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VÇØ¥�Ð��{


vk^�>�ä�â�.

'�c: �ÅiÄ; ¦Èã; ~�5

¥ã©aÒ: O211.62

=©Ú^�ª: ZHU L, YAO Q. An elementary proof for the recurrence of the product graph

Z2 × {0, 1, . . . , l − 1} [J]. Chinese J Appl Probab Statist, 2018, 34(3): 275–283. (in Chinese)

§1. Ú ó

�ÅiÄ´�a{ü�ê¼L§, §3nØÚA^�¡þkX­���^. ãþ�{

üé¡�ÅiÄ�½ÂXe (ë�©z [1]): �½�ÛÜk� (�z�º:�Ýk�)�ë

Ïã G = (V,E), ã Gþ�{üé¡�ÅiÄ {Sn : n = 0, 1, 2, . . .}´G��m� V ��

àê¼ó, Ù�Ú=£VÇ�

pxy := P(Sn+1 = y |Sn = x) =
1

deg(x)
(x ∼ y),

Ù¥ “x ∼ y” L« y ´ x ��Ø, 
 “deg(x)” L«º: x �Ýê. |^ Kolmogorov-

Chapman�§�±48½Â nÚ=£VÇ

pxy(n+ 1) :=
∑
z∈V

pxz(n)pzy (x, y ∈ V ).

XJ

P( ∃Ã¡õ� n, ¦� Sn = x |S0 = x) = 1,

K¡�ÅiÄ {Sn}´~��, ÄK¡§´�~�� (½63�). duëÏãþ�{üé¡

�ÅiÄ´Ø��� (=?¿ü�G�pÏ), ¤±þ¡�½Â�å: x�À�Ã'. ~�

∗I[g,�ÆÄ7�8 (1OÒ: 11126236!11201150!11671145)!þ°½g,�ÆÄ7�8 (1OÒ: 16ZR1409700)

Ú 111Ú�Oy (1OÒ: B14019)Ü©]Ï.
?ÏÕ�ö, E-mail: qyao@sfs.ecnu.edu.cn.

�© 2016c 9� 22FÂ�, 2017c 8� 17FÂ�?Uv.
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��*)º´l,:Ñu�±Ã¡õg£�å: (±VÇ 1). ?�Ú, XJ�ÛÜk�ë

Ïã Gþ�{üé¡�ÅiÄ´~�� (�A/, �~��), K¡ã G´~�� (�A/,

�~��).

dê¼ó�®�(Ø (ë�©z [2]), {Sn}~���=�
∞∑
n=0

pxx(n) =∞. Ó�, þª

¤á�Ä�º: x�À�Ã'. 'u�ê�: Zd, Ù��(Ø´§� d = 1, 2�´~��,


� d > 3�´�~��, �©z [1]Ú [3]. Shizuo Kakutani`L “A drunk man will find

his way home, but a drunk bird may get lost forever” (ë�©z [3]), /�/£ã
 Z2´

~��
 Z3´�~��ù�¯¢.

�©&?¦Èã Z2 × {0, 1, . . . , l − 1} (l > 2)�~�5, Ù¥ Z2 ����ê�:, 


{0, 1, . . . , l − 1}�¹k l�:����ã. ¦Èã Zd × {0, 1, . . . , l − 1}3,
©z¥�¡
� “Fã” (ladder graph, ë�©z [4]), �Ï´� d = 1, l = 2�ã/¥FfG. þ¡J�

“n��m¥�j¬[���”, �Ä�¢S�/�, 1n��Ý (pÝ)������u,

ü��Ý (�Ý!°Ý)���, Ïdrj�¹Ä��w�pÝk��n��m�Ü·
.

�©�Ì�(ØXe.

½n 1 é?¿ l > 2, ¦Èã Z2 × {0, 1, . . . , l − 1}´~��.

�©^Ð��{y²½n 1. � l = 2�, ¦Èã Z2 × {0, 1}´àgã, �Ù(�'�

{ü, �±�Ñ��y². 
� l > 3�, ¦Èã Z2 × {0, 1, . . . , l − 1}¿Ø´àgã, ù�

O� nÚ=£VÇ�5
(J. éu l > 3��/·�Äky²Xe·K.

·K 2 é?¿ l > 3, ¦Èã Z2 × (Z/lZ)´~��, Ù¥ Z/lZL«¹k l�:�

����, =ò�ã {0, 1, . . . , l}�ü�à:Ê3�å.

N´wÑ Z2 × {0, 1, . . . , l − 1}´ Z2 × (Z/lZ)�fã. d>�änØ¥� Rayleigh

üNÆ (ë�©z [3]), d Z2 × (Z/lZ)~������ Z2 × {0, 1, . . . , l − 1}~�, du�

©åã�ÑÐ�y² (Ø^>�ä��ó), ·�3y²�·K 2��Ñ½n 1 (� l > 3�

�/)���Ð�y².

�©�(�Xe: 1 1Ü©0�¯K��µÚÌ�(Ø, 1 2Ü©y²½n 13 l = 2

���/, 1 3Ü©y²·K 2, 1 4Ü©y²½n 13 l > 3���/.

§2. ½n 1�y² (l = 2��/)

^ oL«ã Z2 × {0, 1}��:, ´�l o:ÑuóêÚ�âk�U£� o:, ¤±�

n�Ûê� poo(n) = 0, l
e¡�O� poo(2n)=�. du Z2 × {0, 1}´àgã, §�z

�º:�Ýê� 5, ¤±�IO�l o:Ñu 2nÚ�£� o:�´»ê, ,�¦± (1/5)2n
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=�. dü�|Ü�Ä�úª�T´»ê�

n∑
m=0

C2m
2n ·

n−m∑
k=0

(2n− 2m)!

(k!)2((n−m− k)!)2
=

n∑
m=0

C2m
2n ·

(
Cn−m
2n−2m

)2
.

Ïdé n = 0, 1, 2, . . .k

poo(2n) =
(1

5

)2n
·

n∑
m=0

C2m
2n ·

(
Cn−m
2n−2m

)2
=

n∑
m=0

[(
Cn−m
2n−2m

)2 · (1

4

)2n−2m]
·
[
C2m
2n ·

(1

5

)2m
·
(4

5

)2n−2m]
. (1)

d Stirlingúª

√
2π · nn+1/2 · e−n 6 n! 6 e · nn+1/2 · e−n, n = 1, 2, . . .

(��©z [2])��é?¿� 0 6 m 6 nk

(
Cn−m
2n−2m

)2 · (1

4

)2n−2m
>

(√
2π · (2n− 2m)2n−2m+1/2 · e−(2n−2m)

)2(
e · (n−m)n−m+1/2 · e−(n−m)

)4 ·
(1

4

)2n−2m
=

4π

e4(n−m)
>

4π

e4n
. (2)

ò (2)�\ (1), �

poo(2n) >
4π

e4n
·

n∑
m=0

C2m
2n ·

(1

5

)2m
·
(4

5

)2n−2m
=

2π

e4n

[
1 +

(3

5

)2n]
>

2π

e4n
.

l

∞∑
n=0

poo(2n) >
∞∑
n=0

2π

e4n
=∞,

½n 1 (� l = 2��/)�y.

§3. ·K 2�y²

^ oL«ã Z2 × (Z/lZ)��: (l > 3). du

∞∑
n=0

poo(n) >
∞∑
n=0

poo(2n),

Ïd�Iy²
∞∑
n=0

poo(2n) = ∞=�. du� l > 3� Z2 × (Z/lZ)´àgã, §�z�º

:�Ýê� 6, ¤±O� poo(2n)��IO�l o:Ñu 2nÚ�£� o:�´»ê, ,�

¦± (1/6)2n=�. dü�|Ü�Ä�úª�T´»ê�

n∑
m=0

C2m
2n ·D2m, l ·

n−m∑
k=0

(2n− 2m)!

(k!)2((n−m− k)!)2
=

n∑
m=0

C2m
2n ·

(
Cn−m
2n−2m

)2 ·D2m, l,
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Ù¥ D2m, l L«3� Z/lZþl 0:Ñu 2mÚ�£� 0:�´»ê (m = 0, 1, 2, . . .). Ï

dk

poo(2n) =
(1

6

)2n
·

n∑
m=0

C2m
2n ·

(
Cn−m
2n−2m

)2 ·D2m, l, n = 0, 1, 2, . . . (3)

��í��'�´�O D2m, l. ·�kXeÚn.

Ún 3 é?¿ l > 3Úm > 0, k D2m, l > 22m−l.

y²: 5¿�� l�óê�, D2m, l �u Zþ�{üé¡�ÅiÄl 0:Ñu 2mÚ

��� l��ê� ��´»ê; 
� l�Ûê�, D2m, l �u Zþ�{üé¡�ÅiÄl
0:Ñu 2mÚ��� l�óê� ��´»ê. Ïd

D2m, l =


∑

k:−2m6kl62m
C

m+kl/2
2m = 2

[2m/l]∑
k=1

C
m+kl/2
2m + Cm

2m, � l�óê�;

∑
k:−2m62kl62m

Cm+kl
2m = 2

[m/l]∑
k=1

Cm+kl
2m + Cm

2m, � l�Ûê�,

(4)

Ù¥ [ · ]L«Ø�L,ê����ê.

e¡�é l�Ûê��/?1y², l�óê���/��aq�y (òe¡y²L§

¥� lU� l/2=�). é n > 2, l > 39 i = 0, 1, . . . , n, ½Â

an, l, i =
∑

k: 06i+kl6n
Ci+kl
n ,

¿½Â

An, l = min
06i6n

an, l, i.

dué?¿� l > 3, n > lÚ i = 0, 1, . . . , nk

an, l, i =


an−1, l, i−1 + an−1, l, i > 2An−1, l, � 1 6 i 6 n− 1�;

an−1, l, l−1 + an−1, l, 0 > 2An−1, l, � i = 0�;

an−1, l, n−1 + an−1, l, n−l > 2An−1, l, � i = n�,

¤±� n > l �k An, l > 2An−1, l. l
�48�� An, l > 2n−lAl, l > 2n−l. qdu�

m > 1�, D2m, l �u a2m, l, 0, a2m, l, 1, . . . , a2m, l, 2m¥���, ¤±

D2m, l > A2m, l > 22m−l.


�m = 0�w,k D2m, l > 22m−l, l
Ún�y. �

±e�y²Ú½��aqu�©1 2Ü©�y². òÚn 3�(Ø�\ (3)ª, ��

poo(2n) >
1

62n2l
·

n∑
m=0

C2m
2n ·

(
Cn−m
2n−2m

)2 · 22m
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=
1

2l
·

n∑
m=0

[(
Cn−m
2n−2m

)2 · (1

4

)2n−2m]
·
[
C2m
2n ·

(1

3

)2m
·
(2

3

)2n−2m]
. (5)

d Stirlingúª

√
2π · nn+1/2 · e−n 6 n! 6 e · nn+1/2 · e−n, n = 1, 2, . . .

(��©z [2])��é?¿� 0 6 m 6 nk

(
Cn−m
2n−2m

)2 · (1

4

)2n−2m
>

(√
2π · (2n− 2m)2n−2m+1/2 · e−(2n−2m)

)2(
e · (n−m)n−m+1/2 · e−(n−m)

)4 ·
(1

4

)2n−2m
=

4π

e4(n−m)
>

4π

e4n
. (6)

ò (6)�\ (5), �

poo(2n) >
4π

2le4n
·

n∑
m=0

C2m
2n ·

(1

3

)2m
·
(2

3

)2n−2m
=

2π

2le4n

[
1 +

(1

3

)2n]
>

2π

2le4n
.

l

∞∑
n=0

poo(n) >
∞∑
n=0

poo(2n) >
∞∑
n=0

2π

2le4n
=∞,

·K 2�y.

§4. ½n 1�y² (l > 3��/)

3�!¥, ·�ò�'�ã Z2 × {0, 1, . . . , l− 1}Úã Z2 × (Z/lZ)þ�{üé¡�Å

iÄ (l > 3). �
�Bå�, ·�^�Ó�ÎÒPüÜãþ��ÅiÄ±9�'Ê�, 


ò§�éA�VÇÿÝ©O^ PÚ PL«, ±\±«©. 5¿�ã Z2 × {0, 1, . . . , l− 1}Ú
ã Z2 × (Z/lZ)k�Ó�º:8 V . �§��>8©O� El Ú Ec (eI “l”Ú “c”©OL

« lineÚ circle), K El ´ Ec �ýf8. d	, ^ “x
l∼ y” (�A/, “x

c∼ y”)L« xÚ y

3ã (V,El) (�A/, ã (V,Ec))¥´�Ø, 
^ deg(x) (�A/, deg(x))L«º: x3ã

(V,El) (�A/, ã (V,Ec))¥�Ýê.

P{üé¡�ÅiÄ� {Sn : n = 0, 1, . . .}, é?¿ x ∈ V , -

Px(·) = P(· |S0 = x), Px(·) = P(· |S0 = x).

d	, é A ⊆ V , - τA = inf{n > 0 : Sn ∈ A}��ÅiÄÄg��º:8 A���, 
-

TA = inf{n > 1 : Sn ∈ A}��ÅiÄÄg�£º:8 A���. � A�ü:8 {x}�,

ò τ{x}Ú T{x}©O{P� τxÚ Tx. ^ oL«ã��: (0, 0, 0), é?¿ n > 1, -º:8

An = {(x, y, z) : |x| = n½ |y| = n, z ∈ {0, 1, . . . , l − 1}}.
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Äk·�kXeÚn.

Ún 4 é?¿ n > 1, k

∑
y

l∼x

[Px(τo < τAn)− Py(τo < τAn)] =

deg(o) · Po(To > TAn), � x = o�;

0, � x 6= o�.
(7)

∑
y

c∼x
[Px(τo < τAn)− Py(τo < τAn)] =

deg(o) · Po(To > TAn), � x = o�;

0, � x 6= o�.
(8)

y²: ·��y² (7)ª, ���aq/y² (8)ª. du {Sn}´{üé¡�Åi
Ä, ¤±� x 6= o�k

Px(τo < τAn) =
1

deg(x)
·
∑
y

l∼x

Py(τo < τAn),

l
d�k

∑
y

l∼x

[Px(τo < τAn)− Py(τo < τAn)]

= deg(x) · 1

deg(x)
·
∑
y

l∼x

Py(τo < τAn)−
∑
y

l∼x

Py(τo < τAn) = 0.

q� x = o�k

∑
y

l∼o

[Po(τo < τAn)− Py(τo < τAn)] =
∑
y

l∼o

Py(τo > τAn)

= deg(o) · Po(To > TAn),

l
Ún�y. �

?�Ú�±y²XeÚn.

Ún 5 é?¿ n > 1, k

∑
(x,y)∈El

[Px(τo < τAn)− Py(τo < τAn)]2 = 2 deg(o) · Po(To > TAn), (9)

∑
(x,y)∈Ec

[Px(τo < τAn)− Py(τo < τAn)]2 = 2deg(o) · Po(To > TAn). (10)

y²: ·��y² (9)ª, ���aq/y² (10)ª. d (7)ª�

∑
(x,y)∈El

[Px(τo < τAn)− Py(τo < τAn)]2
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=
∑
x∈V

Px(τo < τAn)
∑
y

l∼x

[Px(τo < τAn)− Py(τo < τAn)]

+
∑
y∈V

Py(τo < τAn)
∑
x

l∼y

[Py(τo < τAn)− Px(τo < τAn)]

= 2 deg(o) · Po(To > TAn),

�y. �

e¡�Ún´y²½n 1 (� l > 3��/)�'�.

Ún 6 é?¿ n > 1, k

Po(To > TAn) 6
6

5
· Po(To > TAn).

y²: é?¿ x, y ∈ V , ½Â

axy =


Px(τo < τAn)− Py(τo < τAn)

deg(o) · Po(To > TAn)
, � (x, y) ∈ El �;

0, � (x, y) 6∈ El �.

bxy =


Px(τo < τAn)− Py(τo < τAn)

deg(o) · Po(To > TAn)
, � (x, y) ∈ Ec�;

0, � (x, y) 6∈ Ec�.

KdÚn 4�(Ø�é?¿ x ∈ V k

∑
y

l∼x

axy =
∑
y

c∼x
bxy =

1, � x = o�;

0, � x 6= o�.
(11)

5¿�

0 6
∑

(x,y)∈El

(axy − bxy)2 +
∑

(x,y)∈Ec\El

b2xy

=
∑

(x,y)∈El

a2xy +
∑

(x,y)∈Ec

b2xy − 2
∑

(x,y)∈El

axybxy. (12)

dÚn 5�

∑
(x,y)∈El

a2xy =
2

deg(o) · Po(To > TAn)
,

∑
(x,y)∈Ec

b2xy =
2

deg(o) · Po(To > TAn)
. (13)

qd bxy �½Â9 (11)�

∑
(x,y)∈El

axybxy
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=
1

deg(o) · Po(To > TAn)
·
∑

(x,y)∈El

axy[Px(τo < τAn)− Py(τo < τAn)]

=
1

deg(o) · Po(To > TAn)
·
[ ∑
x∈V

Px(τo < τAn)
∑
y

l∼x

axy +
∑
y∈V

Py(τo < τAn)
∑
x

l∼y

ayx

]
=

2

deg(o) · Po(To > TAn)
. (14)

ò (13)Ú (14)üª�\ (12), �

2

deg(o) · Po(To > TAn)
>

2

deg(o) · Po(To > TAn)
.

l
k

Po(To > TAn) 6
deg(o)

deg(o)
· Po(To > TAn) =

6

5
· Po(To > TAn),

�y. �

½n 1 (� l > 3��/)�y²: dué?¿� n > 1k TAn > n, ¤±

{To > TAn}
n→∞
↘

∞⋂
n=1
{To > TAn} = {To =∞}.

òÚn 6(Ø�Ø�ª�üàÓ� n→∞�4�, �

Po(To =∞) 6
6

5
· Po(To =∞). (15)

d·K 2�� l > 3�, ¦Èã Z2 × (Z/lZ)þ�{üé¡�ÅiÄ´~��, ¤±

Po(To =∞) = 0.

d (15)ª��

Po(To =∞) = 0,

l
� l > 3�, ¦Èã Z2 × {0, 1, . . . , l − 1}þ�{üé¡�ÅiÄ´~��, ½n 1 (�

l > 3��/)�y. �

5P 7 �©¥�Ñ�Ð�y²�{�±?1í2, ±y²�õ«ã�~�5. ��

¡, �±r¦Èã¥� Z2©þí2�Ù§���: (X8>/�:!n�/�:�); ,�

�¡, �±r¦Èã¥� {0, 1, . . . , l− 1}©þí2� {0, 1, . . . , l− 1}m (m > 1). |^�©

¥y²�{�g�, �±y²ù
ã�´~��, Ùy²L§��¡�
.



1 3Ï Á�, �r: ¦Èã Z2 × {0, 1, . . . , l− 1}�~�5�Ð�y² 283

ë � © z

[1] LYONS R, PERES Y. Probability on Trees and Networks [M]. New York: Cambridge University Press,

2016.

[2] DURRETT R. Probability: Theory and Examples [M]. 4th ed. Cambridge: Cambridge University

Press, 2010.

[3] DOYLE P G, SNELL J L. Random Walks and Electrical Networks [M]. Washington, D.C.: Mathe-

matical Association of America, 1984.

[4] SELLKE T. Recurrence of reinforced random walk on a ladder [J]. Electron J Probab, 2006, 11:

301–310.

An Elementary Proof for the Recurrence of the Product

Graph Z2 × {0, 1, . . . , l − 1}

ZHU Lin

(Institute of Statistics and Big Data, Renmin University of China, Beijing, 100872, China)
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Abstract: It is well known that the two dimensional integer lattice Z2 is recurrent, while the three

dimensional integer lattice is transient. In this paper we show that the product graph Z2×{0, 1, . . . , l−1}
is recurrent. The proof approach only utilizes the elementary methods in probability theory (without the

words of electric networks).
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