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Abstract

The correlation function of the quantum fluctuations due to collective excitations is calculated and used to investigate the
phase diffusion of a Bose-Einstein condensate close to zero temperature. It is shown that the phase diffusion time of the
condensate is much longer than the result obtained by assuming that the correlation time of the quantum fluctuations is infinity.
0 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction of the condensate, reflects directly the coherent nature
of the condensate.

The development of the technologies of laser trap- | For BEC created in experiment, one of the most

ping and evaporative cooling has yielded intriguing 'MmPortant characters is that all the atoms in the
Bose—Einstein condensates (BECs) [1-3], a state of condensate can be described by the wave function

matter in which many atoms are in the same quan- (i.e., the order parameter) Wit_h a single phase. DtJe to
tum mechanical state. The remarkable observationst€rmaland quantum fluctuations, however, the single

of gaseous BECs have opened up new avenues [4_6]phase of the condensate will become unpredictable
of research into the physical properties and nature of beyond the phase diffusion time. After the realization

Bose-condensed systems. The phase properties of £f BECS. the phase diffusion of the condensate has
BEC are of particular interest because the phase of an°€€n discussed intensively [7-20]. In particular, the

order parameter, i.e., the macroscopic wave function "°!€ ©f quantum fluctuations on the phase diffusion
process was investigated in the pioneering work by

Lewenstein and You [9,10], and a far off-resonant
" Corresponding author. light scattering experiment was proposec_j to detect
E-mail address: hongweixiong@hotmail.com (H. Xiong). the quantum diffusion. Recently, a Langevin equation
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was given by Graham [14,15] to discuss the phase 2. Phasefluctuations of the condensate dueto
diffusion due to quantum fluctuations and thermal quantum fluctuations
fluctuations. The calculation of the time scale of the
phase diffusion is a very important problem because  For temperature below the critical temperati@ye
the phase diffusion time determines when the phasethe condensate can be described very well by the
of a BEC would be unpredictable. Recently, the phase following order parameter with a phase facgar)
correlation has been investigated experimentally by _ —ip()
the JILA group [21]. It was found that there is @ (-1 =Po(Me ’ )
no detectable diffusion of the phase on time scale where the phase of the condensate has the form
100 ms. The stable interference patterns shown in the
experiment put forward a question [21] why the phase ¢() = 1o, T)t/h, @)
correlation is so robust despite the phase diffusion gnd the time-independent real compon@ni(r) is
and complicated rearrangement dynamics of the two determined by the stationary Gross—Pitaevskii (GP)
condensates. equation [4]:
In the present Letter, we address the question of

the phase diffusion process of a condensate close to#(No, T)Po(r)
zero temperature. In general, the phase diffusion of n? P 2
the condensate can have either a thermal or a quan- — (—%V + Vexd(r) +gq>0(r)> Po(r), ®)
tum origin. At extremely low temperature (in the €X" " where Vext(r) is an external harmonic potential, and
periment by the JILA group [21], the temperature is — A2 is the counling constant fixed by the
only 0.17,, where T, denotes the critical tempera- & ™ aS/m. piing . y!
ture of the Bose gas), the thermal fluctuations can be s-wave sgattermg lengta . The .chem|cal_potent|al
omitted and hence tHe quantum fluctuations becomeM(No’ T.) n the abo_v_e equation Is det_ermlr_1ed_ by_the
dominant. We give therefore emphasis on the role of normalization condition for _the density dlstrlbut_lon
collective.excitations due to quantum fluctuations in nO(r). of Fhe condensate. Wlt.h a Thomag—Ferm| ap-
a phase diffusion process. Although the phase diffu- p_rOX|mat|on [4], one gets egsny the following expres-

. ' . . sion for the chemical potential:
sion process due to quantum fluctuations has been in-
vestigated by several authors such as the recent re- fiwno (15N0a5)2/5

4

searches in [14,15,20], the analysis of the time cor- (No, T) = 2
relation of the quantum fluctuations is not given when i .
the phase fluctuations are calculated. Obviously, the Where‘f’ho = (a’xa’ywz)%/3 is the geometric average
correct consideration of the time correlation of the ©Of oscillator frequencies, andno = /ii/mwno is
quantum fluctuations would make more reliable pre- the harmonic oscillator length of the system. From
diction on the phase diffusion process. In particular, EAs- (2) and (4), we see that the particle number
researches show that the phase diffusion time is muchfluctuations of the condensate yield fluctuations in
longer than the correlation time of the quantum fluc- the chemical potential, and hence lead to the phase
tuations. In this case, our results show that the phasediffusion of the condensate. .
diffusion time calculated from the correlation func-  Assuming the mean ground state occupation num-
tion of the quantum fluctuations is much longer than Peris(No), the average phase of the condensate is then

that obtained in the previous theoretical researches 9iven by

[14,15,20]. No), t) = u({No), T)t/h. S
The Letter is organized as follows. In Section 2, #({Nol. 1) = w((No). T)t/ ©

we investigate the phase fluctuations of the condensate he phase diffusion of the condensate can be described
due to quantum fluctuations. In Section 3, the phase by considering the phase differenge (1) = ¢ (1) —
diffusion time is calculated for the condensate close ¢((No),?). FromEgs. (2) and (5), itis straightforward

to zero temperature, where the effect of thermal to obtain a differential equation afg (1):

flyctuatilons can be omitted. Section 4 contains a gA¢(r) B _ du((No), T)

discussion and summary of our results. 77— Xauall) = WANOU)/h» (6)

dho
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whereXqua(t) is determined by collective excitations
due to quantum fluctuations. In the above expres-
sion, ANo(t) represents the fluctuations of the ground
state occupation number arou(idy). A similar equa-
tion was derived and used by Graham [14,15] to dis-

cuss the phase diffusion of the condensate. Note thatup(7)

ANp(t) can be either negative or positive numbers. For
ANp(t) < 0, there are collective excitations created

so that the atoms would loss in the condensate. Sim-

ilarly, ANg(¢) > 0 means the annihilation of collec-

tive excitations, and the ground state occupation num-

ber would increase in this case. In additiafNg(t)

should be time-dependent because it originates from

quantum fluctuations. Eq. (6) is our starting point to

discuss the phase diffusion of the condensate. Becaus

it is obtained from Egs. (2) and (5), rather than di-
rectly from a time-dependent GP equation, we antic-
ipate that Eq. (6) is still correct for longer time where

2 2
the time-dependent GP equation may be no longer (Nni) = (ufy + viy) foi.

valid [22].
From Eq. (6), the phase fluctuations of the conden-
sate are given by

((40@)°) = [ [1Xauto Xaude')) asas’. )
00

where(Xqua(§) Xqua(§')) is the correlation function of
the quantum fluctuations. When obtaining Eq. (7), we
have assumed thdtA¢)2) = 0 at timet = 0. The
calculation of(Xqua(§) Xqua(€')) plays a crucial role
in investigating the phase diffusion process close to
zero temperature.

For the Bose gas trapped in a harmonic potential,
it is convenient to use the following decomposition of
the particle field operator

1) =0()+ Y+ ()l ®

where® (7) = (¥ (7)) is the well-known order para-
meter, and the indexXabels the elementary excitations
of the system. For the collective excitations discussed
here, the energy of the collective mode indexediby

is given by the dispersion law [23]

1/2

&nl = ha)ho(ZnZ +2nl 4+ 3n+ l) 9)

As shown in [24,25], the contributions to condensate
fluctuations due to quantum fluctuations are domi-
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nated by these phonon-type collective excitations. For
the collective model, one obtains the following lead-
ing behaviour fowp (¥ ) andvn () [26]:

lgno(r) .
= Zznl an(”),

where xn((7) is the velocity potential associated with
the collective mode, and satisfies the condition

-

>~ —vni(F)

(10)

d7 x5 (F) xij (F) d3F = 8niij.-

In addition, the average occupation number of the

Gtoms corresponding to the collective mode indexed

by nl is given by [27,28]

(11)

where f = [explen/ ks T) — 1]~1. When a collective
excitation with index! is created from the condensate
due to quantum fluctuations, its energy originates
from the energy fluctuationd E of the condensate.
Under this consideration, a time-energy uncertainty
relation can be used to calculate the longewiiof the
collective mode:/. The longevityry of the collective
moden! is therefore approximated agdno(2n2 +
2nl +3n+ 1)Y/?. For JILA experiment[21], this means
that the longevity of the collective mode is smaller
than 10 ms, which is obviously much smaller than the
phase diffusion time.

When all collective modes are consider&@ya(t)
can be written as:

du({No), T)
_— E AN, i,
3(No) P ni(®)/

Xqua([) = (12)

whereA Ny (¢) reflects the changes of the ground state
occupation number due to the creation and annihila-
tion of the collective mode:l. Therefore, the mag-
nitude of ANp () can be regarded a&Vn). Note
that ANy (¢) itself can be either positive or negative,
and varies with time due to quantum fluctuations. In
the case ofANn(r) < 0, there are ANp (t)| atoms
created from the condensate due to quantum fluctua-
tions, while AN () > O represents the annihilation
of ANpi(r) atoms.
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From Eq. (12),(Xqua§) Xqua(€")) can be written  In the above expressioti?Nqua) = Y_p.o{Nni)? can

as: be taken as the particle number fluctuations [25] of the
X X , condensate due to the collective excitations. Using the
(Xqua(§) Xqual¢)) formulas (9)-(11), after a straightforward (although
= —[01((No), T) /8 (No)] ragher cgmplex) calculation, we obtain the result of
h (8“Nqua):
x> D (ANuE ANy (8')). (13) 4 N5 N2
N0 1’0 (62 Nqua) = 0.958(—S) (_) 22/15
a

Assuming that there is no correlation between dif- ho 4/;
ferent collective modes, i.6{ANn(§) ANy (€')) =0 + 14_174<ﬂ) N12/15 (19)
whennl # n’l’, one gets the following expression for aho ’

the correlation function: where N is the total number of atoms in the trap.

1 2 The second term on the right-hand side of the above
Xqual§) Xqual€')) = —5 [0 ((No), T) /3 (N g
(Xaua®) Xqual¢')) hZ[ #(tNo). T) /3 (No) equation represents the fluctuations due to the effect
% Z(Nm)ze*‘f*f/‘/’”'. (14) of _the quantum Qgplenon _whl_ch is given in [24].
This term has a finite contribution to the condensate
o fluctuations when the temperature approaches zero.
When obtaining the above result, we have used the 11,5 e anticipate that there is still phase diffusion

nl£0

following relation in the case of zero temperature.
(ANn(E)AN(E')) = (Np)2e~ 6=/, (15) We now turn to discussing the phase diffusion of

) ) ) the condensate due to quantum fluctuations. From
In the above expressiomy is the longevity of the col-  gq5 (7) and (16), the phase fluctuations of the conden-

lective excitatiom/. When|§ —&’| is much largerthan  ga40 \yhich play a crucial role in discussing the phase
nl, the correlation between the collective excitations diffusion. read

at times¢ and&’ can be omitted. Therefore,; can be
approximated as the correlation time of the correlation <(A¢(r))2> = 2Qquatqua(™ — Tqua+ Tquaefr/rqua)‘
function (ANn () ANnI(E')). (20)

Because the contributions to the quantum fluctua-
tions come mainly from the low-lying collective exci-
tations, as a reasonable approximation, the correlation
function (Xqua(&) Xqua(é")) can be approximated as an
exponential form:

The phase diffusion timephase Can be obtained by
setting((A¢(1))2) = 2 in the above expression.

) 3. Phasediffusion time of the condensate close to
<Xqua(E)Xqua(§/)) = Qquaﬁi‘éis |/ Tqua, (16) zerotemperature

When the above exponential form is usegha should ] ) S
be regarded as the average correlation time of the col- W& now turn to discussing the phase diffusion time

lective excitations, and is determined by the following USing the phase fluctuations given by Eq. (20). It
expression: is useful to discuss the phase fluctuations given by

~ ) Eq. (20) for two special cases. When the timas
2 _ S oo d7 T5(Xquat) Xqualt + 7)) (17) ~ Much larger than the time scale of the correlation time
a2 dr (Xqua) Xqualt + 7)) Tqua the phase fluctuations of the condensate can be

In terms of Egs. (14) and (17), the correlation time of approximated as:

the quantum fluctuations is given Byya= v/2/wno. A 2\ o 21
In addition, in Eq. (16), the magnitud@qua of the ((49@)°) ~ 20quarauar (21)
correlation function is given by Therefore, if the phase diffusion timgnasecalculated

1 2 from Eqg. (20) is much larger thamgs the phase
Qqua= ;[8M((N0>’T)/3<N0>] (8% Nqua). (18) diffusion time in this situation takes the following



H. Xiong et al. / Physics Letters A 301 (2002) 203-209

analytical form:

72

2Qquafqua.

In the case of < tqua however, the phase fluctu-
ations of the condensate can be approximated as:

((40®)?) ~ Qquar®

Different from the result given by Eg. (21), the phase
fluctuations are proportional te®> when r is much
smaller than the correlation timeyya Therefore, if
TphaseCalculated from Eq. (20) is much smaller than
Tqua the analytical result of the phase diffusion time
is then

(22)

Tphase—

(23)

Téhase
, wh

T, — 9
PRase™ § Nquad 11 ((No). T)/3(No)

(24)

wheres Nqua= / (§2Nqua)-

We now turn to discuss the phase correlation exper-
iment by the JILA group [21]. The experimental val-
ues in the experiment arélg = 5 x 10°, T ~ 50 nk,

T, ~ 500 nk, andz; ~ 5 x 10~/ cm. It may be help-

ful to make a comparison between the particle num-
ber fluctuations due to quantum fluctuations and ther-
mal fluctuations. For temperature much lower than the
critical temperature, the analytical resyiZNy) =
72N(T/T.)%/6¢(3) [25] can give a rather well de-
scription for the particle number fluctuations due to
thermal fluctuations. For the values typical for the ex-
periment by the JILA group [21], a simple calcula-
tion shows that8?Nqua) /(8% Nin) = 62.6. Therefore,
the thermal fluctuations can be safely omitted when
the phase diffusion process is investigated for the ex-
periment by JILA group [21]. Using the formula (20)
(or Eqg. (22)), the numerical result of the phase diffu-
sion timetphasels 119 s, which is much larger than the
correlation timergua. When obtaining this result, we
have used the exponential form of the correlation func-
tion given by Eq. (16). In fact, we can obtaighasedi-
rectly from Eqs. (7) and (14), and it is worth pointing
out that there is no important correction to the phase
diffusion time, in comparison with the result obtained
by using the exponential form (16). The merit of the
exponential form (16) is that it clearly shows the role
of particle number fluctuations on the phase diffusion

process, and the analytical result of the phase fluctua-

tions is rather concise using this exponential form.
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If the correlation time of the collective excitations
is assumed to be infinity, however, using Eqgs. (19)
and (24), the numerical result qjhaseis 0.62 s, which
is much smaller than the result given by Eq. (22). Al-
though the phase fluctuations due to quantum fluctu-
ations are investigated in deep in Ref. [20], the finite-
ness of the correlation time of the quantum fluctua-
tions was not considered, and the dephasing time was
approximated as 1 s. In addition, it is worth pointing
out that although a Langevin equation was proposed
by Graham [14,15] to investigate the phase fluctua-
tions due to thermal fluctuations and quantum fluctu-
ations, the phase fluctuations due to collective excita-
tions were proportional ta?, because the finiteness
of the longevity of the collective excitations was not
considered too.

For temperature close to zero, our result of the
phase diffusion time given by Eq. (22) is reasonable
because of two reasons:

(i) In the experiment by the JILA group [21], the
phase of the condensate was found to be very robust.
In fact, the rigidity of the phase was also shown
in other experiments, such as the observation of the
interference between two BECs [32], and the recent
experiments where the optical lattice [33,34] is used
to investigate the coherent properties of the BECs. For
example, recently a BEC [34] is created with up te 2
10° atoms and no discernible thermal component. The
radial trapping frequencies are relaxed over a period
of 500 ms to 24 Hz such that the harmonic potential
becomes spherically symmetric. Then three optical
standing waves are aligned orthogonal to each other, in
order to form a three-dimensional lattice potential. In
this situation, the condensate is distributed over more
than 150 000 lattice sites. When the magnetic trap and
lattice potential are both switched off, it is interested to
find that there is a high-contrast interference pattern,
which means that phase is still robust after the BEC
has been formed for nearly 1 s, and even after the
interference between a large number of BECs.

(ii) In the present Letter, the correlation time of
the quantum fluctuations is calculated and found to
be much smaller than the time scale of the phase
diffusion time. In this situation, we should regard the
guantum fluctuations as a white noise to investigate
the phase diffusion process. Recall that the particular
collective excitations are rather stable when it is
created in the experiment [29—-31] by applying a small
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time-dependent perturbation, it seems the longevity of 39-41] to discuss the particle number fluctuations of
the collective excitations is very long. However, we the low-dimensional condensate. This makes it pos-
should note that in the problem discussed here for sible to discuss the phase diffusion process in low-
the mechanism of the phase diffusion, the collective dimensional condensates.

excitations are created and annihilated through the

quantum fluctuations. As pointed out in this Letter, the

longevity of these collective excitations is found to be Acknowledgements
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