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1. Introduction

We consider the N-urn Ehrenfest model, where N > 2. In this model, there are N urns which are denoted by Urn
1, ...,Urn N. In the beginning, we place M balls in the N urns in an arbitrary way. Then at each step, we choose a ball
randomly and put it into another urn with equal probability. Formally, if we use x = (x1, ..., X)) to denote a state of
the model, where x; € {1, ..., N} denotes the position of the ith ball, then the N-urn Ehrenfest model can be seen as a
time-homogeneous Markov chain {X, : n=0,1,2,...}onE ={1,...,N}M. Forx = (x4, ..., xm), ¥y = W1, ..., ym) € E,
denote by s(x, y) the number of corresponding coordinates that are the same in x and y, that is,

sx,y) =1 <i<M: x=y}l,
where |-| denotes the cardinality of a set. Then the transition probability of the N-urn Ehrenfest model becomes

1 .
M=) ifs(x,y)=M —1,

. (1.1)
0, otherwise.

Dxy =

For nonempty A C E, denote the hitting time
T, =inf{n > 0: X, € A},

and use T, as an abbreviation for Ty, where x € E. We follow the standard notation for the Markov chain to use P*
to denote the probability when the initial state is x, then use E* and Var* to denote the corresponding expectation and
variance, respectively.
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We are interested in the distribution of T, for some special A C E. Denote by & the set containing all subsets
A = {y1,¥2,-..,¥x} € E such that for each y € A, the sequence s(y, y1), s(¥,¥2), - - ., S(¥, ¥x) is the same after being
sorted by a monotonic increasing order. It is not difficult to see that the following special A; (i = 1, 2, 3, 4, 5) all belong
to /.

Ay ={y}, wherey € E;

A, = {y, z}, wherey,z € E;
As={1,...,1),(2,...,2),....,(N,...,N)};

Ay={x€E: s(x,(2,...,2))=h}, where0 <h <M;

As ={x=(x1,...,Xm) € E: X1,...,xy are all different}, where M < N.

Consider M permutation functions i, ..., 7y from {1,...,N} to {1,...,N}. For any x = (x1,...,Xy), set t(x) =
(t1(x1), ..., Tm(xm)). Then 7 is a one-to-one mapping from E to E. Obviously, s(t(x), T(y)) = s(x, y) and hence p(x(y) = Pxy
for all x,y € E. It follows that E*®(e~*Tr) = E¥(e=*Ta) for all x € E, A C E and A > 0. Clearly, A € « if and only if
T(A) € o.

Our main result is as follows. It gives the Laplace transform and then illustrates the distribution of the hitting time T4
forA € .

Theorem 1.1. Suppose x € E and A € «/. Then we have

ZZEA fs(x,z)(lw(e)L —1 ))

L) =E* (e7) = § X cafipa(M(e — 1))’
1, if A=0,

if A>0,

forany y € A, where

_ Cicl, (N = 1)(=1y
w= 3 NG+))+uN—1) (1.3)

0<i<k, 0<j<M—k

n!

for0 <k <M and u > 0. Here (]! := m (0 < m < n) denotes the combinatorial number.
Since
EX(T4) = —=L'(0) and Var*(T,) = L”(0) — (L'(0))?, (1.4)

we can get the following corollary.

Corollary 1.2. Suppose x € E and A € «/. Then we have

BT = M S l80(0) — 24n(O) (15)
and -
Vari() == S (M 0) = Mgy (0) + BT (0)]
+WmW?MU) (1.6)

for any y € A, where

— iGN — 1)(=1Y
OEY NG £ T8N =) (1.7)

0<i<k, 0<j<M—k,
i+j#0

forO<k<Mandu=>0.

Remark. (1) We can get the higher-order moments for T4 by taking higher-order derivatives of L(1). The notation will
be more complicated, so we omit the details here.
(2) Fix A € o. Applying (1.5), we conclude that E¥(T,) is a decreasing function of ), _, gx.z)(0).

In history, the Ehrenfest model was first proposed in Ehrenfest and Ehrenfest (1907) as “a test bed of key concepts of
statistical mechanics” (see Meerson and Zilber (2018)). There are many problems concerning this simple but insightful
model. The study of the hitting time was first restricted in the 2-Urn case (when N = 2), see Blom (1989), Lathrop et al.
(2016), Palacios (1994), etc. Recently, Chen et al. (2017) considered the 3-Urn case and computed E*(T,) when s(x, y) = 0.
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Then Song and Yao (2019) extended their result to all N > 2 and all x, y € E. The N-Urn model has attracted attentions
in application fields recently, see Aloisi and Nali (2018), for example. So it is worthwhile to investigate the model more
deeply. The authors of all the above references did not consider the distribution of the hitting time. And they did not
consider Ty for A other than a singleton. Furthermore, the methods in Chen et al. (2017) and Song and Yao (2019) cannot
be used to prove Theorem 1.1. In this paper, we adopt a new method to solve the problem. The new method relies on an
auxiliary continuous-time Markov chain, which is the main contribution of this paper.

The organization of this paper is as follows. In Section 2, we introduce an auxiliary continuous-time Markov chain and
explore the relationship with the original discrete-time Markov chain. In Section 3, we prove Theorem 1.1 with the help
of the above auxiliary chain, and then prove Corollary 1.2. In Section 4, we give some examples and use Corollary 1.2 to
extend the results in Chen et al. (2017) and Song and Yao (2019).

2. An auxiliary continuous-time Markov chain

In this section, we introduce a continuous time Markov chainon E = {1, ..., N}M. Let {Y;(t): t > 0}, ..., {Yu(t): t >
0} be M independent continuous-time Markov chains on {1, ..., N} with the same Q-matrix
-1 L ... 1
N—-1 N-1
1 1
s A R e
Q= ) ) R (2.1)
1 1
CES s B
Then define Y(t) := (Y1(t), ..., Yy(t)) for all t > 0. It follows that {Y(t) : t > 0} is a continuous-time Markov chain with
state space E. The next proposition gives the basic relationship between {X, : n=0,1,2,...} and {Y(t): t > O}

Proposition 2.1. If X, and Y(0) have the same distribution, then {X, : n = 0,1,2,...} and the embedded chain of
{Y(t) : t > 0} have the same finite-dimensional distributions.

Proof. Set oy := 0 and o, := inf{t > o,_1 : Y(t) # Y(0,_1)} for n > 1. Then for n > 1, denote &, := o, — oy,_1. Since
&1, &, ... are ii.d. exponential random variables with parameter M, and {&1, &, ...} are independent of {Y(o,,) : n =
0,1,2---}, we can deduce that {Y(o,) : n =0,1,2---} is a time-homogeneous discrete-time Markov chain on E with
transition probability

1 if Y)=M—1,
P(Y(0ns1) =y | Y(ow) = x) = | o= 1 s(xY) (2.2)
0, otherwise.

See Chapter 3 of Lawler (2006) for details. Comparing (2.2) with (1.1), we can get that {Y(o,)} has the same finite-
dimensional distribution with {X,}, as desired. O

From Proposition 2.1, we can define {Y(t)} and {X,} on the same probability space and treat {X,} as the embedded
chain of {Y(t)}. So we can use the same notations P*, E* and Var* when considering the both processes. Next, we use the
superscript “Y” to denote the hitting time for {Y(t)}. That is, for nonempty A C E, denote the hitting time

TY :=inf{t > 0: Y(t) € A},

and use TxY as an abbreviation for T{‘;}, where x € E. The next proposition shows the relationship of the Laplace transforms
between T, and T .

Proposition 2.2. Forany x € E,A C E and A > 0, we have

EX (e—ATA) — EX (efn//(ek,])r){) ' (2.3)

Proof. Note that TX = ZE] &;. Since T, is independent of {£1, &, ...}, and &4, &, . . . are i.i.d exponential random variables
with parameter M, we can deduce that for any u > 0,

Ta Ta
E"(e_“TX) =F* (exp [—u Z gi]) = F¥ (H e—usx)
i=1 i=1
Ta
=F*¥ (Ex (He—uéi TA)) — E* I:(EX(e—ugl ))TA]
i=1

[eS) Ta Ta
— E* |:(/ e—utMe—M[dt) :| = E¥ |:<u _I\:IM> i| . (2.4)
0
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Then for any A > 0, take u = M(e* — 1) > 0, we have HLM = e~ Substitute it into Eq. (2.4), we conclude that
EX (e’”f‘) — EX (e—M(e)‘—l)TX)

as desired. O

As a corollary, we can get the following relationship of the expectations and variances between T, and TX .

Corollary 2.3. For any x € E and A C E, we have

EX(Ta) = MEX(T)) and Var*(Tp) = M*Var(T) ) — EX(Ty).
Proof. Fix x € E and A C E. Define

L) = B (e7M4),  Ly(n) i= E¥ (e—”AY )
for A > 0. By Proposition 2.2, we have

L(x) =Ly (M(e* — 1)). (2.5)
It is not difficult to get

L'(0) = ML, (0) and L"(0) = M>L;(0) + L'(0).
Therefore, we can conclude that

EX(Tx) = —L'(0) = —ML}(0) = MEX(Ty),
and

Var(Tx) = L(0) — (L'(0))*
= M?[L}(0) — (Ly(0))*] + L'(0) = M?Var*(T} ) — EX(Ty),

as desired. O

Remark. By taking higher-order derivatives from Eq. (2.5), we can get the relationship of the higher-order moments
between T, and TX . Since the number of terms will increase in the higher-order moment case, we omit the detailed
computation here.

3. Proofs of Theorem 1.1 and Corollary 1.2

By Proposition 2.2, we can see that we only need to calculate the Laplace transform of TX to obtain the Laplace
transform of T4. For a general A C E, the Laplace transform of TAY cannot be easily calculated. However, for A € .« (the
definition was given in Section 1), we can use the symmetric property to deal with it.

Denote by {p;} the transition semigroup of {Y;(t)} whose Q-matrix Q is given in (2.1). That is, p:(i, j) = P!(Y1(t) = j)

foralli,je {1,...,N} and t > 0. The next lemma gives an explicit formula for {p;}.
Lemma 3.1. Foranyi,je {1,...,N}andt > 0, we have
(N—1) SR
e N-Tiy .
. — if i=j,
pe(i.j) = vy
1—e N—1¢ .
N , otherwise.

Proof. By the symmetric property of the Q-matrix Q, we have for any ¢t > 0,

pe(1, 1), if i=],

pe(i,j) =
‘ pe(1,2),  otherwise.

1-p(1,1)

Since Y") | p(i.j) = 1, it follows that p(1,2) = T
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By Kolmogorov’s backward equation, we have p; = Qp;. So

N
pi(1, 1) =) qupi(i, 1)

i=1

N
=—p(1.,1 i, 1
(1, )+;N -pe(i, 1)
= —p(1, 1)+ pe(1,2)
1—pi(1,1)

= —p(1,1
pt(a )+ N_1

S Y S N
I R N—1

Since po(1, 1) = 1, by solving the first-order linear ordinary differential equation, we get

(N—1)e F-T 41

pe(1,1) = N

And therefore,

1-p(1,1)  1—ewT

1,2)= =
Pe( ) N_1 N

This completes the proof. O
Proof of Theorem 1.1. For x € E, A € o and u > 0, define

Gulx, A) := E¥ [ / ” e‘”tlA(Y(t))dt] ,
0

where

1, if Y(t) € A,
0, otherwise.

1a(Y(1) = {

Denote by {P;} the transition semigroup of {Y(t)}. That is, P;(y,z) = PY(Y(t) = z) forally,z € E and t > 0. By Lemma 3.1,
we have for any x = (xq,...,Xy), 2 =(21,...,2y) € E,

1 _ N _ N M-
]"[pt xi,21) = pf(1, 1P (1, 2) = (N — e ™1t 4 (1 — e mr s,

where k = s(x, z). Thus for any u > 0,

Gu(x, {z)) = /oo e U P(x, z)dt
0

1 0 k M-k
:W/ el ((N—l)e*%wl) (1—e*%f) dt
0

N

gt N—1 1w
= T 7/ sTHETT(N — 1)s 4 1]%(1 — s)M~*ds
0

M—k
N=1 [ v, - . -
= N / - ZCk(N J's lchw W(=1)sds

N -1 -
= NV Y GG —1)(- 1)’/ I g

0<i<k, 0<j<M—k

fi(u). (3.1)

_N-1 Z Cicl, (N = 1)(=1) _N-1

NM — = —
N 0<i<k, 0<j<M—k N(i+j)+u(N—1) N
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This, together with the fact that A € &7, yields G,(y, A) = Gy(z,A) for all y,z € A and u > 0. Furthermore, by the strong
Markov property, we obtain that for any y € Aand u > 0,

Gu(x,A) = E* |:/OO e_“tlA(Y(t))dt:| =F* |:f00 e‘”tlA(Y(t))dt:| = FE*¥ (e‘“T)\/) Gu(y,A)
0 TY

A
and hence
EX (e,uTAV) _ Gu(X’ A) — ZzeA Gu(xa {Z}) _ ZzeAfs(xZ (u
Gu(y, A) ZzeA Gu(y, {z}) ZzeAfsy (U
Therefore, the desired result (1.2) follows immediately from (2.3) and (3.2). O

)
3.2
)’ (3.2)

Remark. From (3.1), we can get that

1 (1 n
ﬂwp:N/'##WWW—nx+1m1—gM*m (3.3)
0
forany 0 < k < M and u > 0. We call (3.3) the “integral version” for fi(u). It will be useful for simplifying the formulas
in Section 4.

Proof of Corollary 1.2. From (1.3) and (1.7), we can see that

1
— - 34
gi(u) = fi(u) WN 1) (34)
forany 0 < k <M and u > 0. Then by (1.2) and (3.4), we have for any A > 0 and y € A,
Ly = A MIN =1 = DY B (M = 1) LG
Al +M(N = 1)(e* — 1) 3, 8ty(M(e* — 1)) La(3)’

where L{(A) denotes the numerator and L,()) denotes the denominator. Hence Li(1) = L(X)Ly(A). Therefore, by Leibnitz’s
formula we can get

L(0) = L'(0)L,(0) 4 L(0)L}(0), (35)
L7(0) = L"(0)L,(0) + 2L'(0)L5(0) + L(0)L;(0). ’
Note that
L;(0) = L,(0) = |A],
Ly(0) = M(N — 1)) gx(0), L5(0) = M(N — 1)) &¢,.2(0),
zeA zeA
" _ ’ (3.6)
L{(0) = M(N = 1) | Y gus(0) +2M Y gl 1(0) |,
zeA z€eA
15(0) = M(N — 1) [Z Zyy.2)(0) + 2M Zg;(y,z)(m} :
zeA zeA

The desired results (1.5) and (1.6) then follow from (1.4), (3.5) and (3.6). O
4. Some special examples

In this section, we consider several special examples. To simplify the notation, we use g as an abbreviation for g,(0)
in this section (0 < k < M). Before discussing the examples, we first give the expressions for gy, gy and gy+1 — g, that
will be used later.

Note that for any real number a,

M o .
Cyd (1+t i1 (14+a) -1
> G _/0 d_Z/ (146 de = 271, . (41)

i=1 i=1

By (1.7) and (4.1), we obtain

i M

1 - Cly(=1) 1
D D e P “2)

i=1 i=1
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and
M ; i M

1 G(N-1" 1 N-1
- _ = ) 43
o =15 2~ N (43)

For0 <k <M — 1, by (1.7), (3.3) and (3.4), we have
8et1 — 8k = luig)l[fkﬂ(u) — fil(w)]

/[ — Ds+ 17¥1 — s)M~*1gs

1
= Z CUN — 1) / S — M ds
i=0 0

k .
- ion _ qyk—i (K= DM —k —1)!
= Z CiN—1) i

C(N-1) c,
=M ;U\/—nf' (4.4)

4.1. First hitting time to a fixed singleton

When A = {y} where y € E, we have A € . Therefore, by Theorem 1.1, we get that for x,y € E,
Fsxy) (M(e)h - 1))

E () =1 fu (M — 1) if A >0, (4.5)
1, if A=0.
Furthermore, by (1.5) in Corollary 1.2, we get that for any x,y € E,
EX(Ty) = M(N — 1)[gm — &stx.y)]- (4.6)
Especially, for any x, y € E such that s(x, y) = 0 (for example, when x = (1,...,1)and y = (2, ..., 2)), we have
EX(Ty) = M(N — 1)ign — & (4.7)

We now explain how (4.6) and (4.7) match the results of Theorem 1.1 and Corollary 1.2 in Song and Yao (2019)
respectively. Combining (4.6) with (4.4) we obtain

M—-1 M-1 (N 1),-+1 j c!
— M
EXTy) = M(N — 1) § (8+1— &)= E o E NoT) (4.8)
Jj=k j=k M-1 =0

where k = s(x,y). This is exactly the result of Theorem 1.1 in Song and Yao (2019). Applying (4.2) and (4.3), we can
rewrite (4.7) as

Ni

M(N — 1) ¢~ N
i

Ex(Ty) = N

(4.9)

-

Il
-

for any x, y € E satisfying s
Next, we compute Var*
that for any x,y € E,

—~

x,y) = 0. This is exactly the result of Corollary 1.2 in Song and Yao (2019).
T,) for x,y € E. This was not done in Song and Yao (2019). By (1.6) in Corollary 1.2, we get

—~

Var*(Ty) = 2M(N — 1) [Mg/, ,,(0) — Mgy (0) + EX(T) )gsxy) | + [E"(Ty)]z — EX(Ty). (4.10)
Especially, when s(x, y) = 0, (4.10) becomes
Var¥(T,) = 2M(N — 1) [Mg(0) — Mg;,(0) + EX(T,)go| + [E"(Ty)]2 — EX(Ty). (4.11)

By (4. ) for any real number aq,

i

C C't‘1 -1 M o _1
d / dt _/ dt:ZTZ +“)' (4.12)
0

i=1 j=1
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With the help of (1.7), it follows that

M i i i
N-—-1 Cyl(N—-1)—=(-1)] N-1 1 Nf

"(0) — g/ (0) = E M = E - —

£0(0) — g,(0) N? L 2 2 ; par i

(4.13)

Putting (4.9), (4.2) and (4.13) into (4. 11) we have

M i i

=1 i=1 1 i+1 i=1

for any x, y € E such that s(x,y) = 0.
4.2. First hitting time to a fixed two-points set

Suppose x, y, z are three different points in E. Let A = {y, z}. We next compute E*(T4) and P*(Xy, = y).
Since A € 7. By (1.5) and (4.6), we have

EX(Tx) = MU (g + gyy.2) — 8stey) — &xtr)] »

EX(T,) = M(N — 1) [gw — &wn) (4.14)

EY(T;) = M(N — 1) [gn — &.0)] -
On the other hand, by strong Markov property, we get

EX(T;) = EX(Ta) + P*(X1, = y)E'(T). (4.15)
From (4.14) and (4.15), we obtain
EX(T;) — EX(T4) _ M Tt &xy) ~ Bstxz) — &sty.2)
EY(T;) 2 [gv — &.n)] .

4.3. First time that all balls are in the same urn

PX(XTA :y):

Proposition 4.1. Set x = (x1,X2,...,xy) € Eand A={(i,...,i):i=1, ..., N}. Then we have

EX(Ta) = W [gM + (N —1)g0 - Zgnk}

and for 1 <i <N,

1 1N
PX(XTA:(i,...,i)):f_Fg“zN—X:k—hg”k’

N &m — 8o
where n; = s(x, (i, ...,i)) fori=1,...,N.

Proof. Sety =(1,...,1), theny € A € &. By (1.5), we have

M(N — 1 M(N — 1
EXTy) = % Z [gs(J’,z) _gs(x,z)] = % |:gM +(N—1)go — Zgnki| .

zeA
Next, set z = (i, . . ., i). By the strong Markov property, we obtain that
EX(T;) = EX(Ta) + ) _ P*(Xr, = (. ..., J)E(T,). (4.16)
J#

By (4.6), EX(T;) = M(N — 1)(gu — &) and EU(T,) = M(N — 1)(gu — &) for j # i. Hence (4.16) can be rewritten as

1 N
8 =& =y [gm +(N—1)g — ’X_;gnk} +[1—=P(Xg, =(i,...,1)(em — ).

Therefore,

1 En — % Zg=lg”k
p— + - -
N gv — 8o

for 1 <i <N, as desired. O

PXp, = (i, ..., 0) =
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Corollary 4.2. If M <N and x = (1,2, ..., M), then we have
M
M(N — 1)
EX(TA) = T Z
i=2

i

1

and
1 N-M I
. ‘ ﬁ"i‘ma if i<M,
PXr, =(,....0) =1 , T _ _
N m o if M <i<N.
Zi:lT
Proof. For 1 <i <N,
1 ifi <M,

’

ni:s(x,(i,...,i)):{

0, otherwise.

Putting k = 0 into (4.4) yields

1
gl:gO‘i‘Mo

By putting (4.2), (4.3) and (4.17) into Proposition 4.1, we get the desired results.

4.4. First time that all balls are in different urns

Proposition 4.3. Suppose that M = N > 2. Set x = (1, ..., 1) and
B ={(i1,...,iy) : (i1, ..., im) is a permutation of {1, ..., M}}.

Then we have

EX(Tg) = M(M — 1 ISETANE k!
(Tg) = MM — 1) —gl+ZH<i—i+“'+(—) m)gk +(Mi

k=0

Proof. Sety =(1,2,...,M). Theny € B € &. By (1.5), we have

MM — 1 u
EX(Tp) = % Z [gs(y,z) _gs(x,z)] =MM —1) |:Z %gk - g1:| ;

zeB k=0

where a, = |{z € B : s(y, z) = k}|. Pick an element of B with equal probability and denote it by Z = (Z1, Z, . ..

n =s(Z,y). Then % = P(n = k) for 0 < k < M. Since

1/1 1 1
P(n=k) = “<5—§+ --+(—1)M7km>

O

1
fork <M —2,P(n=M—1)=0and P(n = M) = —, the proof is completed. O

M!

4.5. First time that h balls are in a fixed urn (for example, Urn 2)

In this subsection, set A, = {y € E : s(y, (2, ...,2)) = h} and s(x, (2,2, ...,2)) = k.

Proposition 4.4. If k < h, then

h—1 i

(N — 1)+ Cly
E*(Ta,) = M(N — 1)(gh — &) = . .
Ap ! k Z C;VI,1 FZO (N— ])l

i=k

If k > h, then
M

(N a
h Z Z (N_M])i‘

i=h *1 j=i+1

_ 1 i+1
E*(Ta,)

(4.17)

Zu ) Let

(4.18)

(4.19)
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Proof. Firstly, suppose that k < h. By (4.4), (4.6) and the strong Markov property, we have

—M( )(gm—gk) M(N — 1)(gm — &n)

_y ety G
- 1 M
i=k CM1 j=0 (N-1y

Thus (4.18) holds.
Now we suppose that k > h. Lety = (1,...,1). Theny € Ag € /. By (1.5), we get

Z[gs (v.z) — 8Es(x.2) z

z€ehAy

EX(Ta,) = | |
0

Pick an element of Aq with equal probability and denote it by Z. Let n; = s(y, Z) and 1, = s(x, Z). Then we have

EX(Tay) = M(N — 1)[E(gy,) — E(gy,)]-

1 1
It is easy to check that n; ~ Bin (M, ﬁ) and 7, ~ Bin (M —k, ﬁ) Suppose that ¢y, &2, ..., g are iid.,

1 .
independent of 5,, and ¢; ~ Bin (1, ﬁ) For convenience, set S; = 1, + Z}:l g for0 < i < k. Then §; ~

1
Bin <M —k+1, ]). In particular, S, has the same distribution as 5. It follows that

N —

EX(Tpy) = M(N — 1)E(gs, — g,) = M(N — 1) ZE 5., — &)

ForO0<i<k-1,

E(g5i+1 — &)= E(g5i+§i+1 — &) =P(tiy1 = 1)E(gsi+1 - gsi)~

1 1

1
If we have showed that for any ¢ ~ Bin <m, ﬁ) with0<m<M -1,

M—m M i
% NCM] i (4.20)
M—1 i—M ( - )

1=M—-m

E(g(+1 - g;) =

then
k=1 M

x (N — 1) L (N —1)*! oY
EXTay) = Z Cll\(/]__i;] Z Z C{Vl—l Z (N _M1)u.

i=0 u= 1 j=0 u=j+1

It follows that for k > h,
k=1

. N—1 i+t1 M CJ
EX(TAh) = EX(TA()) —E (EX A (TAO )) = Z ( Ci ) Z (N _Ml)) :
M-1  j=it1

i=h

That is, (4.19) holds. Therefore it remains to prove (4.20). Applying (3.3) and (3.4), we obtain

E(g,s1—8&)=E {luiﬂ}[fm(u) —fg(u)]}
1
_E[/ ((N—=1)s+ 1) (1—s)M€‘ds]
/(1 M- 15[(( _1)”1) i|ds
1—5s

1 1 (N—-1 17"
_/(1—5) - " (N=Ds+ 117
0 N—1 N—-1 1-s
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1
=(N— 1)—'"/ (N—=14s)"(1—sM"1-"(ds
0

1
(N - 1)_m Cﬁn(N — 1)’/ sm_j(‘l _ S)M—l—mds
0

m
j=0

1T .
= Cy(N —1y—™
i 2=V

v (N —1)M—m XM: c,
MC_ (N—1)

i=M—m

as desired. O

Remark. We can also use the method of electric networks to prove (4.19) after getting (4.18). Readers can refer to Doyle
and Snell (1984) and Lyons and Peres (2017) for the detailed instruction of this method. For n = 0,1,..., let &, =
s(Xn, (2, ..., 2)). Then &, denotes the number of balls in Urn 2 at time n. We see that {&, : n =0, 1,...} is the random
walk on the electric network {0, 1, ..., M} with

i
Ci’,'+1 = W and Cl,l = (N Z)C,,H] (l =0,1,..., M)
. Cy . 0 .
It is easy to check that G = m fori = 0,1,...,M. Use Ej to denote the expectation when @, = k. For any
0<h<M, set T,j” =inf{n > 0: &, = h}. Clearly, for any x € E and 0 < h < M, we have
EX(Ta,) = Ex @21, (421)
When 0 < h < k < M, by Corollary 2.21 on Page 48 of Lyons and Peres (2017), we get
M
EG(TY) + ER(TY) =Y GR(h < k)
i=0
> G y oy G ki(N_IW (422)
SWN-05 G ZWN-04% g, '
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