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1. Introduction

Default risk is the risk that the agents cannot fulfill their obligations in the contracts. The reduced form approach has
become a standard tool for modeling default risk. It considers the default to be an exogenously specified jump process, and
derives the default probability as the instantaneous likelihood of default, see, for example, Jarrow and Turnbull (1995), Duffie
and Singleton (1999) and Lando (1998). The default time is usually defined as the first jump time of a Cox process with a
given intensity (hazard rate). Hence, these models are frequently called intensity models.

Recently, an alternative model named equity-credit market approach has emerged. It assumes that the default intensity
depends on the firm’s equity value (stock prices) and allows the stock price to jump to zero at the time of default. It has both
reduced form and structural features. Default risk is incorporated in this equity modeling approach by assuming that the
stock price S; at time t can jump to zero with an intensity, which is assumed to be a function of S;. The models described
above are all continuous-time models, they are widely used to model default risk.

However, continuous-time models are often too complicated to handle, it is necessary to deduce discrete-time models
and show that the pricing processes converge to the continuous-time models. This is not a trivial job, since weak conver-
gence, by its nature, is not tied to a single probability space. Some authors have presented different discrete-time models
for derivatives pricing and have established some weak convergence results. See, for example, Cox and Rubinstein (1979),
He (1989), Duffie and Protter (1992) and Nieuwenhuis and Vellekoop (2004), etc.
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In this paper, our aim is to present a discrete-time equity derivatives pricing model with default risk in a no-arbitrage
framework, and prove that the pricing in discrete-time converges weakly to the continuous-time pricing results. In
comparison, our method is different from Nieuwenhuis and Vellekoop (2004). Following the discrete framework of He (1989)
and equity-credit market approach presented in Bielecki et al. (2009), we describe the discrete-time pricing model in a no-
arbitrage framework. After embedding default risk, we deduce the Arrow-Debreu state prices and the explicit pricing result
in discrete time. In order to prove the weak convergence of pricing processes, several auxiliary results are presented.

The paper is organized as follows: in Section 2, we introduce the continuous-time model using equity-credit reduced-
form approach; In Section 3, we illustrate a discrete-time model of the equity derivatives pricing with default risk; In
Section 4, weak convergence of equity derivatives pricing with default risk from discrete-time to continuous-time pricing
is proved; Finally, in Section 5, we summarize the article and make concluding remarks.

2. The continuous-time model

We first recall the continuous-time defaultable contingent claims pricing model. Given a probability space (2, ¥, P), T
is a strictly positive real number which represents the final date, (w¢)o<;<r is @ Brownian motion. Let = o (ws, s < t) for
t > 0. We suppose F; C F forall t,and P is the real-world probability. Furthermore, we denote by “=" weak convergence
from now on.

A default event occurs at a random time 7, where 7 is a non-negative random variable. The default process is defined
as Ny 2 1r<q, and #H;, = o(Ns,s < t), the filtration # is used to describe the information about default time, where
H = Ug<r<r H:- At any time t, the agent’s information on the securities prices and default time is §; = #; V J, and the
agent knows whether or not the default has appeared. Hence, the default time 7 is a § stopping time where § = | Jy,-1 -
In fact, § is the smallest filtration which contains & and allows 7 to be a stopping time. Assume that the pre-default stock
price S; has the following dynamics

dSe = (b(S;) + A(St, £)Sp)dt + o (S, H)Sedwe,  So > 0. (2.1)

Here we assume that b(x) is continuous, o (S, t) is a positively bounded and nonsingular Borel-measurable function. In
particular we have that (S, t) > o for some positive constant o, A(S, t) is a nonnegative, bounded, continuous, ¥ —
progressively measurable and integrable function. The functions b(S), A(S, £)S and o (S, t)S are Lipschitz continuous in S,
uniformly in t.

The bond price B; satisfies dB; = B;r(S;)dt and By = 1, where r(x) is a nonnegative continuous function, representing
the riskless interest rate. Suppose there exists a constant K > 0 such that |x*r(x)| < K(1 + x?).

There exists a § equivalent martingale measure Q* which is defined as dQ *| 5, = &:dP|g,, where &, is the Radon-Nikodym
density satisfying

d& = §&0(S)dwy, & = 1. (2.2)

Here (x) = —o (x)~'(b(x) — r(x)x). Define W, via dW; = dw; — 6(S;)dt, then W, is a Brownian motion with respect to %,
and under the changed measure

dSr = Sr[(r(st) + )\.(S[, t))dt + U(St, t)th], S() > 0. (23)

Define G, 2 Q*(t > t | %), I'; & —InG,. We call I'; the F hazard process of t.For the detailed properties, one can refer
to Bielecki and Rutkowski (2002).

Let g(-) : R — R be a square integrable and measurable function, the equity derivatives are defined to be securities
that pay g(Sr) dollars on the final date. This formulation subsumes all of the usual examples, such as the European options,
convertible bonds and so on. The prices of equity derivatives at time t are

I

Bie't
7 8(51)

V(Stv t) = 1{r>t}EQ* |: fit] . (24)

BTE'

Poisson process with stochastic intensity is called Cox process. Given A(Sy, u), denote by {Et} the Poisson process with
intensity C; = fot A(Sy, u)du. Then {ft} is a Cox process. Following the equity-credit market models, the canonical con-

struction of default time 7 under the Cox process {a} is defined as T = inf{t > 0 : C; > ®}, where ® ~ Exp(1) and is
independent of £ under Q*. Then

Q'(x>t|F)=Q" O >C | F)=e .

It is easy to see that under this condition, the default time is the first jump time of the Cox process, the # hazard process
of T satisfies

Li=-InQ*(r>t[F)=-InQ"O >C | F) =C.

Let A denote the bankruptcy state when the firm defaults at time t. Then we can also write the dynamics for the stock
price subject to bankruptcy SEA as follows:

dSf = S2[r(Sp)dt + o (S;, )dW, — dM],
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where M; = N; — fotm A(Sy, u)du, and M, is a martingale. Moreover, referred to Hypothesis (H) in Blanchet-Scalliet and

Jeanblanc (2004): all #-martingales are §-martingales. It implies that the #-Brownian motion W; remains a Brownian

motion under the extended probability measure Q* and with respect to the enlarged filtration 4 and is independent of M;.
Then we have

T
V(i 0) = 1egBor [ e H 0% (sp) | 7]
Here we write o; = 0 (S¢), 1: = 1(5¢), Ac = A(S¢, t) for simplicity. We can obtain the following result.

Lemma 2.1. Let Y(S;, t) = Eq~ [e* Ji s +39)dsg (51 ‘ z]. Then it satisfies

o, oS O°Y +(r +A)Sa — (e +A)Y =0 (2.5)
- T, = 0. .
Bt 2 asz [ t)9ot t t

Proof. Let f/(St, t) = Eg= [ CreGr) ‘ ?t] It can be regarded as the discount price of contingent claim Grg(Sr) at time ¢, then
it is # martingale. By Itd’s formula

dY  o2S? %Y RS af/ 0
_ R T, —— .
at 2 9s2 Co e

Since f/(St, t)y=e" I s+2)dsy (S, t), (2.5) is proved after using Itd’s formula again. O
3. Discrete-time model in the defaultable market

For simplicity, the time horizon is assumed to be [0, 1] and divided into n steps, the length of every step is 1/n. For
k=1,2,...,n let e be arandom variable on the probability space 2 = {w, w,}. For example, set X(w;) = 1, e¥(w,) =
—1,and P({w1}) = P({wr}) = 1.

n

n
—~—

- - - - f_J— -
Llet 2, = 2 x 2 x---x 2 = {wy,w}",P, = P xP x---x P.Then P, is the probability measure defined on £2,,
representing the real-world probability, £, is the filtration generated by eX, k = 1,...,n, {e!, &2, ..., e"} is a sequence of

independent and identically distributed random vectors defined on {£2,,, %p, Px}.

There are two financial assets in the market: stock and bond. Since the increment of Brownian motion can be
approximated by a sequence of independent and identically distributed random variables, the pre-default stock prices and
bond prices can be written as

b(SP) + A(Sp, ©)SE - o (SE, %)Sk St
+ )
n Jn

r(S
B, =B} <1+ (n")>, Bl =1.

Here S}, B; denote the stock prices and bond prices at time - respectlvely LetS' = Sty B = By- Then SP, B! are Markov

Sipr = Si + S5 = So-

processes and have jumps only at tlme . Moreover S” can be expressed as follows

. FOTh(S!) + AP, Dsr o ST o (sp, Dyst
Sn — SO+ 1°n + 1°n 8 +1
% . . . [nt]— IO_(S ,
- so+f (bE!Lw) + 4G WSHdu + Y —n
0 i=0 [

st .
)81.

Similarly,
[nt]

[nt]—1 nypn
r(S;")B; n -~
_%+§:() —%+/ rGhBldu.
0

The above discrete framework is employed in He (1989) where he assumes the stock prices satisfying 7 (w1; Sf)Sg,.; (@1)
+ 7 (w2; SP)SE (w2) = Sy, where 7 (ws; S))(s = 1, 2) are considered as the Arrow-Debreu state prices and the discount
stock prices are martingale. He (1989) gives the result that there exists unique equivalent martingale measure Q, in discrete-
time defaultable market, and dQ, = &"dP,, where &' = 2*x['B}, 7' is defined as the product of Arrow-Debreu state prices

. . . P = 6 i
from O to k, the default-free discrete-time market is complete. Let §]' = 5['}1[], then&! = &, + Z["t] ! (Sf)s gt
Suppose default occurs at random time t,,, where t,, is a non-negative random variable. The default process is defined as

N{ = 1{‘[n<k}’ o filtration #;) = o (N]', 0 < i < k) and #" is used to describe the information about default time. At time ’—,;
—n
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the agent’s information on the prices and on the default time is §; = %' v #. Hence, the default time 7, is a §" stopping
time where §" = {4}, 0 < k < n}.

From Blanchet-Scalliet and Jeanblanc (2004), if the default-free market is complete and arbitrage-free, the defaultable
market is arbitrage-free, then there exists an equivalent martingale measure Q, in §"-market.

Definition 3.1. Forany 0 < k < n,let Q}(t, = 0) = 0,Q}(ty > £) > 0.We write [} = Q' (t, < ¥ | #1), Gl = 1—F =
Qi (tn > X | £M). Suppose Ff < 1,let I}' 2 —InG} = — In(1 — FY) be called the #" hazard process of 7, under Q;".
Several properties in the continuous-time model still hold here, such as (F) is nonnegative bounded submartingale, I'}" is
increasing, and L} = 1 >g}erl? is a martingale, the detailed properties can refer to Blanchet-Scalliet and Jeanblanc (2004).
n~n
Assume the Cox process is defined via intensity C; £ fot A(S], u)du, © is the random variable with an exponential law of
parameter 1, whichisindependent of #" under Q;, then we can give the canonical construction of 7,, 7, : 2, — [0,T], 7, =

inf{% > 0; Ciug > @}.Therefore,

nt ~
Qi (=" ) =i (0>
n n
The #" hazard process t, satisfies

k ~
Fk”z—an,f(rn > ‘ Jl’k”) :—an,f(@ > Cx

n

~Cpnr]
~n \ _ [nt]
7)) =

Moreover,

n n k-%l cn n )‘(S;:’%)
Ly =1 + ) A, wdu =TI, + ——=.

n

Decfl"me 1~“t” = I}y, then ft” is a sequence of Markov process on probability space(£2,, F", Q) with sample path in Dg[0, 1]
an

[nt]

Lo sty (se L TR .
"= E (‘"):/ A, wydu, Iy =0.
— n 0
i=0

Although 7, and 7 are defined in different probability spaces, the canonical construction provides us a feasible way to prove
the weak convergence of the default process which will be shown in the next section.
Define auxiliary discount process

k—1 ~
n Ti
ﬂ,’;:BZerké||<]+E>7

i=0

n n Tk n n 2
thenwe have "t = % — (14 708 ) exp (“0). where i = (r-210 + 5% 40 (7). Here we write re = r(s})
k BZe k
and A, = A(S}) for simplicity. Suppose the equity prices and bond prices satisfy
(w15 S)Sppq (@1) + T (w23 SHSE 1 (w2) =S, 7 (w15 S)Byyq (1) + T (wy; Sp)By, 1 (w2) = By.

n -\ —1
Solve the above two equations, we get 7 (ws; Sf) = 3 (1 + &\/%)sk‘Fl) (1 + %‘) . Set
T =7 ST Spy) (5 Sy, k=1,2,...,n 75 =1
Since 6 is bounded, for n large enough, 7 is non-negative. Then
~\ —1
- - 1y -
donsh+aeish = (1+7%) L g = 2as =2

The price of defaultable contingent claims g(S;}) at time % is

k Brelt
v" (s,';, n) =1, 5, |:B:flen?g(52) }‘,{"} . (3.1)
n

Lemma 3.1. Let Y, (S}, X) = Eq, [%’k,:g(sg) ‘ fk”]. Then the following equation holds:

k* n

k - -
Ya (S}J, 5) = 7 (@1: SHYn Sty (@1), &) + 7 (w25 SV (SP 1 (@2), X)) (32)
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k k41 AN
() = (e S ()|
—E & v (s k+1 14 I3 B P 21 1Bia v, (s k+1 14 T B g
= LEp, Sk n k+1° n n k — &Py ﬂ,?Bﬁ k+1° n n k
1 o(Sh e\~ k+1 1 o(ShH e\ k+1
= 5 (] + \/% 1 + — Yn Sk+1(w1) 0 + 5 1-— J;% 1 + < Yn S,<+1(a)2) T

~ k+ N k+1
= 7 (w1: S)Yn (Skﬂ(w]) T) + 7T (w25 )Y <S£+1(wz), ” )

Proof. Since Y, (S, ’H‘) is a #" martingale, then we have

Therefore, (3.2) is proved. O

We can conclude that 77 (; Sy/) can be regarded as the discrete-time Arrow-Debreu state prices in the defaultable market.
4. The main result: weak convergence

In this section, we will prove the weak convergence of pricing process for defaultable equity derivatives under the above
[e¢]

_ e — _
model. Firstly, we introduce infinite dimensional multiplicative probability space 2y £ £2 x §£2 X - - - x £, then £2, is

a subspace of 2. From the infinite multiply probability existence theorem, there exists a unique probability measure P
satisfying condition: P(A x 2y;,) = Qu(A), where A € 2,1, = {1,2, ..., n}.

He (1989) proves the weak convergence of Markov process vector including equity prices, bond prices, Radon-Nikodym
density. Now we extend this result in the defaultable market. Combining Martingale central limit theorem developed
by Ethier and Kurtz (1986) (Page 354), we get a similar result.

Lemma 4.1. Foranyt € [0, 1], let 2{' ” B” *;‘[ , F") Zy = (S, Bt, &, I;). Then

Z"=Z asn— oo.

Recall the definition of 7, and 7, the following conclusion holds.
Lemma 4.2. For t € [0, 1], let X,,(t) = 1{Tn>%},x(t) = T(r>e). Then X, (1) = X ().
Proof. Forany t € [0, 1], we have sup, E; [|X,(t)|] = sup, Eq, [|Xa(t)|] < 1 < oo. Therefore,
lim sup E; [|X, (£)[]

n

lim lim sup P(|X,(t)| > C) < lim =0.
C—o0 n C—oo

C
So {X,(t)}is tight for any t € [0, 1].

Choose sequences {«,} and {§,} satisfying the following: for all n, «;, is a stopping time with respect to the o filtration
which is generated by the process {X,(t) : 0 < t < 1}, and «, has only finite value; §, is a constant and 0 < 4, < 1.
Moreover §, — 0,asn — oQ.

13(|Xn(05n + ) — Xn(an)| > €) = Qu(IXn(oty + 85) — Xn(atn)| > €)

IA

1 1
EEQ” [an(Otn + 5n) _Xn(an)ll < EEQ" I:l{r >[l’lan]} 1{tn>[nanyn5n])i|

1
on an
<Eo [0 [ 1ty | o] = Bou [ 1 gy |
1
= < Eo, [exp(=Ti,) = XD (T, 1))

1 [nan]—1 A(S™) [nan+ndn]—1 A(S™)
EEQ” |:exp (— 2 T’ 1—exp|— ‘[Z] T’ .
i= i=[nan

[nan+ndn]—1 MS )
i=[nay]

Since A (S, t) is a nonnegative bounded continuous function, we have )

a fixed constant. Together with the fact that exp (— Soinend=t £> < 1, we have P(|Xn (ctn + 8n) — Xp(an)| > €) — 0, that

< (Cé, — 0asn — oo, where C is

is, Xp (ot 4 8n) — X (o) Lo 0asn - . By the criterion of Aldous (1978) (Page 1), {X;(-)} is tight in Dg[O, 1].
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We have X, (t) = l{rn>%] = 1{@>5M] = Lp.pm and X(t) = 1>y = Lio>c) = lo-n forany t € [0, 1]. Since

n
I'* = I asn tends to infinity, we have Eq, [e®n (O] — Eq [e®¥®] as n tends to infinity. According to the dominated
convergence theorem, for any tq, t5, ..., tn € [0, 1], uq, ..., Uy € R,

Eq, [eizfnll ”fx”(tf)] — Eq I:ei = qu(rj)i|’ n— oo.

Therefore, {X,} is tight, and their finite dimensional distribution converges. From Ethier and Kurtz (1986) (Page 131), {X,}
converges weakly to X. O

Lemma 4.3. For any integers I, m, k > 0,1 < k < n, there exists a constant C > 0, depending on m (large enough), such that
Eq, [[S{TP™ | '] < C(1 4 [So]*™).

Next we prove the weak convergence of the second part in the equation of defaultable contingent claims prices, following
a similar argument to the main theorem of He (1989).
?[gt]} :

Suppose that Y is continuously differentiable up to the third order and that Y and all of its derivatives up to the third order satisfy
a polynomial growth condition. Then Y,(-) = Y (-) as n tends to infinity.

Lemma 4.4. Foranyt € [0, 1], let

B.elt

Y() £ Y (S, t) =Eq [BTeFTg(ST)

Brelw

Fﬂ
- [nt] Bpe' "
f[], Ya(t) 2 Y, (53"]’7 = Eq, | 29— g(s")

Remark. We get the idea of the proofs of Lemmas 4.3 and 4.4 from He (1989), but the results in our paper are rather different
from them. In Lemma 4.3, we give the inequality for a more general case. In Lemma 4.4, we prove that e} converges to zero
in the sense of almost everywhere.

Then combine Lemmas 4.2 and 4.4, we obtain the main result.

Theorem 4.1. Suppose g(-) is R — R square integrable measurable function. Let V" (5? t) =V (SFM], @) V (S, t) and

yn (5[" [’;1—t]> satisfy (2.5) and (3.2) respectively. Then we have

vn (5,”, ) = V(S.,"), asn— oo.

Proof. Clearly, we have yn (§t" %) = X, (t)Y,(t) and V(S;, t) = X(t)Y(t). By Lemma 4.4, Y, converges weakly to Y, then

Y, is relatively tight. Since R is separable and (R, d) is complete, then D [0, 1] is separable, it follows that {Y,} is tight.
By Lemma 4.2, {X,} is tight, together with the fact that Y(t) = Y(S;, t) is continuous with respect to t, then {(X;,, Y,)} is
tight according to Jacod and Shiryaev (1987) (Page 353).

Next, we only need to prove the convergence of their finite dimension distribution. That is, for any uq, ..., u, € R,
Vi, ..., Un €R,
Eq, |:ei2j";1(ujxn(tj)+ijn(tj))] — Eq |:ei2111(“jx(tj)+”jy(tj))i| n— oo. (4.1)

From Lemmas 4.2 and 4.4, we can obtain the convergence of the finite dimension distribution of {X,}, {Y,}. Moreover,
X, (t) and Y;,(t) are measurable with respect to #; and F; respectively, and X, (t), Y, (t) are independent, (4.1) holds clearly.
Then (X,,, Y,) = (X, Y)asn — oo.

Let f (X, ()Y, (t)) = X, (t)Yn(t), where f is a continuous function that maps X, (t), Y,(t) from Dg[0, 1] x Dg[O, 1] to
Dg[0, 1]. By continuous mapping theorem ((Ethier and Kurtz, 1986), p. 354), X, (1)Y,(-) = X(-)Y(-)asn — oco. O

In the following, we give the details of proofs of Lemmas 4.1, 4.3 and 4.4. For simplicity, we write b(§[,’) = by, k(§3, u) =
Ay 0 (S = 0y, 0(SI) = 6, in the proof.

Proof of Lemma 4.1. dI; = A(S;, t)dt. Since b(-), L(-)S, o (-)S satisfy the Lipschitz condition, (2.1) has a unique solution,
which implies that (2.2), (2.3) also have unique solutions respectively. Since {S"}, {B"}, {£€"} and {I""} are processes that are
right continuous with left limits, {Z"} is a sequence of Markov process vectors with sample path in Dg4[0, 1], where Dy4[0, 1]
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is the space of functions from [0, 1] to R*, right continuous with left limits. Denote L} and A} by

[nt]

/ (by + 2ST)du
0

[T:Ttl
n— rBydu AT =

0
[nt]

n

Audu

J

{nt)
/ o2S%du
0
0

[nt]
n

[nt]

0 / 0,SO.EMdu 0
0

0 0 0

[nt]

0,S0,EMu 0 f (BuEM?du 0
0

0 0 0 0

0

Then {L"}, {A"} are 4 x 1 and 4 x 4 (symmetric) matrix valued processes respectively, and each of their elements has a

sample path in Dg[0, 1]. Moreover, Af — A{ is non-negative definite for t > s > 0. Define
] :=inf{t <T:|Z]'| = qor|Z' | > q}.

Next, we prove the four conditions for martingale central limit theorem hold.
(a) It is directly from Z§ = Zy = (So, Bo, &0, 0).

[nt]—1

+; 7

Bg

So

(byM! =Z"— 1" =

o (SHS! .

i+1

[nt]—1 nygen

O(SHE" ..,
%.0 + Z 51 gt

= v

0
Let Ny = So + Y7 o(f}ﬁ)s" &1, Clearly,
o (SHS! o (SHS]
Eq, [Nis1 — Ni | Sg1 = Eq, [k Lghtt 51):] = 7\% K Eq, [ | S = 0.

So Ny, are martingales. By the same arguments,

b(S;_1) + A S¢Sk

M and M (M{")" — A? are also martingales.

n n
1 0SSy ok

n

n
YAyl

/i

n

0

By the definition of 7/, when t < 7, |Z"—ZI"

we have lim,,_,  E, [SUPrgrﬁ |zl — Zt'1|2] =0.

= 0and lim,_ o E, [SuPtsrﬁ |A} — A?7|] =0.
(d) For all ¢ > 0, we have

t
/ G + AEHEMdu
0

t
f r(SMB"du
0
0

t
/ A(SMdu
0

r(Sk_1)B_
OSLEL

A(SE_y)

Jn

k
- <t<—.
n n

| <2g,and|Z"—Z" |?isof order % By the dominated convergence theorem,

Then using the same argument, we can get lim,_, o E, [suptqg | — L |2]

~ o [nt]
(b(S7) + A(SHSH (t — n)

cny pn [nt]
r(S{)B; (t — T) ’
0
A(SM) (t — @)
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where % <t< HTl and the above equation equals zero whent = % Therefore,

sup

Eq,
i| tgrg
B S

- b(Xs")ds‘]

€

t
Qn |:sup Ly —/ b(X{"ds
0

t<t]

We can easily prove that lim,_, o p [suptirg

L — fot b(Xs")ds‘ > e] = 0 as n tends to infinity, as desired. O

Proof of Lemma 4.3. Applying Taylor's expansion to the function x*™, we obtain
(S 2™ = [S{P™ +2mISp P (S — SB) + m2m — DS 2(Sp,, — S8

b+ AS S _ b+ AS S 2
= [S{TP" + 2m[s} P! <—+ + jﬁsk“) +m@m — DS <—+ + 358“1) ,
where
- b(S" o (S
Sk =5/3+ﬂ< i) +—f/£)sk+1), B €0, 1].
Moreover,

27’%?1 n
EQH[SIH] | FM = Ep, |: k~—;15:+18k+1 ?kn]
i By
oSy}

1 (1 . 9(5,';)) 1 (1 B 9(5;:)) _ 66D
2 vn)o2 NV

Then
b+XAS oS b+AS oS0 r+ 1S
LT ot ] < S S0 @RS

n Jn n n n

Notice that
ISE] < IS¢l + bl + [AS] + loS], | =1,

and
XM <148 k)T <2MET YT, Xr) <KA+x)
when x, y > 0. Taking the conditional expectation with respect to %' under Q,, we have

|r+XIISI)

B, 151" 1 7] = 1P+ 2misgen (1

mi2m —1 _
4 mem =1 (ISE1 4 1b1 + 1AS| + 1oS1)™™ > (Ib] + (%S| + |o'S])?.

Given the conditions on b, AS, oS, we can find a constant K’ > 0, such that for any x € R,
bl <K'(A+1x),  A@x| <K' A+xD,  lo@x| <K'(A+x), b <K'+,
[L(Ox]2 < K'(1+x%), lo)x)? <K'(1+x*), and [¥*r(x)| < K'(1+x%).

Hence we can obtain
Eq, [[S¢1" | 7]

9K’m@2m — 1)
n

ny2m 2mK’ ny2m / / ny\2m—2 ny2
< [S;] —l—T(l—i-Z[Sk] )+ (GK" 4+ (1 + 3K)[S, D 1+ [S19)

9(2 + 6K")*™"2m(2m — 1)

ny2m 2mK’ ny2m ny2m-—2 nq2
=< [5] +T(1+2[S"] )+ (14 [S] )1+ [S19)
<K/n+ (1 +K/mQ+ S,

and furthermore, Eq, [[ST1*™ | "] < (14 K/n)*"'(1 + [S']*™) < A(1 + [S]']*™), where K depends on K’ and m,0 < <k,
and A = sup, (1 + K/n)k=.,
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. By . .
Since Eq, [Siyq | '] = Eq, [S{}Hﬁ ‘ J'?k”] = S;, we can get that (S}) is a submartingale. Moreover, ¢(x) = x*"

is a convex and increasing function in R™ and (S}}) is nonnegative. By Jensen’s inequality, we have IEQ,I[(S,'LA)Z”1 | 71 >
Eq,[Spy1 | 2™ = (S))*™. Itis easy to see that ((S})*™) is a submartingale. By submartingale inequality, we have

2m
Eq, [[S1P™ | 7" < A1 + Eq,[ sup GNMW)SAU-F< T1) Eq,[(SH)*"])

0<t<T

2m
2m 2m
sMH(———)Am+wW%D§aLHm“x
2m—1
where C is large enough, and S = S,. O

Proof of Lemma 4.4. By Lemma 4.1, z" converges weakly to Z, Y is a continuous function of z". Applying continuous
mapping theorem, we get

()
Y|(S", e =Y(,), n— oo. (4.2)

Since Y, (S" ["t]) =Y (S” [”t]) — &', where &' =Y (S” [”t]) Yn (5}7 m—ﬂ”) we need only prove that the stochastic

t°> n t°> n t°> n
process e" converges weakly to zero.

Let “+” and “—" denote the states ¢! = 1 and ¢**! = —1 respectively, and define S;"; = Si | (w1), Si 7y = Sgy1(@2).
We define two functions as follows.

FENO = Y(SE 40 = SO+ — D), FET(0) = Y(SE+ E(Siy — SO+ E(E7,, — D).

Let

ay_y 8Y_Y 82Y_Y 82Y_Y 82Y_Y v s"k _y
35 Ss FY ts 952 SSs a2 tts 959t Sts k’n = Y.

Then by Taylor’s expansion,
fr(1) = £ (0) +£1(0) + f (0) + Ry

1 n n
w+&t@H I + Rl

1 1
= Y+ Ys(Sily = S + —Ye ot SVss(Si = SO+

where Rﬁ =3 fo a- s)zf(3) (s)ds. The expression of f_(1) is similar to f; (1) with Sk+1 replaced by S,Jrl By denoting the
remaining terms by Q;/, we have

(43 SOf+ (D) + 7 (=5 SO (D)

~ -1 2 2¢2
T e + Ar)SkYs + Y, br + AkSk)” + 2(bk + Ak Sk)ok6kS o7S
=<1+£> |:Yk+(k 1)SkYs t+<(k kSk) 2’(121< kSk) DSk ;,f)y

_|_

1 (re + Ak)Sk
2t T | T

By Lemma 2.1, the above equation is equal to

~\ —1 2 n
T e+ A b + AkSk)” + 2(bx + A Sk)okbkS Y, e + Ak)S
<1+gk) [<]+ k - l<>Yk+<( k + AkSk) (br + AySi)ox0k kYo +(k k) str)]—Vk"

2n2 2n? n?
S\ -1
Tk 1 k
=Ye—(1+=) =m(sm=)—y"
‘ < n) n2 (k n) yk

where y' = =7 (4+; SPR; — 7 (—; S;)Q, and

k b + MSk)? + 2(bk + MeSk) 0kOkS 1 e + Ap)SP A2 421 1
<Sk’ ) ((k+ kSk)” + 2(by + AkSk)owOiSk (re + Ae) )+Yk<k+ kk+0< ))

+ Vet
tt 2 n

2n? 2n? n?
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Hence we obtain the following recurrent equation for e},

k+1 k+1 AL k
el = 7i(+:SHY <5k+1, . ) + 7 (= SHY (s,m, T) + (1 + f) —m <s;}, H)

) k+1 ~ k+1
= A S, (51?11, T) — (=S (5&’ T)

I’k -1 1 n k n
= 7 (+:SDe + 7 (=1 S)e + T+ 2m{Se ) tre:

By the definition of 77 (-; S}}), we obtain

B ~\ —1 ~ N\ —1
T T 1 k
e} = Eo, | ey (Hf) ﬂ”]+(1+,f> ;m(sk, >+yk

Sincee; = Y(S;, 1) — Ya(S;, 1) = g(S)) — g(S;}) = 0, we get

[ n—1
1
e;: = EQH n2 <Sn n) IBk + yl ﬂk ‘?;<n:| .

L i=k I-H /311

By the assumptlon that Y and its derivative satisfy linear increasing condition, there exist constants C; > 0 and q, such
that [m (S, £)| < G (1 +|S!129).

By Lemma 4.3, for k < i < n there exists constant C > 0 large enough such that EQ“[|S"|2‘J | 71 < C1+ 1So]29).

Therefore,
n—1 . .
1 i\ B¢ e i .
IIEQn |:Z nizm (51”’ n) n( kn — n2 ZEQn ‘fkn
i+1
n—1

i=k
ZEQ”[cl(l +ISIP | 71 < = Zcm +C(1+ 1So1).

i=k i=k

. . 3
For the second part we can also write out the expressions of ff') (s), f,(3> (s), they are of order n~ 2, by analogous argument
we can choose q large enough and constant D > 0 satisfying

D
Eq, [Z nBe s;j} < ﬁ(l-l- IST1%9).

i=k ﬁn
Then we can choose C large enough which depends on g, k and n, such that |e}| < %(l +1S0/?9). So

- . C(1+ sup |S |2q)

; - X C(1+ [So/*) ( ozt=1

P| sup le| >€ ]| <P| sup —————>¢] < — 0
0<t<1 0<t=<1 NG esn

asn — oo. Therefore, supy,<; |€f| — 0asn — oo, which means that e} converges to zero almost surely, that is, e" = 0.
Combined with (4.2), we get the conclusion. O

5. Conclusion

In this paper, the weak convergence of discrete-time equity derivatives pricing model with default risk is proved in a no-
arbitrage framework. Our results present a mathematical foundation for derivative pricing with default risk using numerical
method. It remains to study the convergence for the hedging strategy.
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