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Abstract

The nondipole effect breaks the symmetry of the laser field along the propagation direction, while the
atomic p orbitals introduce distinct projections of the angular momentum along the quantization
axis different from the s orbitals. The coupling between them gives rise to intriguing nondipole
tunneling dynamics during the process of strong-field ionization. In this work, we develop a magnetic
quantum number m-resolved nondipole saddle-point approximation method to investigate the
nondipole tunneling dynamics of Ne 2p orbitals in strong laser fields. Our findings reveal that
photoelectrons from different initial atomic orbitals display distinct dynamical behaviors both at the
tunnel exit and in the asymptotic region. Specifically, the electron emitted from the orbital
counterrotating to the electric field acquires a larger initial linear momentum transfer at the tunnel
exit but a smaller asymptotic linear momentum transfer in the asymptotic region compared to that
from the corotating orbital. Our study provides detailed insights into the nondipole tunneling
dynamics of photoelectrons from different atomic orbitals in a time-resolved manner.

1. Introduction

Strong-field ionization (SFI) as a fundamental process in the interaction of atoms with intense laser fields has
long attracted significant attention [ 1, 2]. The dipole approximation is widely used in the simulations of SFI [3],
treating the laser field as uniform in space while sacrificing photon momentum details. Rare gas atoms, owing
to their straightforward and stable structures, are commonly employed as experimental targets in SFI. However,
for computational convenience, their numerical simulations typically assume the initial atomic orbital to be an
s-orbital rather than a p-orbital [4, 5]. To fully capture the tunneling dynamics of photoelectrons from different
initial atomic orbitals in strong laser fields, we need to incorporate the influence of the magnetic quantum
number m of the initial orbitals to investigate nondipole linear momentum transfer in the laser field.

The initial atomic orbitals have a non-negligible influence on SFI. Their magnetic quantum numbers m
characterize the angular momentum properties along the quantization axis. Bound electrons with m = 4 1
exhibit either clockwise or counterclockwise motion around the nucleus [6, 7], introducing distinct projections
along the quantization axis. Within the circularly polarized laser field defined in the present study, the p, elec-
tron corotates with the laser field, while the p__ electron counterrotates. Prior theoretical research indicates that
the ionization rate of the p_ electron is markedly greater than that of the p, electron [8, 9], and this phenom-
enon has been verified experimentally [10, 11]. Moreover, the angular distributions of p.. electrons display
distinct angular distribution offsets, a finding resulting from the laser-induced deformation of the p orbitals
[12]. Recently, a subcycle conservation law between the angular momentum and energy [13, 14] has been found
and the influence of initial atomic orbitals on the conservation law has been discussed [15]. In short, electrons
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from different initial orbitals carry distinct initial phases when ionized, leading to diverse dynamical behaviors
[16-18].

Nondipole effects break the symmetry of the laser field along its propagation direction. Within the nondi-
pole framework, the vector potential A(r, t) is spatially dependent. Due to radiation pressure and magnetic field
effects [19, 20], the photoelectron momentum distribution exhibits a nonzero shift along the propagation
direction of the laser field during SFI, which represents a typical signature of nondipole effects. With the
improvement in experimental detection precision, the observation of this weak nondipole effects has become
possible. In 2011, the linear momentum transfer along the laser propagation direction was experimentally
observed during the SFI of Ar and Ne atoms using circularly polarized laser pulses [21]. Subsequently, the SFI
experiment of Xe atoms using linearly polarized laser fields revealed a linear momentum transfer in the oppo-
site direction, a phenomenon attributed to the interplay between the magnetic field and Coulomb potential
[22]. To enhance measurement precision, an experimental scheme employed two counterpropagating laser
pulses that form a standing wave to ionize Ar atoms, accurately determining the zero point of the momentum
distribution [23], thereby confirming the theoretical predictions of linear momentum transfer [24, 25].
Remarkably, the nondipole linear momentum transfer is manifested in both single-photon ionization [26—28]
and tunneling ionization [29-31], where the effects of electric quadrupole and magnetic dipole interactions can
be individually identified. Additionally, during the under-barrier motion in tunneling ionization, the Coulomb
potential significantly influences the linear momentum transfer [32, 33]. In above-threshold ionization (ATI),
nondipole effects induce a shift of —U,,/c to the center of the ATT momentum rings along the laser propagation
direction [34-38], where U, represents the ponderomotive energy and cis the speed of light. This phenomenon
has been experimentally observed [39]. In 2019, the experimental observation of linear momentum transfer on
the subcycle timescale was achieved [40] using the attoclock protocol [41, 42]. These findings were soon fol-
lowed by advancements in corresponding theoretical frameworks [43, 44]. Recently, the RABBIT [45] techni-
que has been employed to experimentally capture the electron subcycle motion along the laser propagation
direction in He atoms, as well as the time delay between electric dipole and electric quadrupole transitions [46].
Overall, the linear momentum transfer phenomenon induced by nondipole effects is present in a wide range of
SFI processes [47-52].

SFlis a two-stage process including quantum tunneling and the subsequent classical continuum motion.
By examining the behavior of electrons at the tunnel exit and in the asymptotic region, their dynamics during
these two stages in intense laser fields can be characterized. Along the laser field propagation direction (&,), the
linear momentum transfer can be correspondingly decomposed into two components [43, 53]:

AE
(p,) = (vo) + — (1)

where (v,) and (p,) represent the average linear momentum transfer at the tunnel exit and in the asymptotic
region, respectively, and AE denotes the energy accumulated by the electron during the continuum motion.

In this study, we focus on the SFI of the 2p orbitals of Ne in stronglaser fields. For analyzing the nondipole
tunneling dynamics of photoelectrons originating from those orbitals at the tunnel exit and in the asymptotic
regime, we propose a magnetic quantum number m-resolved nondipole saddle-point approximation (-
ndSPA) method. It successfully reproduces most of the results obtained from solving the time-dependent
Schrodinger equation (TDSE) and the backpropagation method [2, 54-56]. This includes the distributions of
the initial transverse momentum v |, energy E, and position ry at the tunnel exit, as well as the asymptotic radial
momentum p, and energy E | distributions, and the linear momentum transfer (p,) in the asymptotic region.
However, the current m-ndSPA method fails to capture the order of the linear momentum transfer (v,) for p.
electrons at the tunnel exit. We anticipate the development of a more comprehensive #-ndSPA method in the
future. In our numerical simulations, we systematically investigate the cases of strong circularly polarized (CP),
elliptically polarized (EP), and two-color (TC) circularly polarized laser fields, including corotating (CoRTC)
and counterrotating (CRTC) cases.

The article is organized as follows. In section 2, we introduce the theoretical methods employed in this
study, including the TDSE, backpropagation, and m-ndSPA methods. In section 3, we explore the nondipole
tunneling dynamics of p; electrons at the tunnel exit in the CP, EP, and TC fields. In section 4, we discuss the
nondipole tunneling dynamics of p. electrons in the asymptotic region. The conclusions are given in section 5.
Atomic units are used throughout unless noted otherwise.

2. Theoretical framework

In this section, we briefly introduce the theoretical methods for investigating the ionization dynamics of Ne
atoms with initial 2p orbitals in strong laser fields, including the TDSE, backpropagation, and m-ndSPA
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methods. In the numerical simulations, we employ CP and EP fields with a vector potential of
A(t) = Agcos(wt)é, + €Agpsin(wt)é,, 2)

where the peak laser intensity I, = 5 x 10"* W cm 2, the wavelength A\ = 800 nm, and the ellipticity ¢ = 1 for CP
field and € = 0.7 for EP field, as well as TC fields with a vector potential expressed as

Arc(t) = Ao[cos(wt) + il cos(Qwt) ] e,
2

(3)

+A, [sin(wt) + € % sin(2wt)] ey,

where the peak laser intensity I, = 6 x 10'* W cm™?, the fundamental wavelength A = 800 nm, the ellipticity
e==+1(e=1for CoRTCfield and € = — 1 for CRTC field), and the field amplitude ratio 5z = 0.1. The
corresponding electric field is defined as F = — A. For these laser pulses, the temporal envelope of the vector
potential is cos*(wt /2N) with N = 10 cycles in total.

2.1. Time-dependent Schrédinger equation

We solve the three-dimensional TDSE within the single-active-electron approximation to simulate the
interaction between Ne atoms with 2p orbitals and strong laser fields. The nondipole Hamiltonian is given as

H:%M+A@P+Vm, @)

where the vector potential of the laser field A(n) = A(t — z/c). We perform an expansion of the vector potential
up toorderc ™ :

Mm%Am—fﬂﬂ=A®+§Hﬁ (5)

Substitution into equation (4) yields
H= %[P +AWDP + E[P + A@)] - F(t) + V(r). (6)

Through gauge transformation, the Hamiltonian becomes [23, 29, 43, 47]

N 5 2
H = l[p +A®) + e—z(p CA() + M)]

2 c 2

(7)
+V(r - EA(t))
c
with the Coulomb potential
—0.85r1¢

V) = ,L_ (8)

This model potential preserves the main characteristics of Ne atoms, with the electron experiencing a charge of
10 at r = 0 and an asymptotic charge of 1 in the long-range region. The soft-core parameter ay = 1.4253 is
adjusted to ensure the atomic ionization energy I, = 0.7935, representing the energy required to remove the
outermost electron, matches the experimental value. The orthogonal normalized eigenfunctions t,, (r) and
1/}2Py (r) are obtained through the imaginary-time propagation method, representing the 2p, and 2p, orbitals of
Ne, respectively. A linear combination of them yields the initial wave function

1 .
Yu(r) = f[wsz(r) & iy ()] €

where the subscript & corresponds to the magnetic quantum number m =+ 1.

The time evolution of the wave function in the laser field is computed using the split-operator Fourier
method. Each dimension of the computational grid consists of 1024 spatial grid points and a spatial step of
Ax=Ay=Az=10.35a.u., with a time step of Ar=0.02 a.u. When the wave function approaches the grid
boundaries, an absorbing function 1/[1 + exp{(r — ry)/d}]is employed to prevent reflections, with absorp-
tion performed every 0.2 a.u. in time, where the radius parameter 7 = 164.2 a.u. and the width parameter
d=4a.u. By projecting the absorbed wave function onto the nondipole Volkov state [57, 58], we obtain the
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asymptotic photoelectron momentum distribution Wrpsg(p). We have verified the convergence of the calcul-
ation results with respect to the above parameters. The final average linear momentum of the photoelectrons is
evaluated using

) [ wwn.dp

- , (10)
[ wdp

where the ionization rate W(p) = Wrpsge(p).

2.2. The backpropagation method

We employ a hybrid quantum-—classical backpropagation method [2, 54—56] to extract the dynamical features
of the electrons from p orbitals at the tunnel exit. This method is widely applied in various studies within the SFI
domain, including research on tunneling time [33, 55], p-orbital tunneling [59, 60] and deformation dynamics
[12], backward rescattering times [61], conservation law between the angular momentum and energy [ 13, 14],
and nondipole effects [43]. The key to this method is the transformation of the ionized electron wave packet
into classical trajectories, followed by their backpropagation along the time axis until reaching the tunnel exit.
The ionized electron wave packet is obtained from quantum forward propagation using TDSE.

In the calculations, we distribute 6000 virtual detectors uniformly on a spherical shell with a radius of
r4=40a.u. to collect the electron wave packets reaching r, and convert them into classical trajectories. These
trajectories are backpropagated along the time axis until the tunnel exit, following Newton’s equation of
motion. During the backward propagation, the tunnel exit is identified when the momentum of a classical
trajectory along the instantaneous electric field direction vanishes. The convergence of the calculation results
with respect to the numerical parameters has been tested.

2.3. m-resolved nondipole saddle-point approximation

To gain deeper insights into the ionization dynamics of Ne p_, orbitals, we develop a magnetic quantum
number m-resolved nondipole saddle-point approximation method (1-ndSPA). Within the nondipole
strong-field approximation (ndSFA) framework, both the effect of the laser field on the initial bound state and
the Coulomb interaction on the final continuum state are ignored. Based on the nondipole Hamiltonian
[equation (4)], the transition amplitude in the length gauge (LG) is given as [32, 57]

MESP(p) = —i [ i dn[(l - %)ivkzzji(k) : F(n)eis(”)], (1n
where k = p + A(n) — (E + I,)é./c,the nondipole phase
" 1 p A1) + AX(1)/2
S = dt{ —p? L, 12
(m f t{zp + Q=50 + p} 12)

and the Fourier transform of the initial-state wave function 7, (k) = f dr exp(—ik - r)1(r). The asymptotic
form of the initial wave function in the momentum space is given as [62, 63]

A(—ik)! Ld+v+2)
2H1221,)=/2 T(1 + 3/2)

_ _ 2 I
><2F1(l v l—v+1 3 k) Y, (k)

y—— s - |
2 20 21, ) (k* + 2L,)" !

Pu(k) =

13)

withl=1,m=41,v = 1/./21,, the gamma function I'(x), the spherical harmonics Y},,, and the Gauss
hypergeometric function ,F,(a, b, c;z). For the valence shell of Ne, A = 2.1 [63].

To facilitate calculations, we ignore dynamics-independent prefactors and consider an approximate form
of equation (13) [15]:
ke + imk,

(k) ~ W

(m = £1) (14)

By substituting this wave function into equation (11), the expression can be reformulated as

M2 (p) = [ Z dn( - %)f (e, (15)
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where

o ke + imk,
fm ﬁ[m] F(n)

1 . (16)
= ———[(E. + imE)QI, + k} — vk}
Tl e ?)
+(—F + imE)(1 + v)(k, + imk,)*].
To include the impact of the magnetic quantum number m on the saddle-point equation (SPE), we refor-
mulate f(n) as

f) = f,, (e (17)
with

—imF (1) 2 2
— V2@, + k2 — vk
(k2 + 2y~ F = (18)

+ (1 + v) (ke + imk,)?e2mo],

[ =

F(n) = \JF2) + F2(),and

E ()
= arct , 19
¢p = arc an(Fy(n)) (19)
where applying
E.(1) + imE,(n) =—imF(n)e™%,  (m = +1) (20)
—FE.(n) + imF,(n) =—imF(n)e""™%. (m = +1) 21

Thus, the two exponential terms in equation (15) can be combined into one

eiSm(m — eimc‘)FeiS(n), (22)

where S,,,(n) = S(17) + m¢g. The term f,,,(n) remains slowly varying relative to the action term S,,,(n) at the saddle
point. Therefore, we can apply the saddle-point approximation [62, 63]

IGECE WNHOREEE 23)
C -
j
to calculate equation (15), giving
Mf -ndSPA (P) ~ Z ( _ &)fm (775) [S'm (ns)]—l/zeism(ns) (24)
c

s

with the complex saddle-point time 7, = 7, + i7;. The ionization time is represented by the real part of the
saddle-point time 7),, and the imaginary part 7, relates to the tunneling ionization rate. It is obtained by solving
the m-resolved nondipole saddle-point equation (1-ndSPE):

p

2
- % + (1 + —Z)[p ~A(n) + %Az(ns)] + I, + mpy = 0, (25)
C

where the phase derivative
ew

Or = €2 cos?(wn) + sin®(wn) (26)

for CP and EP fields, and

2 + 4771%6 + 3np(1 + €)cos(wn) + Np(l — €)cos(3wn)
= w

F — 2 (27)
2[1 + nz + np(1 + €)cos(wn) — np(1 — €)cos(3wn)]

for TC fields. In CP fields, ¢, = «w with e = + 1. For EP and TC fields, we approximate ¢; by its value at the
peak time of the respective laser electric field, resulting in ¢, ~ ew for EP fields and

¢p ~ w(l + 2enp)/(1 + ng) for TC fields. Key parameters at the peak laser electric field are summarized in
table 1.
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Table 1. Key parameters when the electric field reaches its maximum value in
different laser fields: the time 7, electric field F, vector potential A, and the
phase derivative ¢p.

Field o F(no) A(10) (1)
CP(e=1) all

EP (e =0.7) z Agw o «“
CoRTC (e =1) 0 " Lt 2en
CRTC(e=-1) =  (dmpdw (A4 eHAe o0

Since we approximate QSF by its value at the peak time of the laser field, the m-ndSPE can be rewritten as
2
) 1
Zy (1 T f)[p LAG + EA2<ns)] 1 =0, (28)

where [ 1’, =1, + may is n,-independent. The complex vector potential is separated into real and imaginary
components:

A1) = Re A(ny) + i Im A(1). (29)
Substitution into equation (28) yields the imaginary part of the the m-ndSPE

i(l + %){[Pi + Re A(ny)] - Im A(n)} =0 (30)

with the component of p in the laser polarization plane p | = (p., p,). Since p, + Re A(1,) is perpendicular to
Im A(n,) = (Im A(7,), Im A, (n,)), the unit vector representing its direction is

o —ImA e ImA e
i = y(n)eéx + x(n)éy ' 31)

JImA ()P + [ImA, (7)1

Thus, by defining the auxiliary momentum as

- ImAy (775) éx + IInAx (775) éy
JImA, ()P + [ImA, (1)1

ko =[p + ReA(n)] - (32)

Equation (30) is fulfilled automatically. This approach confines the search for saddle points to a single axis,
substantially reducing computational complexity compared to the traditional full complex-plane exploration
[29,44, 64]. Moreover, as the computations are conducted within the (7,, k |, p,) coordinate system, it is
necessary to account for the Jacobian factor of the coordinate transformation in the ionization rate calculation:

(pe> py» 1)
a(T]r’ ki’ pz)

Wr—ndSPA(nr, kL: pz) _ det IMr»ndSPA(P) |2. (33)

The asymptotic average linear momentum transfer is then calculated by substituting it into equation (10).
From the conservation of (p, — E/¢) in the Hamiltonian [equation (4)] with the Coulomb potential neglec-
ted, we obtain the relationship between the initial and asymptotic linear momentum transfer:

v=p + % [ p-A(m) + %Az (77)]. Since z~ 0 during the tunneling process implies 7, ~ t,, the average linear

momentum transfer (v,) asa function of the ionization time t, is given as
[ WA, ke, p)v.dk. dp,

. (34
[ WAy g dkdp,

<Vz(tr)> = <Vz(77r)> =

3. The tunneling region

In this section, we investigate the tunneling dynamics of Ne p_,. orbitals at the tunnel exit under the influence of
intense CP, EP, and TClaser fields. The validity of our m-ndSPA method is confirmed through comparison
with the backpropagation method, yielding generally consistent conclusions. The first step of the back-
propagation method is based on the fully quantum propagation of the ionized wave packet, ensuring optimal
preservation of photoelectron dynamics information and thereby supporting the extraction of precise
tunneling exit characteristics.
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Figure 1. The distributions of initial transverse momentum [column (1)], energy [column (2)], position [column (3)], and the
subcycle time-resolved linear momentum (v,)(t,) [column (4)] at the tunnel exit for photoelectrons ionized from p.. orbitals of Ne in
the CP field, calculated by the backpropagation [row (a)] and #m-ndSPA [row (b)] methods. The blue and orange solid lines denote
the p, and p_ orbitals, respectively, with vertical dashed lines marking the peak positions of their respective distributions. The gray
dotted lines mark the positions of v, = 0, Ey = — I, and (v,) =I,/(3¢).

In figure 1 we compare the tunneling exit characteristics of p. photoelectrons in a CP field, obtained using
the backpropagation [row (a)] and m-ndSPA [row (b)] methods. These include the distributions of initial trans-
verse momentum [column (1)], energy [column (2)], position [column (3)], as well as the subcycle time-
resolved linear momentum [column (4)] at the tunnel exit.

The findings presented in figures 1(al)—(a3) indicate that the p_ electron (counterrotating to the CP field) is
more easily ionized compared to the p, electron (corotating to the CP field), in agreement with earlier investi-
gations [8, 9]. The initial energy is calculated as

1
Ey = E(vf +v3) 41 - F, (35)

where v, and v, denote the momentum components in the polarization plane and along the propagation
direction of the laser field, respectively. Despite the larger initial transverse momentum of the p, electron
compared to the p_ electron, its initial energy E is lower due to its initial position being farther from the
nucleus. At the tunnel exit, the influence of the tunneling exit position on energy is greater than that of the
initial transverse momentum. A comparison between figures 1(a) and (b) indicates that the initial transverse
momentum, energy, and position derived from the two methods exhibit discrepancies. These differences arise
from the Coulomb interaction, which is not included in the #-ndSPA method but is considered within the
backpropagation method. The initial transverse momentum could be obtained more accurately by including
under-barrier Coulomb corrections [32]. A more significant discrepancy resides in the tunneling exit position,
which is also the primary source leading to the discrepancy in the tunneling energy. A possible remedy is to
incorporate an adiabatic correction to the exit position rgd ~ U+ |1 If — 4F)/2F ~ 1,/F — 1/I,so that
Argr — 1/,

We now analyze the subcycle time-resolved linear momentum characteristics of p. electrons at the tunnel
exit, by comparing the initial average momentum transfer (v,(#,)) from the backpropagation method with that
from the m-ndSPA method, presented in figure 1(4). According to the backpropagation method, the p , elec-
tron displays lower linear momentum transfer at the tunnel exit than the p_ electron, as illustrated in
figure 1(a4). However, the m-ndSPA method leads to the opposite conclusion, as shown in figure 1(b4). Asa
comparison, for the s electron, the average linear momentum transfer at the tunnel exit is given as [43]

20, + (v}) [ 2a,F ]

- BTAE (36)

(v,) ~

where oy = 1 + 1/./21, and (v) ~ (v )* + F/ (2\/2_11, ). Clearly, the average initial transverse momentum
(v, ) hasa positive effect on (v,). However, as shown in figure 1(a), although (v, ), > (v;)_, wehave

()4 < (1)_,indicating that (v, ) negatively affects (v,) for p4 electrons. Apparently, unknown physical effects
are at play here, which is beyond the framework governing equation (36) for s orbitals, that leads to the reverse
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Figure 2. Same as figure 1 but for the EP field with an ellipticity e = 0.7.

orderin (v,) for p orbitals. We have attempted to incorporate m-dependent Coulomb correction to the
under-barrier tunneling process [32] as well as orbital deformation of the p. orbitals [12], but these efforts
failed to reproduce the observation from the backpropagation method. We expect the formulation of an
improved m-ndSPA method, e.g., by including excited states, to accurately capture this feature in the future,
which goes beyond the scope of the present work.

We now examine the tunneling dynamics of p. electrons in a EP laser field. Figure 2 presents the information
of photoelectrons at the tunnel exit, as obtained through the backpropagation and m-ndSPA methods. Consistent
with the findings in the CP field, the p_ electron exhibits higher ionization rate and is released from the position
closer to the nucleus compared to the p, electron. At the tunnel exit, the p_ electron has greater initial energy but
lower initial transverse momentum. These characteristics are observed in both the backpropagation and m-ndSPA
methods. In terms of the initial linear momentum transfer, the backpropagation method reveals that
(v)+ < (v,)_,aresult that the m-ndSPA method fails to reproduce. Nonetheless, the 2w subcycle oscillation of (v,)
is fully captured by the m-ndSPA method, as shown in figure 2(b4). The underlying physical mechanism govern-
ing the subcycle modulation in (v,) is obvious from equation (36). Apart from the coefficient
[1 — 2a7F/ (ZIP)3/ 2] present due to the initial-state distribution, the modulation in (v.,) is due to the existence of
the initial transverse momentum v which varies on the subcycle level due to nonadiabatic effects. Therefore, it is
the interplay between nonadiabatic and nondipole effects that leads to the subcycle modulation in (v,) [43, 44].

Let us turn our attention to the TC field. In figure 3, the computational results obtained by the back-
propagation and m-ndSPA methods are displayed, respectively. Given the fact that g has a small value
(ng=0.1), the fundamental wave dominates both CORTC and CRTC fields, hence the p, orbital largely cor-
otates with both CoORTC and CRTC fields, we can thus reach the similar conclusions: (1) the p_ electron exhi-
bits higher ionization rate than the p, electron; (2) Compared to the p_ electron, the p, electron haslarger
initial transverse momentum and initial position but lower initial energy at the tunnel exit.

Figure 3(4) illustrates the characteristics of linear momentum transfer for p_. electrons in the TC field.
Consistent with the findings in the CP and EP fields, the backpropagation method confirms that p_ electron
possess larger linear momentum transfer. Similarly, the m-ndSPA method still exhibits limitations when
extracting the order of (v,) for p., orbitals in the TC field, albeit successfully capturing the subcycle
modulations.

4. The asymptotic region

In this section, we investigate the tunneling dynamics of Ne p_ orbitals in the asymptotic region under the
influence of intense CP, EP, and TC laser fields. Both the TDSE and m-ndSPA methods are employed in the
calculations, yielding consistent results.

In figure 4 we present a comparison of the asymptotic p photoelectron characteristics in the CP field as
calculated by the TDSE [row (a)] and m-ndSPA [row (b)] methods: the distributions of asymptotic radial
momentum [column (1)], energy [column (2)], as well as the linear momentum transfer (p,) as a function of
theattoclockangle ¢), = arctan(p, /p,) [column (3)] in the asymptotic region.
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Figure 3. Same as figure 1 but for the CORTC [the upper two rows (a) and (b)] and CRTC [the lower two rows (c) and (d)] fields. The
results displayed in rows (a) and (c) are obtained from the backpropagation method, whereas those in rows (b) and (d) are computed
using the m-ndSPA method.

The results in figures 4(al),(a2) show that the p, electron has larger asymptotic radial momentum p | and
energy E= p”/2 than the p_ electron. The asymptotic radial momentum is given by

p=vi—-A+Ap, (37)

where Ap | is the momentum shift indued by the Coulomb interaction. In the CP field, (v, ), > (v|)_,leading
to the conclusion that (p, ), > (p, ). The difference in asymptotic radial momentum in figures 4(al),(a2) and
(b1),(b2) isattributed to the Ap, term. In the m-ndSPA method, Ap, =0, since Coulomb interaction is
neglected. To account for the Coulomb interaction, trajectory-based Monte Carlo simulations could be
performed, starting from the initial tunneling exit conditions and incorporating the full Coulomb potential
during the continuum propagation.

The results of the linear momentum transfer (p,) for p. electrons in the asymptotic region are shown in
figure 4(a3). The results indicate that the p,_electron gains higher (p,) than the p_ electron. (p,) in the asympto-
tic region originates from the accumulation of linear momentum during both the tunneling process and the
subsequent continuum motion [equation (1)]. (p,) is primarily contributed by the continuum motion, during
which coupling to the vector potential magnifies the contribution of the initial transverse momentum v, :

AE  (p]) = (D)

c 2c
_ (A - 2(n) A+ (38)
2c 2¢
O 2()A+ A
N
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Figure 4. The distributions of asymptotic radial momentum [column (1)], energy [column (2)], and the linear momentum transfer
(p.) as a function of the attoclock angle ¢, [column (3)] in the asymptotic region for photoelectrons ionized from p.; orbitals of Ne
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Figure 5. Same as figure 4 but for the EP field with an ellipticity e = 0.7.

The last expression is attributed to the fact that (v, ) at the tunnel exit is oriented approximately antiparallel to
the instantaneous vector potential A in the CP field. Since (v, ); > (v,)_ [figure 1(1)], it follows that

(p,)+ > (p,)-- According to this expression, the subcycle modulation in the asymptotic linear momentum
transfer (p,) arises primarily from corresponding variations in the magnitude of the vector potential.
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Figure 6. Same as figure 4 but for the CoRTC [the upper two rows (a) and (b)] and CRTC [the lower two rows (c) and (d)] fields. The
results displayed in rows (a) and (c) are obtained from the TDSE method, whereas those in rows (b) and (d) are computed using the
m-ndSPA method.

Itis interesting to note that the m-ndSPA method reproduces the computational outcomes obtained from
the TDSE method, including the order for (p,) in the asymptotic region for p. electrons, as depicted in
figure 4(b3), even though the order for (v,) at the tunnel exit is opposite. The reason is that the continuum
motion plays a much more dominant role in the linear momentum transfer compared to the quantum tunnel-
ing process.

The behavior of p... electrons in the EP field (Figure 5) and the TC field (Figure 6) closely resembles the
dynamics found in the CP field (figure 4). In the asymptotic region, the p,, electron demonstrates higher
asymptotic radial momentum, energy, and linear momentum transfer than the p_ electron. Furthermore, it is
easy to show that Acortc > Acrrc when the electric field reaches its maximum value (see table 1), thus the
asymptotic radial momentum of both p, and p_ electrons in the CoRTC field is greater than that in the CRTC
field, as illustrated in figure 6.

Experimentally, the asymptotic momenta of p, and p_ electrons can be measured using a two-pulse setup
[10]. First, a CP pump pulse ionizes the target. Nonadiabatic effects [8, 9] preferentially deplete electrons coun-
ter-rotating with the field, leaving a sample dominated by either p, or p_ electrons. A subsequent, more intense
CP probe pulse then ionizes a second electron. By comparing corotating and counter-rotating pump-probe
sequences, the measured yield of the second electron corresponds to the ionization of pre-selected p, orp_
electrons, respectively. This technique allows for the direct experimental measurement of the asymptotic aver-
age linear momentum transfer (p,) forboth p, and p_ electrons.
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5. Conclusions

In summary, we propose a magnetic quantum number m-resolved nondipole saddle-point approximation
(m-ndSPA) method to analyze the tunneling dynamics of photoelectrons from different atomic orbitals in strong
CP, EP, and TC fields. We analyze the extracted linear momentum transfer characteristics. In the asymptotic
region, both the TDSE method and the m-ndSPA method lead to the finding that the p_ electron (counterrotating
to the field) has a lower asymptotic linear momentum transfer than the p, electron (corotating to the field), a
conclusion that holds true for CP, EP, and TC fields. However, based on the results from the backpropagation
method, the p_ electron exhibits a larger linear momentum transfer at the tunnel exit compared to the p., electron,
which the m-ndSPA method fails to capture. This finding necessitates further refinement of the 1-ndSPA method.

Additionally, all methods consistently identify the other behaviors of p.. photoelectrons: (1) At the tunnel
exit, compared to the p, electron, the p_ electron is ionized with a higher probability from a position closer to
the nucleus. Despite having a smaller initial transverse momentum than the p, electron, the p_ electron pos-
sesses a larger initial energy owing to its closer initial position to the nucleus. (2) In the asymptotic region, the
P electron exhibits larger asymptotic radial momentum and energy relative to the p__ electron. This study
enriches our understanding of the nondipole tunneling dynamics of photoelectrons from different atomic
orbitals at the tunnel exit and in the asymptotic region, and, to some extent, refines the theoretical framework
for the interplay between nondipole effects and magnetic quantum numbers in SFI.
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Appendix. Comparison between m-ndSPA and m-SPA

To verify the reliability of the m-ndSPA method, we compare the photoelectron dynamics at the tunnel exit and
in the asymptotic region calculated by the m-ndSPA and m-SPA methods.

Figure 7 displays the distributions of (1) initial transverse momentum, (2) energy, (3) position, and (4) the
subcycle time-resolved linear momentum (v,(#,)) at the tunnel exit for photoelectrons ionized from p.. orbitals
of Ne in the CP field, calculated by the m-ndSPA (blue and orange solid lines) and m-SPA (green and red solid
lines) methods. The results show that the initial transverse momentum, energy, and position distributions
exhibit no observable differences between the dipole and the nondipole cases. This is because the nondipole
contribution to the linear momentum transfer is along the laser propagation direction, which only influence
the momentum distribution in the polarization plane by a high-order coupling through the Coulomb interac-
tion that deviates from the cylindrical geometry. In addition, the nondipole effect itselfis of order ¢ ', making it
difficult to distinguish nondipole results from dipole ones in the polarization plane. However, a clear distinc-
tion emerges in the average linear momentum transfer (v,) along the laser propagation direction. While
(v,) = 0 under the dipole approximation, it becomes non-zero when nondipole effects are included.

The same phenomenon is observed in the asymptotic region. In figure 8, the distributions of (1) asymptotic
radial momentum and (2) energy show negligible differences between the dipole and nondipole cases, owing to
minimal linear momentum transfer and its negligible coupling to the momentum distribution across the polar-
ization plane. Along the laser propagation direction, the dipole result (p,) is zero, while the nondipole effects
resultin a non-zero component.

12


https://doi.org/10.5281/zenodo.15324748
https://doi.org/10.5281/zenodo.15324748

10P Publishing J. Phys. Commun. 9 (2025) 125001 X Mao et al

1 . — o . 4 .
(1) T\ ! (2) : A (3) (4)
A i
1 1 —
1 [ Py
3 L ¥ 5
3 [ [ © =
a [ [ o 2F3C L ETRRRR. A
305} P 1 o i 15 O RASPAD,
& Ve N X —— m-ndSPA:p_
s <pA.
< b B 3 iSeinias
P i ) m-SPA:p_
1 1 [
1 1 11
H 1 1 H [
0 N R ‘ ,
204 0 0.4 ) Z08  -06  -046 14 -05 0 0.5

v, (a.u.) Ej (a.u.) tr (units of T)

Figure 7. The distributions of initial transverse momentum [column (1)], energy [column (2)], position [column (3)], and the
subcycle time-resolved linear momentum (v,)(,) [column (4)] at the tunnel exit for photoelectrons ionized from p.. orbitals of Ne in
the CP field, calculated by the m-ndSPA (blue and orange solid lines) and m-SPA (green and red solid lines) methods. The blue and
green solid lines correspond to the p orbital, and the orange and red solid lines represent the p_ orbital, with vertical dashed lines
marking their respective distribution peaks. The gray dotted lines mark the positions of v, =0, Ey = — I, and (v,) =1,/(3¢).

1 T T T T 1.5 T
(1) "N\ ) (2) "\ (3)
1 1 1 1
1 1 1 1 v
1 1
1 1
I ) I I e
1 1 1 1
_ . . 3 1 <
S © —— m-ndSPA:p,
2 7 —— m-ndSPA:p_
205¢ I 13 —— m-SPA:
9 /- X m- D+
5 / 5 0.5} —— m-SPA:p- |
0
01 15 2 0.5 15 25 -1 0 1
p. (a.u.) E (a.u.) ¢p (units of M)

Figure 8. The distributions of asymptotic radial momentum [column (1)], energy [column (2)], and the linear momentum transfer
(p) asa function of the attoclock angle ¢, [column (3)] in the asymptotic region for photoelectrons ionized from p... orbitals of Ne in
the CP field, calculated by m-ndSPA (blue and orange solid lines) and m-SPA (green and red solid lines) methods. The blue and green
solid lines correspond to the p; orbital, and the orange and red solid lines represent the p_ orbital, with vertical dashed lines marking
their respective distribution peaks.
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