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Abstract: We present a scheme to generate nonlocal optical Kerr nonlinearity and polaritonic
solitons via matter-wave superradiance in a Rydberg-dressed Bose-Einstein condensate (BEC).
We show that the polariton spectrum of the scattered field generated by the superradiance is
changed significantly due to the existence of the long-range Rydberg-Rydberg interaction between
atoms, i.e. it has a roton-maxon form; moreover, the BEC structure factor displays a strong
dependence on the Rydberg-dressing, which can be tuned in a controllable way. We also show
that such a Rydberg-dressed BEC system can support a giant nonlocal optical Kerr nonlinearity,
and hence allow the formation and stable propagation of polaritonic solitons, which have ultraslow
propagation velocity and ultralow generation power. The results reported here are useful to
understand the unique properties of Rydberg-dressing in BECs and have potential applications in
optical information processing and transmission.

© 2023 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Realization of strong nonlinear interactions between dilute atomic ensembles and weak optical
fields have attracted growing attentions in recent years due to diverse applications in quantum
computation and quantum information, high-precision sensing, simulation of many-body physics,
and so on [1,2]. Particularly, light propagation through near-resonance atomic gases with the
use of coherent multi-photon process (such as Raman process and electromagnetically induced
transparency) has been proved to be a very promising approach for realizing the strong nonlinear
interactions between photons [3—11]. In addition, under the excitation of a laser field, collective
atomic recoil motion, also known as matter-wave superradiance, may occur [12—14]. The
collective center-of-mass recoil motion of ultracold atoms is an intriguing process, where a group
of atoms in the same electronic state can recoil coherently; the recoiled atoms can mediate the
conversion of atomic kinetic energy into radiation, resulting in the generation of scattered laser
fields.

In early experiments on the matter-wave superradiance [15—-17], an elongated Bose-Einstein
condensate (BEC) was used, and a long-duration pump laser field was sent along the short
transverse direction of the BEC. In such a scheme, the scattered laser field is dominated by the
axial or end-fire modes, while the recoiled atoms from the BEC form special fan-like or X-shaped
scattering patterns in the momentum space (alias as the side-mode distribution) depending
on the duration and strength of the incident laser pulse. Since then, comprehensive studies
for understanding the underlying physics of these experimental observations were carried out,
providing further insights into the features of the atomic momentum distribution [18-24] and the
coupled dynamics of matter waves and laser fields [25,26]. Meanwhile, superradiant scattering
and polariton formation from an elongated BEC with the incident laser along the long axis was
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also investigated, where the asymmetric backward scattering pattern and multi-matter-optical
wave-mixing process were found [27-31]. Recent experimental and theoretical works also
revealed that matter-wave superradiance can be achieved in degenerate fermion gases [30]. In
addition to its fundamental role for atom optics [32] and related research fields, the study of
matter-wave superradiance opens possibilities for many practical applications such as matter-wave
amplifiers, highly sensitive matter-wave interferometers, quantum information processors based
on ultracold atoms, and so on. Up to now, however, the collective atomic recoil motion has been
demonstrated for ultracold atoms with only short-range contact interactions.

On the other hand, much attention has been paid to the study of ultracold Rydberg atomic
gases [33,34] in recent years, which exhibit strong and long-range interactions. Due to the
large electric-dipole moment of Rydberg states, the interaction between two Rydberg atoms
can reach several megahertz at their separation of several micrometers [35,36], which may
generate giant nonlocal optical Kerr nonlinearity when such atoms are coupled with laser fields
[37-44]. However, lifetimes of Rydberg states are typically 10-100 us, which are much shorter
than BEC lifetimes and are not long enough to explore a wave propagation phenomenon. In
order to overcome this drawback, Rydberg dressing, in which a far-detuned laser field couples
electronic ground states to Rydberg states, is proposed [45-49]. The Rydberg dressing renders a
long-range, soft-core type interaction between Rydberg-dressed atoms, whose coherence time
and interaction strength can be controlled by the coupling laser. Particularly, the coherence
time of Rydberg-dressed atoms can be prolonged to 10-100 ms, which is comparable with
BEC lifetimes. Recent experiments have successfully demonstrated Rydberg-dressing in optical
tweezers [50], optical lattices [51-53], and traps [54—56]; many interesting physics associated
with Rydberg-dressing such as magnets [52], transport [57], wave mixing [58], supersolids
[46,59-61], and experimental observation [62] have also been studied. Different from BECs
with dipolar interactions, the Rydberg-dressing in the BECs without dipolar interaction gives rise
to isotropic interaction potentials, which is crucial for the stabilization of BECs [45,46].

In this article, we present a scheme to create giant nonlocal optical Kerr nonlinearity and
ultraslow polaritonic solitons via matter-wave superradiance in a Rydberg-dressed BEC. The
system under consideration is a cigar-shaped BEC, which interacts with a pump and a control
laser fields, propagating along the long-axis direction of the BEC. The pump field couples the
ground state and an excited state, while the control field couples the excited state and a high-lying
Rydberg state. Due to such a coupling configuration, the BEC acquires a collective atomic recoil
motion from the pump and control lasers and a scattered laser field is spontaneously generated
and propagates along the same direction with the pump field (i.e. along the long-axis direction of
the BEC).

We show that, due to the existence of the long-range Rydberg-Rydberg interaction between the
atoms, the polariton spectrum (linear dispersion relation) of the scattered laser field generated by
the superradiance is changed significantly comparing with the case without the Rydberg-Rydberg
interaction. Particularly, when the strength of the Rydberg-Rydberg interaction increases, the
spectrum can develop a maxon maximum followed by a roton minimum, which ultimately results
in a roton instability. Furthermore, we find that the BEC structure factor has a strong dependence
on the property of the Rydberg-dressing, which is much easier to be manipulated than that in
conventional BECs with only short-range interactions.

We demonstrate that by using such a system a giant nonlocal optical Kerr nonlinearity can be
achieved, which is also contributed by the strong and long-range Rydberg-Rydberg interaction.
Based on such result, the formation and robust propagation of polaritonic solitons (i.e. collective
nonlinear excitations of the Rydberg-dressed BEC coupled with the scattered laser field) through a
backward scattering process can be realized. Moreover, such solitons have ultraslow propagation
velocity and can be generated with ultralow light power. The results reported here are useful for
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the understanding of the unique properties of Rydberg-dressing in ultracold atomic gases (BECs)
and have potential applications in optical information processing and transmission.

The remainder of the paper is organized as follows. In Sec. 2, we describe the physical model
under study. In Sec. 3, we make the asymptotic expansion on the model equations and calculate
the polariton spectrum and the structure factor of Rydberg-dressed BEC. In Sec. 4, we derive the
nonlinear envelope equation controlling the evolution of nonlinear polaritons and investigate the
nonlocal Kerr nonlinearity and polaritonic solitons. The last section contains the summary of the
main results of the present work.

2. Physical model

We consider a ultracold three-state atomic gas with a ladder-shaped level configuration where the
atoms are initially populated in the ground state |1). We assume that the atoms are trapped in a
highly anisotropic trapping potential V(r), and they form a cigar-shaped BEC, with its long axis
along z direction; see Fig. 1(a). We also assume that a pump laser field Ep (with the angular
frequency wp and the wavevector kp) and a control laser field E¢ (with the angular frequency
wc and the wavevector k¢) are applied to the BEC and they are all linearly polarized along the x
axis and propagate along the z direction. The pump laser field couples the transition from the
ground state to an excited state |2), while the control laser field couples the transition from the
excited state to a high-lying Rydberg state |3); see Fig. 1(c).

To make the system work in a Rydberg-dressed regime, we further assume that the control
field is sufficiently detuned from the related one-photon resonance, so that the excitation of the
atoms in the Rydberg state |3) can be significantly suppressed. In such a regime, the excited state
is dressed by the Rydberg state through the far-off-resonant coupling of the control field; the
atomic gas can be described by a reduced two-state system (see the Supplement 1).

Due to the gain provided by the pump laser field, a weak scattered laser field (with the center
angular frequency wg and the center wavenumber kg) will emerge, which radiates from the
excited state |2) to the ground state |1). Thereby, the total electric-field vector in the system can be
writttnas E = 3, _pcsEe = Yoopcs e, EqekaTwal) L ¢ ¢ where ep, ec and es (Ep, Ec and
&ys) are respectively polarization unit vectors and amplitudes of the pump, control and scattered
fields; c.c. denotes the corresponding complex conjugate terms. Because of the cigar-shaped
geometry of the BEC, the scattered field has nearly the same polarization direction with the pump
and control fields, i.e. es = ep = ec = e,, and propagates along the long-axis of the BEC, i.e.
ks - r = kgz. Generally, the spontaneously generated scattered field propagates co-linearly and
anti-co-linearly with the pump field, as illustrated in Fig. 1(a) and Fig. 1(b), respectively. The
wavevector of the recoiled atoms is then determined by Ak = kp — Kg for the forward scattering
and Ak = kp + kg for the backward scattering.

The dynamics of the BEC and the laser fields can be described by the Hamiltonian A =
Halom + I:Ilaser + I:Iint’ where

3
Haam = Y, [ @ {ho, e 0%a(r.0) + ¥} 0Ho o r.0)
a=1

5 (1a)
+ ;15 / / Prd*r ¥ (r, t)'ifg(r',;)U(,ﬁ(r—r')@ﬁ(r',r)@a(r,;),
. 1
Hlaser = E/CPTE()E(I‘, t)2’ (lb)
3 ..
==Y, [ @rEie0lpop - BN, (10
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Fig. 1. Excitation scheme, level diagram, and nonlocal response function of the cigar-shaped
Rydberg-dressed BEC, which interacts with a pump laser field Ep (wavevector kp) and a
control laser field E¢ (wavevector K¢), propagating along the long-axis (z) direction of the
BEC. A scattered laser field Eg (wavevector kg) can spontaneously emerge in the system,
propagating co-linearly or anti-co-linearly with the pump field. (a) Excitation scheme for the
forward scattering. Inset: relation between kp and kg, with Ak = kp — Kg. (b) The same as
(a) but for the excitation scheme of backward scattering, with Ak = kp + Kg. (c) Ladder-type
energy-level diagram of the atoms, in which the pump field Ep couples the ground state |1)
to the excited state |2) (with detuning A;) and the control field E¢ far-off-resonantly couples
|2) to the Rydberg state |3) (with detuning Ag). A weak scattered field Eg radiates from
the excited state |2) to the ground state |1) (with detuning A,). The interaction between
Rydberg atoms is described by the van der Waals potential Uyqw = hCg/|r — r'|® (Cg is
the dispersion parameter). (d) Long-range soft-core interaction potential U (r), scaled by
Cs /Rg (Cg is the modified dispersion parameter; R, is the Rydberg blockade radius), as
a function of the separation r = |r — r’| between two Rydberg atoms (locate at r and r’,
respectively) for the principle quantum number n = 60.

with Hy = —[i2/(2M)]V? + V(r), d°r = dxdydz, and d°r = dx'dy’dz’. Here ¥, is the
atomic field operator related to the state |@) (@ = 1,2, 3), obeying the commutation relations
[Wa(r, 1), Wp(r', )] = [¥i(r, 0, Wi/, 0] = 0 and [Pa(r, 1), WL, 1)] = Sapd(r — '), M is the
atomic mass, V(r) is a harmonic trapping potential which is assumed to be the same for the three
atomic internal states, and pg is the electric dipole matrix element for the transition between the
states |a) and |B), with pee = 0 and peg = pz;a.

From the Hamiltonian, one can obtain the Heisenberg equations for ¥, i.e. iid¥,/dt =
¥, H] (@ = 1,2,3). We emphasize that the present system is studied under the following
conditions: (i) The BEC is initially prepared in the ground state |1); (ii) The two-photon
detuning Ag is enough large (order of GHz) so that the atomic excitation of the Rydberg state
|3) is not significant and the system works in a Rydberg-dressed regime; (iii) The one-photon
detuning A; is also large (order of tens of MHz), and hence the spontaneous emission from the
excited state |2) can be largely suppressed and the system works in a dispersive nonlinearity
regime; (iv) The interatomic interactions are described by the two-body potential with the form
Uap(r = 1) = 641081 Upd(r — 1’) + 643083 Uvaw(r — 1’). Here, the first (second) term on the
right hand side describes the contact [van der Waals (vdW)] interaction between the atoms in
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the ground state |1) (Rydberg state |3)) located at r and r’, respectively [45,46]. The parameter
Uy = 4nktas /M, with a the s-wave scattering length; the vdW interaction potential has the form

of Uyaw(r, ') = hCg/|r — 1’|°, with Cg the dispersion parameter (Cg o n'!;

quantum number of the Rydberg state) [34-36].

Under the above assumptions, we adiabatically eliminate the equations for the motion of ¥,
and W3. Then, by employing mean-field approximation to ¥}, i.e. ¥; — (¥,) = ¥, we can
obtain the Gross-Pitaevskii (GP) equation for the condensate wave function ¥, reading

n is the principle

zhg Y= %Vﬁy + V()Y + / ArUr - )Y ¥(r)
2
Ipi2 - EP (0
- W R(r, )Y
A ihl(r, 1),

where V = (0, 8y, 3;), E®) = e, [Epekri=@r) 4 Eg(x,y, 7, 1)e’ks=sD] U(r — 1) = Upd(r) +
Ui(r — ') (with Ui(r — r') = hCe/(|r — r'|® + R®) an effective soft-core-shaped two-body
interaction potential), and T(r, 1) = [p12 - E®)(r, 1)|T'12/(R?A?) is effective decay rate (with I'j>
the spontaneous decay rate from |2) to |1)). Here Cg is the modified dispersion parameter and R,
is the Rydberg blockade radius [45,46], both of which are proportional to Cg. Figure 1(d) shows
the soft-core-shaped interaction potential U, as a function of r = |r — r’| for n = 60 (scaled by
Cs/RY).

The equation of motion for the electric field can be obtained from the Maxwell equation
APEW 012 = AV2EW —(1/€)0*PH) /012, where P = pia(par -E)|[W[2/(hA,) is the electric
polarization vector related to E®) [25-27]. Under the slowly varying envelope approximation,
the Maxwell equation is reduced to

,(6 14
i

0z c Ot 2wgs

2
965+ sevi6s v 5 (15~ 22| et
20.)5 c (3)

_ ws |pi- e

— \{; 2 8 + 8 i[AkZ—Azt] ,
e A ['¥|"(Es + Epe )

where V| = (0,,0,), Ak = kp — ks (Ak = kp + kg) corresponds to the forward (backward)
scattering and A, = wp — wg. If there is no atoms, |‘I’|2 = 0, the scattered field will vanish
(Qg = 0) and one can get kp = wp/c, which is the dispersion relation for the pump field in the
absence of atoms.

The GP Eq. (2) and Maxwell Eq. (3) are both (3+1)D. To simplify the problem, we assume
that the Rydberg dressed BEC is trapped in a highly anisotropic potential of the form V(r) =
(M/2)[w? (® +y?) + u)z 7%], with w, > w.. Thus, the BEC is elongated along the z axis but
remains symmetric in the transverse (x and y) directions. By introducing the dimensionless
variables (¢,77) = a7 (x,y) (with a, = y/h/(Mw_, ) the harmonic oscillator length in the transverse
directions), { = az‘lz (with a, = \/h/(Mw,) the harmonic oscillator length in the longitudinal
direction), T = w. t, Yy = ¥/VNy (with Ng = N/a3l the atomic density), and &g = E5/Ep, Eq. (2)
can be written into a dimensionless form

W Lo L 1y
G == 3 VU 3@ W+ 5= Cu =y

1

N
+ oo [[] dedacvie - e -n. 4'—§)|w<§',n',§')|2w<f,n, o @
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Here V = (0g,0y,0r), Qp = |P12 - €|Ep/ R is the half Rabi frequency of the pump field, and
® = Ak¢ — Ad is the phase, with Ak = (kp F ks)a, (“=" for the forward scattering; “+” for the
backward scattering) and A® = A, /w, . Note that since w; > w,, one has a, < a;.

Due to the strong transverse confinement provided by the trapping potential, it is possible to
factor the solution of Eq. (4) as ¢ = @(&,1)F(Z,T)e™ [63], with i the chemical potential and
(&, 1) the transverse mode, governed by the equation

1(0* 02
JR— —_— + —_—

2 (0§ > op?

Note that Eq. (5) has the same form with the eigenvalue equation of a two-dimensional
harmonic oscillator in quantum mechanics. When the trapping potential is deep enough, no
collective excitations of the Rydberg-dressed BEC can occur in the x and y (transverse) directions,
but the occurrence of low-energy excitations induced by the atomic interactions is allowed in the
z direction. Furthermore, one can set o(&,7) = ¢o(&, 1) = e *+7)/2 which is the ground-state
solution of Eq. (5) with the eigenvalue v = 1. In addition, we assume that the scattered field has
the same Gaussian transverse distribution with that of ¢, with the form g = g(¢, 7)Epe™¢ )/ 2,
where g(£, 1) is a dimensionless function characterizing the amplitude of the scattered field.
Since the scattered field is much weaker than the pump one, the magnitude of g(£, 7) should be
much smaller than one.

With the above analysis, Eq. (4) can be simplified into the following (1+1)D form

1
) ¢+ 5(62 +17)p = ve. )

OF 106°F 1, ., )
IE+§6_4’2+('U_1)F_§V§F_CO|F|F
o / dZ UV — O OPFE.T) ©)

2 o 2 .. 1
+c (1 + ggefld) + gg*e’CIJ + §|g|2) F+iyF =0,
where v = w,/w,, co = 2nNag/a,, ¢ = N/(2hw.), ¢ = |Qp|?/(w, A1) and y = T'/w,. For
obtaining Eq. (6), we have multiplied Eq. (4) by ¢o(¢&, r7) and integrated it once with respect to &
and 7.

By using the same approach, Eq. (3) can be converted into the following (1+1)D form

0 10 . 2 . 1
i|— +—— | g +doe® —dig+ds [Z® + =g | |IF|* =0, 7
l(8§ var)g 0e 18 2(36 2g)| | (7
with v = c¢/(a,w,), dy = (caL/a)S)(klz, - wf,/cz), di = ¢/Quwsa,) and dy = ws|p12 -

e.|*>Noa, /(2epchA;). Equations (6) and (7) are reduced GP-Maxwell equations, both of which
are now (1+1)D ones and hence are convenient for an analytical approach.

The model we considered above is rather general. It can be realized by using a Bose-condensed
Strontium atomic gas [64] (e.g. 38Sr), with the atomic internal states assigned to be |1) = |5s> 1Sy),
[2) = |5s5p 'P;) and |3) = |5sns 'Sp). The s-wave scattering length of the BEC is a, = 94.8a,
with the Bohr radius ap ~ 53 pm. The spontaneous emission rates of atoms are given by
I = 27 X 16 MHz, and I'y3 = 27 X 16.7 kHz. The dispersion parameter of the Rydberg state
for n = 60 is Cg ~ 27 x 10.9 GHz um®. Since Cy is positive, the vdW interaction between atoms
in the Rydberg state is attractive, useful to realize a self-focusing Kerr nonlinearity and realize
polaritonic solitons. In the following calculations, we assume w, /(27) = 100 Hz, which results
the harmonic oscillator length in the transverse directions a; ~ 1.1 ym, w,/(27) = 0.1 Hz, which
corresponds to the harmonic oscillator length in the longitudinal direction a, ~ 32a, ~ 35 um,
the atomic density ng ~ 2.4 x 10'3 cm™3, the one-photon (two-photon) detuning A; ~ 50 MHz
(Ag = 18 GHz), and Qp ~ Q¢ ~ 10 MHz, which gives the Rydberg blockade radius R, ~ 4.5
um. All calculations given below will be based on these parameters.
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3. Linear excitation spectrum and structure factor of the Rydberg-dressed BEC

Now we turn to solve the reduced GP-Maxwell Egs. (6) and (7). To understand the physical
property of the excitations in the system, it is necessary to know the stationary background of
the condensate when the scattered laser is absent, which constitutes the base state of the system.
Such a based state can be obtained from Eqgs. (6) and (7) by neglecting the derivative terms and
setting F' = fy, g = 0, yielding the equations

p=1+cr=(co+culfy.,  do+2df;/3=0, (8)

where uy = /d{’Ul (¢ = ¢’) and we have set v » y ~ 0 as they are small and plays no
significant role in the background of the condensate. From the first relation of Eq. (8), one can
obtain that fy = \/(/1 — 1+ ¢3)/(co + crup). Thus, if the dimensionless length of the BEC is ¢,

corresponding to the length [ = 2a,¢, by using the normalization condition /Og ¢ f02 = 1 (derived

from [ d*r|¥|?> = N; N is the total number of atoms, which is taken to be 10* in the numerical
example), the expression of the chemical potential u = 1 — ¢, + (co + cjug)/€. From the second
relation of Eq. (8), we obtain the dispersion relation of the pump laser in the presence of the
Rydberg-dressed BEC, i.e. w%, /e - kf, = 2<u5d2f02 /(Bca, ), which can be further reduced to
wp/c = kp when the BEC is absent (fy = 0).

Now we apply the method of multiple scales [31] to investigate the linear and nonlinear
excitations and the propagation behavior of the scattered field in the system. To this end, we make
the asymptotic expansions F = f + Z}’il éfY and g = Z;L €/gl). Here € is a small parameter
characterizing the typical amplitude of the scattered field relative to the pump field; all quantities
on the right hand side of the expansions are functions of the multi-scale variables 7, = €“7
(@=0,1)and {g = e’ (8 =0, 1, 2). The damping parameter y can be assumed to be the order
of € (i.e. ¥ ~ O(€)), which is reasonable because the spontaneous emission is greatly suppressed
by the use of the large one-photon detuning A;. With such expansions, Egs. (6) and (7) are
transferred into the form

i(i N 7) 04 LI 2D 407 — ey F O]
lokq)) 2 64’0 (9a)
+ oy (gD + g0y = ).
i i + = 1.9 8V + drefo(fD + £y = N9, (9b)
6(0 1% 61-

where 71V = [ djU( — DUV &1 2. 1a) +19 (85, 81, 2. Ta)] (@ = 0, 1), ¢ = ARG —
AGTy, & = 2¢2/3, and d» = 2d, /3. The explicit expressions for MY and NV G=1,2,3)at
each order are presented in the Supplement 1.

For seeking the density fluctuations of the Rydberg-dressed BEC and the scattered field induced
by the pump field, we further assume f0) = £V + f0* e~ with ¢ = gZo — wyTo. Here g and
wy are respectively the dimensionless atomic momentum and the corresponding atomic energy
of density fluctuations induced by the light scattering process. Then, Egs. (9a) and (9b) can be
recast into the following equations for ff), 9 and g\:

(o 0 q
ek e

62;‘ . Hm i
3 — cofgf9 - e ifg U@ Y + Eafog? e =) = MV e
aéo

(10a)
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(0,109 gV + dofp(F* + [ *)el6=0) = U, (100
afo 1% 67’0

with the phase difference ¢ — ¢ = (Ak—q)&o— (AD - wgq)To and U(gq) the Fourier transformation of
the nonlocal response function U({). The phase-matching condition is achieved when ¢ = ¢, i.e.
it is achieved when ¢ ~ Ak and wy = Ad, simultaneously. Recalling that Ak = (kp F ks)a, (“=”
for the forward scattering; “+” for the backward scattering) and A® = A /w,, an efficient light
scattering will occur only when a linear excitation of the Rydberg-dressed BEC compensates the
laser-field phase mismatch. Equations (10a)—(10c) can be solved order by order in a systematic
way.

At the first-order (j = 1) approximation, under the phase-matching condition (¢ ~ ¢) and
assuming that fil), £ and gM* are all proportional to ¢/*%~«70) we obtain the linear dispersion
relation

k + g)? ~ Crdof?
(W + wg + i)/)2 —(k+ q)2 (k+q) + ch02 + chozU(q) + 22y =0, (11)
4 k—w/v
where U(g) can be found to be U(q) = Zof(q), with Zy = 27C¢/(3R3) and
1
flg) = Ee"’”Rf/z e laIR2 4 o (?|q|RC) + V3sin (?|q|R6) . (12)

Particularly, when |g|R. < 1, one has f(q) = 1 — ¢*R2/4. Since k is a small deviation from g,
we can approximate k + g = g. As aresult, Eq. (11) can be simplified as

o - 1 :
(w) " Cadaf (Q)(w+wq+i7—w3 a)+wq+i)/+w8) (13)
w

~ — + 62daf3S(q)

<

—-’
W+ Wy + iy — wp

as 1/(w + wy + iy + wp) < 1/(w + wy + iy — wp). Here, S(q) = ¢*/(2wg), is the structure factor
of the Rydberg-dressed BEC, and

0b(@) = G214+ cof? + f2U@) = 214+ cof? + e f3Zaf (@), (14)

is the frequency of the linear (Bogoliubov) excitation in the Rydberg-dressed BEC. Obviously,
when the Rydberg dressing is absent (c¢; = 0), Eq. (14) is reduced to the standard Bogoliubov
spectrum of a normal BEC with only the short-range interaction. Equation (13) presents the
linear dispersion relation of a polariton, a quasi-particle superposed by the BEC matter-wave and
scattered laser field in the system. From Eq. (13), it is obvious that the imaginary part of k is
negative around w = 0, i.e. Im(k)<0 at w ~ 0. This indicates that the scattered field can acquire
an optical gain during the scattering process, which is crucial for the spontaneous generation of
the scattered field in the system.

Shown in Fig. 2(a) is the Bogoliubov excitation spectrum of the Rydberg-dressed BEC by
taking the oscillating frequency wpg as a function of gR. (g is the atomic recoil momentum and
R, is the Rydberg blockade radius). The dashed black line, solid red line, and dotted blue line
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in the figure are for the interaction parameter @ = 2n0clf02Z0 = 10, 80, and 180, respectively.
Particularly, we have fy = 0.32, Zy = 1.18 x 1078 GHz um, with the parameters given in the
last paragraph of Section 2. Different form conventional BECs with contact interactions, in
the Rydberg-dressed BEC the presence of long-range Rydberg-Rydberg interaction can result a
significant effect on the the polariton spectrum. Particularly, a maxon maximum followed by a
roton minimum can be observed for a moderate value of @, which ultimately results in a roton
instability when further increasing «.

50 F

@ - — =10 ol
40+ — =80 1
- - - =180
30+ 4
§ o
20+ 4
10+ L7 . J
0 -, ’\— lu é‘ .I L L 0 L L L L L A
0 2 4 6 8 10 0 20 40 60 80 100 120
ch o

Fig. 2. Linear excitations of the Rydberg-dressed BEC. (a) Linear (Bogoliubov) excitation
spectrum wp as a function of gR. (¢ is the atomic recoil momentum and R, is the Rydberg
blockade radius). The dashed black line, solid red line, and dotted blue line are for the
interaction parameter @ = 10, 80, and 180, respectively; § denotes the frequency gap for the
occurrence of polaritonic roton. (b) Roton gap ¢ as a function of a. The vertical dashed
lines correspond to apin = 10, amax ~ 38 and ajpg ~ 118, respectively.

The parameter ¢ in Fig. 2(a) indicates a frequency gap for the local roton minumim, for which
wp displays the roton minimum at a non-zero value of g. Figure 2(b) shows ¢ as a function of .
The vertical dashed lines are for apin = 10, amax = 38 and aing = 118, respectively. We find
that ¢ firstly increases with growth of « until arriving at a critical value @ = amax ~ 38; then it
decreases as « increases further, and ultimately vanishes at @ = @iy & 118 which marks the
onset of a roton instability.

The structure factor S(g) can significantly affect the dispersive property of the system.
Specifically, the system is weakly dispersive when S(g) is small, while it is strongly dispersive
when S(g) is large. From the definition of S(q), we have S(q) ~ q/(2Vco + ¢1Zofy) < 1 when
q*/4 < cofy + ciffU(q) and S(g) = 1 when ¢?/4 > cof§ + c1fU(q). Consequently, if the
scattered field propagates co-linearly with the pump field (i.e. the forward scattering), one has
g ~ Ak ~ (kp — ks)a,, resulting in a small ¢ and hence S(g) < 1. In such a case, the system
is weakly dispersive and has the linear dispersion relation k ~ w/v. However, if the scattered
field propagates anti-co-linearly with the pump field (i.e. the backward scattering), one has
g ~ Ak ~ (kp + ks)a_ , resulting in a large ¢ and hence S(¢) ~ 1. In such a scenario, the system is
strongly dispersive and has the linear dispersion relation k& ~ Ezc_izfg /(W + wy + iy — wp). Since
the structure factor of the Rydberg-dressed BEC depends on more system parameters (such as
the control-field intensity |Q.|* and the principal quantum number of Rydberg states ) than that
of conventional BECs, the dispersive property of the Rydberg-dressed BEC is more controllable
than that of conventional BECs.

Shown in Fig. 3(a) is the structure factor S(g) as a function of the atomic recoil momentum
g, for the principle quantum number n = 30, 60, 90, and 120, respectively. Note that with the
parameters given in the last paragraph of Section 2, we get u =~ —3.64, fo = 0.32, and y =~ 0.06.
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We see that S(g) ~ 0 when ¢ — 0 and S(q) increases rapidly when ¢ has a small value. However,
S(g) ~ 1 when g — oo and S(g) increases very slowly when ¢ has a large value. Thereby, in the
case of forward scattering g =~ 0 one has S(g) ~ 0 whereas in the case of backward scattering
g ~ 17 one has S(q) = 1. Figure 3(b) is an illustration of S(g) as a function of » for different
values of g. It is seen that although S(g) always decreases as n increases, it decreases fast (slowly)
when ¢ has a small (large) value.

T T T T 1.0 T T T T
(@) , ,[n=30 (b) T
backward 09 S T el ~~~ Tes 1
08} scattering T ERE
n'= 120 08¢ )
0.6 1
2 D7l 1
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n =60 0.6F q=15 I
0.2 forward n=90 | | .... g=2
- tteri = -
/sca ering n=120 05L--- g=25
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Fig. 3. Structure factor S(g) of the Rydberg-dressed BEC when the roton instability does
not occur. (a) S(g) as a function of the atomic recoil momentum ¢, for the principle quantum
number n = 30, 60, 90, and 120, respectively. The regions of the forward and backward
scattering are indicated. (b) S(g) as a function of n, for ¢ = 1 (solid line), 1.5 (dash-dotted
line), 2 (dotted line) and 2.5 (dashed line), respectively.

At the first-order approximation, we get solutions fil) = Aelkéo=wmo) #(1) = Al keo=w™0) and
bAe "=t with

X
cofy + cifg U(g) + e2dof [ (k = w/v)’

dofy

- k-w/v

Here, X = w + wy + iy — ¢*/2 — cof] — c1f§ U(q) — ¢2daf3/(k — w/v) and A is a yet to be

determined envelope function. The propagation property of the polariton in the linear regime is

— Re(k)
251 - = Im(k) 1
3
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Fig. 4. The linear dispersion relation k(w) without occurrence of roton instability as a
function of w. Solid and dashed lines denote the real [Re(k)] and imaginary [Im(k)] parts of
k(w), respectively.
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determined by the linear dispersion relation k(w). Particularly, the polariton is stable during the
propagation if the imaginary part of k(w) [Im(k)] is zero; otherwise, it undergoes an attenuation
(amplification) if Im(k) is positive (negative).

Shown in Fig. 4 are real and imaginary parts of k(w) [Re(k) and Im(k)] as functions of w
for w,; ~ wp. It is seen that Re(k) ~ 0 and Im(k) arrives at a negative maximum at w = 0,
corresponding to a negligible phase shift and a large gain. Thus, the scattered field and hence the
polariton can be spontaneously generated and amplified at this point. However, when |w| 2 1,
one has Re(k) >Im(k) = 0, corresponding to a large phase shift and a negligible gain. In these
regions, the stable propagation of the scattered field and hence the polariton can be achieved,
which will be crucial for the robust propagation of polaritonic solitons.

4. Giant nonlocal Kerr nonlinearity and ultraslow polaritonic solitons

The study of Kerr effect in ultracold atoms is of great interest in nonlinear optics because the
Kerr effect is essential for the realization of most nonlinear optical processes and related to
many applications [65]. By means of the matter-wave superradiance, it is possible to achieve
a significant enhancement of the optical Kerr nonlinearity with controllable nonlocality in the
Rydberg-dressed BEC. In order to demonstrate this, we need to go to the high-order solutions of
Eq. (10).

At the second order (j = 2) approximation, the solvability condition of Eq. (10) requires the
condition

,(BA 1 6A):0, (15)

oz * v;m

where V, is the group velocity of the envelope function A, defined by V, = [dk(w)/dw]". From
Eq. (13), we have

1 - 1 2w
Vil x = —&dof2S 1+ . 16
& y 2 2o (q)(wq+iy—w3)2 ( wq+iy—w3) (16)

Note that the imaginary part of V, is much smaller than the corresponding real part under the
condition ¥ < w, — wp and hence it plays a negligible role.

The evolution of the envelope function A in the nonlinear regime can be obtained by the
solvability condition of Eq. (10) at the third-order (j = 3) approximation, which yields the
nonlinear envelope equation

0A DA

la_é’z + 56_7-12 + {W]A/dé’l/U(fl - (]/)|A(é’],’ 4’23 T1)|2

(17
+WrA" / AU = EDA o m1)* + W |A|2A} e =,

with D = 8%k(w)/dw?, and

1 1
Wi =—c1(11(|a1|2 +1), Wy ==cray,

V4 Z
1 ) 2 Z)26_12«](‘02 2
W =7 (200011 - OofyaillBil” - k——a)/v(l +la1|)B1] -

Here, a; = [co + ¢1 + C2do /(k — a)/v)]foz/[Y - Ezc_lzfoz/(k —w/V)], B = —da(ar1 + 1)/ (k- w/v),
Y =w+wg+iy+q*[2+cify, Z = kay — &y /(k—w/v), and & = € 2a = € *Im(k). The second
term on the left hand side of Eq. (17) related to the coefficient D describes the group-velocity
dispersion; the first two terms in the parenthesis (related to coefficients Wy and W;) characterize
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the nonlocal Kerr nonlinearity, originated from the long-range Rydberg-Rydberg interaction; the
last term in the parenthesis (related to the coefficient W3) characterizes the local Kerr nonlinearity,
originated from the short-range contact interaction between the atoms. The coefficients W; = 0.7,
W, = 0.3, and W3 = —0.005, with the given parameters.

The nonlinear optical effect of the system can be described by the refractive index n, defined by

nen+ / d0'maL — ONESE) + malEsls (18)

where n; denotes the linear refractive index and n, (n3) denotes the nonlocal (local) non-
linear refractive index. They are related to W;, W, and W3 by the expressions ny, =
—[c/(a)SEébzal)](Wl + W;) and n3 = —[c/(wsEébzaL)]W; respectively. With the given
parameters of Strontium atoms and the atomic density Ny ~ 2.4 x 1013 cm™3, we obtain

o ~3.63%x107 m?> V2, n3~-1.77x 10~ m?> V2. (19)

From the above result, it is obvious that n, is two orders of magnitude larger than 73, i.e. the
nonlocal Kerr nonlinearity contributed by the Rydberg-Rydberg interaction is much stronger than
that of the local one contributed by short-range contact interaction. Moreover, n; is about 15
orders of magnitude larger than that obtained in usual nonlinear optical materials, such as optical
fibers [66], characterizing a giant nonlocal Kerr nonlinearity.

Now we turn to seek polaritonic soliton solutions based on the nonlinear envelope Eq. (17). To
avoid a large gain, one can make w, and wp slightly different so that the gain peak can be moved
away from w = 0 (see Fig. 4). Compared with the forward scattering, the backward scattering
can provide a significant dispersion, which is necessary for balancing the Kerr nonlinearity and
hence is crucial for the formation and stable propagation of polaritonic solitons. Combining the
Egs. (15) and (17), we have

dS D %S

, , ’ 2
LR W]S/dé UL - S

(20)
+ W)oS* / dc'u(e - )8, t)* + WslS)*S = —ias,

where S = €eAe™ ¢ and T =7 — {/V,.

Since Eq. (20) is not integrable, we employ a variational method to search possible polaritonic
soliton solutions. The Lagrangian of Eq. (20) of the system described by Eq. (20) for @ = 0
is given by L = f_o; Ld{, where L is the Lagrangian density, given by £ = (SSZ - 8°S,) +
(D/2)ISTP=[(W1+W2)/21IS1* [ U(Z-¢")IS(’, T)*dL’ —(W3/2)IS|*. Then, the soliton solutions
are sought by the ansatz with a Gaussian wavepacket

S = ay(¢) e T /WO e T +ig(£), @n

where a; denotes the amplitude, w; is the half peak width, c; is the wavefront curvature, and ¢; is
the phase. Substituting the ansatz (21) into the Lagrangian and integrating it over 7, one obtains
the effective Lagrangian leading further to the equation of a; by using the Euler-Lagrangian
equation. The stationary solution can be acquired by setting da;/d{ = 0, which yields the

equation
V2w,
4

4 2
Day _N2Wi+ W) / dZ'U =~ Eay(d) -

2 _
0 7 a’ =0, (22)

where Q = a?wy is a propagation constant. By solving Eq. (22) numerically, we get a; ~ 0.16
and wg = 1.1, and hence Q ~ 0.03. In addition, ¢; = ¢ = 0.
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We are interested in the stable propagation of the polaritonioc solitons in the system. Returning
to the original (i.e., dimensional) variables, the soliton solution for the condensate wave function
and the scattered field are respectively given by

1/2
:N / (fO + Sei(quk)z/aJ_fi(wquw)wJ_t + a*S*efi(quk)z/aJ_ +i(wq+w)wlt)
a’? (23)
x @ MWt =P 4?)/(2a1)
E, :exEOb*S*e—ikz/aL+iwthe—(x2+y2)/(2a2L)- 24)

From the solution (23) we see that the collective wave of recoiled atoms consists of two parts,
i.e. the left- and right-moving waves along the z axis. With the given system parameters, we
have Re(a) ~ —1.69 x 10™* and Re(b) ~ 0.98, with their imaginary parts being two orders of
magnitude smaller than their corresponding real parts. Since |a| < 1 and |b| ~ 1, almost all
recoiled atoms are moving to the right due to the presence of the pump field, while the scattered
field is backward propagating. The propagation velocity of the soliton is approximately given by
the linear group velocity, estimated to be

Ve =127x107%¢, (25)

which indicates that the propagation of the polaritonic soliton is ultraslow compared with the
light speed in vacuum [67].

The input light power of the pump laser for generating the polaritonic soliton can be estimated
by computing the Poynting’s vector integrated over the cross-sectional area of the condensate,
which is given by

20\,
Pgen = 2g0cn,S0 p_ |Qp|” ~ 1.1 pW, (26)
13

where S is the cross-sectional area (Sg ~ 1 ,um2). From the value of Pge,, we find that in the
present system a very low input power of the pump field is sufficient for generating the polaritonic
soliton, which is due to the presence of the giant nonlocal Kerr nonlinearity contributed by the
strong Rydberg-Rydberg interaction in the system.

Shown in Fig. 5 is the numerical result of polaritonic soliton, where the soliton amplitude
|Es/Eo| as a function of T = [w,t — z/(a. Vs)] and ¢ = z/a, is illustrated. The initial condition
used in the simulation is the ansatz (21), with a, being obtained through solving Eq. (22)
numerically. Figure 5(a) shows the case of (|Es({ = 0)/Ey|, q¢) = (1,4). We see that the soliton
is robust during propagation. This is because of the exact balance between the dispersion and
nonlinearity in the system. Figure 5(b) is for the case (|E4(¢ = 0)/Ey|, q) = (1,22). One sees that
the soliton displays significant dispersion, and hence its amplitude (width) decreases (broadens)
rapidly during propagation. The reason is that the dispersion (originated by the large atomic
recoil momentum ¢) is much larger than the nonlinearity. The panel (c) of the figure is for
(|Eg(¢ = 0)/Ep|, q) = (8.5, 1). In this situation, the soliton undergoes a collapse due to the fact
that the nonlinearity is much larger than the dispersion.

The domains of stable (or unstable) propagation of polaritonic solitons can be obtained by
calculating the propagation fidelity, defined by

_ 1[LdTS¢ = 08¢ =0
[dTIS(¢ = O [ dTIS( = 0)]2

It is obvious that 7 = 1 at { = 0and J € (0, 1) for 0<{<¢. If J is very close to one in the
distance of ¢, the shape of the soliton can keep nearly invariant during the propagation in this

27
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4 q 6
Fig. 5. The formation and propagation of a polaritonic soliton, by taking soliton amplitude
|Es/Eo| as afunctionof T = w, t—2z/(a. Vg) and { = z/a, . (a) The stable polaritonic soliton
solution for the parameters (|Es({ = 0)/Ey|, g) = (1,4). Insert: top view of the soliton. (b)
The same as (a) but for (|Es({ = 0)/Ep|,q) = (1,22). The soliton undergoes significant
dispersion during propagation. (c) Also the same as (a) but for (|Es({ = 0)/Eyl,q) = (8.5, 1).
The soliton collapses during propagation. (d) Stability diagram of polaritonic solitons by
measuring the propagation fidelity in the parameter plane of the input soliton amplitude
|Es(¢ = 0)/Ep| and the atomic recoil momentum g. Dots A, B and C represent the cases of
panels (a), (b) and (c), respectively. The fidelity shown by the white dashed line is J = 0.9.

distance. However, if 7 is close to zero, the shape of the soliton suffers a large distortion during
the propagation, i.e. no stable polaritonic solitons are achievable in the system. In Fig. 5(d), we
show the stability diagram of polaritonic solitons by measuring the fidelity as a function of the
input soliton amplitude |E;/Ey| and the atomic recoil momentum g. When plotting this figure,
polaritonic solitons are assumed to be stable if J 2 0.9 at { = £ = 10 (corresponding to the
length of the BEC ~ 700 um), whereas they are unstable if 7<0.9. Dots A, B and C in the
figure represent the cases of stable soliton [ ~ 1; corresponding to Fig. 5(a)], dispersive wave
[J = 0; corresponding to Fig. 5(b)], and collapsed wave [ J = 0; corresponding to Fig. 5(c)],
respectively. We see that polaritonic solitons are stable (unstable) when both |E;/Ey| and g are
small (either |E/Ey| or ¢ is large). The boundary between the stable and unstable regions is
highlighted by the white dashed line in the figure.

5. Discussion and summary

In this work the Rydberg-dressed BEC is assumed to be described by a single wave function,
which is valid only if the recoil energy of the atoms in the BEC is much smaller than that of
the atom-photon interaction and that of the atom-atom interaction. In this small recoil-energy
regime, excitations of the atoms to high excited states are highly suppressed so that the recoiled
atoms mainly remain in the same internal state and the condensate. If the recoil energy is large,
the atoms can be scattered from the condensate and generate new side modes. In this case, the
description by a single wave function is not applicable. Moreover, the theoretical approach above
is built upon a semiclassical description, which is valid only if the numbers of the scattered
photons and recoiled atoms are large enough. In addition, to investigate the initial stage of the
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superradiance process where scattered photons and recoiled atoms are not large, a fully quantum
approach should be used [25-30], which is a topic deserving to be explored in future.

In conclusion, we have presented a scheme for generating nonlocal optical Kerr nonlinearity
and polaritonic solitons via matter-wave superradiance in a Rydberg-dressed BEC. We have
shown that, due to the strong and long-range interactions between Rydberg atoms, the polariton
spectrum of the scattered field is qualitatively different; moreover, the BEC structure factor
depends significantly on the Rydberg-dressing and hence is more controllable than that in
conventional BECs. We have also shown that such a Rydberg-dressed BEC system supports
a giant nonlocal Kerr nonlinearity, and hence allows the formation and stable propagation of
polaritonic solitons having ultraslow propagation velocity and ultralow generation power. The
results reported here are useful for understanding the unique properties of Rydberg-dressed BECs
and have potential applications in optical information processing and transmission.
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