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Dynamic control of atomic dressing to the highly excited Rydberg state in multilevel systems has special ap-
peals owing to the development of flexible and precise measurement. In this study we develop an experimentally
accessible proposal to robustly control the dressing probability via a three-step cascaded excitation with double
electromagnetically induced transparency (EIT) technique. The system can function as an optical switch where
the third addressing laser serving as the control knob can switchably engineer the dressing probability with time.
Differing from a conventional two-photon EIT, this scheme facilitates a maximal dressing probability determined
by a relative strength between two strong coupling fields, entirely relaxing their absolute values. The collective
feature caused by the interactions of a few atoms is also studied leading to an enhanced dressing probability
as well as reduced response times. Our work offers the opportunity to a coherent dynamic control of Rydberg
excitation and to realize sizable Rydberg-Rydberg interactions in weakly driven multilevel quantum systems.
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I. INTRODUCTION

Rydberg-dressed atoms working in a regime with only a
small fraction of excited atoms, promises the sizable long-
range interaction to megahertz as well as the enhanced life-
time up to a few seconds [1,2]. They have great prospec-
tives for studies in the fields of strongly correlated many-
body physics [3-6], the laser-driven quantum magnetism [7,8]
and the micro-devices for quantum information processing
[9-11]. The route to Rydberg dressing can be accessible via
Rydberg electromagnetically induced transparency (Rydberg-
EIT) [12-14] which can stimulate resonant optical driving by
the establishment of a dark state weakly dressed to a Rydberg
level [15], opening up new research avenues for nonlinear
quantum optics [16].

The optical control of resonant dipole-dipole interactions
has been realized in a four-level protocol with two upper Ryd-
berg levels coupled by a microwave field, inducing exchange
interaction between them [17]. Such a multistep scheme to
highly excited Rydberg states is sufficiently appealing be-
cause it enables a Rydberg state to be easily reached by
nearby-level transitions with inexpensive lasers [18,19]. Be-
sides, it experimentally benefits from a kick-free and Doppler-
free excitation that can produce a narrow resonance linewidth.
So far, a few pioneer works studying EIT effect in a four-level
atomic system originated from Agarwal [20] and Harris [21],
which describe the absorption of two photons controlled by
quantum interference between two excitation paths. Later, a
number of theoretical works on the nonlinear optical feature
are represented in similar systems [22-24]. Recently a more
complex four-step excitation scheme is achieved in which the
uppermost Rydberg state has a larger dipole moment [25].
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However, most studies have been limited to the steady-state
property of the probe field, revealing stable transmission sig-
nals in, e.g., hollow-core fibers [26]; yet a coherent dynamic
control for the atomic dressing to a Rydberg level is still rarely
reported, mainly because of the complexity of using multiple
lasers in multilevel systems. Recently Zhang et al. studied
the transient probe absorption response of a Rydberg-EIT via
a sudden switch-on of the coupling field, bringing one-step
closer to this target [27]; nevertheless, a systematic study of
the dynamic control and response property remains elusive.

In the present work, we propose a study of the practical
dynamic dressing process to a target Rydberg level via a three-
photon excitation in a four-level cascaded system. A usual
two-step EIT can couple a ground state to a long-lived nS or
nD state by the transition rules [28-31]. Here, the uppermost
state is nP-type, which has to use at least a three-step excita-
tion where the third time-dependent addressing field serving
as a control knob, will result in a split for the probe field
transparency window, referred to as a double Rydberg-EIT
[32]. In spite of the complexity of system, the advantage of
using a four-level configuration lies in existing a maximal
dressing probability that is only determined by the relative
strength between two strong coupling lasers, rather than their
absolute values. That means, with an auxiliary middle field
an analytical constraint condition is derived that quantitatively
describes the required relationship among three lasers, for the
realization of a maximal dressing probability in a four-level
cascaded system.

In addition, we also study the transient dynamics and
time responses of the system, presenting the role of Rydberg
blockaded interaction in the reduction of response time, ac-
companied by an enhanced probability due to the collective
feature on dark-state resonance of interacting atoms [33]. That
effect is improved with the number of atoms. Note that in
Ref. [27] authors focus on the transient optical responses of
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the probe absorption in a three-level Rydberg-EIT, not of
the dynamic dressing excitation. The typical response time
for probe absorption is shorter, especially for the fall time.
An experimental proposal is discussed by switching on or
off the addressing field under flexible parameters, powerfully
proving the realization of a robust atomic dressing excitation
with savable laser powers in a real implementation. Our
results provide an easy treatment to develop the process of
multilevel Rydberg dressing with optimal dressing probability
and response time, facilitating its extensive uses in developing
all-optical switches and transistor devices [34-37].

II. THEORETICAL MODEL AND STEADY STATE

A. Double-electromagnetically induced transparency

Since the generalized EIT based on N-level cascaded
schemes was analyzed in Ref. [38], it may be helpful to recall
the essence of a specific double-EIT based on a cascade-
configuration where the upper states are twofold. The scheme
consists of a three-photon cascaded excitation to a Rydberg
state |r) following |g) — |m) — |e) — |r), performed by one
weak probe laser €2, one strong coupling laser 2| and one
addressing coupling laser €2,(¢) with amplitude €2,y [see
Fig. 1(a)]. In the frame rotating with the frequencies of
laser fields, the atom-field interaction Hamiltonian #; reads
(h=1)

7'[l = 7'LI,O + %(Qp&l,gm + Qlal,me + 92061,er + H-C-)a
) )
where HN,O = _[Amél,mm + (A + Ae)él,ee + (A + A+
A,)61 ] describes the atomic self-energy under resonance:
A, = A, =0and 6 44 = |a)1(B] is the projection operator.
The subscript “1” means one-atom case. In experiment detun-
ing A,, can be easily adjusted by the probe laser frequency for
observing the transmission signals of probe field.
In the dressed-state scenario, for the two stronger coupling

fields, i.e., Q1, Q20 > Q, (we define Qer = / Q2 + Q3)), the

eigenvalues in the subspace with {|m), |e), |r)} are E¢, =
—An, Eo, = $(=2A,, £ Q) and the corresponding bright

)
eigenstates are given by
1
| Do) = ) (—S20[m) + 21r)), 2
eff
1
|Py) = (S21]m) £ Qegtle) + Q2207)). (3)

V2t

In the limit of £,y — 0 the scheme works as a conven-
tional EIT between |g) and |e) where the quantum interference
in the absorption of probe transmission leads to a single dark
resonance in the center, see the dashed curve in Fig. 1(b).
The third dressed state |®g) in this limit related to |r) only,
is decoupled from the system, entirely suppressing the exci-
tation of |r) then. With the presence of €2, the zero-energy
dark state |g) will be coupled to three bright eigenstates by
resonant excitations through the pathways of [g) — |®g 1)
at A, =0, :I:Qze‘f respectively, as presented in the inset of
Fig. 1(b), producing double dark states at A,, = £2,/2 via
the quantum interference among them. As a consequence,
the system becomes transparent to a weak probe field in two
EIT windows based on double dark states, which leads to an
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FIG. 1. Schematics of a controlled three-step Rydberg dressing
excitation. (a) Energy levels and the atom-field interactions. Ground-
state atoms are dressed to a Rydberg state |r) via a cascaded process
|g) — |m) — |e) — |r). Real energy levels are shown based on
133Cs atoms. (b) Probe absorption (arbitrary unit) versus detuning A,,
in the cases of €2,p = 0 and 2,9 # 0. The inset shows the dressing
excitation through pathways of |g) — [P +). (c) The experimental
setup (proposal). Two Cs atoms are trapped in tightly focused dipole
traps with the interstate spacing R ~ um, detected by using a pulse
field ionization with a high voltage ~kV. The required laser beams
are also shown.

improved absorption peak occurring in the center A, =0,
aside from two Autler-Townes peaks at A, = £ Qze“ [see the
solid curve in Fig. 1(b)]. This phenomenon of interfering
double dark states can be described by a double-EIT scenario
where the improved probe absorption in the center is caused
by the coherent interaction between two distinct dark reso-
nances [39].

In the present work, we propose that the addressing laser
Q,(t) with amplitude €259 is a square-wave pulse sequence,
acting as a control knob to the dynamic excitation of Rydberg-
dressed state. An experimental setup represented in Fig. 1(c)
contains three optical fields with wavelengths 852 nm, 1470
nm, and 790 nm, corresponding to the transitions of |g) —
|m), |m) — |e) and |e) — |r), respectively. The additional
measurement can be performed by using an ultra-short high-
voltage electric pulse for ionization of Rydberg state atoms,
accompanied by a time of flight spectra detecting ions or
electrons [40].

B. Steady probe absorption

First we investigate the steady probe absorption of the
double Rydberg-EIT which can be obtained by solving the
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master equation:

dp A
- ilp, Hil + L1(p), 4)

t
where the Lindblad operator taking into account dissipation
can be demonstrated as

P . . 1 . . .
Li(p)=T %[m,wl)mﬁa - 5(01,,3;3/0 + p61,p8)]

A oA L. ..
+)’Z[61,ij,061,ji—E(Gl,jjp‘i'PUl,jj)], (5)
ij

with o8 € {gm, me}, ij € {er, gr}. ' and y are the sponta-
neous decay rates of middle excited |m(e)) and Rydberg levels
|r), typically y/T" =~ 0.01.

In the weak probe limit where all population is assumed to
be in the ground state by letting p,, = 1 (others p,,,, = p;, =
p;, =0 and the superscript s means the steady state), the
nondiagonal steady element pg,, demonstrating the coherence
of probe transition, can be expressed as

. Q3 + X1X,
logm = ZQP 2 - 2 2y’ (6)
X195, X0 + X7 X,
with X; =T+ 2iA,, Xo =2y +2iA, and T, =T, =
I, T', = y. The steady-state solutions p;;, defined by

can be analytically derived by considering p;; = 0, coinciding
with the results from numerically solving Eq. (4). In the
simulation the typical time for the states to be stationary
is, e.g., t > 100/T with ['(I"'"!) used as the frequency(time)
unit throughout the paper. Here the steady probe absorption
(,og,m)’ can be derived from the imaginary part of p,,, as
well as the steady dressing probability p;, to the first-order
approximation takes a more complex form, as described in
Eqgs. (A2)—(AS) of Appendix A.

For an intuitive understanding, relevant eigenvalues with
respect to A, are comparably plotted in Fig. 2(a). It is clear
that the zero-energy dark state |g) avoidably crossed by three
bright eigenvalues Eg, and Eg, at A, = 0, £Q.s/2, arise
enhanced probe absorption there, see Fig. 2(b). However,
|®, ) is unsuited for atomic dressing to Rydberg state due to
its nonnegligible occupancy on middle state |e), i.e., o), = %;
whereas if (Q20/Quit)> < 1, | Do) ~ (21/Q0ef)|7) is a good
candidate for the dressing based on its resonance with |g)
at A, =0 as well as its complete immunity to the middle
excited states.

The steady peak probe absorption (,oém)s at A, =
0, £Qs/2 are represented in Fig. 2(c), versus the increase
of Q9. As expected, for a conventional EIT with @,y =0
the probe laser experiences no absorption in the center arising
zero excitation probability there. By increasing €2, the central
resonant absorption induced by constructive quantum interfer-
ence between double dark states at A,, = ££2;0/2, obtains a
substantial growth accompanied by a slight reduction for the
sideband absorptions at A,, = £Qeg/2.
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FIG. 2. (a) The eigenvalues and (b) the steady probe absorption
(,oém)s, versus the detuning A,,. Three absorption peaks emerge at
the avoided crossings A,, = 0, £Q./2. Relevant parameters used
are (2, 2, Q) = (10,0.1, 8), y = 0.01 and I is the frequency
unit. The peak strength of probe absorption in (c) and the peak
dressing probability in (d) at A, = 0 (black) and £Q.5/2 (blue)
versus the strength of the addressing laser. The rendered numerical
results(solid) are consistent with the analytical plot (circles) of the
derived stationary formulas.

C. Maximal steady Rydberg dressing

Figure 2(d) shows the peak dressing probability p’, as
a function of ,. For improving p;,. it requires a direct
connection between |g) and | D) at the avoided crossing, as
shown by a green arrow in Fig. 2(a). From Eq. (2), we see
that the steady occupancy in |m) must be minimized under
P X (20/921)* <« 1, agreeing with the finding in Fig. 2(d)
that the optimal (maximal) value occurs at $2,9/€2; =~ 0.14
(quite small). In fact, via a differential calculation to the
Eq. (A4) we are able to obtain a generalized constraint
condition 2,0/2; & 4/2y/I', by which the maximal value
1 S ymax __ (1+2y)9;7
is (p;, )™ = 0 +ay 24y
results. In other words, it is possible to maximize the dressing
probability in a four-level configuration, by optimizing the
relative strength between two coupling Rabi frequencies €2,
and €2y rather than their absolute values, which provides
a more flexible selection of lasers in the implementation.
Additionally, note that if 2,y is even larger, for A,, = 0 the
steady population p;, has a quick decrease owing to the effect
of |m) while at off-resonance it keeps a low value due to its
poor dressing probability with other bright states |®..).

To this end we will focus on the case of A,, =0 in the
following.

~ 0.10, coinciding with numerical
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III. DYNAMIC ATOMIC DRESSING TO RYDBERG STATES

In experiment, a study of transient behavior for dynamic
dressing to a Rydberg state is significantly important, requir-
ing a sensitive measurement. Here we theoretically investigate
the dynamic dressing excitation of one-atom system where the
addressing laser is replaced by a time-dependent pulse 2,(¢),
simulating “switch-OFF” and “switch-ON” cases with respect
to Q,(t) =0 and Q,(t) = Q. Intuitively, when Q,(z) is
turned off, it completely closes the excitation and if €2;,(r)
is turned to be ON, the dressing dynamics experiencing a
fast response speed (~us), arrives at a new higher steady
state. Numerical results for the transient dynamics and fast
responses are obtained by directly solving the optical Bloch
equations [see Eqs. (A1) in Appendix A] where the dephasing
effects acting on coherence due to transit time broadening and
laser intensity variations are ignored.

The performance of such an optical switch can be quanti-
fied by two important parameters: transient excitation proba-
bility P; ,(¢) and transient response time T ,(4),

(i) P () denotes the time-dependent Rydberg dressing
probability with P/ and Pfff[z 0] standing for the values
of transient dressiné probabilities when €, = Q9 and Q; =
0 are applied. Strongly differing from a conventional two-
photon EIT, here the auxiliary middle laser €2; offers an
optimal adjustment to maximize the excitation probability of
the dressed state.

(ii) 71 (¢ represents the transient response time, i.e., the
least required time for attaining a new steady state after a
sudden switch of the pulse €2,(¢). t;, and 7, 4, respectively,
point to the rise time and fall time, see the inset of Fig. 3(b).

As represented in Fig. 2(d) the steady dressing probability
p;, has a significant growth at A, = 0, agreeing with the
results of Fig. 3(al) where we show the transient dressing
probability Pﬁ‘; versus A,, and 2,9, and an obvious en-
hancement on resonance is verified. An enlarged view in the
inset reveals a similar behavior as Fig. 2(d)(black solid) that
Pl‘“; continuously decreases after its peak value at €25/ ~
2y /T, strongly proving the importance of a suitable ratio
Q0/€2; for maximizing the dressing probability. The cor-
rectness of this argument can also be certified in Fig. 3(a2)
where we globally study the dependence of Py, on relative
Rabi frequencies €21/€2, and €259/£2;. It is remarkably noting
that the transient dressing probability can robustly sustain it
maximal value ~0.10 only when two conditions of

2y/T, @1/, > 1 (8)

are simultaneously met. Here €21/, > 50 obtained numer-
ically is the least requirement and this value will slightly
change by €2,. In other words, the absolute values of optical
Rabi frequencies are fully irrelevant in our scheme as long as
Eq. (8) is preserved, providing a more flexible way to realize
an improving Rydberg probability of dressed state with much
reduced laser powers [see Sec. V for a detailed discussion].
For gaining a deep and complete insight, we further study
the second parameter 7 ;) by dynamically switching $2,(¢)
[see the inset of Fig. 3(b)], and record the required response
times for a new steady state after the sudden switches. Fig-
ure 3(b) represents the fall time 7, and the rise time 7,
as a function of €2,9/2; for different 2; values. Note that
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FIG. 3. In switch-ON case, the transient excitation probability
P{’f} versus the variations of amplitudes €2,y and A,, in (al), as well as
of the ratios €20/€2; and €2, /€2, in (a2). Inset of (al) is an enlarged
picture for A, € [-0.1,0.1]. In (a2) the local maximal values with
respect to a given ratio £2,/€2, are denoted by a white-dashed curve.
(b) The transient response time 7, (rise time and fall time),
versus the change of ratio €2,9/2; for ; = 10 (blue solid), 5 (black
circles), 15 (red squares). It keeps €2, = 0.1. Inset of (b) shows
a complete one-period dynamics of Rydberg dressing probability
Py ,(t) under the control pulse ,(¢). Here y = 0.01 and I is treated
as the frequency unit in the calculation.

the condition €2/€2, > 1 is preserved. Surprisingly, the fall
time 1,4 is observed to be a constant irrespective of the
laser drivings because when €2, () is switched off, the system
always tends toward a same final state with P! = 0, arising
71,4 decided by the decay rate y only (see Table I for a detailed
comparison of different decay rates). If one reduces y by
exciting to a higher-n Rydberg state, then it needs more time
to be stable. In contrast, the rise time 7, exhibits a rapid
decrease with the increase of €2,09/€2;, essentially caused by
a stronger excitation between |e) and |r) with a larger €2, or
a smaller 2}, reducing the time to be stationary. Also it needs
to stress again that only the relative strengths of optical Rabi
frequencies not their absolute strengths play roles, because
different 2| values give rise to exactly same response times
in our proposal.

In Appendix B we give more information for comparing
the response times between the steady probe absorption and
the dressing excitation dynamics. To our knowledge, a sudden
switch of the addressing field €2,(#) can cause a transient
optical response for the probe field absorption, subsequently
arising a tendency toward a new steady dressing state within
a small time. Therefore, the response time for the probe
absorption is predicted to be faster than for the yield of steady
probability. As expected, in our calculations the response time
for dressing excitation is (1 ~ 10)us, typically longer than for
the probe absorption (0.1 ~ 1.0)us, which is quantitatively
consistent with the results as represented in Ref. [27].

To briefly summarize, based on a four-level cascaded
system, we find that the maximal excitation probability of
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TABLE I. Numerical results with respect to Figs. 5(al), 5(a2) and 5(b1), 5(b2) are quantitatively given under Rydberg decay rates y /27w =
60 kHz and 30 kHz, respectively, to represent the relationship among the maximal dressing probabilities Py',., the response times ty,,, Ty,4. For
a given y, the same parameter values can be obtained as long as the ratio €2,/£2; meets the condition of €2,9/€2; = 4/2y /T". Note that another

condition ,/€2, > 1 is always met here.

Rydberg decay Key parameters Atomic number Response time Maximal dressing probability
y (2w x kHz) Q;(2r x MHz) Q02w x MHz) €25/ N Ty, (us)  Tva(us) Py
60 100 14 0.14 1 4.5 52 0.10
2 34 52 0.16
3 2.7 52 0.21
30 4.2 0.14 1 4.5 52 0.10
2 35 52 0.16
3 2.8 52 0.21
30 100 10 0.10 1 6.7 10.4 0.16
2 4.6 104 0.24
3 3.6 10.4 0.29
30 3 0.10 1 6.8 10.4 0.16
2 4.7 104 0.24
3 3.7 10.4 0.29

a Rydberg-dressed state is only determined by a relative
strength between two strong coupling fields €2; and 25,
rather than their absolute values under the relationship of
1/, > 1, offering a great challenge to save the coupling
laser powers in a real experimental implementation. However,
we also note that although the excitation probability is maxi-
mized by Eq. (8) the system may suffer from a longer response
time 7,4 ~ 200" ~!, promoting a further study of the effect of
blockaded interaction on response times in an ensemble of a
few interacting atoms.

IV. SIZABLE RYDBERG-RYDBERG INTERACTIONS

In this section we investigate how the van der Waals(vdWs)
interaction affects the transient dressing dynamics in a system
of few atoms. To our knowledge, a two-atom system is the
simplest model to study the collective feature that has been
widely achieved in experiments [41-43]. For that reason we
first adopt two atoms with tunable vdWs interactions denoted
as Viaw, performed by varying the interatomic spacing R. For
the interaction strength much larger than Rabi frequencies,
the collective Rabi oscillation will be enhanced by a factor
of v/2, leading to an enhancement for the dressing probability
[44]; however, it may break due to the invalidity of the full
blockaded condition [45] or the resonance by anisotropic
interactions [46].

Presently, we employ an approach of the two-atom (A and
B) master equation where the Hilbert space is expanded by
full 47 basis vectors, giving rise to a 4> x 4 density matrix
p’, governed by

d” 7 A7 A Al

d—f = ilp', Fal + L2 ("), ©)
where

Ho =H) + A+ AY, (10)

with 7:1?(3) the single-atom Hamiltonian Eq. (1) and ﬁ;f =
Vvdwéérréfrr describing the vdWs interaction between two

Rydberg atoms. The Lindblad operator becomes
Lop)y= Y Lip), (11)

i=A,B
presenting the effect of spontaneous decays.

For comparison, the two important parameters quantifying
the switch performance are defined similarly. P, ,(¢) describes
the time-dependent singly excited dressing probability with
Pff; and Pgﬁf[EO] for the stationary values when €2,(¢) is
switched on or off. Here the definition P5" = P! + P —
2P8 is given, ensuring the excitation detection of one atom.
Acéordingly, T2,/(a) Tepresents the response time of 0 — Py
(rise time) and Py, — O (fall time). Intuitively, Py") is pre-
dicted to be enhanced by /2 with respect to PP} by the effect
of collective excitation under strong blockaded interaction. In
fact, this factor can exceed ﬁ in multilevel systems with
comparable Rydberg interactions [47].

In the calculations, to give a more comprehensive under-
standing, the results based on three interacting atoms (A, B,
and C) are simultaneously shown, where the interaction term
in Hamiltonian #{3 should be replaced by a summation of
arbitrary two-atom interactions in the system, given by

= Y

{i>j}e(A,B,C)

VVdW6§,rr63j,rr (12)

as well as the Lindblad operator replaced by Ls(p) =
Sicanc L),

Numerical solving Eq. (9) gives rise to an observable
measurement for the singly excited-state dressing probability
P, .(t) as well as the response behavior 1, 4. Here we pay
attention to the steady dressing probability P;", under the
switch-on case, and a complete time-dependent output will
be considered in Sec. V. In Sec. Il we have verified that
the maximal dressing probability of single atom under the
constraint of Eq. (8) is Py} ~ 0.10. Turning to the picture
of two (three) interacting atoms, due to the collective fea-
ture induced by strong interatomic interactions, Py’ and P3"
reveal an explicit improvement whose enhancement factor is
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FIG. 4. (a) The singly excited-state dressing probabilities Py,
(red dash-dotted), P;", (blue-dashed) and Py, (black-solid) for dif-
ferent atoms N = 3,2, 1, versus the Rydberg interaction strength
Viaw. (b) The rise time 1y ,(solid and dashed curves) and the fall
time ty 4 (solid and dashed curves with circles) of atom N, versus
the interaction V,qw. (c) shows the sensitivity of the dressing dy-
namics with respect to the interaction strength. The one-atom and
two-atom results under strong blockaded interaction Vygws = 10 are
comparably given by dashed and solid curves. The response times
are also labeled. (d) is similar to (c) except for the case between
one-atom and three-atom. (e, f) The maximal dressing probability
PY". and the required response time Ty, (), versus the atomic number
N under strong blockaded interaction. Other parameters are 2, =
0.1, €, =5.0, y =0.01, 2y = /2y, ~0.707, A,, =0, and T
is the frequency unit.

predicted to be larger than v/N (N is the number of atoms) in
the strong blockade regimes. Verified by Fig. 4(a) where we
present the maximal dressing probability Py". as a function of
Viaws, and a smoothly decreasing change of ngg)y, is found
while increasing Vyqws; in addition PZO"} and P3‘”'} are observed

to be slightly larger than /2 . and V3 " with a suffi-
cient interaction strength. In the weak-interaction limit, on(‘g)’r
reveals an even bigger value due to its definition that a strong
blockaded interaction would reduce the probability of one of
N atoms’ excitation, making the values smaller. Figure 4(b)
shows the corresponding response times T 4y, 73,r(¢) by the
effect of vdWs interaction strength. Based on the fact that
the collective feature will induce a faster-responding dynamic
property to the probe absorption, we identify that it also works
for the time responses of dressing excitation process. The
essence for a faster response to the dressing dynamics can be
ascribed to a stronger interaction strength making the Rydberg
state out of resonance, allowing the relaxation process mainly

affected by a big decay rate from the middle excited states.
However, the response time tends to be unchanged when the
interaction is sufficiently strong that the excitation of two
atoms is completely blockaded.

To reveal the sensitivity of dressing dynamics against the
interaction strength in Figs. 4(c) and 4(d) we comparably
show the one-period dressing dynamics between one- and
two(three)-atom systems. In contrast to the case of one atom it
is observed that under strong blockaded interaction, the singly
excited probability Py , (solid) with a few atoms can receive
an explicit improvement compared to Py} (dashed), accompa-
nied by a quite shorter rise time 7,(3), < 71,,; While the fall
time is unchanged. Finally a summary for the maximal steady
singly excited dressing probability Py", and the corresponding
response times are represented in Figs. 4(e) and 4(f), versus
the change of atomic number N, proving a robust excitation
enhancement with faster rising responses accessible within
the scheme of a few atoms. The unchanged fall time ty 4 is
determined by the Rydberg decay y as discussed later.

V. OPTIMAL EXPERIMENTAL IMPLEMENTATION

A practical dynamic dressed-atom generation via coherent
control pulses can be considered using '**Cs atoms with rel-
evant states |g) = |6S1,2), Im) = |6P3)2, |e) = [7S1,2), |r) =
|26P3,,), carried out by an experimental setup like Fig. 1(c). In
the calculations some parameters are estimated to be constant,
ie, I'/2r = 6.0MHz, Q,/27 = 0.6 MHz [48]. For two- or
three-atom case, we assume a strong blockaded interaction by
considering Cs/2m = 140 GHzum® and the interatomic spac-
ing R = 3.64 um, giving rise to Vyqw /2w = 60 MHz [49].

For a comparable representation, in Fig. 5 we study the
real dynamic output of atomic dressing probability Py ,(¢) to
the singly excited Rydberg state by adopting different Ryd-
berg decay rates: y /2w = 60kHz (left panels) and y /27w =
30kHz (right panels). For y /2r = 60kHz (y /I" = 0.01) ac-
cording to the constraints in Eq. (8) the least requirement is

Q50/Q1 = 0.14, @, = 30 MHz, (13)

giving rise to a perfect dressing dynamics as shown in
Fig. 5(a2), in which the laser Rabi frequencies 2,y and 2;
have attained their least but optimal values. Therefore, if
exceeds its least-required value but preserving the optimal
relationship between €259 and €21, then the dressed-population
dynamics is exactly the same as Fig. 5(a2), taking Fig. 5(al)
as an example. However, once one of these conditions breaks,
the probability output will suffer from a significant reduction,
as represented in Figs. 5(a3) and 5(a4), which correspond to
the breakup of first and second conditions. To this end we
stress again the importance of this generalized condition of
laser Rabi frequencies in a four-level cascaded system, which
not only gives the least laser power of the middle field €2,
as compared to the weak probe laser €2,,, but also determines
an optimal relationship between two strong coupling lasers,
resulting in a maximal dressing excitation. In other words,
the laser powers required in exciting to a highly excited
Rydberg state based on a multilevel cascaded system can
be strongly saved under the optimal constraint conditions,
providing more prospectives for a future experimental
implementation.
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FIG. 5. Realistic performance for time-dependent singly excited dressing probabilities Py , with different atomic numbers N = 1 (blue
solid), 2 (black dashed), 3 (red dotted). The required laser Rabi frequencies are denoted on the right of panels and the corresponding Rydberg
decay rate is shown on the top. Other parameters are I'/2n = 6.0MHz, Q,/27 = 0.6 MHz, A, = 0.

Note that the Rydberg decay y (T is the frequency unit) is
a key parameter in the consideration that affects the maximal
probability as well as the response time. So we repeatedly
calculate similar results as Figs. 5(al)-5(a4) but with a lower
decay rate y /2w = 30kHz. Here the uppermost level is re-
placed by a higher-n level, e.g., |r) = [nP3/;) and n = 30 ~
35 [48]. It is observed that the generalized conditions also
works except that the first condition is turn to be 59/ =
/2y /T = 0.1, giving rise to a higher maximal probability

'~ 0.16 in contrast to Py, ~ 0.10 for y /27 = 60kHz.
The longer response times by lowering the decay rate can be
roughly seen in Figs. 5(b1)-5(b4)

Specific parameters including the response times, the max-
imal dressing probability as well as the required laser Rabi
frequencies are summarized in Table I, presenting a quan-
titative comparison to show the advantage of our scheme.
For y /2m = 60kHz, when 2, /2w = 30 MHz and 25 /27 =
4.2 MHz are the least but optimal constraint conditions for Ry-
dberg dressing, it is interesting to obtain exactly same values if
2 and Q2 are tuned to be 27 x 100 MHz and 27 x 14 MHz
where we have relaxed the first constraint but preserved
the second one in Eq. (8). Common results are attainable
which are Py". = (0.10,0.16, 0.21), v, = (4.5,3.4,2.7) us
and v = 5.2 us respectively for atoms N =1, 2, 3. Obvi-
ously, the increase of atomic number N for strongly interact-

ing atoms allows the rise time to be continuously decreasing
from 4.5 us for N = 1 to 2.7 us for N = 3. At the same time
the fall time 7y 4 is unvaried. Our results are comparable to the
experimental data [~pus] for collective Rabi oscillation and
excitation dynamics with Rydberg states [50-52].

By lowering the Rydberg decay y, except that the con-
straint condition is preserved we note that the response times
Ty, and Ty 4 both have a big increase especially for the fall
time due to a slower decay rate to the ground states with
PRI = 0. A slight increase of the rise time can be understood
by increasing steady-state population as y reduces (Fig. 6),
requiring more time to reach a higher stationary state.

Finally, it is remarkable that, comparing to the coupling
laser Rabi frequencies typically around ~100 MHz for a mul-
tilevel cascaded excitation by current experiments [53], we
propose an approach that can save this value to be ~10 MHz
or smaller, accompanied by an optimal adjustment for the
transient response property, robustly facilitating its future
use in preparation of higher-n Rydberg atoms with cascaded
systems.

VI. CONCLUSIONS

We propose a four-level cascaded scheme for switchable
collective dressing excitation using a double Rydberg-EIT
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FIG. 6. The maximal stationary dressing probability (o7, )™ ver-
sus the decay rate y. 2, = 0.1 and I is the frequency unit.

where the control operation is played by the third addressing
laser with time-dependent property that directly connects to
the Rydberg level. Special attention is payed on the optimiza-
tion of dressing probability that a generalized condition to
a maximal value is attainable which exactly depends on the
relative strength of two strong coupling fields. Besides we also
explore the transient responses of system by a sudden switch
of the pulsed laser, demonstrating the required response time
toward a new steady state. While turning to a few atoms with
strong interatomic interactions both the dressing probability
and the response time are improved due to the collective
feature in the blockaded regime.

Remarkably our scheme provides a fresh way to save the
laser powers (only depend on the relative strength) in dressing
ground atoms to Rydberg levels for a multilevel cascaded
system, facilitating a robust and efficient Rydberg-dressed-
atom generation with reduced laser powers and optimal re-
sponse times. An extension to a few-atom ensemble promotes
extra advantages in developing a more efficient excitation
probability with deeply reduced rise time, widely broadening
its applications in controllable many-body physics as well as
the quantum control of multilevel drivings.
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APPENDIX A: ANALYTICAL STEADY-STATE SOLUTIONS

Here, we present a detailed derivation to calculate the
analytical expressions of stationary probe absorption and
Rydberg dressing probability in the case of one atom, to
quantitatively compare with our numerical calculations. Given
the Hamiltonian Eq. (1) and the master Eq. (4), the optical
Bloch equations for elements p;; of one-atom density p matrix
can be written as

,bgg = F,Omm - Qppém + Y Prrs
pmm = F(pee - )Omm) - le,lne + Qppém’
Pee = =L pee + v prr — 920p£r + lerlne’

lbrr = _2)/10” + 920/0‘{,»

. r i, iQ
Pgm = _E AV Pgm + T(pgg = Pmm) + Tpge»
. r . i2) 20 i
Pge = <_§ - lAm)pge + TPgm + T:Ogr - TPpmev
. . 1250 Q2
Por = (=Y — IAy)Pgr + —— Pge — —ppmr,
2 2
. i i i,
me = -r me A \Fmm — Fee - Mmr — TS5 FMge>
Jo Pme + 5 (p Pee) + 5 P 5 Ps
Pmr = ) Pmr ) Per ) Pme ) Pgrs
. r+2y 2 iS22
Per = ( 2 >per T)Omr + T(pee prr)v

(AD)

where the population o4 + Opm + Pee + prr =1 is con-
served. With the steady-state assumption p;; = 0 all steady
state solutions p;; (superscript s means the stationary solution)
are analytically solvable from Eq. (Al), part of which are
presented here.

We start with the weak-probe limit that p,, = 1 and p}; =
0,j € {m, e, r} is assumed. Inserting Poe =1 and p%; into
the nondiagonal element equations of Eqgs. (Al), p,, can be
derived taking the form of

, . Q2+ XX
Pem = 12p——5 . 2 2y’ (A2)
X193, + X2 + X2 X>
with X; =T 4+ 2iA,,, X, =2y +2iA,, and T, =T, =

I',I', = y. The imaginary part of p,, to the first-order
perturbation under Q, Q29 > 2, presenting the stationary
probe absorption, is described by

4y2(1+ Q%) +2y (24 Q1)Q%, + [4A2 + 16A), + Q3 + 4A2 (1 — 293)) |

QA2 +4p2(1+ @)+ Ay (1 + Q)R + 442 (22 + Q2 — 4A2)” + 32AL + Q4 +8A2(QF — Q)

(A3)

It is worth noting that (,oém )* o §2,, arising the probe absorption strength linearly increased with the probe laser intensity.
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Next, by substituting p,,, and other nondiagonal stationary elements (not shown) into the steady-state equations p;; = 0 we
arrive at a more complex expression describing the steady dressing probabilities of Rydberg state, which is given by

S —
Py =

according to A,, = 0, and

L
Prr =

according to A,, = +Q./2. Notice that all physical quan-
tities in Eqgs. (A3)—(AS5) have been scaled by the frequency
unit I". Due to the complexity, Eqs. (A3)—(AS) are plotted
in Figs. 2(c) and 2(d) by circles, as compared with our full
numerical results (solid curves) solved from optical Bloch Eq.
(A1) directly. A perfect agreement is revealed [see Figs. 2(c)

switch-on switch-off
@
N
c
0.04 1 (b)
0.04
0.02 . >}«0.02
e 0
_5o "
Q -0.02
0.02 37.2 37.4 -
0.1t (©) !
o Tt d
0.05} >
. | | | \
0 10 20 30 40 50

Time(us)

FIG. 7. A comparison of transient response times between the
probe absorption and dynamic dressing processes. (a) The one-period
square-wave pulse sequence 2,(7); (b, c) show a practical time
dependence of the probe absorption pém (t) and the Rydberg dressing
probability P, ,(t) where the rise time 7, , and fall time 7, 4 are both
represented. Inset of (b) is an enlarged picture for showing the fast
damped oscillations to the fall-time response of probe absorption
when the addressing laser is suddenly switched off. Parameters are
the same as used in Fig. 5(a2).

2y (14 Q})(2+ Q1) + Q3,2+ @F + Q) ][(2F + 23) + (297 + 9%0)2] 7

Q1Q35,(2+ Q7 +925,)2,
4y (24 1)° + Q) (2+ Q2+ Q%)) + Q% [2+ 503 +2(Q4 + Q%)) |22+ 2y [29% (24 @ + 322 +292) +(2+Q§)Zs(z/§j\]4’)
szfszgoszf,[w + 6y Q7 +2Qf + (2+3Q3)Q3, + Q5] 45)

(

and 2(d)], strongly supporting the correctness of our calcula-
tions.

By doing a derivation to Eq. (A4) with respect to the ratio
of €,0/£2; it arrives at an approximated relationship

220

~ /2y /T, (A6)
1

by which a maximal steady dressing probability (o7, )™
under the constraint of 2 > €, can be expressed as

2
(ps )max — (1 + 2)/)917 .
rr 292 +4y(2+ )

(AT)

Figure 6 represents that (p;,)™* continuously decreases as
y increases. In the calculation we choose y = 0.01, €, = 0.1
and I is the frequency unit, arising the maximal probability
(05" 2 0.1016 at R220/2; = 0.1414.

APPENDIX B: COMPARING RESPONSE TIMES OF
PROBE ABSORPTION AND DYNAMIC DRESSING

In this Appendix, we numerically compare different tran-
sient responses for the probe absorption ,oém(t) (as studied
by Zhang in Ref. [27]) and the Rydberg dressing probability
P, ,(¢) by doing a sudden switch of €2,(¢), proving that the
required response time for the dressing is longer than for the
probe absorption, especially the fall time 7, 4. A numerical
search algorithm is carried out by tracking the minimal time
required towards a new steady state through a sudden switch
of the addressing pulse.

Figure 7(a) shows the shape of an one-period control pulse
2, (t) where the operations of switch-on or switch-off occur at
t = 18.57 pus and 37.14 us, respectively. With the incidence of
such a pulse we numerically calculate the realistic dynamics
of pém(t) and P; ,(t) as displayed in Figs. 7(b) and 7(c), where
the rise and fall times are importantly denoted. In general, it
is observed that both ,oém(t) and P; ,(¢) represent an in-phase

TABLE II. By switching on or off the addressing laser 2,(¢) a
quantitative comparison for the transient response times of pém(t)
and P, ,(¢) are given, corresponding to the results in Figs. 7(b) and
7(c).

Measured variables 71, (Ls) T a(1Ls)
Pé,{m(f) 3.326 0.202
P, (1) 4.475 5.194
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behavior toward its new steady states with respect to 2,(z),
however, accompanied by quite different response times. A
quantitative comparison of response times is given in Table 11
showing that the rise and fall times of P; ,(¢) is relatively
longer, caused by a small decay rate of highly excited Rydberg
state.

In addition it is notable that the fall time 7 4 of pém (t)is
significantly shorter than of P; ,(¢) by more than one order of
magnitude, accordingly in the inset of Fig. 7(b) the behavior

pém(t) has an ultrafast damped oscillation to be stable. The
reason for that can be understood by the relaxation process
in a driven-dissipative system, quantitatively coinciding with
the timescale as found in Ref. [27]. Therefore we conclude
that a practical operation on preparing Rydberg-dressed atoms
requires a timescale of (1 ~ 10) us, longer than the time for
recording the transient response of probe laser transmission in
the EIT environment, which typically needs (0.1 ~ 1.0) us by
experimentalists [54].
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