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Abstract: Record numbers are important statistics in random walk models. Their deviation
principles are unknown as far as we know. In this article, we provide the asymptotic probabilities
of large and moderate deviations for the number of weak records in one-dimensional symmetric
simple random walks.
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§1. Introduction

“Record”, according to the Oxford dictionary, can be referred as an extreme attain-
ment, that is, the best (or worst) performance ever attested in a particular activity. The
study of record statistics has become an integral part of diverse fields such as meteorology,
hydrology, economics, sports, etc. In mathematics, record statistics in the setting of i.i.d.
random variables are well understood in many situations. For example, suppose a family
of i.i.d. random variables {X,,, n > 0} is a stochastic model for achievements in a sequence

of activities. Let M,, = [nax X;, then M, is the record at time n and the statistic
<i<n

n
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counts the number of the current record. Brands et al. ! and the references therein studied
the asymptotic behaviors of K, as n tends to infinity, and Khmaladze et al.[2 discussed
the number of the so-called e-repetitions of the current record value.

In real applications, it is more reasonable that the series of X, are correlated. In
this case, we say that a record event happens at time k, if X}, is larger than all previous
values in the series. For example, Majumdar and Ziff¥ used random walks to model
the time series of achievements in some particular activities and discussed the growth of
record numbers and surviving ages. Now let us recall some important definitions. Let

{Xk, k > 1} be a sequence of i.i.d. random variables. S = {S,, n > 0} denotes the

n

general one-dimensional random walk on R, that is, Sy = 0, and S,, = > X} for n > 1,
k=1
where X}.’s are 1.i.d. Define
M, = max Sy, n > 1. (1)
os<m<n

Let To = 0,
T, =inf{m > T),_1, Sy = M1} for n > 1, (2)

and define
A, =sup{k > 1, T, < n} (3)
for each n > 1, where inf() := 400 and sup{) := 0 by convention. Obviously, Sz, is
the maximum value among Sp, S1,---, 57, and {A4,, n > 1} is a counting process which

records the number that S arrives at or exceeds its previous maximum value. In this paper,
we call A, the weak record numbers up to time n. Here, we use “weak” to emphasize that
we not only consider the time when a new record appears, but also keep eyes on the time
when the current record is repeated. We remark that our weak record numbers up to time
n is also different from the “record numbers” studied in [4-6], and the references therein,
where they discussed the number of the events {Sy = M,,} (rather than {S; = M;}) that
occur up to time n.

In the field of random walks, A,, is also called the number of “weak ladder points”
which is a footstone in the fluctuation theory of random walks. The fluctuation theory
was set forth by Spitzer () and Feller ), and has drawn much attention since then because
of its wide applications and elaborated but fascinating theory. For more details, one can
refer to [9; Chapter 17]. Greenwood et al. (19} proved that a normed version of the bivariate
ladder process (1), St,) converges in law to the bivariate ladder process of a Lévy process
X whenever the normed (.S),) converges in law to X. As an immediate corollary, one can

derive that a normed version of A,, (number of ladder points) of S converges in distribution
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to the local time at the supremum of X. Chaumont and Doney ['! extended this result
to a more general case, where they proved that when a normed sequence of random walks
(Sy) converges almost surely on the Skorokhod space to a Lévy process X, then a normed
version of the counting processes of ladder points of (S,,) converges uniformly on compact
sets in probability to the local time at the supremum of X. Based on these results, one
may further ask how about the deviations between the normed version of A,, and its limit.
As far as we know, there is little literature to investigate such problems.

In this short paper, we aim to discuss the deviations between the normed version of
A, and its limit. To simplify calculations, we suppose that {S,} is a one-dimensional

simple symmetric random walk on Z, that is, we assume that
P(Xy=1)=P(Xy=-1)=1/2.
In this case, we can show that as n tends to infinity,

Ap/v/n — 20n<1a<x B(t) =:2B*(1)

\\1

in distribution, where {B(t)} is a standard Brownian motion. We study the asymptotic
probabilities of P(A, > /nc,), where ¢, tends to oo besides other constraints. We will
get the large deviations principle (LDP), moderate deviations principle (MDP) for A,,

respectively. The main results and their proofs are provided in the next section.

§2. Main Results

Let S = {S,}n>0 be a simple symmetric random walk on Z, and A,, defined by (3) is
the corresponding weak record number up to time n. For any A < 0, define
1+e —V1—e2

M(X) := 5 ,

and

AN :=InM(\) =In(1 +e* — /1 —e2r) —In2.

Then
1 1

+
2(1+¢e")  2v1—e2A

is a continuous monotone function with G(0) = +oo and G(—oo) = 1. Therefore, for any

GO =N\ =1—

z € (1,4+00), there exists a unique \g € [—00,0) such that G()\9) = z. Denote this unique
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Ao by G~1(x). By direct computation, we get that for any x > 0,

G (z) — A(G(x)), it x> 1,
A*(z) = sup{zA — A(N)} =< In2, if x=1;

A<0

400, if z < 1.

Let So = 0 and S, := M,, — S, for n > 1. Then {S,, n > 0} is a nonnegative

homogeneous Markov chain with the transition probability matrix (p; ;)i >0, where

Po1 =poo =1/2 and pgri1 =prr—1=1/2, k>1.

Let LY(S) be the occupation time of S at site 0 from time 1 and up to time n, that is,

LY(S) =0, and L2(S):= kz;l lig,—op for n>1.

It is easy to see that
An, = LY(9).

(4)

Let 71 := inf{n > 0, S, = 0} and Ty, := inf{n > 7%, S, = 0} for k > 1. (4) suggests

that
Ay, =sup{k > 1, T, < n}.
The Markov property indicates that 71 and 7Tp41 — 7, k > 1 are i.i.d.
We have the following large deviations principle (LDP) for A,,.
Theorem 1 For any z > 0,

lim ! InP(A, > zn) = —xzA"(1/x).

n—oo N

()

(6)

Proof Let {Y;,i > 1} be a sequence of i.i.d. random variables with the same

distribution as (71 | So = 0). Then we have

L2(S) = sup {k >0, Z;Y; < n}

Therefore, for any 0 < x < 1,

P(L)(S) = [an]) < P(An = an) = P(L)(S) > an) < P(Ly(S) > |an)),

which implies that
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where [a] and |a] denote the minimal integer no smaller than a and the maximal integer
no larger than a, respectively.

Next, let
fo(A) =E(’|Sg=0) and fi(\) =E(|Sp=1)

for A < 0. From the basic “first-step decomposition” of Markov chains, we know that

fo(A) = EE(G '[S1=0)+ §E(e H[S1=1)
and

1 S — 1 e

fi\) = §E(e’\” |S1=0)+ §E(e)‘“ |51 =2).

It is obvious that E(e*! | S; = 0) = e*. From the time homogeneity, we have
E(M )5, =1) = QE(M™ V|5, = 1) = f1(N).

Furthermore, the strong Markov property together with the time and space homogeneity
imply
E(e¥|5) =2) = E(T V| 5) =2) = f2(N).

Therefore, we have that fy(A) and fi(\) are the minimal nonnegative solutions of the

following equations:

o) = 3+ 2R, A = 50+ L),

from which we get that

which implies that E(7|So = 0) = +oo0.

From the assumptions that So = 0 and Y 4 71, we have that E(e*Y?) = M()) for
A < 0, and that E(Y}) = +00. Applying the Cramér’s theorem (see [12; P.27]), we obtain
that

1 n
im — ;< = —A"(x).
Jm PRy om) = v
The remainder is same as the proof of Theorem 2 in [13]. So we omit the details. O

To get the moderate deviations principle (MDP) for A,,, we need an auxiliary result

which is a special presentation of [14; Theorem 2] in our case.
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Lemma 2 Suppose that there is a non-decreasing positive function a(t) on [1,+00)

such that a(t) 1 +o0, then

and there exists p € [0, 1) such that
lim a(At)/a(t) = tP, Vit >0.
A—00

Let {b,} be a positive sequence satisfying b,, — 0o and b, /n — 0 as n — oo. Then

lim bilnP kznjl g, oy > Aa(%)bn} =—(1-p) [%}(l_p)l-

n

The MDP for A,, reads as follows.

Theorem 3 If {c,} is a sequence of positive numbers such that ¢,, — oo and ¢, =

o(nl/z) as n — oo, then for any = > 0,

lim — InP(4, > zvne,) = —2%/8. (7)

n—00 02

Proof By the first entrance decomposition of Markov chains,

1 2
1—fo(lns) 1—s++/1— 2

> P(Sn=0]50=0)s" =
n=0
for any s € [0,1). Therefore,

Z P(S n—0|50—0)5 N\/ﬁ(l_s)—lm

as s tends to 1—. By Tauberian’s theorem 8, we know that

S~ P(S, = 0|50 = 0
= e S S,

am i/ = T@3/2); ®)

Note that A, = Z lig, ;- From (8), we know that Lemma 2 is fulfilled for p = 1/2,
a(t) = f/F(3/2) and b, = c2. Consequently,

1 1
lim — InP(A, > zvnc,) = lim — InP(A, > zv/n/c2c?)

n—00 02 n—o00 02
zI'(3/2)

Ty /el

[ PPal(3/2) 1)
=-Q p)[l—‘(p—i—l)\/i}

= lim ilnP[A >

n—00 2
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-y
where we use the fact p = 1/2 in the last equality. O

From the MDP, we can get the following law of the iterated logarithm (LIL).

Theorem 4

. n m
lim sup =

n—oo Vnlnlnn N 2\/5.

Since Theorem 4 is a straightforward application of Theorem 3 in [14] to our case, we

omit the details of its proof.

Remark 5 Let Y, =1} — T;_1 for k > 1. The strong Markov property of random

walks implies that Y;'s are i.i.d., and

A, = sup{k, i Y, < n}
i=1

Namely, {4, }n>1 is a discrete time renewal process with the inter-occurrence time sequence

{Y,,}. There are many results on the theory of deviations for renewal processes or renewal

reward processes. See, for example, [15-21] and the references therein. However, most of

the

above results need constraints on moments or moment generating functions for inter-

occurrence times, which are not fulfilled by A,, in the symmetric simple random walk case.

(4]

[5]
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