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The supplement is organized as follows. In Section S1, we provide the theoretical proofs of Lemmas 3.1—

3.2 and Theorem 3.1. Section S2 contains the additional results for the simulation studies.

S1 Theoretical proofs
S1.1 Useful Lemmas

Now we introduce three important lemmas.

Lemma S1.1. Let {Xi}?zl be independent zero-mean random vectors in RP, where p > 1 and n > 2, such

that for some a > 0 and some K,, > 0, we have

max max ||Xi[j]|
1<i<n 1<j<p

1 n 2
< = — <. .
Ve K,, anddefine T, 11;1?%((1 - E 1 E (qu])
Then, for any t > 0, with probability at least 1 — 3 exp{—t}, we have
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where o* := min{a, 1}, and Cy, > 0 is a constant depending only on «.

Proof. The proof can be found in [1].

Lemma S1.2. Denote k(-) = expit(-). Consider the offset logistic model when p < co. mp(X) = k(log(mh,)+
UX)"y), T (X) = k(log(73,)+ X)), p < 00. Suppose [|¥]|2 < C < oo, [[[E{E(QX)"7)2X)QUX) H |2 <
C. As Mr}; — oo,

M
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Proof. The proof can be found in [3].

Lemma S1.3. Consider the offset logistic model when p — oo. ma(X) = k(log s, + Q(X)'y) , p — 0.
Define 6L (A;a;7) = Lar(y+A;a) — Lar(v;a) — ATV, Lar(v;a). Let QX)'~ be a sub-gaussian random
variable, Q(X) be a marginal sub-gaussian random variable, ||[QUX) ||y, < 0y < 00, maxi<j<pri1 [|QAX))lly, <
o < 00. Suppose the restricted strong convexity (RSC) property holds for 0Ly (A; 1;) with parameter k on a
given set C(S;3) := {A € RPFF!: [|Age|l; < 3||Aslly, [|All2 < 1}(ice. 6La (A;1;7) = K| A3, for all A €
C(S;3)) with probability at least 1 — trr, where Ag = {Aj}jes and Age = {A(j1}jgs, tr = o(1). Assume
log(p)log(M) = O (Mm},) and sylog(p) = o(Mmy,) as M,p — oo, where sy = ||v||,. Let

i log(p+ 1) V1og(2M)log(p + 1)
Cr = C1 i +Cs i )

with some constants Cy,Co > 0. For any Ay satisfying 2(14+¢)Chr < Ay < 9/%7'(';/[8-;1/2 with ¢ > 0, whenever
My, > 9clog(p + 1),

~ 1 w1 . . _
7=l < §/\]v[$,17/27TM Y=, with probability at least 1 —8(p+1)"¢ — tas.

Further assume that ||Q(X)’v||w2 < o||v|lz for any v € RPFL. Then, 7%, < 74 and for any 0 <r <2+ ¢y,
with some Ay < /7, log(p)/M, and

Hﬁfvjl(X)HnPX =7t Vr>0, 7y =<7,
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Proof. The proof can be found in [3].

S1.2 Proof of Lemma 3.1

Proof. Denote

. . D. . .
fewlsiB) =—— S =P kX8, - xBy),

|Z*k7(l)| JEZ k() T(M(Xj)

fou(s:8) =—— 3 I g,x,8-x),

|Z_k(1)| JEZ k() ’/T]u\j[(XJ)

fulsi) =B {

5= } £(5:8) = w(s)f(s: B).



By the triangle inequality, we have

Frw(8:B1) — w(s) £(5:8)| < | frw(s: Bi) = frw(si B)| + | frw(s: B) — E{ fr.w(s:8)}]
B frw(s:B)} — w(s) f(5:8)| = |Rat,u0(8)] + [Sar,0(5)| + [Sar,w(s)].

Firstly, we foucus on the second term [Sps.,(s)| = |fk,,w(s;ﬁ) — E{frw(s;8)}. Denote T)(Z;x,5) =

%Kh(X’,@ —x'B), then |Th(Z;x, 8)| < Cyp 2Cs Mg /73 h. Thus
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M (S1.1)
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1Th(Z;x, B) — E{Th(Z;x, B)} |, S*i’h, holds uniformly for all x € X.
Ty
For the variance term, we have
Var{T;(Z;x, 8)} < E{Th(Z;x, 8)}* = Es[E{T};(Z;x, 8)}|S]
D2
:h_z/l[*3<7T (jX ‘S—s) K?((s — sx)/h) f(s; B)ds
M (X)
i [ 5 w2((X =) K3 (s = /1) (5 s 512)
M
Ow 2 2
< 5 E X ‘S $x + hu | K2(u) f(sx + hu; B)du
R
CizCSCfMK
- Thh ’
Acccording to Lemma S1.1, for any ¢ > 0, with probability at least 1 — 3 exp(—t2), we have
1
O jez i s (S1.3)
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- |Z k(@ |mih |Z ke |mish '

Thus for any ¢ > 0, with probability at least 1 — 3 exp(—t?), we have

N c? ,C,0¢M My (log | Z_ )Y/ %t2
1St (s)] < Tty [ 222 L 3CaC0sCu 2 Mrc 08 |24 ) . (S1.4)
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For the variance term Sy, (s), we have

St (8) = E{ frw(s:8)} — w(s) (s B)

D, '3 —x' —w(s)f(s;
:E{WX)Kh(xﬂ 6)} (5)/(5: 8)

| E{Zg g; ‘s - s}K{<s ~ 5) /1} F(s: B)ds — w(s) f(s: )

[ T |5 = oot 0 s s e = o) (550
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S
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= 12 / {530 F(55,058) + (5%, £ (5% 8) + 1(55,) (55,05 8) } o K (w)du,
R
where s% , is some “immediate”point, satisfying |s;u — sx| < hl|u|. Then we get
S0 < H2Cus [ WK (w)ldu < Coprat? (51.5)
R

holds uniformly for all x € X. Lastly, let us focus on the first term |}A2Mw(s)| = | frw(s:81) — frew(s; B)].
According to the first order Taylor expansion, we have

N T / 1 D; (X —x) . (5] —sx
Ruw(s) == (B, — B) {Iz_k(z)lh > T (X;)  h K( h )}7

JEZ k(i)

where {S*} and sy are some “immediate” points satisfying for each j € Z_j;), |(SJ* — S;‘() —(S; — sx)| <

(5-5) 15

— x)‘ Now we rewrite §M7w(8) = RMJ(S) + EM,Q(S), where

~ ~ , X* —X) . (S] —Sx>
R = - . K
ma(s) = (B — B) {|Z riy|h et 7TM h h } (51.6)

= (B = B)Tar(x),  Rara(s) = Raral(s) = Rara(s).
To control ﬁM_yl(s) = (B), — B)'Tr(x), note that

[Rar ()] < 185 = Bl Tar () = E{Tar(x)}loo + [E{Tar (x)}|oc]. (SL.7)

Now we only need to bound || Taz(x) —E{Tas(x)}||co and |[E{T s (x)}|ee. For each x € X, define T} (Z; x) :=

W(X X)K(Sjls"), Ta(x) = m Zjez,km T} (Z;;x). Similarly, we have
lrgda%{p T,’;[d](Z;x) " §2h_27r}k\/;1050w’2Mka,

* . * . —2 _x—1 X
max || T (Z3) - IE{Th(Z,x)}HwZ <6h=2m 7 1Oy Chyn Mxc M



For the variance term, we have

max E {{Th [d] (Z;x) }2]

1<d<p
<otk [ B (25 =) [K (= s ] s
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By Lemma S1.1, for any x € X and ¢ > 0, with probability at least 1 — 3 exp(—t?),

a0 - E{Tue0}| = |7 ¥ T -E(TiZx)
k:('b _]Esz(i) 0 (Sl.S)
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Next, we control |E{T}(Z;x)}| .

E{T}(Z: )} =E{WDW<X_X>K (5;8»«)}

e ook (55
< [ {n6) = xf (s} K (s = 520 /1) ds
:@ / {ng> (S + ) = X[ (5 + s B) } K ()
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IEA{TH(Z; %)} oo < Cu2{ max IIm;[d (Moo + Ixlloollf (5 ||oo}/ K (u)|du (S1.9)

< Cupo (Cn,m + MxCyq)
It holds uniformly for all x € X. Therefore for any fixed x € X and t > 0 , with probability at least
1 — 3exp(—t?) — qur,
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N 1C,C;
‘R]V[,l(s)‘ <bar 4 Cuw2 (Cp11+ MxCyra)+7 Z el h?
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For Rz 2(s), we have
5 _ | B —B) Dj , (S5 e (S8
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Let By represent event ||3), — B|l1 < bas. On event By, we have

<2MxCly 2By, — Bllx
. S — X . S** ; 1 ~ ’ S; — X
(25 (555 oo (5529

1
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Define T, (Z;x) = Tr(Z;x, B) := h=3|D /7 (X)|¢ {(S — sx) /h}, we have

B (720} = [ e (550) s
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Furthermore, we have
I175(Z;x) = E{Ta(Z; %)}y, <3ITa(Z; %), <3Csmy 'h™>M,, V¥xeX. (S1.14)

For any x € X and any t > 0, with probability at least 1 — 3exp (—tz), we have

CsCyM,C, 3C;C;A4¢aogyz_kuﬂ)h@t2ﬁ_A4¢cy

Th (Z;;%x) <7t b " ,
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Therefore by Lemma S1.1, for any ¢ > 0, with probability at least 1 — 3 exp(—t2) — qus,

(S1.15)
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Combined with (S1.7), for any t > 0, with probability at least 1 — 6 exp(—t2) — 2qar,

~ 4C,CC2 sMEM - Cr (2 4 log p
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Define

Combined with (S1.4) and (S1.5), with probability at least 1 — 9exp(—t2) — 2qas, we have
| fraw(s: Br) — w(s) £ (5 B)] < enra(t) + eara(t). (51.17)

With assumption by /h = o(1), (barv1ogp)/h = o(1) and log M logp = O(Mnih) , we have

sup | fi,w(s: Br,) — w(s) f(s: B)]

xeX

{ 1 \/log b2 \/longogp} (51.18)

+h% 4oy + M
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Next we consider | fy.o(s;: B31) — fr.w(s; B1)]. We have

Foa(5:Be) — Frnl(s:Br) = — { D; D;

T — - — Ky (X;B; —x'By,).
12| JEZ o) (X)) (X )} * *

D. 2 .
Denote L; = ‘me Zjez,km {fr}&(&j) (X 3 } Ku(X] ,Gk x'3,). By the first-order Taylor expansion,

we have
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where {S;}jez and s} are some “immediate” points satisfying for any j € Z_j (S —s ) - (S5 — sx)’ <

— k(i)



(B —B) (X; — x)‘ For term L;;, we have

IR o 1{ D, __D; }K(w>
12—k h L7 (X)) g (X;) h

JEZ k)

1 1 (7%
w

(X
(B (5)

where Fy ; := 4 {7%/(X;) — 1} — (X ) (X;':B—x',@) Q*(X;). By Hélder inequality, we have

]. / AW w Aw w
1 D FhuE -€n)< |Z o] 2 Fal e g

| 7k(2)| JEZ k(i) JEZ 0)

After simple calculations, we have
max ||Fa 4l CwaMx,t Mk
1<d<pL+1 ' AR = i h ’
3Cyw2Mx, 1 My
1< E 1 2t = BF2gtallvs < =207
C2 My M2
max Eng [d = 410,2 *K X’La
1<d<pL+1 J) 7rMh
|EF2jllcc < Cuw2Mx, 1.Cy.
By Lemma S1.1, for any ¢ > 0, with probability at least 1 — 3 exp(—t2),
1
Y. Faoyll = Y. (F2; —EFy; +EFy)
IZ k)] ;5 12k S~
k(1) oo JEZ k() oo
< L Z (F EFy )| + [|[EFo||
= |Z—k(i)| 2,9 2,3 2,7 oo

JEZ k(i) oo

C2 My M2 , (2 +log(pL + 1
§7\/ w,2 MK X,L( g(p ))+Cw72MX7LCf
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Thus for any ¢ > 0, with probability at least 1 — 3 exp(—t2) — par,

I < 7\/03;,2MKM)2(,LU2 + log(pL + 1))
11 STy "
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For term Lo,

1 D, D; 1. (SF—s3\ X, —x -
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X, —x .
x ]h (B —B)
=L121+ Li2p.
Next we analyze L2 1,
L121:; {w}ﬁI(Xj)_l} D; K(X},@—x/ﬁ) X.]‘—X(ﬁk_ﬂ)
D2l o LA (X) T (X5) h h
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where Li,; ; = {7 (X;) — 1} — (g'( % LK (X;'B;x ﬁ). We have

Cuw, oMy,
* 2
Tl

3Cw2My
(| <= 220K,

D, 1. (X,B-xB\]’
E(L%Zl,j)z :E |:{7T,LAL;[(X]> - 1} ﬂ.}(; (J ) h2K <JIB}LX[3):|

05;,2 1 ., (XB—%'p
el (P50
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072 1 o — Sx .
= /]E{ X ‘S S}KQ( - >f(s,,8)ds
2
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HL12,1,j

3

* 13
Tl

Cu,2Cj
B(|Lky, ) S~ K

With probability at least 1 — 3 exp(—t?),

1 S (L., <t C7 2CsCr My Cy CoCy oMy (10g | Z_ji|) '/ *t2
12—k ! |2y Imah? |2 ko) [mhrh?

Cu2Ci
+ =
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Thus with probability at least 1 — 3exp(—t2) — par — qur,

C2 ,C.CiM;Cr CoCuoMy(log|Z_piy)V/22 OO
it < 2rasbar My M 1 <7t\/ w2Cs O Mg 2 M (log |Z_4:)|) G2} gy o)

|Z_k(i)|7'r}kv[h3 |Z_k(i)|7r}kwh2 h2

Similarly, with probability at least 1 — 3exp(—t2) — par — 2qur,
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Combine all the above results, with probability at least 1 — 9exp(—t2) — 3pas — 3qar, we have

| fiso(53Bk) = frw(s3 B

_ ; C2 oM My (12 +log(pL + 1))
T
="M |Z,k(l)|ﬂ'}k\/[h

C CuwaMx Mg (10 |Z_gi)|)' /2 (82 + log(pL + 1))
|1Z_ k(3) |7TM

Cr sCsCy My Ci +Cacw,zMK(log|ka(¢)\)1/2t2 Cw,QCK>

+ Cw,QMX,LCf>

+2rpbyp MxMx | Tt " -
( \/ |2k |mheh? | Z_ k()| T3 h? h?

Cop2CC, C? ,CsCsM,Cyp  3C,C, 2C.,Co/Tog Mt2
+ drarby Mg Mx 1 <W+7t\/ Zhbht i ek A = o8 >€M.,3(t)

h? |Z k(i) |73 h® |2kl mah?
(S1.23)
Combined with (S1.18), we have
| fio (53 Br) = w(s) f(s: B)| < enr(t). (S1.24)
1
S1.3 Proof of Lemma 3.2
Proof. Denote
1 Dj : Q. e
i 5 mz‘ez mmYKH(X’-Bk XiB) 1 ig(s)
-1 ‘Zk( )l i€Zh) IZ k(z)l ez k(i) 7rM(X )KH(X B = XiBy) M=
i Z \z e | Z;ez k(i) Tar( XJ){Y ( z)}KH(X;/Bk - X;ﬂk)
K= 12 (€25 m Zjez*(i) W K (X358, = XiB)
Since fr.u(s;By) = w(s)f(s; B) + op(1), we can focus on
a1 i L S B w5 — 9(S) LX) By — X{By)
SI1= 2.7z Tz 5
K = |2 |i63k(i) |2k e w(S;)f(5i; B) (S1.25)
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D ~ N
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1,3 =7 ,
K =120l 52 120l o2 w(S:)f(Si; B)
D; Dj - -
At 1 i 1 Z 1 Z {‘fr}t’l(;(j) - W;%)} {9(S;) — 9(Si) }Kn (X8, — XiBy,)
S14 =7 : NF(S. :
K = |2k i€ Zn0 |2kl €2 w(S:) f(Si; B)
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< *
Now we focus on A%, 5,

D; - -
1 ) 1Ys — 9(5) HER(XG By, — XiBy)
Z |Z ; 2 w(S;)f(Si;8)
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B =g Z |Zk( )l
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sy ds sy ds

where
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D; . ijsi
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X (Bk - B).

w (x ){YJ 9(S; )}Kh(x B—X; iB)

Firstly we analyse A%, ;. Denote A% |, (Z;,X;) = & e . We have
'3 — X!
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BN 110(% X0) | Xi) = S { sl = a(8) (X, - Xi0) |
=) - (50,
where w,(S;) =E { WZI(X )Y |S; } By Hoeffding decomposion, we have
1 oy (Y — 9(S) (X8 — Xi8)
Asiia = K Z |Zk( ZE;,) | Z_ k)l je;(') w(S;) f(Si; B) (51.26)
M ) :
- L > Zk{,fx 2 4 Z “’” — 9(S:) + Opldnr),

where dy; = (M?7%,h)~'/2. Next we analyse A% 19 Using Taylor expansion, we have

* A K *
A5112=A511211TA51122

D, 17 X"B*X:;B

e e s St Lo
11,21 =75 —_—

K &= |2k i€ 20 |Z k@)l - w(S;) f(S:;8)

; - (XiB—XiB . (S7-sk
Mo lSe L 1 s mog e (K () K ()
o 2ol 1€ 2k(i) el JEZ k() w(S:) f(S:; B)
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. x : « _ . . . .
We can focus on A%, |, since A5, 55 = 0p(A%5, ;5,). By Holder inequality, we have

D; X 3 X;B

M| ¥y B USNK )(X"_&),
T Bl ) 1Bkl s w(S55) f(Si;8) h

x max || By, — Bl (S1.27)

K

Z

1

E Ag,lyl’g’l(Zj,Xi)
e 12kl
k(i) JEZ_ k(i)

max 1B, — Bl

]

|Zk(z)|

Next we analyse A% ;1 ,1(Z;,X,). Denote qs(S;) = E(X,]S;),ws(S;) = E{:ggﬁijﬂsj}, wa(S;) =

E { Trfff& ;X |S; } w5 (5;) = w3(S;)—wa(5;)9(S;), we(S;) = wy(S;)—w(S;)g(S;). After simple calculations,

we have

E{A%51121(Z;,X,)} =E (vs[{wﬁ(si)xi - W5(Si)}f(si)]> — Ap,

w(S;) f(S:)
) Xz e Do e JS) ey (S))
E{A%1101(Z5,Xs) | Z;} W&(Xj)w(sj){% 9(S)} {w(sj)q (55) — a2(S55) X]w(sj)}’
. _ {ws(S0)Xi — ws(S)}(Si) + {1 (S1) X — W (i) }f(Si)
E{AS,1,1,2,1(Z]'7Xi) | Xl} - w(Sl)f(Sl) .

Let h*(Zj,Xi) = A§,1,1,2,1(Zj7Xz‘) - Aﬂa hl(z ) E{As,1,1,2,1( jaXi)|Zj} - Aﬁv
hQ(XZ) = E{A;LLQJ(Z]‘, XZ)|X1} - Ag We have

1‘ Z | ‘ Z A5112IZ'7Xi)

12k (_) -k 27
=Ag+ 55— Z hy(Z > hy(Xy) +Ruy,
|Z k(@) ]EZ |Z ‘162 ,
k() k(i)

where Ry is a reminder term satisfying E(Ras) = 0 and ||Ras|lco = Op ( loﬁ).

By triangle inequality, we have

1
|Z | Z | ‘ Z A31121 )_Aﬁ
kO ez, kO ez 0 -
1
< |Z Z hy(Z 1z > ho(Xy)| + IRl
k(9) ]EZ (i) - kO iez .

1
For H IZ_kel Ziez—k(i) hl(zj)” ’

o0

*—1
e [ (Z)iglos < Oy max Bl ()] < Cnyi

By Lemma S1.1, for any ¢ > 0, with probability at least 1 — 3exp (—t2), we have

1
Z ol > hy(z)| <7C

JEZ k(i)

(t2 +logp) = CaKn(log|Z_pe)|)'/%(t2 + logp)
|Z k()T |Z_k(iy|Tas '

(S1.28)

oo
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Similarly, for term Hﬁ Zjez,w) hy(X;) R for any ¢ > 0, with probability at least 1 — 3exp (—t2),

(2 +1logp) = CaKn(log|Z_pei)|)'/%(t2 + logp)

1
S ho(X,)| <70 _ (S1.29)
12—k jezzw) N 12k 12k |my
Combined with (S1.28) and (S1.29), we have
— Y o Y Abua(@X)-A
| Zkey| 12—kl . SLLZIR, T b
1€ 2 (1) JEZ k(i) oo
log p (log | Zys |)1/2 logp logp (log |Z_k() |)1/2 log p log p
=0, —+ . + + +
|20y i |20y mhs 12| |Z k(i 12k |2k
($1.30)

Combined with (S1.26) and (S1.27),

M M
. 1 DY; — g(S:)} 1 wy (S;) logp
SULTM & my (Xa)w(S)) Y — w(S;) 9(5e) + Op | dar +bar| Ao + bas |2yl

i=1
(S1.31)

For A%, 5, we have
* A *
As10=A%5121tA5129,

where

D, D, / /
A :ii 1 3 1 3 {W —W}{Yj—g(&)}fﬁ(xg‘ﬂ—xiﬂ)
SR 12| 1z w(S:) f (S5 8) 7

€2 () —+()] JEZ k(i)

TN | {55 — =ty } 0 — 98 K (5)
Asize =g L lz] 2 | T AT )

pofl 2201 €2 2k JEZ_nia

D; D;
A BN T B {5y — =iy VG — 9(8) HGW(X)8 — Xi8)
81,21 =7 P | Zk(5)] i€z |Z_k(i)] €2 n w(S:) f(S:;8)
w D;
I T NN & CIRDE: bt GO ot
K |2 i |Z ko)l e h w(S;) f(S:;8)

x QU(X,)' (&7 — €){1 +0p(1)}.

- {3 (X5) =1} by (Y5 —9(85) G (X 8- X 8)2" (X))
Similarly, define A; =E b 24 w(SIF (S8 : )

1
A5121=0p (TM”A&”oo 7y ‘|zk?§ﬁ%>a AS102=0p(A%121)
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Similarly, we have Ag ;5 = 0p <\/zv}7)’ A514=0p ( A; = > Thus
M o M
M
NSp,W D; {Y
o> — M Z w Z:

1 T (X

lo
Or {HAﬁ'OObM + [ Aglloorar +dar + (bar +7) |Zk(f|];} .
? M

S1.4 Proof of Theorem 3.1

— 0
(S1.32)

Proof. Denote ¥(Z) = Diyx—i)glg?g})» + g(S) — 6o, Var = Var{¥(Z)}. We have

o (

It is obvious that E{¥(Z)} = 0. If for any € > 0, 7}, E[U*(Z)1{|¥(Z)| > e\/M/7},;}] — 0 as M — co. By
the Proposition 2.27(Lindeberg-Feller theorem) in [2], we have

1 M M
a7 2im1 V(Zi) 4 12
(Var{\Il(Z)})l/Q = N(0,1), Z = Op{(Mmy,)"/7}
3 i—1
as Mmy; — oco. Thus
(M) (07 = 05) = Op(1), M2V M2 (89— 6y) 4 N (0,1), (S1.33)
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S2 Additional simulation results

Table S1: The results of Simulation (Y1) on 1000 simulation runs under p = 10, M = 1000, 2000, 5000.

Bias SE SD CP  Eff(M) Efi(S)|Bias SE SD CP  EffiM) Efi(S)

MCAR(K1) MAR(K?2)
M = 1000
Y 0.00L 0.033 0.033 0946 - - 0.016 0.034 0.033 0927 - -
Yiow 0.00  0.033 0.033 0946 0.000 0.000 | 0.000 0.049 0.045 0926 -0.725 -0.448
Ve -0.000 0.010 0.010 0.946 0.900  0.684 | -0.000 0.010 0.010 0.950 0.920  0.689
i 0.000 0.015 0.015 0944 0.796  0.548 | 0.001 0.018 0.020 0.948 0.756  0.456
f:er -0.000 0.015 0.015 0.944 0.796  0.548 | 0.001 0.019 0.020 0.934 0.738  0.436

g MAR 1 .0.000 0.015 0.016 0.956 0.795  0.548 | 0.001  0.018 0.021 0.959 0.755  0.454
O™ | -0.000 0.015 0.016 0.956 0.794  0.546 | 0.001  0.018 0.022 0.954 0.738  0.436
gPMEAR | 0000 0.015 0.015 0946 0.796  0.548 | 0.001 0.018 0.015 0.903 0.767  0.468
O OA | -0.000 0.015 0.015 0.946 0.796  0.548 | 0.001  0.018 0.015 0.904 0.767  0.468

M = 2000
Y 0.000 0.024 0.023 0944 - - 0.017 0.024 0.024 0876 - -
Yirw 0.000 0.024 0.023 0.944 0.000 0.000 | 0.001 0.035 0.033 0.930 -0.392 -0.441
Y ee -0.000 0.007 0.007 0.944 0.907 0.695 | -0.000 0.007 0.007 0.944 0.940 0.700
ésﬁp’T -0.000 0.010 0.010 0.957 0.830 0.588 | 0.000 0.012 0.014 0.961 0.828 0.493
é;gvf, -0.000 0.010 0.010 0.957 0.830 0.588 | 0.000 0.013 0.014 0.947 0.819 0.480

oPMAR 10,000 0.010 0.011 0.957 0.830 0.588 | 0.000 0.012 0.014 0.962 0.828  0.493
O™ 1 -0.000 0.010 0.011 0.959 0.830 0.588 | 0.000 0.013 0.014 0.956 0.819  0.480
gPMOAR 1 0.000  0.010 0.010 0.955 0.830  0.588 | 0.000 0.012 0.010 0.919 0.842  0.514
O A 1 -0.000  0.010 0.010 0.955 0.830  0.588 | 0.000 0.012 0.010 0.919 0.842  0.514

M = 5000
Y -0.000 0.015 0.015 0.939 - - 0.016 0.016 0.015 0.784 - -
Yipw -0.000 0.015 0.015 0.939 0.000 0.000 | 0.001 0.023 0.022 0.935 -0.060 -0.495
Y e -0.000  0.005 0.005 0.947 0.897 0.680 | -0.000 0.005 0.005 0.948 0.954 0.689
ézp’T -0.000  0.007 0.006 0.949 0.809 0.563 | 0.000 0.008 0.008 0.945 0.877 0.490
éfg’\; -0.000  0.007 0.006 0.949 0.809 0.563 | 0.000 0.008 0.008 0.949 0.874 0.484

gPMAR 1 0.000  0.007 0.007 0.952 0.809  0.563 | 0.000 0.008 0.008 0.950 0.877  0.490
OR ™ 1-0.000 0.007 0.007 0.951 0.809  0.563 | 0.000 0.008 0.008 0.952 0.882  0.503
gPMOAR 1 0.000  0.007 0.007 0.949 0.809  0.562 | 0.000 0.008 0.006 0.897 0.882  0.503
G AR 1 20.000  0.007  0.007 0.949 0.809  0.562 | 0.000 0.008 0.006 0.898 0.882  0.503
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Table S2: The results of Simulation (Y1) on 1000 simulation runs under p = 100, M = 1000, 2000, 5000.

Bias  SE SD CP  Eff(M) Efi(S)|[Bias SE SD CP  Eff(M) Ef(S)

MCAR(K1) MAR(K2)
M = 1000
Y -0.000 -0.000 0.033 0.948 - - 0015 0.033 0033 0918 - -
Yiew -0.000  -0.000 0.033 0.948 0.000  0.000 | 0.001 0.048 0.046 0.950 -0.728 -0.443
Ve 0.000 0.000 0.011 0.936 0892  0.672 | 0.000 0.011 0011 0934 0913  0.677
g -0.000 -0.000 0.017 0.959 0.768  0.518 | 0.002 0.020 0.020 0.948 0.712  0.414
(RSt -0.000 -0.000 0.017 0.958 0.766  0.516 | 0.003 0.020 0.021 0.943 0.687  0.390
gPMAR 10,000 -0.000 0.017 0.955 0.767  0.518 | 0.002 0.020 0.016 0.866 0.709  0.411
g | -0.000 -0.000 0.017 0955 0.767  0.518 0.020 0.016 0.861 0.692  0.395

gPMOAR 10,000 -0.000 0.017 0.958 0.768  0.518 | 0.002 0.020 0.017 0.892 0.699  0.402
GionCA 120.000 -0.000 0.017 0.962 0.769  0.519 | 0.002 0.020 0.017 0.890 0.697  0.401

M = 2000
Y -0.001 0.023 0.023 0.954 - - 0.016  0.023 0.023 0.912 - -
Yipw -0.001 0.023  0.023 0.954 0.000 0.000 | 0.000 0.034 0.033 0.932 -0.509 -0.497
Y ee 0.000  0.007  0.007 0.954 0.897 0.678 | 0.000 0.008 0.007 0.954 0.927 0.432
éscp’T -0.000 0.010 0.011 0.955 0.798 0.550 | 0.000 0.013 0.015 0.961 0.782 0.417
éf‘g’\}; -0.000 0.010 0.011 0.958 0.799 0.551 | 0.000 0.013 0.014 0.953 0.771 0.437

gPMAR 10,000 0.010  0.011 0960 0.798  0.550 | 0.000 0.013 0.011 0.894 0.786  0.420
Gion ™™ 1-0.000 0.010  0.011 0.958 0.798  0.551 | 0.000 0.013 0.011 0.887 0.773  0.431
gPMEAR T 0,000 0.010  0.011 0.960 0.798  0.550 | 0.000 0.013 0.011 0.887 0.785  0.421
gon CA" 1-0.000  0.010  0.011 0.960 0.798  0.551 | 0.001 0.013 0.011 0.888 0.782  0.432

M = 5000
Y 0.000  0.000 0.015 0.923 - - 0.017  0.015 0.015 0.794 - -
Yipw 0.000  0.000 0.015 0.923 0.000 0.000 | -0.000 0.022 0.022 0.933 0.047 -0.463
Yee 0.000  0.000 0.005 0.945 0.909 0.699 | 0.000 0.005 0.005 0.945 0.956 0.687
H‘SSPIEE 0.000  0.000  0.007 0.955 0.830 0.588 | 0.000 0.008 0.008 0.961 0.880 0.481
HA?E’V?, 0.000  0.000  0.007 0.954 0.830 0.587 | 0.000 0.008 0.008 0.949 0.876 0.472

gPMAR10.000  0.000 0.007 0954 0.830  0.587 | -0.000 0.008 0.007 0.922 0.884  0.489
Gon™™ 1 0.000  0.000 0.007 0.953 0.830  0.587 | 0.000 0.008 0.007 0.910 0.884  0.489
gPMEAR10.000  0.000  0.007 0954 0.830  0.587 | 0.000 0.008 0.007 0.897 0.884  0.490
gon At 1 0.000  0.000 0.007 0.955 0.830  0.587 | -0.000 0.008 0.007 0.895 0.884  0.489
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Table S3: The results of Simulation (Y3) on 1000 simulation runs under p = 10, M = 1000, 2000, 5000.

Bias SE SD CP  Eff(M) Eff(S)|Bias SE SD CP  EffiM) Efi(S)

MCAR(K1) MAR(K?2)
M = 1000
Y 0.00L 0.088 0.088 0.943 - - 0.042 0.090 0.089 0940 - -
Yiow 0.00 0.088 0.088 0943 0.000 0.000 | 0.00l 0.127 0.119 0925 -0.651 -0.421
Ve 0.000 0.027 0.028 0.950 0.902  0.686 | 0.000 0.027 0.028 0.951 0.923  0.693
i 0.004 0.031 0.031 0950 0.875 0.650 | -0.003 0.033 0.035 0.953 0.890  0.635
et -0.004 0.031 0.031 0950 0.875 0.650 | -0.002 0.034 0.036 0.952 0.885  0.625

gPMAR 1 0.004 0.030 0.032 0.957 0.878  0.654 | -0.003 0.033 0.037 0.963 0.892  0.637
O™ 1 -0.004 0.030 0.032 0.959 0.878  0.653 | -0.001 0.033 0.038 0.967 0.886  0.627
gPMOAR 0004 0.030 0.032 0.954 0.875  0.650 | -0.002 0.034 0.032 0.926 0.885  0.625
OB CAR 1.0.004  0.030 0.032 0.954 0875  0.650 | -0.002 0.034 0.032 0.926 0.885  0.625

M = 2000
Y 0.002  0.064 0.062 0.943 - - 0.048 0.065 0.063 0.878 - -
Yirw 0.002 0.064 0.062 0.943 0.000 0.000 | 0.003 0.091 0.088 0.938 -0.257 -0.394
Y e -0.000 0.019 0.020 0.949 0.909 0.699 | 0.000 0.019 0.020 0.944 0.944 0.705
ésﬁp’T -0.002 0.020 0.022 0.950 0.896 0.680 | -0.002 0.022 0.024 0.958 0.926 0.664
é;gv?, -0.002 0.020 0.022 0.950 0.896 0.680 | -0.001 0.023 0.024 0.955 0.923 0.656

OPMAR 10002 0.020 0.022 0.954 0.898  0.682 | -0.002 0.022 0.024 0.958 0.927  0.665
ORAR1-0.002 0020 0.022 0.955 0.898  0.682 | -0.001 0.022 0.024 0.957 0.925  0.659
gPMOAR 10,002 0.020 0.022 0.950 0.896  0.680 | -0.001 0.023 0.022 0.932 0.920  0.648
O A 1-0.002 0020 0.022 0.950 0.896  0.680 | -0.001 0.023 0.022 0.932 0.920  0.648

M = 5000
Y -0.001 0.040 0.039 0.939 - - 0.045 0.042 0.040 0.793 - -
Yipw -0.001 0.040 0.039 0.939 0.000 0.000 | 0.001 0.061 0.057 0.931 0.002 -0.466
Y e -0.000 0.013 0.012 0.944 0.897 0.679 | 0.000 0.013 0.012 0.946 0.956 0.692
ézp’T -0.002 0.014 0.013 0.935 0.882 0.659 | -0.001 0.014 0.014 0.949 0.944 0.653
é;g&; -0.002 0.014 0.013 0.935 0.882 0.659 | -0.001 0.015 0.015 0.946 0.943 0.651

gPMAR 1 0.001 0014 0.013 0.936 0.882  0.659 | -0.001 0.014 0.015 0.949 0.944  0.654
OR ™ 1-0.001  0.014 0.013 0.936 0.882  0.659 | -0.001 0.015 0.015 0.949 0.943  0.652
gPMOAR 0,001 0.014 0.013 0.936 0.882  0.658 | -0.001 0.015 0.013 0914 0.939  0.639
G AR 1 20.001  0.014 0.013 0936 0.882  0.658 |-0.001 0.015 0.013 0.914 0.939  0.639
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Table S4: The results of Simulation (Y3) on 1000 simulation runs under p = 100, M = 1000, 2000, 5000.

Bias SE SD CP  Eff(M) Eff(S)|Bias SE SD CP  EffiM) Efi(S)

MCAR(K1) MAR(K?2)
M = 1000
Y 0.00L 0.088 0.088 0.943 - - 0.042 0.090 0.089 0940 - -
Yiow 0.00 0.088 0.088 0943 0.000 0.000 | 0.00l 0.127 0.119 0925 -0.651 -0.421
Ve 0.000 0.027 0.028 0.950 0.902  0.686 | 0.000 0.027 0.028 0.951 0.923  0.693
i 0.004 0.031 0.031 0950 0.875 0.650 | -0.003 0.033 0.035 0.953 0.890  0.635
et -0.004 0.031 0.031 0950 0.875 0.650 | -0.002 0.034 0.036 0.952 0.885  0.625

gPMAR 1 0.004 0.030 0.032 0.957 0.878  0.654 | -0.003 0.033 0.037 0.963 0.892  0.637
O™ 1 -0.004 0.030 0.032 0.959 0.878  0.653 | -0.001 0.033 0.038 0.967 0.886  0.627
gPMOAR 0004 0.030 0.032 0.954 0.875  0.650 | -0.002 0.034 0.032 0.926 0.885  0.625
OB CAR 1.0.004  0.030 0.032 0.954 0875  0.650 | -0.002 0.034 0.032 0.926 0.885  0.625

M = 2000
Y 0.002  0.064 0.062 0.943 - - 0.048 0.065 0.063 0.878 - -
Yirw 0.002 0.064 0.062 0.943 0.000 0.000 | 0.003 0.091 0.088 0.938 -0.257 -0.394
Y e -0.000 0.019 0.020 0.949 0.909 0.699 | 0.000 0.019 0.020 0.944 0.944 0.705
ésﬁp’T -0.002 0.020 0.022 0.950 0.896 0.680 | -0.002 0.022 0.024 0.958 0.926 0.664
é;gv?, -0.002 0.020 0.022 0.950 0.896 0.680 | -0.001 0.023 0.024 0.955 0.923 0.656

OPMAR 10002 0.020 0.022 0.954 0.898  0.682 | -0.002 0.022 0.024 0.958 0.927  0.665
ORAR1-0.002 0020 0.022 0.955 0.898  0.682 | -0.001 0.022 0.024 0.957 0.925  0.659
gPMOAR 10,002 0.020 0.022 0.950 0.896  0.680 | -0.001 0.023 0.022 0.932 0.920  0.648
O A 1-0.002 0020 0.022 0.950 0.896  0.680 | -0.001 0.023 0.022 0.932 0.920  0.648

M = 5000
Y -0.001 0.040 0.039 0.939 - - 0.045 0.042 0.040 0.793 - -
Yipw -0.001 0.040 0.039 0.939 0.000 0.000 | 0.001 0.061 0.057 0.931 0.002 -0.466
Y e -0.000 0.013 0.012 0.944 0.897 0.679 | 0.000 0.013 0.012 0.946 0.956 0.692
ézp’T -0.002 0.014 0.013 0.935 0.882 0.659 | -0.001 0.014 0.014 0.949 0.944 0.653
é;g&; -0.002 0.014 0.013 0.935 0.882 0.659 | -0.001 0.015 0.015 0.946 0.943 0.651

gPMAR 1 0.001 0014 0.013 0.936 0.882  0.659 | -0.001 0.014 0.015 0.949 0.944  0.654
OR ™ 1-0.001  0.014 0.013 0.936 0.882  0.659 | -0.001 0.015 0.015 0.949 0.943  0.652
gPMOAR 0,001 0.014 0.013 0.936 0.882  0.658 | -0.001 0.015 0.013 0914 0.939  0.639
G AR 1 20.001  0.014 0.013 0936 0.882  0.658 |-0.001 0.015 0.013 0.914 0.939  0.639
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