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1 QN�� G1 x G2 
u^0g�+�f;C4`$ (7YRf"). {ξµ(t) : t ≥ 0} 
&�$
G1 × G2 × Z }C�0t(�,�es�℄`� µ ��Mk� λ > 0 
3s���y> “es�” 
��f�esCKH�%C�|�`�d V (G1 × G2 × Z) x E(G1 × G2 × Z) �$
G1 ×G2 ×Z CKH�x����0t(
L`r V (G1 ×G2 ×Z) C�f���%C�|}CAL��N�t(�Æ[�Lx6







A → A ∪ {x} ℄�L λ · #{y ∈ A : |y − x| = 1}, xr x /∈ A,

A → A \ {x} ℄�L 1, xr x ∈ A,^�#���|C�� (�	), | · |�� G1×G2×Z}C “$W”,A $ G1×G2×Z}DHC�UJ)C#R�:�F�/Rd {ξA(t) : t ≥ 0}9��,�es�* A ⊂ V (G1×G2×Z)C�0t(�^� A 
_��CKH��L` τµ := inf{t ≥ 0 : ξµ(t) = ∅}*t(CT0����d ν ��t(C “}��"R”, ξG1×G2×Z(t)? t → ∞�Cz
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98 � N 2 < N � Vol.30A#5 1.1 Wu{:i λg(G2 ×Z) d� G2 ×Z }�0t(C(nBL<%�C λ �u^,`� µ, ? t → ∞ ��f
ξµ(t) ⇒ P(τµ < ∞) · δ∅ + P(τµ = ∞) · ν. (1)^� “⇒” ��zB���F�? λ > λ1 �� (1) �%��/R�IV|U (1) ��a*e-9 [3] �C r�~W Z1 }C�0t(YR�?

λ > λ1 �(nBL<%��/R�pd-9 [4] �G 383 X}Cb<9|U (1) ��ei
G1 × G2 × Z }C�0t(
 “�W[” C�/R4℄mtt(CDhP���`���R* {ξA(t) : t ≥ 0} x {ξ

B
(t) : t ≥ 0}, ^� A, B ⊂ V (G1 × G2 × Z) 
i�C,�es��}SCb<�U� (1) �E�iWu{C A, B ⊂ V (G1 × G2 × Z), ^� 0 < |A| < ∞,

0 < |B| < ∞, f
lim

t→∞
P(ξA(t) ∩ ξ

B
(t) = ∅, τA = ∞, τB = ∞) = 0. (2)^�

τA := inf{t ≥ 0 : ξA(t) = ∅}x
τB := inf{t ≥ 0 : ξ

B
(t) = ∅}`���Dh�CT0����-C
Vu3
|U (2) ��|UC��
Pw “by” C G2 × Z }C�0t(�rG 2 �`/R�j-YE�wx��* (2) �C|U����rG 3 �`/R�V|U

(2) ���}rG 4 �`�/R�Vj-Æh&M�
2 0+,Y06-�Wu^C x ∈ V (G1 × G2 × Z), � x = (x(1), x(2), x(3)). ^� x(1) ∈ V (G1) 
 x C
G1 `E� x(2) ∈ V (G2) 
 x C G2 `E� x(3) ∈ Z 
 x C Z `E�#P 2.1 L` Q : V (G1 × G2 × Z) → Z, Q(x) = x(3), ^� x = (x(1), x(2), x(3)) ∈

V (G1 × G2 × Z), x(1) ∈ V (G1), x(2) ∈ V (G2), x(3) ∈ Z.#P 2.2 jL n ∈ N, L` Kn := {(C, D) ⊂ V (G1 × G2 × Z)× V (G1 × G2 × Z):

∃{c1, · · · , cn} ⊂ C, ∃{d1, · · · , dn} ⊂ D, �B
Q(cn) < Q(cn−1) < · · · < Q(c1) < Q(d1) < · · · < Q(dn−1) < Q(dn)}.^A Kn ÆvF�f.f℄6G�C[l� (C, D): C ⊂ V (G1 × G2 × Z), D ⊂

V (G1 × G2 × Z), /R4℄r C �wA n hH�r D �wA n hH��B 2n hHr�RC Z `E}fX�Ko4�ei G1 x G2 O
4`$�/R4℄MkYh�LCH OG1
∈ V (G1) �* G1 C “mH”, �4℄MkYh�LCH OG2

∈ V (G2) �* G2 C “mH”. *FJ�6SCL`�/RIV�7j-$ G1 × G2 × Z C “iFIk” CL`�#P 2.3 jL l ∈ N, L`
B(l) := {x ∈ V (G1 × G2 × Z) : |x − (OG1

, x(2), x(3))| ≤ l,

|x − (x(1), OG2
, x(3))| ≤ l, |x − (x(1), x(2), 0)| ≤ l},



No.1 U�XE&�$}�0t(C(nBL<C|U 99^� | · | �� G1 × G2 × Z }C “$W”, A $ G1 × G2 × Z }DHC�UJ)C#R�jLO�L` 2.2 � �C c1, c2, · · · , cn, d1, d2, · · · , dn �Mk l ∈ N, �BWQh i, f
ci ∈ B(l), di ∈ B(l).ei G1 
0;A"$�/R4℄r G1 �wAY 7 OG1

-\"C0gnCJ)�rJ)}�6Mk n hKH {Vi}n
i=1, �BWu^ 1 ≤ i ≤ n, f

|Vi − OG1
|G1

= l + i.^� | · |G1
�� G1 }C “$W”, A $ G1 }DHC�UJ)C#R�W 1 ≤ i ≤ n, �x6^�mt G1 × Z �CY+J)�r G1 × {OG2

} × {c
(3)
i } ��-7

(c
(1)
i , OG2

, c
(3)
i ) A (OG1

, OG2
, c

(3)
i ) C�UJ)
q}S}V��AC G1 ×{OG2

}× {c
(3)
i } �CJ)A (OG1

, OG2
, c

(3)
i ) x (Vi, OG2

, c
(3)
i ); q}lJm�dY =A (Vi, OG2

, c
(3)
i ) x

(Vi, OG2
, d

(3)
i ). �69:�FS}V��AC G1×{OG2

}×{d
(3)
i }�CJ)A (Vi , OG2

, d
(3)
i )x (OG1

, OG2
, d

(3)
i ), r G1 ×{OG2

}× {d
(3)
i } �-7 (OG1

, OG2
, d

(3)
i ) A (d

(1)
i , OG2

, d
(3)
i ) C�UJ)�lJm�yT/R4℄BA G1 × Z �Y f;CY+J)��* P

(f)
i . �69�r

G1 × {OG2
} × {c

(3)
i } ��Y 7H (c

(1)
i , OG2

, c
(3)
i ) -\"C0gn�j P

(f)
i �>�C0;J)�:�F�r G1 × {OG2

} × {d
(3)
i } ��Y 7H (d

(1)
i , OG2

, d
(3)
i ) -\"C0gn�j

P
(f)
i �>�C0;J)�ei G1 
0;$�yE!�O4℄�8�8r/RBAF G1 ×Z �CY 0;CY+J)��* Pi. �69W i = 1, 2, · · · , n, L`

Hi := {x = (x(1), x(2), x(3)) : (x(1), x(3)) ∈ Pi, x(2) ∈ G2}x
Li := Hi ∩ (G1 × G2 × Z).X/ 2.1 ci, di ∈ Li, i = 1, 2, · · · , n.X/ 2.2 xr i 6= j, u Li ∩ Lj = ∅.��}�k-/RMk {Vi}n

i=1 C^��xr i 6= j u Pi ∩Pj = ∅, 7Y Hi ∩Hj = ∅. 'Y Li ∩ Lj = ∅.#P 2.4 L`t( {ξA(t)} C “$��”(?5�U�-9 [2]) rQh Li L`FYhj
G2 × Z }C�0t(>WC “$��”. /R�IV2K “$��” �A Li �KHC�#�d�w {ξi(t)} 9��yEt(�:�F�WQh i = 1, 2, · · · , n, L`t( {ξ

B
(t)}C “$��” WrQh Li }L`Ft( {ξi(t)}.X/ 2.3 � 2.2 �UF 2n ht( {ξ1(t)}, · · · , {ξn(t)}, {ξ1(t)}, · · · , {ξn(t)} 
>�P�C�#P 2.5 jL n ∈ N, L`!�

Θn := inf{t ≥ 0 : (ξA(t), ξ
B

(t)) ∈ Kn � (ξ
B

(t), ξA(t)) ∈ Kn}.#P 2.6 jL l ∈ N x t ∈ R
+, L`��

El,t := [ Wu^ s ≤ t, f ξA(s) ⊂ B(l), ξ
B

(s) ⊂ B(l)].#P 2.7 jL n ∈ N, l ∈ N x t ∈ R
+, L`��

Fn,l,t := [Θn ≤ t] ∩ El,t.X/ 2.4 r6-��W x ∈ V (G1 × G2 × Z), /R� ξ{x}(t) ��* ξx(t).
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3 %7 1.1 "U=fFG 2 �`C���/R�69|U (2) ��y
�-C
Vu3�Wu^ n ∈ N, l ∈ N x t0 ∈ R
+, f

P(τA = ∞, τB = ∞, ξA(t) ∩ ξ
B

(t) = ∅)

≤ P(τA = ∞, τB = ∞, (Fn,l,t0)
c) + P(Fn,l,t0 , ξA(t) ∩ ξ

B
(t) = ∅)

≤ P(τA = ∞, τB = ∞, Θn > t0) + P[(El,t0)
c] + P(Fn,l,t0 , ξA(t) ∩ ξ

B
(t) = ∅). (3)/R�V|U�WjLC ε > 0, /R4℄wA n, l, t0, �BW*`:C t, (3) �hTC{A1Di ε

3 . GYA�x6C^�7��WnLC n(�C.���r6Sj-), WQh
i ∈ N L`�� Ji := [τA > i, τB > i, Θn > i], �L`
α := P[ξo(1) ⊃ {(OG1

, OG2
,−n), (OG1

, OG2
,−n + 1), · · · , (OG1

, OG2
, n − 1), (OG1

, OG2
, n)} d

ξ
o
(1) ⊃ {(OG1

, OG2
,−n), (OG1

, OG2
,−n + 1), · · · , (OG1

, OG2
, n − 1), (OG1

, OG2
, n)}],^� o := (OG1

, OG2
, 0) ��$ G1 ×G2 ×Z CmH� | · | �� G1 ×G2 ×Z }C “$W”, A $ G1 ×G2 ×Z }DHC�UJ)C#R�/Rf α > 0. e\[��G��0t(C4�Gx A 6= ∅, B 6= ∅C���/Rf�P(J1) ≤ 1−α,�dW i = 2, 3, · · ·f P(Ji|Ji−1) ≤ 1−α.7Y P(Ji) = P (Ji ∩ Ji−1) = P (Ji|Ji−1) · P (Ji−1) ≤ (1 − α) · P (Ji−1), 'YW i = 2, 3, · · · f

P(Ji) ≤ (1 − α)i. �℄ P(τA = ∞, τB = ∞, Θn > t0) ≤ P (J[t0]) ≤ (1 − α)[t0], ^� [t0] ��
t0 Cz��`�7Y/R4℄Mk t0, �B

P(τA = ∞, τB = ∞, Θn > t0) <
ε

3
. (4)WiG[A�WnLC t0 ∈ R

+, Æ~22Ff�W 0 ≤ t ≤ t0,

|ξA(t)| < ∞, |ξ
B

(t)| < ∞.7Y9r l ∈ N, �B
P[(El,t0 )

c] <
ε

3
. (5)*F7� (3) �hTCG{A�/RIV$� “by” C G2 × Z }C�0t(�ei

(1) �W G2 × Z }C�0t(
{pC��℄ (2) �rf86W%����F�Wu^
x, y ∈ V (G2 × Z), f

lim
t→∞

P(ξx
G2×Z

(t) ∩ ξ
y

G2×Z
(t) = ∅, τx

G2×Z
= ∞, τy

G2×Z
= ∞) = 0,^� {ξx

G2×Z
(t)} x {ξ

y

G2×Z
(t)} * G2 × Z }C�0t(CDhP���^,�es�`�*=H� {x} x {y}, d τx

G2×Z
x τy

G2×Z
`���i�CT0���}��CBW

(x, y) ∈ V (G2 × Z)× V (G2 × Z) �_Y�C�>W
(x, y) ∈ M := {(i, j) ∈ V (G2 × Z)× V (G2 × Z): |i − j|G2×Z ≤ 10l + 2n}
Y�C (��}�xr�2K\[�y>�ff;�f8). y> | · |G2×Z �� G2 ×Z }C

“$W”, A $ G2 ×Z }DHC�UJ)C#R�7Y9r t1 > 0, �Bxr t ≥ t1, uWu^ (x, y) ∈ M , f
P(ξx

G2×Z
(t) ∩ ξ

y

G2×Z
(t) = ∅, τx

G2×Z
= ∞, τy

G2×Z
= ∞) ≤

ρ2

2
,



No.1 U�XE&�$}�0t(C(nBL<C|U 101^� ρ := P(ξo
G2×Z

(t) 6= ∅, ∀t ≥ 0)(y> o ��$ G2 × Z CmH). ue λ > λg(G2 × Z) ~�
ρ > 0. 'Y? t ≥ t1 ��f

P(ξx
G2×Z

(t) ∩ ξ
y

G2×Z
(t) 6= ∅) ≥ P(ξx

G2×Z
(t) ∩ ξ

y

G2×Z
(t) 6= ∅, τx

G2×Z
= ∞, τy

G2×Z
= ∞)

= P(τx
G2×Z

= ∞, τy
G2×Z

= ∞) − P(ξx
G2×Z

(t) ∩ ξ
y

G2×Z
(t) = ∅, τx

G2×Z
= ∞, τy

G2×Z
= ∞)

≥ ρ2 −
ρ2

2
=

ρ2

2
. (6)6S/R�V?d (6) �xL` 2.4 �L`Ct(97� (3) �hTCG{A�/RdWi (ξA(Θn), ξ

B
(Θn)) ∈ Kn fFCbw�rfF6��L` 2.2 �CVjMk

c1, · · · , cn, d1, · · ·, dn ∈ V (G1 ×G2 ×Z), �B {c1, · · · , cn} ⊂ ξA(Θn) d {d1, · · · , dn} ⊂ ξ
B

(Θn).4℄:�F2K (ξ
B

(Θn), ξA(Θn)) ∈ Kn CfF��
r6SCt(��� {c1, · · · , cn} x
{d1, · · · , dn}C�|4�/R$�t( {ξi(t)} C,���* Θn, ,�es�*=H {ci}C��dbw {Θn

ξci

i (t) : t ≥ Θn} 9��R��:�FL`t( {Θn
ξ

di

i (t) : t ≥ Θn}. e�0t(C4�G�? t > t0 ��f
[ξA(t) ∩ ξ

B
(t) = ∅] ∩ Fn,l,t0 ⊂

n
⋂

i=1

[Θn
ξci

i (t) ∩Θn
ξ

di

i (t) = ∅] ∩ Fn,l,t0 . (7)r�� Fn,l,t0 }�/Rf�S� Hi C ci x di DH��C/;��$t 10l + 2n, df
Θn ≤ t0. eyE��℄�� 2.3, �E� (6) xN�G�? t > t0 + t1 ��f

P

(

n
⋂

i=1

[Θn
ξci

i (t) ∩Θn
ξ

di

i (t) = ∅] ∩ Fn,l,t0

)

≤

(

1 −
ρ2

2

)n

. (8)7Y/R�InL n �B
(

1 −
ρ2

2

)n

<
ε

3
.u (7) x (8) D�qvF

P(Fn,l,t0 , ξA(t) ∩ ξ
B

(t) = ∅) <
ε

3
. (9)� (4), (5) x (9) {�<y (3) ��(%FWzhL<C|U�

4 .'G:F9 4.1 �� {ξµ(t) : t ≥ 0} 
&�$ G1 × G2 × Z }C�0t(�,�es�℄`� µ ��Mk� λ > 0 
3s���^� G1 x G2 
u^0g�+�f;C4`$ (7YRf"). uWu{:i λg(G2 × Z) d� G2 × Z }�0t(C(nBL<%���:i
λ > λg(G1 × Z) d� G1 × Z C}�0t(C(nBL<%�C λ, ℄�u^,`� µ, ?
t → ∞ ��f

ξµ(t) ⇒ P(τµ < ∞) · δ∅ + P(τµ = ∞) · ν.^� “⇒” ��zB�bw τµ x ν CL`:����F�? λ > λ1 �� M%��^Ar&�$ G1 × G2 × Z �� G1 x G2 CF,
WEC�7Y}SC&M%��



102 � N 2 < N � Vol.30AF9 4.2 �� {ξµ(t) : t ≥ 0} 
&�$ G × Zd }C�0t(�,�es�℄`� µ��Mk� λ > 0 
3s���^� G 
u^0g�+�f;C4`$ (7YRf"). uWu{ λ > λd(rG 1 �`�\L`) xu^,`� µ, ? t → ∞ ��f
ξµ(t) ⇒ P(τµ < ∞) · δ∅ + P(τµ = ∞) · ν.^� “⇒” ��zB�bw τµ x ν CL`:����}� r
L< 1.1 r G2 = Zd−1 �C��fF�^A5� λg(G2 × Z) = λd,de-9 [5] �C r~? λ > λd �� Zd }�0t(C(nBL<%��F9 4.3[1] �� {ξµ(t) : t ≥ 0} 
gH Zd(d ≥ 2) }C�0t(�,�es�℄`�

µ ��Mk� λ > 0 
3s���uWu{ λ > λ1 xu^,`� µ, ? t → ∞ ��f
ξµ(t) ⇒ P(τµ < ∞) · δ∅ + P(τµ = ∞) · ν.^� “⇒” ��zB�bw τµ x ν CL`:����}� r
L< 1.1 r G1 = Zd−1 x G2 = {0} �C��fF�^A5�

λg(G2 × Z) = λ1, de-9 [3] �C r~? λ > λ1 �� Z1 }�0t(C(nBL<%�� � 3 I K
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A Proof of the Complete Convergence Theorem for Contact

Processes on Some Product Graphs

Yao Qiang
(Department of Statistics and Actuarial Science, School of Finance and Statistics,

East China Normal University, Shanghai 200241)

Abstract: In this article a proof of the complete convergence theorem for the basic contact

process on the product graph G1 × G2 × Z is given, provided that the infection parameter is

large enough, where G1 and G2 are arbitrary infinite locally finite transitive graphs. It extends

the result of Schonmann [1] in some content.
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