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State of the art.
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Quantum processors

53-qubit superconducting processor “Sycamore” [AAB-+19]: 200s for a
particular task, which would take a supercomputer 10000 years.

Hﬂ"‘;,

[AAB+4+19] F. Arute et al. Quantum supremacy using a programmable superconducting processor. Nature
574(7779):505-510 (2019).

Introduction to Quantum Computing Y. DengQECNU 3



Quantum processors

62-qubit superconducting quantum processor “Zu Chongzhi” |(GWZ+21]

[GWZ421] M. Gong et al. Quantum walks on a programmable two-dimensional 62-qubit superconducting
processor. Science 372, 948-952 (2021).
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Quantum software

Qiskit (IBM), Cirq (Google), Q# (Microsoft) ...

https://quantum-computing.ibm.com
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Introduction I
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Quantum Bit

e A bit in classical computing is in one of two states: 0 or 1.

e A quantum bit (qubit) can take two fundamental states: |0) and |1)

1 0
0) = 1) =
0 1

e Dirac notation: ket |0) is a column vector, bra (0| is a row vector [1 0]
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Superposition

e A qubit [¢)) can exist as a superposition of |0) and |1), expressed as a

linear combination
W) = al0) + 81)
with o, 8 € C.

e |0) and |1) are computational basis states

[4) =

e constraint: |a|? + |B]* =1

e coeflicients «a, § are probability amplitudes
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Qubit realization

Qubit realization using eletron energy states

Ground state: |0), excited state: |1)

0)
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Bloch sphere representation of qubit

Any point on the surface of the Bloch sphere represents a qubit state.

) = e”(cos g|0> + sin gei‘P\l})

1)
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Bloch sphere representation of qubit

Recall that a complex number o« = a + b in the Cartesian coordinates can
be expressed in polar coordinates as a = re'® with r = Va2 + b2.

Let a = rpe'®e, B = rgeiqbﬁ.

9) = rac®|0) +rpes|)
= € (ra]0) + rel6a0|1))

Since 77, + 15 = |a|® + |7 = 1, take r, = cos % and rg = sin 4.

) = g'Po (cos §|O> + sin §€Z<¢B_¢O‘) 1))

Then replace ¢, with v and ¢g — ¢, with ¢ to yield the required form.
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Bloch sphere representation of qubit

Ignore the global phase factor, |1)
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_ i 0 1
= cos 5|0) + sin 5e'?|1)
Axis Value of # and ¢ Qubit State
1Z) 0=0; =0 10)
|-2) O=x =0 1)
T LTS
1x) 9—2,@—0 \/E‘O>+\/§|1>
1 1
|—x) 9=g;(p=ﬂ: —2\0)—$|1)
_E T LT O
ly) 9—2s‘P 2 \/5‘0>+\/§|1>
T, __T AT
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Multiple qubits

e State of a two-qubit system
1Y) aB = apo|00) + ap1]01) + a10]10) + a11|11)

e Constraint: |agg|? + |ao1]? + |a10]? + a1 =1
e If we measure qubit A and observe 0, the probability is
o] + aon |
and the post-measurement state is

/ o 0400|00> + 0401|01>
@) aB = - >
Vewol? + ||
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Bell state

o Bell state [¢)ap = —5|00) + 5[11)

e If we observe qubit A and observe 0, the two-qubit state collapses to
state |00). Then if we measure qubit B, we observe outcome 0 with

certainty.

e The states of two qubits are perfectly correlated. This phenomenon is

quantum entanglement.

e Imagine this Bell state is created using quantum entanglement between
two electrons and then we separate the electrons by a large distance.

Measuring one electron determines the other eletron’s state.
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Dirac notation

o Ket vector [¢1) = , |2) =

ul|f ulw

S sl

e Bra vector (1| = [% _%}, (1a| = [% _%}

e Inner product of two vectors [¢)1) and [¢2) is written

(Y1|tha) = [ —ﬁ}

Sl

% olw
Ot
=
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Magnitude of a vector

e The magnitude of a vector is the [ norm

D) = v {Plb)

e W)=t o o] || =T =T el
1 2 n . 1 =1 "1 1 =117l °

o If |¢)) is a quantum state, (1)|1)) = 1. Each |¢;|* gives the probability of
the state 1)) collapsing to the state |i) on measurement.
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Outer product

The outer product of two vectors |1)1) € C™ and [i)9) € C" gives a matrix

of dimension m X n.

C1 B .
CldT Clds Cld:
C2
(Y1) (| = | [dik ds ... df| =
| emdt  emds ... Cpmd®
Cm, - -

Introduction to Quantum Computing Y. Deng@QECNU 19



Tensor product

The tensor product of two vectors [¢)1) € C™ and |¢3) € C™ is another

vector in C™M*",

_Cldl_
- c1dy
— - dl ]
€1 €143
[1h1) @ [1h2) = Q |da| =
C2 Cle
L d3
- Codo
Cng
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Tensor product

If {|v1),...,|vm)} is the basis of one space, {|u1), ..., |u,)} the basis of
another space, then using tensor product can get a larger vector space with
basis vectors of the form |v;) ® |u;), written |v;u;).

(@1|0) + B1]1)) ® (2|0) + B2]1)) = a12]|00) + 1 B2|01) + B1a2|10) + B152]11)

The Bell state cannot be factored as a tensor product of individual qubit
states.
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Single-qubit gates

X :«al0) + B|1) — B[0) + «af1)

Z :al0) + Bl1) — «|0) — 5]1)
1 1
o o+ iy
) - o) - L
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CNOT : |
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-]

-]
~ N~ N~~~

—_
S =

—
—

CNOT gate

— |00)
— |01)
CNOT =
— |11)
— |10)
|4) |4)
B B B A)
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Measurements in different basis

Let |+) = 10) + J5[1), [-) = 25]0) — 2|1}

Then [0) = Z5[+) + J5|-), [1) = 5|+) — 51-)
) = al0) + BI1) = “2Z[+) + 22| -)

) /}[\ M
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Preparation of Bell states

CNOT : (50) + (1)) ®[0) — —5(00) + —=[11)

V2 V2 NG

1 1

1 oyt —=[0)+—= 1)
EWHEII) 22
— H 0
|x) = |0)
Hadamard Gate
CNOT Gate 1 1

ly) = 0) () Boo) = 75100} + 5 11)
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Generalized Bell states

Bell State |fxy)

1 1
32 R R |o) (-1)¥ 0

\QIO) +(-1) ﬁm N T ﬁ

;|
9 ' :
Hadamard Gate 1
CNOT Gate 1
) ) By) = 5109} + (-1 ZIL3)

1 1
\ﬁm>=$\°°>+ﬁ\ﬂ>

1 1
‘ﬁm>=ﬁ‘01>+$|1o>
[Bo) = |00 \11

1 1
‘ﬁﬂ):E‘m)'ﬁ‘m)
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Quantum teleportation

Quantum teleportation aims to transmit a qubit by using two bits of

classical communication and a Bell pair.

Q,: Alice's qubit for entanglement

Qy: Alice’s qubit for transmission M
1
) l H TN .
t3

t, M,
|0) H e ﬁ
t
Q;: Bob's qubtt for antanglemanli {\l 1300)
g b XMa — 2% )
‘o l I I I t3q Ly I
U2V 2V 1%2) ¥3) U2y
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vo) = [¥)®

Quantum teleportation

= (al0) + 8I1)) ® —5(/00) + [11))

= al0)—5(]00) +[11)) + B|1) 7=(|00) + [11))
Y1) = al0)-5(]00) +[11)) + B[1) 7= ([10) + [01))
) = (]0) + 1)) Z5(100) + [11)) + £2(0) — [1)) L (110) + [01))
= 3/00)(|0) + B[1)) + 5[01)(all) + 5]0))
+3[10)(|0) = BI1)) + 5[11)(all) — B|0))
M, M. Bob’s Qubit Post X™:  Bob’s Qubit State Z™  Bob’s Qubit State
Measurement Post X" Post Z""
0 0 o |0) + B|1) 5, x|0) + BI1) [, |0 + B|1)
0 1 o)+ BlO) X, o0) + BI1) L e |0) + BI1)
1 0 «lo)—B|1) I, xl0) — B|1) Z, o |0) + B|1)
1 1 «all) —Blo) X, «l0) — BI1) Z, o |0) + B|1)
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Quantum parallelism

1 1
)= 2=10) + —= 1) 1)
Uy

1)

ly) = |0) ly © f(x))

_—

Start with an equal superposition state |z) = %|0> + %\1), the output
state

0 = oy @ (@) = 2, f(2)) = =10, F(O)) + —=I1, F(1)

V2 V2
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Quantum parallelism

10) H
10y H oy — [i|o>+i 1 ]m
Vour) = | 75 D
lin) = 100..0)
10) H

Hadamard Gate on n qubits

n 1 1
(%|0> + %‘1»@ = 271% Z:cn_lz() Z:con ‘In_l, ceny .CU()>

Treat the binary string as an integer number x = x,,_ 12" ... + 292,
" on -
Then (%|0> + %|1>)® = Qn/z > w0 |T)

and the output state 7 ZZ Mz, f(z))

30
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Quantum interference

Let [¢) = —5[0) + 5 [1)

Hlp) = H|0)+ LH|1)
= L (0) + (1) + 254 (0) — (1))
= L1+ Do) + 51 - D)
= o)

After applying H to |¢), the probability amplitudes of |0) (resp. [1))

undergo constructive (resp. destructive) interference.
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Deutsch’s algorithm

Deutsch’s problem: decide if a Boolean function f: {0,1} — {0,1} is

constant or not.

0) — H7— = v — H
Uy
1) — H+—{v  yof()

T T T T
Yo)  |b1) [12)  |13)
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Deutsch’s algorithm

o) = o1}
) = (PR )('O>J§‘1>>
uy = 1 EEEDER i 0= £
| =P 2> if £(0) # f(1).
o2y i o) = r()
) = 0=y
| HL(F ) i f0)# f()

= £|f(0) & F(1))(PY)

The circuit can determine the global property f(0) ® f(1) by measuring
the first qubit, using only one evaluation of f(x)!

With a classical apparatus, one would need at least two evaluations.
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The Deutsch-Jozsa algorithm

Deutsch-Jozsa problem: given a Boolean function f : {0,1}" — {0, 1} that
is guaranteed to be either constant or balanced (it returns 0’s for exactly
half of all inputs and 1’s for the other half), determine if it is constant or
balanced.

0) /4 HE | — = v — HO" | —
Uy
1) H v yof(r)

1 T 1 T
o) 1) |102) )3)
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The Deutsch-Jozsa algorithm

tho) = |0)®"[1)

T 0)—|1
1) = Daefoy \|/2Ln(| >\/§| ')

—1) @) |z) 10y —|1
o) = er{o,1}n ( z/z_nl >(| >\/§| >)

Phase kickback: have the function value f(x) show up in the global phase

by applying a unitary transform on the target qubit in superposition.

For 2 = 0 or = 1 we have H|z) = > _(—1)%?|z)/+/2, thus

—1 T121+...Tn2n P TR
H®n|l’1,...,$n> _ Zzl,...,zn( ) ‘ IRIRERD n>

Write it succinctly,

H®"|z) =
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where x - z is the bitwise inner product of x and z, modulo 2.

0) — |1
0s) ZZ \>ﬂ!>

)% z+f(w)’ )

( )

o If [ is constant: the amplitude for [0)®™ is +1, all other amplitudes
must be zero.

e If f is balanced: the positive and negative contributions to the

amplitude for |0)®™ cancel, leaving amplitude zero.

In summary, a measurement of all 0s means f is constant; otherwise it is
balanced.
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The Bernstein-Vazirani Algorithm

The Bernstein-Vazirani Problem: Suppose there is a black-box function
f:{0,1}"™ — {0,1}, as in the Deutsch-Jozsa problem. Instead of being
balanced or constant, it is guaranteed to return the dot product with some
string s, i.e. fs(x) =s-x (mod 2). The problem is to find such s.

Classically, we can reveal s by querying with the inputs
100...0,010...0,001...0, ...,000...1, i.e. to call f, exactly n times.

0) #Hgyn 1z T Hen | —
Uy
1) —H—v vof()

) T ) T
Vo) |11) |12) |13)
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The Bernstein-Vazirani Algorithm

Use the same quantum circuit as in the Deutsch—Jozsa algorithm,

o Z Z (=D Z+”|> I(()>|O>\|1f>|1>)
- .Y, 2) (10l

The amplitude of any computational basis state |z) is

(—1)* z+fs($)| )

(_1>x-z—|—s-x

Ax = Y

xe{0,1}"

That is, we will get state |s) with 100% probability.
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Simon’s Problem

Suppose there is an unknown black-box function f, which is guaranteed to
be either one-to-one or two-to-one. For example,

e one-to-one: f(i) =i fori e {1,2,3.4}
e two-to-one: f(1)= f(3) =1, f(2)=f(4) =2

When the function is two-to-one, then there is a secret string s such that
f(x1) = f(xo) iff 1 ® 29 = s. The string s = 000... represents the

one-to-one function f.
The aim is to determine if f is one-to-one or two-to-one by finding string s.

Classically, we have to query f up to 2"~ ! + 1 inputs, where n is the
number of bits in the inputs.
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Simon’s algorithm

f (X))

n
10) ~— H®n
—— m
0) \\ |0)"
o) 1)
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Simon’s algorithm

o) = [0)¥"[0)""

b = o Yoy 00}

b = Ul = G Taegoay- 1917 (0)

hz) = HO"|ihy) = 5 on 26{0,1}ner{0,1}n(_1)x'z‘z>|f($)>

o If f is one-to-one, measuring the target qubits and observe |f(x)) will
get only one corresponding x. For each input |z) state, the amplitude

is A( ) = 5775 given that the target |f(x)) is observed. The probability
is 5 for all 2z, a uniform distribution over the input states |z).

e If f is two-to-one, measuring the target qubits and observe |c) would
crresponds to two values x1, o with f(z1) = f(x2) = ¢. The amplitude

of each input state |z) is A(z) = 27}_2“ [(=1)"r % 4+ (=1)%==].
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If A(z) # 0 then

(—1)*r* = (—1)*2~ = T1-2==Tg-2

s z=(x1Px3) - 2=x1-2Bx3-2=x1-2Dx1-2=0 (Mmod 2)

Measure the input qubits and observe n different z values to find string

S:
s-z7z = 0
S-z9 = 0
S-z, = 0

The n equations can be solved by Gaussian elimination.
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Superdense coding

Superdense coding aims to send two classical bits using just a single qubit

of communication.

X0 2

X] »

q0 H ’ X 7 ’ H S ———2
q1 b P A= VI
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(Tow1Y0y1,[00)) AN (%, %m» oNoT, (%, %
X, (x, X2 |00>\J/r§|11>) Cz, (%, ZZ0 X |00>\}L§|11>)
( (00yoy1, |Oo>j§|11>) if to =21 =0
) (O1yoyy, PR i = 0,20 =1
= (10yoy1, |OO>\;§|11>) ifzg=1,21 =0
\ (11yoys, |1O>\;§|01>) ifxg=21 =1
( (00y0y1, |00>j§|10>) ( (00yoy1,|00))
CNOT < (01yoy1, |11>\}L§|Ol>) H, ) (01yoy1,|01))
(10yoys, P2 (10yoys,10))
| (Myoys, |11>\;§|Ol>) | (11yoys,[11))
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Qsimulation

Qsimulation is a tool for simulating quantum computation on classical

computers.

:'EI.

Filer Rum Help

SIERICI JOIOL:

Initialization Step:19 editor
o t 3;
Init ass 0 |q0>—-8 — B }C{l:ezigl;um a
X L[v] -, - s Xa[ll
Unary Gates ! la1 H a[2]:
2 lg2s4————H - —TD— — T - —TD— T - H CNOT al1] a[2];
X Y Z S TC af2];
CNOT a[0] a[2];
Tal2]);
- ! ™ . CNOT a[1] a[2];
. TD al2]:
Binary Gates CMOT a[0] a[2];
TD a[1];
o cnotc k -
cnot [ S : “ current state : (1.0000)[111:= Ldal[zz]]l-
User-defined CNOT a[0] a[1];
TD a[l];
) G CNOT af0] a[1];
T alo];
Measurements S afl]
MO M1 M2
Classical Control
Qo
Console
https://github.com/coconutoe/quantum see also QQiskit nttps://qiskit.org
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Mathematical Foundations.
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Vector spaces

A(complex) vector space is a nonempty set H with two operations:
e vector addition + : H X H — H
e scalar multiplication - : C x H — H
satisfying the following conditions:
1. + is commutative: |u) + |v) = |v) + |u);
2. + is associative: |u) + (|v) + |w)) = (|u) + |v)) + |w);
+ has the zero element 0, called the zero vector, such that 0+ |[v) = |v);
each |v) € H has its negative vector |v) such that |v) + (—|v)) = 0;
Lv) = [v);
a(Blv)) = (af)|v);
(a+ B)|v) = alv) + Blv);
alu) + |v) = alu) + alv).

© NS Ot W
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Inner product spaces

An inner product space is a vector space H equipped with an inner

product:
(|V:HxH—=C

satisfying the conditions:
1. (ulu) > 0 with equality if and only if |u) = 0;

- A{ulv) = (v|w)*;

2
3. (ulav + pw) = alul|v) + B{u|w).

o If (u|v) =0, then |u) and |v) are orthogonal, written |u)_L |v).
e The length of a vector |v) € H is |||v)|| = /(v|v).

e A vector |v) is a unit vector if |||v)|| = 1.

48
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Hilbert spaces

Let {|v,)} be a sequence of vectors in an inner product space H and

v) € H.
1. If for any ¢ > 0, there exists a positive interger N such that
|vm) — |vn)|| < € for all m,n > N, then {|v,)} is a Cauchy sequence.

2. If for any € > 0, there exists a positive interger /N such that
||v,) — |0)]| < € for all n > N, then |v) is a limit of {|v, }, written

v) = limy, 00 |Un)-

A Hilbert space is a complete inner product space, i.e., an inner product
space where each Cauchy sequence of vectors has a limit.
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Linear independence of vectors

e A set of vectors {|v1), |va), ..., |v,) } in H is linearly independent if
c1|v1) + colva) + ... + ¢ |v,) = 0 only when all the coefficients ¢; are

Z€T0.

o If a set of n vectors {|vy),|v2), ..., |v,)} in C™ is linearly independent,

the vectors span the entire n-dimensional vector space.

o A set of vectors {|v1),|v2), ..., |v,)} in H is orthogonal if |v;) L|v;) when
1 F .

e An orthogonal set of vectors are linear independent, but the converse

is not necessarily true.
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Basis

A basis B of a vector space H is a linearly independent subset of H that
spans 7. That is,

e (the linear independence property) for every finite subset of vectors
{lv1), |v2), ..., [vn) } of B, if ¢1|v1) + ... + ¢n|vn) = 0 then all the

coefficients c; are zero.

e (the spanning property) for every vector |v) in H, there are
C1,C2, ..., Cp € Cand |vy), |v2), ..., |v,) € B such that
) = c1|vr) + ..o F enlvn).

Introduction to Quantum Computing Y. Deng@QECNU 51



Orthonormal basis

e An orthonormal basis B of H is a basis of H such that B is an

orthogonal set of unit vectors.

e The number of vectors in any two orthonormal bases are the same. It

is called the dimension of H.

e Suppose the dimension of H is n and there is a fixed orthonormal basis
{|v1), ..., |vn)}, then a vector |v) = > | ¢;|v;) € H is represented by
the vector in C":

C1
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Closed subspace

Let H be a Hilbert space.

e If V C H, and for any |u), |v) € V and ¢ € C.
— |lu)+|v) eV
—clv) eV
then V is called a subspace of H.

e For any V C H, its closure V is the set of limits lim,, .. |v,,) of
sequences {|v,)} in V.

e A subspace V of H is closed if V = V.
e For any set VV C H, the space spanned by V' is written

span X = {Z cilvi) | n>0,c;, e Cand |v;) e V(i=1,....,n)}
i=1
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e span V is the closed subspace generated by V.

e For any U,V C H, U and V are orthogonal, written U LV, if |u) L |v)
for all |u) € U, |v) € V.

e The orthocomplement of a closed subspace V' of H is

VE={ju) e H | |u) LV}
e The orthocomplement V- is a closed subspace of H, (V) = V.

e Let U,V be two subspaces of H. Then

UdV ={|u)+|v) | |lu) € U and |v) € V'}.
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Tensor product of Hilber spaces

o Let 7; be a Hilbert spaces with {|v;;,)} as an orthonormal basis for

1=1,...,n.

e Write B for the set of elements in the form:

0115 oo [ Vnjn) = [Y151) @ oo @ g,

e The tensor product of H; + = 1, ....n is the Hilbert space with B as an

orthonormal basis:

®”Hi = span B.
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Linear operators

Let H and K be Hilbert spaces. A mapping A : H — K is a linear operator
if it satisfies the conditions:

1. A(lu) + |v)) = Alu) + Alv)
2. A(clv)) = cAlv)

Examples:
e Identity operator maps every vector in H to itself, denoted by 4.

e Zero operator maps every vector in # to the zero vector, denoted by
0.

e For vectors |u), |v) € H, their outer product is the linear operator in H
with

(lu) (v))w) = (v|w)|u).
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Projections

e Let V be a closed subspace of H and |v) € H. Then there exists unique
lvg) € V and |vy) € V+ such that

[v) = [vo) + [v1).

e Vector |vg) is called the projection of |v) onto V, |vg) = Py |v).

e For closed subspace V' of H, the operator
Py :H—V, lv) — Py |v)

is the projector onto V.
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Linear operator in terms of outer product

e We can define a linear operator A from a vector space V to W as
lw) (v|, where |v) € V| |w) € W.

e For any vector |v') € W,

Al') = w) (v]v") = (v]v)|w)

e The action of A is to take [v") to the scaled version of |w) € W. The
scaling is based on how much overlap |v") has with |v).

e In general, if |v;) € V and |w;) € W are chosen to be be linearly
independent. Let B = ) . |w;)(v;|. Then

Blo') = ) fwi){vilv’) = ) (vilv)|wi)

7 )

The term (v;|v’) denotes the overlap of |v') with each of the |v;).
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Pauli operators

co=I=| °| =000+ )]
_0 1_

o=x= [0 = o+ o
_1 O_

o=y = | | =iyl - ilo)
_Z O_

=x=| | =0 -
_O _1_
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Bounded operators

e An operator A is bounded if there is a constant ¢ > 0 such that
AJv)[| < e [|Jv)]]
for all |v) € H.
e The norm of A is

|A[| = inf{c > 0 [ [[AJv}[| < ¢ |[[v)]| for all |v) € H}

e L(H) stands for the set of bounded operators in H.
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Introduction to Quantum Computing

Operations of operators

(A+ B)|v) = Alv)+ Blv)
(cA)|v) = c(Alv))
(BAN) = B(A))
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Lowner order

e An operator A € L(H) is positive if for all states |v) € H,

(v|Alv) > 0.

e Lowner order: A C B if and only if B — A is positive.

e Distance between operators

d(A, B) = up | Afv) = Blv)|
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Matrix representation of operators

e Let the dimension of H is n, fix an orthonormal basis {|v1), ..., |v,)}.
An operator on H can be represented by the n x n complex matrix

—&11 a,ln_
A=
| An1 . Ann |
where a;; = (v;|Alv;).
o If |u) => 1" | «;|v;), then
_041_ _51_
Alvy=A| ... | =

an| | Bn]

where 3; = > 7| ajjo.
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Eigenvectors

e An eigenvector of an operator A is a non-zero vector [¢)) € H such that
Aly) = M) for some A € C = (A — AI)|v) = 0. If |v) # 0 then
det(A — M) = 0.

e )\ is called the eigenvalue of A corresponding to |v).

e The set of eigenvalues of A is called the spectrum of A and denoted by
spec(A).

e For each eigenvalue \ € spec(A), the set

) e HIA[Y) = Alp);

is a closed subspace of H and called the eigenspace of A corresponding
to .

e the eigenspaces corresponding to different eigenvalues A\ % Ay are
orthogonal.
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Diagonal representation

e If the eigenvectors of the operator A denoted by |k) are orthonormal

and their corresponding eigenvalues are Ay, then
A= Z Ak |k) (K|
k

which is called a diagonal representation of the operator A.

e Take the Pauli matrix X. From det(X — Al) = 0 we obtain two

eigenvalues \{ = 1, Ay = —1. The corresponding eigenvectors are
T T
_ |1 1 _ |1 1 :

each other. The matrix X itself is not diagonal; however, it can be

represented as the diagonal matrix wrt the basis vectors |A1) and |\s).
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Adjoint of an operator

e For any operator A € L(H), there exists a unique operator A" such
that

(Alu), [v)) = (lu), AT[v)).

e Operator AT is called the adjoint of A.
o If A= (Cl,z'j>n><n then AT = (bij)an with bij = CL;kZ

e For two operators A, B, (AB)! = BTAT
° (AT)T = A
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Normal operators

e An operator A is normal if it commutes with its adjoint AT, i.e.,

AAT = ATA.

e Normal operators admit a spectral decomposition:

A= Alk) (K

where \; stands for the eigenvalue corresponding to the eigenvector |k).
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Example

e The matrix representation of the Hadamard operator is

1 1
H= has eigenvalues A\ = 1, Ay = —1. The corresponding
e R
i _ - S
eigenvectors are |\) = 4_12\/5 and |\y) = 47?\/5
| V2v2 | L V2v2

e Verify that
A AL (A ] + A2|A2) (Az| = H
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Hermitian operators

e An operator M € L£(H) is Hermitian if it is self-adjoint: MT = M. In
physics, a Hermitian operator is called an observable.

e If a Hermitian operator is not a degenerate i.e. each eigenvalue
corresponds to only one eigenvector, its eigenvectors are orthogonal to
each other.

e An operator P is a projector: P = Py for some closed subspace V' of
H, if and only if P is Hermitian and P? = P.

e All eigenvalues of an observable (i.e. a Hermitian operator) M are real

M = Z APy,

AEspec(M)

numbers.

where P, is the projector onto the eigenspace corresponding to A.
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Unitary transformation

e An operator U € L(H) is unitary if UTU = UUT = Iy.
e All unitary transformations preserve inner product:

(Ulu), Ulv)) = (ulv).

e If the dimension of H is n, then a unitary operator is represented by
an n X n unitary matrix U with UTU = I,,.

Linear Operators

Unitary

!

| =a= f
Hermitian |

| Operators |

Operators |

\ Y.
— - //
Normal Operators
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Trace of linear operators

The trace of a linear operator is the sum of its diagonal entries.
e The sum of the eigenvalues of a linear operator equals its trace.
o tr(AB) =tr(BA)
o ir(A+ B)=1tr(A) +tr(B)
e For a linear operator A and a scalar ¢ € C, tr(cA) = ¢ x tr(A)

e The trace of a linear operator is invariant to a unitary similarity
transform, tr(UAUT) = tr(A)
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Tensor product of operators
o Let A; € L(H;) for i =1,...,n. Their tensor product
®?:1 Az = Al X ... ® An ~ £<®:L:1 H@)

(Al ... & An)hbla eey ¢n> — A1‘¢1> ® ... & An|¢n>

e The tensor product of two matrices

CLllB alnB
A® B =

amiB ... amn.DB

o (A® B)* = A*® B*
o (A B)l' = AT @ BT
e (AR B)' = AT @ B
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Functions of normal operators

e A normal operator has a spectral decomposition A = > . A;|7) (7|, where

\; represents the eigenvalues and |i) the corresponding eigenvectors.

e A function f on A can be defined as f(A) = ). f(\i)]7)(¢]
) (]
e Alternatively, if A is not normal, we use the exponential expansion

A A)?
exp(cA) =1+ cA+ (62) + <03|) + ..

e Example: exp(cA) =, e

o If Ais normal, (cA)k Z( ) %) (¢| and
exp(cA) =i =)= 25 e

M) (il
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Commutator and anti-commutator operators

e The commutator of two linear operators M, N is

[M,N]=MN — NM

e The anti-commutator of two linear operators M, IV is

{M,N} = MN + NM

M,N|+{M,N}
2

MN:[
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Postulates of Quantum Mechanics'
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Postulate 1: Quantum state

e The state space of a closed quantum system is represented by a Hilbert

space.

e A pure state of the system is described by a unit vector in its state

space.

e Example: 2-dimensional Hilbert space

Hy = C* = {a|0) + B|1) | o, B € C}.

0)+]1) 1 |1 |+>:\o>—|1>: 1|1
V2 V2 1] V2 V2 | -1

+) =
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Example: Square summable sequences

e The space of square summable sequences:

Hoo =1 Z an|n) | a, € C for all n € Z and Z o, |? < o0}

n=—oo nN=—oo

e Inner product:

( Z an|n), Z Bnln)) = Z o, B

n=——oo n=—oo n=—oo

e {|n)|n € Z} is an orthonormal basis, H ., is infinite-dimensional.
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Postulate 2: Quantum evoluation

e Suppose that the states of a closed quantum system at times ¢y and ¢
are |1g) and [11), respectively. Then there is a unitary operator U
such that

1) = Ultbo)

Introduction to Quantum Computing Y. Deng@QECNU 78



Schrodinger’s equation

e The quantum state of a closed system evolves according to
Schrodinger’s equation

ih d[(t))
2w dt

where h is the Plank’s constant and H is the Hamiltonian of the closed

= H]1(t))

quantum system.

e The Hamiltonian is a Hermitian operator and hence has a spectral
decomposition

H = Ey|Ey)(Ex
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e The solution to Schrodinger’s equation is

—i27 H(t—tg)

V() =e 7 [¥(to)

. —i2mH(t—tg) | .
e The expression U(t,ty) = e D is the unitary operator

e If the spectral decomposition of the Hamiltonian operator is
H =) . LE;|E;)(E;|, then the spectral decomposition of U (¢, 1) is

—i27 H(t—1t()
Ult,to) =Y e = |E) (Bl
k
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Example: Hadamard transformation

T L
V2 11
H|0)=H Hoo ! = |+)
ol V2|1
0 1
Hl)=H | | =% = |-)
1 V2

Introduction to Quantum Computing Y. Deng@QECNU

81



Example: Translation

e Let k be an integer. The k-translation operator 7}, in H., is defined by
Tk|n) = In+ k)
for all n € Z.

e 7" ; and 77 move a particle on the line one position to the left and to

the right, respectively.
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Postulate 3: Quantum measurement

e A quantum measurement on a system with state Hilbert space H is
described by a collection {M,,} C L(H) of measurement operators
satisfying the completeness equation: ) M M,, = Iy

e The index m stands for the measurement outcomes that may occur in

the experiment.

e If the state of a quantum system is |¢/) immediately before the

measurement, then for each m,

— the probability that result m occurs in the measurement is

p(m) = || My |¢)||* = (| M}, My,|)  Born rule

— the state of the system after the measurement with outcome m is
_ Mnlp)

[om) = S
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Completeness equation

e The completeness equation comes from the fact that the sum of the
probabilities pertaining to the different measurement operators should

sum to 1.

> mb(m) =1
= > (m[M} M, |m) =1
= (m| Y, M}, My, |m) =1

The last equation holds only if >~ M} M,, = Iy
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Example

e The measurement of a qubit in the computational basis:

Mo = 10)(0], My = [1){1].

e If the qubit was in state |1)) = a|0) 4+ §|1) before the measurement,
then

— the probability of obtaining outcome 0 is

p(0) = (Y[ Mg Mo|v)) = (| Mo|e)) = |af’,
Mole) — 10y,

v/p(0)
— the probability of outcome 1 is p(1) = |3|?, the state after the

measurement is |1).

the state of the system after the measurement is
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Projective measurements

e An observable M defines a measurement { Py | A € spec(M)}, called a

projective measurement.

e Upon measuring a system in state [¢), the probability of obtaining

result A
p(A) = (Y| Pr|Y)

the state of the system after the measurement is

Py|v)
p(A)

e The expectation, i.e. average value, of M in state [v) is

(M)y= > p\)- A= (W|M)).

AEspec(M)

Introduction to Quantum Computing Y. Deng@QECNU 86



General Heisenberg uncertainty principle

e The standard deviation AM of M in state [i):

(AM)? = (M?)y — (M)

e For two measurement operators M and NV, the standard deviation of

their outcomes follows the relation

1
AMAN = 3|4, Nl |

See P. 71-74 of S. Pattanayak’s book for a detailed proof.
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Postulate 4: Composite quantum systems

The state space of a composite quantum system is the tensor product of

the state spaces of its components.

e Suppose S is a quantum system composed by subsystems 51, ..., 5,
with state Hilbert space Hq, ..., H,,.

o If for each 1 <1 < mn, S; is in state ;) € H,;, then S is in the product
state |11, ..., 10,).

e A state of the composite system is entangled if it is not a product of

states of its component systems.
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Examples

e The state space of the system of n qubits

HE™ = C?" = { Z a|x) | a, € C for all z € {0,1}"}.

xe{0,1}n

e A two-qubit system can be in a product state like |00), |0)|+).

e It may also be in an entangled state like the Bell states or the EPR
(Einstein-Podolsky-Rosen) pairs.

Boo) =
B10) =

(100) +[11)), |Bo1) =
(100) = [11)), |P11) =

(101) +110))
(101) = 110)).

NS
NS
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Implementing a general measurement by a projective measurement

o Let M = {M,,} be a quantum measurement in Hilbert space .

e Introduce a new Hilbert space H,; = span {|m)} used to record the

possible outcomes of M.

e Choose a fixed state |0) € Hys. Define unitary operator in H ;s @ M:

m (10)]1)) Z|m [4)

e Define a projective measurement M = {|m){(m|® Iy} in Hy @ H.

Introduction to Quantum Computing Y. DengQECNU 90



Implementing a general measurement by a projective measurement

e Then M is realized by the projective measurement M together with
the unitary operator Uj,.
e For any pure state [¢) € H,

— When we perform measurement M on |¢)), the probability of
outcome m is denoted by pas(m), the post-measurement state
corresponding to m is |1;,).

— When we perform measurement M on [¢) = Uy (|0)|1))), the
probability of outcome m is denoted by py7(m), the
post-measurement state corresponding to m is |10, ).

e For each m, we have

pzr(m) = pu(m)
V) = |m)|m)
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Ensembles

e The state of a quantum system is not completely known: it is in one of

a number of pure states [v;), with respective probabilities p;, where
Vi) € H, p; > 0 for each 7, > . p; = 1.

e We call {(|¢);),p;)} an ensemble of pure states or a mixed state

e It can be represented by the density operator

p = Zpi\¢i><¢i|

e A pure state [¢)) may be seen as a special mixed state {(|¢),1)}. Its
density operator is p = [1) (1.
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Density operators

e The trace tr(A) of operator A € L(H):

tr(A) = ZWJA\%)

(

where {|1;)} is an orthonormal basis of H.
e A density operator p is a positive operator with tr(p) = 1.

e The operator p defined by any ensemble {(|¢;),p;)} is a density
operator. Conversely, any density operator p is defined by an (but

unnecessarily unique) ensemble {(|1;), p;)}-
o If p is a pure state, tr(p?) = 1; if it is a mixed state, tr(p?) < 1.

e The density operator of n quantum systems with density operators
P1, ..., P, can be expressed as p = p1 @ ... X py,.
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Postulates of quantum mechanics in the language of density operators

e A closed quantum system from time ¢y to ¢ is described by unitary
operator U depending on ¢y and t: [)) = Ulty).

e If the system is in mixed state pg, p at times ¢y and ¢, respectively,
then p = UpoUT.

e If the state of a quantum system was p before measurement M, is

performed, then the probability that result m occurs is
p(m) = tr(M, My.p)

and the system after the measurement is

M, pM],
p(m)

Pm —
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Reduced density operators

e We often need to characterize the state of a subsystem of a quantum
system.

e It is possible that a composite system is in a pure state, but some of
its subssystems must be seen as in a mixed state.

e Let S and 7' be quantum systems whose state Hilbert spaces are Hg
and Hr, respectively.

e The partial trace over system 7

trr : L(Hg ® HT) — ,C(Hs)
trr(|v) (@] @ 10)(&]) = (£16) - [¢) (9]

e Let p be a density operator in Hg ® Hp. Its reduced density operator
for system S: ps = tro(p).
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The Bell state
e The density operator of the Bell state |¢)) = %(\O@ + |11)) is
1
pap = 5(]00)(00] + [11)(00] + [00) {11] + [11)(11])

® pa =tre(pap) =
2(10)(0[{0]0) + [1)(0[{O[1) + [0)(1|{1]0) + [1)(L|(1]1)) = £
o ir(p%) =tr(4)=1<1

e Thus qubit A is in the mixed state, so is qubit B. The joint state of the
two qubits is in a pure state, while the individual qubits are in a mixed
state!
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Super-operators

e Unitary transformations are suited to describe the dynamics of closed

quantum systems.

e For open quantum systems that interact with the outside environment,

we need a general notion of quantum operation.
e A linear operator in vector space L(#H) is called a super-operator in H.

e Let H and /IC be Hilbert spaces. For any super-operators & in ‘H and F
in /C, their tensor product & ® F is the super-operator in H ® IC: for

each C =) . o;(A; ®B;), A; € L(H), B; € L(K),

(E@F)C) = Z%(é’(flz') ® F(Bi))
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Quantum operations

e A quantum operation in a Hilbert space H is a super-operator in H
satisfying:
1. tr(&E(p)) < tr(p) = 1 for each density operator p in H;

2. (Complete positivity) For any extra Hilbert space Hg, (Zr ® £)(A)
is positive provided A is a positive operator on Hp ® H, where Zg
is the identity operator in L(HRg).

3. Let the states of a system at times ¢y and ¢ are py and p,
respectively. Then they must be related to each other by a
super-operator £ depending only on the times ¢y and t:

p=E(po)
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Examples

e Let U be a unitary transformation in a Hilbert space 7. Define
E(p) = UpUT for every density operator p. Then &£ is a quantum
operation.

e Let M ={M,,} be a quantum measurement in .

1. For each m, if for any system state p before measurement, define
Em(p) = Pmpm = M,,pM! where p,, is the probability of outcome
m and p,, is the post-measurement state corresponding to m, then

Em 18 a quantum operation.

2. For any system p before measurement, the post-measurement state
1S

E(p) =) Emlp) =  MupM,

whenever the measurement outcomes are ignored. Then £ is a

quantum operation.
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Kraus Theorem

The following statements are equivalent:
1. £ is a quantum operation in a Hilbert space H;

2. (System-environment model) There is an environment system E with
state Hilbert space H g, and a unitary transformation U in Hg ® H
and a projector P onto some closed subspace of Hr ® H such that

E(p) = trp[PU(|eo)(eo| @ p)UTP]
for all density operator p in H, where |eg) is a fixed state in Hp;

3. (Krause operator-sum representation) There exists a finite or countably
infinite set of operators {£;} in H such that ) . E'E;C I and

E(p) =) _ EipE]

for all density operators p in H. We write £ = ) . IJ; o Ej :
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Quantum Circuits I
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Single qubit gates

Some common single qubit gates

1 |1 1
Hadamard — gy ﬁ [1 _1}
Pauli-X vy |- [(1) (1)}
Pauli-Y [y |— [? 0-@ _
Pauli-Z 7= [(1) _01 |
Phase — 9 |— [(1) ﬂ
/8 ? — [ (1) eig /4 }
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Rotation operators

Rotation operators about the z, y and z axes.

: 6 0 0  _jsnt
R.(0) = e /% = cos EI —isin =X = [ 1 381%3 ]

2 —1 sin% CoS 3
, 0 0 [ cos? —sind
_ ey Ve U 2 2
R(0)=e oS 2] 7 sin 2Y | sin% cos% ]
. 0 0 oW/ )
_ ez O L U |
R.,(0)=e¢e oS 2] 7 s1n ZZ 0 if/2 ]

Introduction to Quantum Computing Y. Deng@QECNU 103



Controlled gates

e A controlled-U operation: |c)|t) — |c)U°|t)

T

e Toffoli gate

S

—

ARE
|
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Introduction to Quantum Computing

Circuit equivalence

D

1 0
0 e

L/
e’ ()
|l 0 e
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Universal gate sets

e Single qubit and CNOT gates can be used to implement an arbitrary
unitary operation on n qubits, and therefore are universal for quantum

computation.
e The standard set of universal gates: {H,S,T, CNOT'}
e Another universal gate set: {H,S, CNOT, Toffoli}

e Approximating arbitrary unitary gates is generically hard: an
arbitrary unitary operation U on n qubits may be approximated to

within a distance € using O(n?4™ log®(n?4" /¢)) gates.
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Principle of deferred measurement

e Principle of deferred measurement: Measurements can always be
moved from an intermediate stage of a quantum circuit to the end of
the circuit; if the measurement results are used at any stage of the
circuit then the classically controlled operations can be replaced by

conditional quantum operations.

e Teleportation with measurements at the end:

) é| 1
l g

| 500) - T
X7 |4)
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Quantum Programming'
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Syntax of a purely quantum language

1. Assume a countably infinite set ¢V ar of quantum variables, ranged

over by q,q’, qo etc.
2. Each quantum variable ¢ € ¢V ar has a type #, (a Hilbert space).

3. For simplicity, we consider two basic types:

Bool = HQ, Int = H

4. A quantum register is a finite sequence ¢ = 14, ..., q,, of quantum

variables. Its state Hilbert space:

/Hﬁ - ® qu‘
1=1
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Syntax of a purely quantum language

S n= skip|q:=10) [ U[g] | S1; 52
if (Om - M[g) = m — Si)
| while M[g] = 1 do S
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Notations
e A positive operator p is a partial density operator if tr(p) < 1.
e Write D(H) for the set of partial density operators in H.

e Write H,;; for the tensor product of the state Hilbert space of all

quantum variables: H,i; = QqeqvarHg

o Let g =q1,...,q, be a quantum register. An operator in the state
Hilbert space Hg has a cylindrical extension A ® I in H,;.

e Write nil for the empty program, i.e., successful termination.

e A configuration is a pair (9, p), where
1. S is a quantum program or nil;

2. p € D(Hyy) denotes the (global) state of quantum variables.

e Transition between quantum configurations: (S, p) — (S, p’)
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Operational semantics

(skip, p) — (nil, p)

(q :=10), p) — (nil, p’)

10)4€0]p[0) (0] + [0)4(1]p|1)4(0[ if type(q) = Bool

where p’ =
D =0 10)(n]p[12) ¢ (O] if type(q) = Int

(U[gl, p) — (nil,UpUT)

(S1,p) — (51,p) (52, p) — (53,p)
(51552, p) = (51; 52, p') (nil; 3, p) = (53, p")
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Operational semantics

(if (Om - M[g] =m — Si), p) — (Sm, MmpM],)

for each possible outcome m of measurement M = {M,,}

(while M[g] =1 do S, p) — (nil, MypM)

(while M[g] =1 do S, p) — (S; (while M[g] =1 do S), My pM/)
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Computation

Let S be a quantum program and p € D(H;).

1. A transition sequence of S starting in p is a finite or infinite sequence

of configurations
(S, p) = (S1,p1) = ... = (Sn,pn) — ...

such that p,, # 0 for all n except for the last n if the sequence is finite.
2. If a sequence cannot be extended, then it is a computation of S
starting in p.

e If a computation is finite with the last configuration (nil, p"), then

it terminates in p’.

e If it is infinite, then it diverges.
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Denotational semantics

1. If a configuration (S5’, p") can be reached from (S, p) in n steps, then
we write (S, p) =" (5, p).

2. Write —™* for the reflexive and transitive closure of —.

3. Let S be a quantum program. Its semantic function

[[S]] : D(Hau) — D(Hau)
[ST(p) = 2_A1p" | (S, p) =™ (mil, p')|}
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Structural definition

1. [skip](p) = p
2. If type(q) = Bool, then

lg := 10)](p) = 10)¢(01p[0)¢ (0] + [0)4(1]p[1)4(0]

3. If type(q) = Int, then

[g:=10))(p) = D 10)(nlp|n)4{0]
4. [U@l(p) = UpUT

5. [51552](p) = [S2]([S1] ()
6. [if (Om - Mgl =m — Sw)(p) = 22, [Sm] (M p M)

m
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Basic lattice theory

1. A partial order is a pair (X, C), where X is a nonempty set and C is a
binary relation on X satisfying
e Reflexivity: « C z for all x € X;
e Antisymmetry: x C y and y C o imply z = y for all x,y € X;
e Transitivity: x C y and y C z imply « C z for all z,y,z € X.

2. Let (X,C) be a partial order.
e An element x € X is the least element of X if x C y for all y € X.
The least element is denoted by 0.
e An element x € X is an upper bound of a subset ¥ C X if y C
for all y € Y.
e 1 is the least upper bound of V', written x = | | X if

— x is an upper bound of Y
— for any upper bound 2’ of Y, x C 2.
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Basic lattice theory

1. A complete partial order (CPO) is a partial order (X, C) if for any

increasing sequence {x,, }

Lo ELEl C ...

its least upper bound | |~ z,, exists. A CPO with bottom is a CPO
with a least element.

2. Let (X,C) be a CPO. A function f on X is continuous if

for any increasing sequence {x, } in X.
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Knaster-Tarski Theorem

Let (X,C) be a CPO with bottom and function f : X — X is continuous.
Then f has the least fixed point

pf=| | 0

where Y =0 and f"*'(0) = f(f™(0)) for n > 0.
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Domain of quantum operations

e Domain of partial density operators: (D(H),C) is a CPO with the zero
operator 0 as its least element.

e Domain of quantum operations:

— Each quantum operation in a Hilbert space H is a continuous
function on (D(H),C).

— Write QO(H) for the set of quantum operations in Hilbert space H.

— The Loner order between operators induces a partial order between
quantum operations: for any £, F € QO(H),

ECF & E(p) T F(p) forall pe D(H)

e (QO(H),C) is a CPO.
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Syntactic approximation

e abort denotes a quantum program such that

[abort](p) = 04, for all p € D(H)

e Consider a quantum loop

While = while M[g]=1do S.

e For any integer k > 0, the k-th syntactic approximation while® of

while:
whiled — abort

while**tt = if (M[q] = 0 — skip
O M[q] =1 — S;while”)
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Denotation of loops

e Semantic function of loops:

oo

[while] = |_| [while®],

k=0

where | | stands for the supremum of a sequence of quantum operations

in the CPO (QO(Han),C).

e For any p € D(Hay):

[while)(p) = MopM; + [while)([S](MypM])).
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Termination probabilities

e For any quantum program S and all partial density operators
p € D(Han),

tr([S](p)) < tr(p).

o tr([S](p)) is the probability that program S terminates when starting
in state p.
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Quantum predicates

A quantum predicate should be a physical observable.

A quantum predicate in a Hilbert space H is a Hermitian operator M
in H with all its eigenvalues lying within the unit interval |0, 1].

The set of predicates in H is denoted P(H).

Satisfaction of quantum predicates: tr(Mp) may be interpreted as the

degree to which quantum state p satisfies quantum predicate M.
Let M be a Hermitian operator in H. The following statements are
equivalent:

1. M € P(H) is a quantum predicate

2. Oy E M C Iy

3. 0 <tr(Mp) <1 for all density operators p € H
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Quantum predicates

Lemma For any observables M, N, the following two statements are

equivalent:

1. MCN

2. tr(Mp) < tr(Np) for all density operators p € H

Lemma The set P(H),C of quantum predicates with the Lowner partial
order is a CPO.
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Quantum preconditions

e Let M, N € P(H) be quantum predicates, £ € QO(H) a quantum
operation. Then M is a precondition of N w.r.t. &£, written { M }E{N},
if

tr(Mp) < tr(NE(p))
for all density operators p € H.

e Intuition: a probabilistic version of implication relation — if state p
satisfies predicate M, then the state after transformation £ from p
satisfies predicate V.
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Quantum weakest preconditions

Let M € P(H) be a quantum predicate, £ € QO(H) a quantum operation.
The weakest precondition of M w.r.t. £ is a quantum predicate wp(E)(M)
satisfying

L {wp(E)(M)}E{M}
2. for all quantum predicates N, {N}E{M } implies N C wp(E)(M).
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Characterisation of quantum weakest preconditions

Using Kraus operators:

Let £ € QO(H) be represented by the set {E;} of operators
E(p) = EipE]
Then for each predicate M € P(H):

wp(€)(M) =) E/ME;.
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Characterisation of quantum weakest preconditions

Using system-environment model:

If quantum operation £ is given by
E(p) = tre(PU(leo) (el @ p)UTP)

then
wp(E)(M) = (eg|UTP(M @ Ig)PU|eq)
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Schrodinger-Heisenberg duality

e Denotationally, a quantum program is a forward state transformer &:

E : D(H)— D(H),
p— E(p) for each p € D(H)

e A weakest precondition defines a backward quantum predicate

transformer:

wp(€) : P(H) = PH,
M — wp(E)(M) for each M € P(H)
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Schrodinger-Heisenberg duality

Let £ be a quantum operation mapping density operators to themselves,
E* an operator mapping Hermitian operators to themselves. If for each

density operator p, Hermitian operator M,
(Duality) tr(ME(p)) = tr(EX(M)p)

then £ and £* are (Schrédinger-Heisenberg dual).

p FE EY(M)
£l +E*
Ep) E M

Any quantum operation £ € QO(H) and its weakest precondition wp(€)

are dual to each other.
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Basic properties of quantum weakest preconditions

Let A >0, &, F € QO(H), let {£,,} be an increasing sequence in QO(H).
(€

L. wp(A-&) =X wp(E) provided A - E € QO(H);
2. wp(E€+ F) =wp(&)+ p(F) provided £ + F € QO(H);

3. wp(€ o F) = wp(F) owp(E);
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Floyd-Hoare logic

A correctness formulas is a statement of the form

{P}5{Q}
where
e S is a quantum program
o P, € P(Hay) are quantum predicates in H,y;

e P is called the precondition, () the postcondition.
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Partial and total correctness

e Partial correctness: If a state satisfies precondition P, by executing S,
either the program does not terminate, or it terminates in a state
satisfying the postcondition ().

e Total correctness: If a state satisfies precondition P, by executing S,
the program must terminate and it terminates in a state satisfying the

postcondition ().
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Partial and total correctness

e The Hoare triple { P}S{@Q} is valid in the sense of total correctness,

written
=0t {P}5{Q}
if
tr(Pp) < tr(Q[S](r))
for all p € D(Hy), where [S] is the semantics of S.
e The Hoare triple { P}S{@Q} is valid in the sense of partial correctness,

written
‘:par {P}S{Q}
if
tr(Pp) < tr(Q[S](p)) + (tr(p) — tr([S](p)))
for all p € D(Hay)-
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Basic properties of correctness

o If |:t0t {P}S{Q} then |:pa7“ {P}S{Q}
e For any quantum program S, and predicates P,Q € P(Hau),

‘:tOt {OHall}S{Q}7 ):par {P}S{Lﬂau}

e (Linearity) For any Py, Py, Q1,Q2 € P(Hq;) and A\, Ao > 0 with
MPL 4 AoPo, \MQ1 + X2Q2 € P(Han), if

=ior 1Pi}S{Qi} (1= 1,2)

then
=iot {A1PL + AP} S{A Q1 + A2Q2}

The same holds for partial correctness if \; + Ay = 1.
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Weakest (liberal) preconditions

e Let S be a quantum program, P € P(H,;) a quantum predicate in
Hall-
1. The weakest precondition of S w.r.t. P is the quantum predicate
wp.S.P € P(Hgqy) satisfying:
— Ftot {wp.S.P}S{P};
— if quantum predicate ) € P(H,y;) satisfies =11 {Q}S{ P} then
Q C wp.S.P.
2. The weakest liberal precondition of S w.r.t. P is the quantum
predicate wip.S.P € P(H,y;) satisfying:
~ Fpar {wlp.S.P}S{PY;
— if quantum predicate () € P(H,y) satisfies =pqr {Q}S{ P} then
Q C wp.S.P.

e Equivalence of semantic and syntactic definitions
wp.S.P = wp([S])(P).
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Structural representation of weakest liberal preconditions
e wip.skip.P = P.
o If type(q) = Bool, then

wlp.(q :=0)).P = [0)¢(0]P]0)4 (0] + [1)4(0[P[0)4 (1

If type(q) = Int, then wip.(q := [0)).P =32° _ [n)4(0[P]0)4(n|
e wip.(U[q]).P =UTPU.
o wip.(S1;959).P = wlp.S1.(wlp.S2.P).
o wip.(if Om - M[gl=m — S,,).P =5 M} (wlp.Sp.P)M,,.
e wilp.(while M[g] =1do 5).P =115,P,, where Py = I_,,,

P, 1 = M{PMy + M/ (wlp.S.P,) M, for all n > 0.
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Trace-preserving property

e For any quantum program S, quantum predicate P € P(H,;;), and any
partial density operator p € D(H):

tr((wp.S.P)p) = tr(P[S](p))
tr((wlp.S.P)p) tr(P[S](p)) + (tr(p) — tr([S]p)).

e Fixed point characterisation. Write while for the quantum loop
“while M[g] =1 do S”. Then for any P € P(Ha;)

— wp.while.P = M} PMy + M{ (wp.S.(wp.while.P))M;.
— wip.while.P = M PMy + M (wlp.S.(wlp.while.P)) M.
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Proof system for partial correctness

e {P} skip {P}
e If type(q) = Bool, then
{10)4(0[P[0)¢(0] + [1)4(0]P|0)4(1]} ¢ := [0) {P}

If type(q) = Int, then

{ Z )q(0[P0)¢(nl} ¢ :=10) {P}

n—=——oo

o {UTPU} Ulq) {P}
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Proof system for partial correctness

{P} S1{Q} {Q} S2 {R}
{P} S1;5 {R}

{P,} S {Q} for all m
{>° M} P, My} if (Om- Mg =m — Sp) {Q}

{Q} S {M{PMy + M{QM;}

{MIPMy+ M]QM,} while M[g] =1 do S {P}
PCP {P}S{Q} QLQ

{P} S {Q}
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Proof system for partial correctness

If {P}S{Q} is derivable in the previous proof system, we write
l_pCLT' {P}S{Q}'
e Soundness For any program S and predicates P,Q € P(Hqi)

Fpar {P}S{Q} implies [=par {P}S{Q}
e Completeness For any program S and predicates P, Q € P(Ha)

=par {P}S{Q} implies k4, {P}S{Q}
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Bound (ranking) functions

Let P € P(Hay) be a quantum predicate, € > 0 be a real number.

A function
t: D(Hay) = w

is a (P, ¢)-bound function of quantum loop
while M[g]=1do S
if for all p € D(Hau),
1. t([ST(MipM])) < t(p);

2. tr(Pp) > e implies
t(IST(MipM)) < t(p)
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Characterisation of bound functions

The following two statements are equivalent:

1. for any € > 0, there exists a (P, ¢)-bound function t. of the loop
while M|[g] =1 do S;

2. limy, oo tr(P([S] o &1)"(p)) = 0 for all p € D(Han).
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Proof system for total correctness

Rule for while loop: if
o {Q} S {M{PMy+ M{QM}

e for any ¢ > 0, {. is a (MlTQMl, €)-bound function of loop
while M[g] =1do S

then {MJPMy + MIQM,} while M[g] =1 do S {P}
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Proof system for total correctness

If {P}S{Q} is derivable in the previous proof system for total correctness,
we write I_tot {P}S{Q}

e Soundness For any program S and predicates P, Q € P(Ha)

ot {P}S{Q} implies = {P}S{Q}

e Relative completeness For any program S and predicates

P,Q € P(Han)

=0t {P}S{Q} implies .o {P}S{Q}
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Quantum Algorithms'

Introduction to Quantum Computing Y. Deng@QECNU 147



Grover’s algorithm

Suppose there are N = 2" items in a database. The aim is to search the
item indexed by k. Assume the existence of a function f with f(z) =1 if
x = k and 0 otherwise.

|0) n H@n y H®n B 2|0)®n(0|®n -] H@rl %—
: f : ;

0 —X HH |- S B — 5

L Uplx) - (~1)/®)x)

Grover's lterator
Apply O(¥/N) times

0)®" - ]0)®"
[x) = —[x) if |x) = |0)®"

Conditional Phase Flip Operator
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Grover’s algorithm

1. [3ho) = 10)®"[0)
2. ) = =2, |l2) @ 5(|0) = [1))
3. Phase kickback: [¢2) = Ur|y1) = < S (-1)/@z) ® 75(10) — 1))

4. View the equal superposition state [i;,) = \/— S (=1)/@)|z) as a

linear combination of two vectors.

[%in) = cosB|c) + sin0|k)

with 0 = arcsin I

5. Apply Uy on |1);,) gives |1,:a) = cosf|c) —sinf|k). It is a relfection

about vector |c).
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Grover’s algorithm

“f) . “f) ¢ |k}‘ WOIIT) - UPQUfw’in)
[Veq)
i) Yin) v Vi) q
in fog
- - y ) a /. 6 ..
ke 0 » |C) '7 o-lc) . & | IC)
|4’mm.>l' o

[¥mia) = Ugl¥in)

|wm I I I I Iwmldl_l l lwam)l_l I
_ Ik v -

(a) Initial Amplitudes (b) Amplitudes after U; transform (c) Amplitudes after Uy, Uy transform
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Grover’s algorithm

6. Reflect vector |v,,;q4) over the equal superposition state vector |t).,).
Let

cos 260  sin 20

Ue :2¢e we — 1 =
! Peq) (edl sin20 — cos 260

cos20  sin 260 cos
‘¢out> — Ueq ‘wmzd> — . .
sin260 — cos 26 —sin 6
cos 20 cos @ — sin 20 sin 0 cos 360

= — = cos 30|c) + sin 30|k)
sin 260 cos 6 4+ cos 20 sin 6 sin 360

7. Apply Uy followed by U,, for m iterations, the final output state
(UeqUys)™ 1in,) will be close to |k).

8. The Uy transformation is the same as in the Deutsch-Jozsa and
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Bernstein-Vajirani algorithms. U, can be slightly simplified as:
Uy = HZ™(20)™(0|®" — I)H®™

The unitary transformation (2/0)®"(0|®™ — I') maps |x) to |z) if

lz) =10)®", and to —|z) otherwise.
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