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We consider a multistep x(2) cascading for light pulses with the dispersion of the system taken into account. Using

the method of multiple scales we derive a set of coupled envelope equations governing the nonlinear evolution of the

fundamental, second and third harmonic waves involved simultaneously in two nonlinear optical processes, i.e. second

harmonic generation and sum frequency mixing. We show that three-wave temporal optical solitons are possible in

three- and four-step cascading in the presence of a group-velocity mismatch between different pulses.
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I. INTRODUCTION

Cascading is the process by which the exchange
of energy between optical pulses or beams interact-
ing via second-order nonlinearities (x(?)) leads to var-
ious effects such as nonlinear phase shifts, the gen-
eration of new pulses or beams, all-optical transistor
action (i.e. gain and phase modulation), the formation
of optical solitons, etc. In recent years, there has been
a considerable interest in x(?) cascading because it
offers a new and promising direction to explore for

all-optical phenomena.!!-?

Most studies for the x(?) cascading phenomena
emphasize the amplitude and phase shift of the fun-
damental waves in a second harmonic interaction.
The physics of such a process requires two successive
second-order processes in order for the net output to
be back at the input frequency (w). This can occur
via up-conversion (w + w — 2w, i.e. second harmonic
generation (SHG) ) followed by down-conversion (2w —
w — w) or via down-conversion (w—w — 0, i.e. optical
rectification) followed by up-conversion (w + 0 — w).
In a recent paper, Koynov and Saltiell® introduced an
interesting mechanism of three- and four-step second-
order nonlinearity cascading, in which two nonlinear
optical processes are involved: an SHG and a third
harmonic generation (THG). For continuous waves
and under the condition that two wave-mixing pro-

cesses are nearly phase matched, the presence of mul-

tistep cascading leads to four times a reduction of the
input intensity required for a large nonlinear phase
shift. Recently, Kivshar et al.[* investigated the spa-
tial optical solitons resulting from such a multistep
cascading for the light beams with diffraction but in
the absence of the effect of walk-off between different
beams.

In this paper we consider a multistep x(® cas-
cading for light pulses with the dispersion of the sys-
tem being taken into account. We show that temporal
optical solitons are possible in a three- and four-step
cascading for light pulses displaying a temporal walk-
off (i.e. group-velocity mismatch). Section II gives a
detailed derivation of coupled equations governing the
nonlinear evolution of the pulse envelopes correspond-
ing to the fundamental, second and third harmonic
waves, which are involved in simultaneous processes
of an SHG and a THG. Section III provides some an-
alytical coupled three-wave soliton solutions. A dis-
cussion and summary of our results are given in the

last section.

I. COUPLED ENVELOPE EQUATIONS IN
THE PRESENCE OF TEMPORAL WALK-
OFF EFFECT

We start from the Maxwell equation for an elec-
tric field E(r,t) in a dielectric medium:
1 9*°E 1 9°P

2
_ . _ = —_- 7= 1
VE-V(V-E) c? Ot? €oc? Ot?2’ (1)
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where c¢ is the light speed in vacuum, ¢y is the vac-
uum permittivity and V = (9/0z,8/9y,0/0z). P is
the induced polarization field in the medium, which is
given by

L p@r,1) :/oo drx(7) - B(r,t —7)

€0

— 00

+/ dTldTQX(2)(Tla7-2)

E(rt—m)E(r,t—m) 4+, (2)
where » = (z,y,2), and x) (I = 1,2,---) is the jth-
order susceptibility tensor of rank [ + 1. Because the
third- and higher-order susceptibilities have no contri-
bution to a parametric process, we disregard them in
the following calculation.

Assume that an electricmagnetic wave travels
along the z-direction in the medium, and E =
(E(z,t), 0, 0). Then Eq.(1) is simplified

’E  9E & [
o7 " BE ﬁ/ drx V(1) E(z,t - 7)

9% [
:w/ dTldTQX(Z)(Tl,TQ)E(Z,t—Tl)E(Z,t—TQ),
(3)

— 00

(1)

where X(l) = Xaz = X:(E2:p)1; It should be

mentioned that the possibility of considering only one

and x(2

component of the wave imposes evident constraints on
the symmetry of the medium.

To derive coupled envelope equations for govern-
ing the nonlinear evolution of the electric field with
the dispersion of the system taken into account, we
use the method of multiple scales.!?] This general tech-
nique calls, in the present problem, for the introduc-
tion of different length scales, z, = p®/2z (b < 1,
a small parameter characterizing the typical ampli-
tude of the electricmagnetic wave; a = 0,1,2,---),
These variables are
Thus the first spa-
tial and temporal derivatives are replaced by 9/9z =
0/0z20+u'/20/021 +pd/dzy +- - - and /0t = 8/ Aty +
p/28/0ty + ud/dty + --- The electric field F is ex-

panded into a series

and timescales, t, = u®/2t.

considered to be independent.

E=uE® 4+ 1 32EMW 4 2@ 4 ... (4)

with E¢) (j = 0,1,---) being functions of all z, and
to- Substituting the expansion (4) into Eq.(3) and
equating the coefficients of the same powers of u, we

obtain a hierarchy of linear but inhomogeneous equa-

tions for E():

LEY) =¢

,0?EV)  92EL) 92 [
922 o2 _a_tg/
AArxWD () ED(tg — 1) = MY, (5)

— 00

with
M© =o, (6)
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- 620821 Bto(‘?tl
9% [ 7]
- 8_15(2] /_Oo dTX(l)(T)Ta—tlE(O) (to — 1)
82 > 1 0
2z [ an@OE -, @)
0? 02 02
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9% [ 0
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0
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— 00

where the quantity EU)(t, —7) appearing in the inte-
grations / dr--- and drdrs - - - in Egs.(5)—(8)

— 00 — 00

represents EU)(zg, 21, 20, - - ;to — T,t1, o, ).
In the leading order (j = 0) we have the solution
E®) =F (21,22, - t1,t2,- )
-exp{ilk(w)zo — wtp]} + c.c., ©))
where c.c. represents corresponding complex conju-
gate term. The envelope function F' depends only on

The

relation between the frequency w and the wave vec-

the ‘slow’ variables z, and t, (o = 1,2,---).
tor k (i.e. the linear dispersion relation of the sys-
tem) is given by k(w) = (w/c)[1 + ¥ (w)]*/? with

0 (w) =

We are interested in a multistep cascading in the

drx W (7)exp(iwT).

system. Assume that a fundamental wave with fre-

quency w enters into the medium. As a first step via
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a process of type I SHG, the wave with frequency 2w is
generated; and as a second step via a process of sum
frequency generation (SFG) (w + 2w = 3w), a third
harmonic wave is generated. Both processes (SHG and
SFG) are supposed to be nearly phase matched. The
second and third harmonic waves generated are down-
converted to the fundamental wave w via processes
(2w — w), (3w — 2w) and (3w — 2w, 2w — w) (see Fig.1
in Ref.[3]).

order solution takes the form

Under such a consideration, the leading-

E(O) :FleXp[i(k‘l,ZQ — wlto)]
+ erXp[ (kzZo — (UQto)]
+ Fsexpli(kszo — wsto)] + c.c.,,  (10)

where Fj (I = 1,2,3) are envelope functions of the
fundamental, second harmonic and third harmonic
waves, respectively. k; = k(w;) (I = 1,2,3), wy = 2w,

w3 = w1 + wy = 3wy, and

ko = 2k1 + Ak, (11)
ks = ki + ky + Aks, (12)

where Ak, and Aks are wave vector mismatches for
the processes of the SHG and the SFG, respectively.
In the next order, from Eq.(5) for j = 1 we have

OF
B — _ E L, (1)
2 kl{ 0z c2kl |:1 + X ()

L wj Bx(l)(wl) (9Fl
2 Bwl 8t1
-expli(kizo — wity)] + c.c. (13)

Obviously, on the right-hand side of Eq.(13) are sec-
ular terms which will produce a divergence for the

solution of E(). To eliminate such secular terms we

must take
(9Fl Wi (1) wi 3)2(1)((4}1) aﬂ
— —_— 1 — . —
0z1 2k { X () + 2 Ow; ot ’
(14)
for [ =1,2,3. Note that
8k(wl)
K =
(wl) 8wl
ox™ (wr)
14+ oM ﬂi 1
o |1+ 10 + 22 g
thus Eq.(14) can be written as
OF; OF,
— 4+ K — =0 16
ol K2 =0, (16)

fori=1,2,3.

In the order j = 2, the solvability conditions yield

the nonlinear evolution equations for Fj:

iaF1 N 1 8%Fy 1
822 2k)1 82% 2k1
Wz (2) * iAkszg
+ —= k162 [ ( wl,wz)Fl er
+ X (—wa, ws) Fy Fyelfhaz] = 0, (17)
OF, 1 0%k 1 02 F,
Ly - T2 - k22
0z 2k 02 2k + (k5)7] ot
2
Wy
+ —= Foc?
+ 23 (—wi, w3) Fy Fyelffeax0] =0, (18)
i%Jriast 1 (k)7 O2F;
0zy | 2ks 022 2kg 320 ot3

0’Fy

[k k7 + (K1)?] Ers

kol

- [X® (wr, wy) Fle ok

[kS k”

2
nt v —iAkzzo __
g X (w1, wa) FyFpe %70 = 0, (19)
3C
where
" 32k(wl)
gy =220
owj
1 3)2(1)(w)
= |14 3@ 2
czk(wl)|: X () + 2w Ow;
2 52.5(1) 2
wi "X N (wi) 5 (Ok(w1)
T fa a3 —_— 20
2 awl2 ¢ awl ) ( )
and

(oo}

dridmx® (11, )

2P (o, wn,) = /

— 00

- expliwy, 71 + iwy, 7o) (21)

For simplicity, we assume x (1, 75) = Xfl)‘s(ﬁ)
§(m2), le.
order susceptibility, hence we have ¥(®)(w;,w;) =
Xfl):const. By Eq.(16) (for I = 1,2,3) we take
F, = Fi(&, z2) with £ = k'(w1)z1 — t1. Using the tech-
nique introduced by Newell and Moloney,®! Eqs.(17)-
(19) are simplified

there is no dispersion in the second-

OF 1, 0°F)

Y92, 21 gg2
+ oF Fy eldk2zo o oF; Fy eldkszo — 0, (22)
OF, OF, 1
Ay—2 - K 4+ —
52, 142 2{ + 7 [(82) }
?F.
e 522 + oF2em14k2%0 4 oG ¥ Fheldhszo — () (23)
OF; OFs 1 vy 1
3 4A k
o e T 2{ 3 kg[
92F,y

—8§2 + 30’F1F2€iAk320 = 0, (24
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where o = w%xfl)/(klc2). The parameters

Ay = p= (K — KY), (25)
Az = p (k] — KY), (26)

in Eqs.(23) and (24) denote the group-velocity mis-
matches between the fundamental wave and the sec-
ond (for Ay) and the third (for A3) harmonic waves,
respectively. They are considered to be of order unity
in our present problem. In general, the group-velocity
mismatches result in an effect of temporal walk-off
among different light pulses. Equations (22)—(24) are
coupled envelope equations governing the nonlinear
evolution of the the fundamental, second harmonic
and third harmonic waves involved in the simultane-
ous SHG and THG processes. The terms with second-
order derivatives in Eqgs.(22)—(24) represent the dis-
persion of corresponding wave modes, which are im-
portant for the formation of three-wave temporal op-

tical solitons discussed below.

mIl. THREE-WAVE TEMPORAL OPTICAL
SOLITON SOLUTIONS

In order to solve Eqgs.(22)—(24) we perform the
variable transformation z, = pz = uLpT, &
pr2(k 2z —t) = p'/?Tys, F; = p'Fya(r,s) with
Fio = 1/(\/60LD), Fyo = 1/(v/30Lp) and F3y =
1/(v/20Lp), where Ty denotes the pulse width and Lp
TZ/|k1]"), then Eqgs.(22)—(24)

transfer into the following dimensionless form:

the dispersion length (=

2
G = o
+ yiatage™ P27 =0, (27)
<% _s 8(12) _ %@
or > 0s 2 0s?
+ azale T 4 ypa2ef2m =0, (28)
i (% - 53%) -3 %%23 + araze’®” = 0,(29)

ar = {ky +[(k3)* — (k})?]/k2}
JIkY], o = {k5 + [(k3)* — (k1)?]/ks}/|kY], B2 =
—(Aky)Lp, Bs = —(Aks)Lp, v2 = 1/2 = V3/6,
dy = Lp(kh — k})/To, and 63 = Lp(ki — k})/To;
0 (I = 2,3) are also called the temporal walk-off pa-

where a7 = sgn(kY),

rameters (i.e. the group-velocity mismatches). The
phase mismatches are reflected by two parameters (s
and fs.

We are interested in three-wave soliton solutions
for Egs.(27)—(29
v = 0(l = 1,2) (i.e. only for dispersive interaction)

). Some special soliton solutions with

have been discussed recently.! Here we are involved

in the multistep cascading thus v; and 75 cannot be
taken to be zero. We assume that the solutions have
the form a; = U;(0)exp(if;) with 6 = 2s — K,60, =
Kir— s (1 =1, 2, 3). Then Egs.(27)-(29

formed into the following nonlinear ordinary differen-

) are trans-

tial equations:

Q1 oroy * * . !
- 79 Ul + U2 U3 +71U1 UQ +1(—K+01001)U1

¢ Crat Sabu =0 )
- %QQU; + U Us + 7 U?
+i(—K 4 ap 202, — 6,2)U}
(K + %03 — 6200)Us = 0, (31)

_ ?ng' F UL +i(—K + a3 205 — §302)U

«a
+ (—Ks + 5 02— 0505)Us = 0, (32)
with the conditions

2 =28, 5=+, (33)
Ky =2K;+ (2, Ks=Ki+Ky+ 3. (34)

It is hard to gain the general solutions of Egs.(30)-
(32) by using a conventional method of integration.
However, simple three-wave soliton solutions can be
obtained in the following way. We assume U; =
Cjsech™@ with n; being integers and C; (I = 1,2,3)
constants. As a result we have U/ = ni(n, —
l)Clsech"’+20 + n;Cysech™6. Note that the forma-
tion of solitons in a nonlinear and dispersive system is
due to the balance between the nonlinearity and the
dispersion. In our system, dispersion is represented by
the second-order derivatives in Eqs.(30)—(32). Under
such considerations, to obtain soliton solutions for the
system (30)—(32) one identifies that n; +2 = na+nz =
ny +ne (from Eq.(30)), na +2 = ny +n3 = 2ny (from
Eq.(31)), and n3 + 2 = ny + na (from Eq.(32)). Thus
we obtain ny = ny, = n3 = 2 and hence we make the
assumption U; = Cjsech?d (I = 1,2,3). Substituting
this assumption into Eqs.(30)—(32), we have the fol-

lowing equations:

30102°Cy 4 C2C5 + 11 C1Cy = 0,
20,020, + (— K, + %912)01 =0,
3a202°Cy + C1C3 + 1207 = 0,
— 20, 022Cy + (— Ky + %922
3a32%C3 + C1Cy = 0,

(35)
(36)
(37)
— 6202,)Cy = 0,(38)
(39)
*20[39203—{—(7}{3-{— %Qg —(53.93)03 :0( )
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Solving Eqs.(35)—(40), we obtain (note vy, = 271v;)

1/2
(0%
Cl :351 92\/0é2a3 1 + 32223—71 ) (41)
vVazyi +4dazon
3
C2 :53292\/m

S S 1L — (42)
a3y +4azaq

3
Cy=— Eslsgsgn(ag)ﬁg \/(ag/ag)(ag'ﬁ + dazay)

3/2
a
1+ 52223—71 , (43)
vasyi + 4aza;
1
Kl :—2011!22—1—50(1.(212, (44)
d3
o= —3 45
! a1 — 30[3 ’ ( )
K =ay 0240, (46)
02 :a1()12+52+52()2—a2922/27 (47)
40[1 - 2a2
with s; = £1 (I = 1,2) and the conditions
) -2
2 (48)

(53 o] — 30[37

(166!30{1 — 9&10{2 — 5@20&3).912

+ [452(30[1 - 0[3) - 653(20[1 - 0[2)].91

+ 2ﬁ2(a1 + ay — C¥3) - 252(2@1 - a2) =0. (49)

Consequently, we have the following three-wave soli-
ton solution for Eqs.(27)-(29):

ay :3slp\/a2a3(22$ech2(ﬂs — K1)

-exp[i(K17 — $215)], (50)
3

as :552p292m
-sech?(2s — K7)exp[i( Kom — 1225)], (51)

3
as = — 53132p3()2sgn(a3)\/(ag/ag)(agfyf + dazan)

-sech?(2s — K7)expli( Ksm — 235)], (52)

with p = [1 + saasyi /(373 + 4aza;)/?]Y/2. We see
that all three wave components are simultaneously
one-hump solitons with the same central position and
the same travelling velocity. The physical origin for
the formation of such simultaneous solitons is the mu-
tual self-trapping via the multistep x(? cascading pro-
Note that s; = £1(I = 1,2), hence one has

in fact a family of three-wave soliton solutions. The

Cess.

solution (50)—(52) is valid also for vanishing tempo-
ral walk-off.

mismatch, i.e. § = 0(l = 2,3), the three-wave soli-

In fact, if there is no group-velocity

ton solution (50)—(52) is still a solution but requires

a1 = 2ay = 3az and B3 = 732/9, 1 is an arbitrary

parameter for this particular case.

IV. DISCUSSION AND SUMMARY

We have studied a multistep x(® cascading for
light pulses with the dispersion of the system taken
into account. By use of the method of multiple scales,
we have derived coupled envelope equations which de-
scribe the nonlinear evolution of the fundamental, sec-
ond and third harmonic waves involved simultaneously
in three- and four-step cascadings. We have demon-
strated that three-wave temporal optical solitons are
possible in such multistep cascading in the presence of

temporal walk-off for different pulses.

The formation mechanism of the three-wave tem-
poral solitons is the multistep cascading effect be-
tween three wave components. In this process, the
fundamental and harmonics interact with one another
through repeated wave—wave interactions. For in-
stance, in the three-step cascading, the energy of the
fundamental wave is first upconverted to the second
harmonic waves, and further upconverted to the third
harmonic waves, and then downconverted to the fun-
damental waves again, resulting in a self-trapping of
the fundamental wave and hence the formation of the
fundamental solitons. At the same time, the two- and
four-step cascadings also have their contribution to
the appearance of the fundamental solitons. The for-
mation of two other solitons corresponding to the sec-
ond harmonic and the third harmonic waves are also

through a similar mechanism.

In order to produce the three-wave temporal op-
tical solitons suggested here, appropriate optical ma-
terials with large x(?) response should be chosen. In
addition, the nearly phase-matching conditions (11),
(12) and the nearly group-velocity matching condi-
tions (25), (26) should be taken into account. Note
that the spatial solitons using two-step cascading have
been observed both in one and two dimensions.®?!
However, the creation of temporal solitons due to cas-
cading is more difficult than the spatial solitons be-
cause the dominant role of the group-velocity mis-
match, which splits the interacting pulses at differ-
ent wavelengths before the interplay between gain and
group-velocity dispersion (i.e. the terms of second-
order derivative in Eqgs.(27)—(29)) allows the trapping
mechanism to set in. To solve this problem, in a re-
cent experiment Di Trapani et al.1% designed a pow-

erful method to create the temporal solitons due to
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two-step cascading. In their technique tilted pulses
were used. The impact of the tilt is to tune the
effective group-velocity mismatch and group-velocity
dispersion to proper values to form a temporal soli-
Thus,

to observe the solitons predicted above, one can also

ton in real materials (for details see Ref.[10]).
apply tilted pulses. Another method is to use one-
dimensional photonic crystals that consist of alter-

nating GaAs slabs.[] A detailed investigation for the

three-wave temporal optical solitons in photonic crys-

tals, etc, will be given in a future publication.
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