4.55), Theorem 1.1, can be derived.
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As
So St
As Ay
Ss Sy
Ay

Fig. A.14. The contour of the Airy RH problem.

Appendix A. Airy function
For ¢ € C\Y, we define the function m*(¢) as

3
, 3
e3¢%03, ¢ €51 USy,

where
Ai()  Ai(w?¢) i, .
!1/( )_ ( Al’(;‘) O)ZAI./(U)Z;') )e 6 3, g— c C ,
¢)= ( Ai(¢) —w?Ai(w?) >e*%”3 ‘oo
Ail(g)  —Al(wf) ; ,

and A=UA4; CC,j=1,2,3,4, and
A ={yl0<y<oo), A={yeF|0<y< oo}
A3 ={-yl0<y<oo}, As={ye 1 [0<y<oo)

see Fig. A.14. )
Define the asymptotic approximation mg‘;,N(g) as

i N —k
ai ez o3 2 3 (—Dfue  ue ) i,
m = 4 =2 e 473, e C\ A4,
asn(¢) Zﬁg kX:(; <3§ ) ( —(—Dfve v 3 \
where N is the positive integer number, 1y, and vy are the real constants
2k +1)2k+3)---(6k—1 6k + 1
U=v=1 uy= (k+ )2k +3)---( ), vy = + u,, k=1,2 3.

(216)kk! C6k—1

Theorem A.1. The function m* satisfies the following properties:

» The function m" is analytic for ¢ € C\.A and admits the RH problem
mi(¢) = mE (), ¢ € A\{0),

1 e ¥t
0 e’ s § €A,

; 1
vi(e) = Y2 , €Ay U A,
e3’t? 1

0 1 c4
10 ) ¢ 3.

» The function mg;N({) is analytic for ¢ € C\(—oo, 0] and admits the jump condition

where

o =

i i 0 1
m‘gs,N+(§) = mgs,N—(g) ( -1 0 ) ’ { <0.
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Py Pr

Ps Py
Fig. B.15. The contour of the Parabolic Cylinder RH problem.

» The function mf: (¢) approximates m"" as ¢ — oo

_3(N+1)

(my N ()TN =1+ 072 ), ¢ — oo, (A7)

where the error term is uniform with respect to arg¢ € [1, 2x].

Appendix B. Parabolic cylinder function

Define the RH problem

m’(q,z) = m™(q,2)v"(q,2), z€P, (B.1)
where P = P; U P, UP3 UPy and
1 0
ap(q. 2% 1 )’ Zem
1 @ 2 ,—2iz%
: qp(q,zl) e ’ zeP,
v (q,z) =
1 0 -
_2 272 , Z€P3,
— (e, 2) e 1
__q 2 ,—2iz2
Tz Pld 2)%e  zems
0 1

with v : C — [0, 00) and v(q) = 3 In(1+ [qI?). Let p(q, z) = e @722 je. p(q,z) = z2*@. The rays P =UP; C C,j = 1,2,3,4,
Pr=fseT|0<s<o00), Pr={se¥]0=s <o),
Py={se 4 [0<s<oo), Py={se 1 |0<s< ool

see Fig. B.15.

Theorem B.1. The RH problem with a unique solution mP‘(q, z)

0 —e ™ B7(q)
e BF(q) 0

where the error term is uniform with respect to argz € [0, 2] and q is compact subset of C, and 87 (q) is given by

i 1
mpc(q,z)=1+z< )+O(zz)’ z— o0, qeC, (B.2)

BP(q) = Y ‘)z(q)ei(*%72v(q)ln2—argq+argl"(iv(q)))7 qec. (B.3)
And for compact subset K C C,
sup sup |m"(q,z)| < oo. (B.4)
qek zeC\P
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